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3 iHTYITHBHOI TOYKM 30Dy MIiHJIMBI MHOXKUHU SBJISIOTH COOOI0 CyKyIMHOCTI 00’€KTiB, dKi, HA BiaMiHy
BiJ| €JIeMeHTIB 3BUYaiiHuX (CTATUIHUX) MHOXKHH, MOXKYTh Iepe0yBaTu B MpOoIeci MoCTiiiHuX Tpancdop-
Mmariit (To6ro esourronii). Kpim Toro, xapakrep eBOOIil MIiHIMBOI MHOXKMHHU Ta 11 KOMIIOHEHTIB MOXKe
3MIHIOBATUCDH 3aJI€KHO BiJI CIIOCO0Y CIIOCTEPEXKEHHsI, TOOTO, 3a/I€2KHO BiJl CUCTEMHU BiIJTIKY.

Kinemarnyni MiuBi (CKOpOYEHO — KiHEMATHIHI MHOYKHMHY ) MHOXKUHU $IBJISIIOTH COOOI0 MaTeMaTHIHi
CTPYKTYPH, B SIKWX MIH/JIMBI MHOXKMHU OCHAIIEHI PI3HOMAHITHUMU T'€OMETPUYHUMH Ta TOMOJOTIYHUMU
ob’ekTamMu, a came, METPUIHUMU, TOHOJOTIIHUMU, JiHIHHUMU, OAHAXOBUMHU, TiILOEPTOBUMU Ta IHIIUMUI
npocropamu. Jlocmikents KiHeMATUIHUX MHOYXKWH MOYXKE€ MATHU 3aCTOCYBaHHHA B acTpodi3uili, OCKiIb-
KM iCHy€ TPUITYIIEeHHS, 10 y BeJUKUX Mmaciitadax BceecBiTy 3akoHu izuku MOXKYTH OyTH BigMiHHUMEI
BiJl KJTaCUYIHUX, TOOTO THUX, sIKi JIFOTh B OKOJII HAIIOI COHAYHOI cucTtemMu. MaremMaTwdHy TEOpifo MiHJIU-
BUX Ta KIHEMATUIHUX MHOXKUH HAHOL/IbII IOBHO BUKJIAJEHO B poborax [1, 2, 3|. B monosigi nanyerbes
chopMysIBOBATH MATEMATHYIHO CTPOTi O3HAYEHHSI MIHJIMBUX MHOXKWH, KiHEMATHIHUX MHOXKWH Ta YHi-
BEPCAJLHUX KIHEMATHK, & TAKOXK OOrOBOPUTHU 3aCTOCYBAHHS 3a3HAYEHUX CTPYKTYP JJId MATEMATHIHOTO
OOI'PYHTYBaHHA KiHEMATHUKH CIIEIIAJIbLHOI TeoPil BiTHOCHOCTI Ta 11 TaXiOHOBUX y3arajbHEHb.

JIITEPATYPA

[1] Ya.I. Grushka, Abstract concept of changeable set. Preprint arXiv:1207.3751v1, (2012),
[2] Ya.l. Grushka, Draft Introduction to Abstract Kinematics (Version 2.0). Preprint viXra:1701.0523v2, (2017),

[3] f.1. Ppymka, ITpo wacozeopommuicms mazxionosux Kinemamuk. 36ipauk npans la-ty maremaruku HAH Vkpainu. 13, (2),
(2016), 125-174,
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Posruisiremo wamisrpymy (.S, -). st nosinbraOro ase gikcoBanoro enementa a € (.S, ) MU BU3HAYUMO
HOBY OIEPAITIIO *,, AKa 338Ja€ThCAd HACTYITHOIO PIBHICTIO

THgY =2X-a-Y
ne z,y € S. Muoxuna S 3 I[i€l0 OIepaIien Texx € HAIBrpynow, mu Oyjaemo nosuadaru 11 (S, *,) i
Ha3WBATUMEMO 8aPIiaHM HamiBrpynu S.
BapianTn KOMyTaTUBHUX 3B’130K 3 HyJIeM yKe JIOCHKyBajmcs y [2]. YV miit poboTi posrisHyTi Bapi-
AHTU HE KOMYTATUBHUX 3B’ S30K.
Hamierpyma S HazuBaeTbCs npaAMOKYymHo0 36°A3K010, AKINO T -y - & = & JJsd BCiX x,y € S.

Teopema 1. (Teopema 1.1.3 3 [1|) Hexati S € nanisepynoro. Todi nacmynmi ymosu exei6aieHMMI:

(1) S € npamorxymmoro 36°a3x010;

(2) wkootcen eaemenm 3 wanisepynu S € iI0eMNOMEHMOM, MA T Y - 2 = T - 2 0AA 6CIT T, Y, 2 € S;

(8) icryromo nanisepyna sisux wyaie L ma nanieepyna npasux nyaie R maxi, wo S ~ L X R;

(4) S izomopdna nanieepyni nacmynnozo sueasdy X X Y, de X 'Y nenopootcri mmoscunu, i MHo-
IHCEHHA 3A0AEMBCA HACTNYNHUM YUHOM

(w1,91) - (22, 92) = (21, Y2).

Teopema 2. Hexati S npamoxymmna 36’aska ma (x;,y;) € S — dosinvni eaemernmu. Todi eci sapianmu
(S, *(a,,5,)) 130MOPPHI NOUAMKOSIT NpAMOKYMHIT 36 °A3UT S.

[IpamokyTra 38’ a3ka S He Mae oguHUI. MU pO3TIIAHEMO TPIMOKYTHY 3B’3KY 3 TPUEIHAHOIO OJTNHHU-
nero. My BU3HAYIMO

1 (xi,y5) = (24,y5) - 1 = (x4, y;) ana Beix (x4,y;) €5, tal-1=1.
IMosuaunmo S' npsMOKyTHY 3B’s13Ky S 3 IPHEIHAHOIO OJAUHUIEIO 1.

Teepmxkenns 3. Hexall x; dosiavhull are gircosanut enemenm 3 X, ma Y, Yo € Y 008iA6HI esemeH-
mu. Todi eapianmu (ST, %y, 1) ma (ST, % (g, 4.)) i30MOpPHi.

Teepmxxkenust 4. Hexat y; dosinvruti ase pixcosanut esemenm 3 Y, ma Ty, T, € X 008iavHi esemer-
mu. Todi eapianmu (S*, * (i) MO (Sl,*(rv’yi)) 130MOPPHL.

Teopema 5. Yci sapiarmu npamokymmoi 36°43Ku 3 NPUEIHAHO10 00UUHUEN 130MOPPHHS.
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Hexaii V' - kylac HeBij'€MHUX HecHa HUX HeoOMexKeHUX HellepepBHUX crpaBa Ha [0, +00) dyskiii F.
Byznemo rosopuru, mo F € V(1), akmo F € V i F(z) — F(z — 0) < | < 400 mua seix z > 0. Hdua
HeBin'emuol Ha [0, +00) dyHKuil f inTerpas

I(o) = /000 f(x)e*?dF(x), o €R,

Ha3UBaETbCs iHTerpasoM Jlanaaca-Cmismoeca. Bynemo rosopuru, mo Hesix'emua Ha [0, +00) dyHKIis
f Mae perysgpHy 3Mminy BimHocHO F', sikino icaytors a > 0, b > 01 h > 0 Taxki, mo a4 BCix = > a

x+b
/ F(OAF(t) > hf(x).

—a
Yepes (A) noznaunmo kjac gogaTaux HeooMexkenux Ha (—oo, A) dynkuiit  rakux, mo noxinna @ e
JIOZIATHOIO HETlepepBHO Mu(EPEHIIHOBHOIO 1 3pOocTalndor0o 110 +00 Ha (—o0, A). s & € Q(A) uexait ¢ —
byukmis, obeprena go ', a L — kmac mogartaux menepepsro audepenmiiioprnx Ha (0, +00) dyHKIiit
[ rakux, mo zl'(z) = O(l(x)) upu z — +o0.
Axuo &1 € Q(A), To 6yaemMo roBopuTH, IO J0JATHA IBiUl HEMepepBHO AUGEPEHIIHOBHA 3POCTAI0YA
110 +00 Ha (—00, +00) dyukiia Py nidnopadkosana dyskiii P, AKIIO
o ®5(0) = o(®7(0)),
e Oi(0) =0(cP|(0)) upu o T A'i
o (D) € LO.

Kpim toro, 6ymemo ropoputn, mo Po € cuasvho nionopadrkosanoto @1, axmo o € migmopsagkosanoo P i

®y(0) ,
<I>;. (U+O (‘1)”(0) = (1+0(1))(I);'(0-) (0= +00), j=1,2
1
Meroro Hamoro mosiiomienns € ymosu Ha yukuito F' € V(1) i dyukuito f peryssiproi 3MiHU BiIHOCHO
F, 3a gKkuX mpaBUJIbHA JIBOYJIEHHA aCUMIITOTUYHA PiBHICTH

In I(0) = ®1(0) + 7(1 + 0(1))P2(c), o1 A,
ne 7 € R\ {0}, ®; € Q(A), a byukuis P9 cunbpro mignopsakopana GyHKIii Pq.
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Hexait M, — 3aMKHeHa IJIaJKa OpieHTOBHA HOBepXHs poay g > 0, a Cy(My) — xiac raagkux QyH-
KIiii (3 TphOMa KPUTHIHUME 3HadeHHsIME) Ha My, gKi (OKpiM k JOKaJIBHIX MAKCHMYyMIB Ta | JIOKAJIbHIX
MiHIMyMIB) MalOTh €uHy (B 3arajJbHOMY BUIAJKY BUDOJZKEHY) KPUTHYHY TOUKY THILY CiJJIa, HIEKC
[Tyankape sikoi cranoButb 1 —n =2 —2g — k — 1 [6].

OyukIil f1, fo 3 KIacy Ck,l(Mg) HA3WBAIOTh TOIOJIOTIYHO €KBiBAJIEHTHUMU, AKIIIO ICHYIOTH TOMEOMOD-
dbismu h : M, — My i b : R' — R' (I 36epirae opienraniio), taki mo fo = h' o f; o h™1. dxmo h
36epirae opienTario, To GyHKIl f1, fo HA3UBAIOTH TOMOJIONIYHO ClpsizKeHuME [6].

B pobori [2| BcranosieHo, mo mist byt 3 knacy Cy(My) (moBrEuM) TomosorivanM iHBapianTOM
€ JIBOKOJIbOpOBa xopaosa O-miarpama 3 n = 2g + k + [ — 1 xopgamu, k 6iauMu Ta | YOPHUMU IUKJIAMHU.
Muoxkuny miarpaM 3a3HaYEHOTO TUITY, sKi MOOYIOBAHO HA (PIKCOBAHOMY JBOKOJHLOPOBOMY 2n-I1a0JIOHI
(mamp., [2]), nosHaunMO sIK Sk B [2] TakoK mOKA3aHO, IO YKMCIIO TOIOJOIIYHO HECHPSZKeHUX (DYHKIIH 3
knacy Cy (M) cuiBnazgae 3 quciom HeizoMopdHEX (HeeKBiBaJeHTHUX BigHOCHO ail 1ukstivynol rpymu Cy,)
JiarpaM 3 MHOXKUHUA %Z; ;- 3ayBasKIMO, IO 33a9a, TIPO MiIPaXyHOK YHC/Ia TOMOIOTiYHO HeeKBiBaIeHTHIX
dynkiiit 3 kimacy Cy(My) nosrictio po3s’sa3ana e s Bunaakis g = 0,k,l € N tag >0,k =1=1.
3 orIsioM pesysbTaTiB I IHIIUX YaCTHHHUAX BHIIAJKIB MOYKHA O3HAHOMUTHCH, Hanpukiaaid, B [3]. B
3araJlbHOMY 2K BUIIQJIKY, 3aJa4a i 0 ChOTOMIHI 3AJIMINAETHCS BIIKPUTUM TUTAHHSIM.

Cain kKoHCTATyBaTH, MO0 OMHUM 3i CTPUMYBAJBHUX (DAKTOPIB BUABUJIOCS TUTAHHS PO IiIPAXYHOK
quciia giarpam 3 Kiacy %Z;l, n =29+ k+1—1, gke, B CBOIO 4epry, MPU3BOIUTH JO HACTYIHOI KJIACHU-
9HOI 3a/1a49] «Ipo (PAKTOPU3AILIO [TEPECTAHOBOK B N-IUKJNy. JificHO, HEBAXKKO TIEPEBIPUTH, IO KOXKHY
Jiarpamy 3 KJiacy SZ;Z MOKHA OTOTOXKHUTH: @60 3 IEPECTAHOBKOI w 3 Sy, (S, — rpyma mepecraHoBOK
HA N eJIEMEHTax ), eJeMeHTH pos3kiaay kol B k (1 < k < n) He3aeKHUX NUKJIB— CyTh HOMepH Oianx
IyT (JIBOKOJBOPOBOTO 2n-1mabiioHy 3 (hiKCOBAHOI HyMEpPAIi€io Horo Jyr 3a MOJANHHUKOBOK CTPLIKOK —
«1-ma vopHa, l-ma Gima, 2-ra dopHa, 2-ra Gina i T.J.»), aKi 3ycTpidaroTbcs Ipu 0OXOl BiINOBIIHUX
6imMx MKIIB pjarpaMu (HAIPUKJIAJ, y HAIPSAMKY HPOTH PYXY TOJAMHHUKOBOI CTPUIKK); @60 ofc 3 Tiepe-
CTAHOBKOIO b 3 S),, eJleMEeHTH PO3KJaly sIKOl B | He3ajleXKHUX IUKJIB — CyTh HOMEPH YOPHUX IyT, sIKi
3yCTPIYAIOTHCsI TP OOXOJI1 BIAIOBIIHUX YOPHUX IUKJIB jiarpamu (y TOMY CAMOMY HAIPSIMKY ).

OTxke, 3a MEPECTAHOBKOI W OJJHOZHAYHO BU3HAUYAETHCH IepecTaHoBKa b i HaBmaku. Binbire Toro,
Kommo3utlist b o w € dikcopanuM n-nukioM, a came bow = (n,n — 1,...,2,1). I Tomy nuranus mpo
IiIpaxyHOK “uc/Ia aiarpam 3 Kiacy Sy € pIBHOCHIIBHEM 110 dama4i*: npo nidpaxynox wucaa nap (w,b),
w,b € S, makux, WO YUCAO HE3AAEIHCHUT UUKALE nepecmanosok w i b cmanosums k il eidnosidno, a
iT dobymox bow € pikcosanum N-YUKAOM.

Ak 3’'scysasnocs ([1] 3 mocunanusm Ha pobGory [4]), 3amaua npo nepepaxyBaHHS OJHOKJIITUHKOBUX
JABOKOJILOPOBHUX KapT 3 n pebpamu (onHe 3 AKUX € HOMidueHuM), k 6imuMu Ta | YOpHUMEU BepIIUHA-
MU TaKOXK € eKBIBaJIeHTHOIO JI0 3a3HadeHol sulle 3agadi*. Bei HeoOxiqHi BiIOMOCTI PO KapTu MOXKHA
3HANTH, HAIPUKIIA, B oyl [4] Ta po6ori [1]. Takum uuHOM, Mae micre

JIema 1. Yucno dy ., diaepam 3 waacy )., cnisnadae i3 wucaom B(k;l;n) odnokaimunrkoeur d60koavo-
b
posux kapm 3 n pebpamu (00He 3 AKUT € nomiverum), k Oiaumu ma | wOPHUMU BEPUUHAMU.

Teopema 2 (rBepikenns (ii) Teopemu 2, [1]). Jas dosiavhozo namypasvrozo n wucaa B(k;l;n) sado-
BONLHANMY PEKYPEHTIHOMY CNIBBIOHOUEHHIO

(n+1)-B(k;l;n) = (n—2)(n — 1)2-B(k; l;n — 2)+
+(2n—1)(B(k — 1;5;n — 1) + B(k;l — 1;n — 1)) — (1)
—(n=2)(B(k—2;l;n—2)—2-B(k—1;1—1;n—2)+ B(k;l — 2;n — 2))



3 epanuvnumu ymosamu B(1;1;1) = B(1;2;2) = B(2;1;2) = 1; B(k;l;n) =0 akwon+1 -k —1 < 0.

BayBaxkenusi 3. Ockinbku n + 1 — k — [ = 2g, To nus Besmaunau B(k;l;n) 3pyYHO BUKOPHUCTOBYBATH
nosuadenns By (k;l) = B(k;1;29 + k + | — 1), 3a monomoroio sikoro ofepzkani B poborax [1] i [5] sBHi
dbopmymu mast Benmuaun By (k; 1) (g = 05 1;2; 3) MoxKHa TOZATH y BHIVISI

Bo(k;1) = Lokt By(k;1) = 3,Cr Ch—1CHY, (2)
Ba(k;1) = P26(.§;l) .C’?L+1C7];,::%C’£l_—11; Bj(k;1) = Pgé{?!l) ' C’r21+107l’i:%07l7,_—117 (3)

e
Py(k;l) = 5kl(k + 1) + 13 (k* + 1) + 47kl + 86(k + 1) + 129,
P3(k; 1) = T0K®1% + 3517 (k% + 12) + 1260k%1(k + 1) + 273k1 (kK* + %) + 13410k%1%+
+ 6512k (k* + 1%) 4+ 502 (k" + 1*) + 54123kl (k + 1) + 9978 (k* + 1°) +
+ 185554kl + 71842 (k* + 1%) + 219918(k + 1) + 238480.

Coig rakox BimsHaunTy, mo B 2011 p. B poboti [7] (Proposition 4) mia 3asnagennx Besmumans By (k; 1)
BCTAHOBJIEHO CIIPABEJJIMBICTL i HACTYIIHOIO PEKYPEHTHOI'O CIIBBIIHOMICHHS

g—1 g—1
g-By(kil) = Y Coo i T30 - By(2g +k —2p:0) + ) G0 - By(ki2g +1— 2p) (4)
p=0 p=0
Teopema 4 (ocHosHuit pesynbrar). Hexati g > 0, k,l € N, an =29+k+1—-1—c¢ (namy-

panvrum wucaom). Todi wucro dynxuits 3 kaacy Cr1(My), AKi He € MON0AOZINHO CIPANCEHUMU, MONHCHA
obuucauMU 36 JONOMO2010 CNIBEIOHOWEHHA

&gy = L(B(kilin) + (n— 1) p(k;l;n)), (5)

de B(k;l;n) susnauaemuvcs 3a donomozoto pexypenmmozo cnissionowenns (1) abo orc (4) (3 ypaxysa-
Hham asnur gopmya (2)-(3)), a seauvuna p(k;l;n) — 3a donomozoro cnigsionowerts

1, akwo g=0mak=1abol=1;
plkilin) =< n—2, axwog>1mak=10=1, (6)
0, akwo g>0mak#1, [ #1.

Bimbmre Toro, B SIKOCTI aCHMIITOTUYHOI OIIHKY JIJISI IUCJIa TOTOJOTIYHO HEeKBiBaJEeHTHUX (PYHKINH 3
kiacy Cp(My) npu n = (29 + k41— 1) = 00 MOKHa BUKOPUCTOBYBATU BEJUINHY

B(kilin) _ B(kli2g+k+1-1) (7)
2n T 2(2g+k+1-1)
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lr . .
Anrebpa (Q;-, -, - ) HA3UBAETHCA K6a3i2pynoto |1|, AKIO BUKOHYIOTHCS TOTOXKHOCTI

V4 l r r
(@-y) y=z (v -y y=2z z (x-y)=y z(z-y =y (1)
Ouepartito (-) HA3UBAEMO 20406H0N. Tlapacmpogu oneparii (-) BUSHAYAIOTHCH CHIBBIIHOIIEHHIMU:

g
Tlo * X260 = X35 &= T1 T2 = I3

ne o €Sy :={1,0,r,8,80sr}, 0 :=(13), r:=(23), s := (12). OueBuznO, 11O U(T) = (UoT) Vo, € S3. 3 miel
piBHOCTI BuILIMBAE, WO BinoGpaxkenns (o3 (-)) — (°) € mieo rpynu S Ha MHOXKHHI BCIX KBA3IrpyHOBHX
omeparniii muoxkuau (). CrabimizaTop Ps(-) miel ail mHasuBaerbcs napacmpogmnoro cumempiero omeparii
(+) [4], romy 6/|Ps(+)| e xinbkicTio pisHux mapacrpodis omepaii (). Ockinbku Ps(-) € miarpymoro cu-
MeTpuYHOI rpymnu S, TO ICHY€E HIICTh KJaciB KBa3irpyn. AHAJOTIIHO BBOIUTHCS MAapacTpOgHa CHMETPist
JUIsi MHOTOBUIIB KBasirpyn [4]. Muorosux 20 |, skuil cKIagaeThes 3 ycix o-napactpodis KBasirpyi i3
MHOTOBHJa A HABUBAETHCA 0 -napacmpopom muozosuda 2. IlyakoM MHONOBUIIB HA3UBAETHCST MHOXKUHA
BCiX momapHO mapacTpodHUX MizK cOO0I0 MHOTOBUIIB.
ToroxkHOCTI, SIKi BUSHAUAIOTH KBA3irpylly, HA3UBAIOTHCSA NePeuHHUMU, HATPUKIaL (1).

Osuauenns 1. Ilapacmpoprum (o-napacmpodrum) HA3UBAETHCA TEPETBOPEHHST, KOJIM TOTOKHICTD 710
OTPUMYETBCSI 3 TOTOKHOCTI 10 3aMiHOI0 TOJI0BHOI ompariii Ha 11 o~ '-mapacTpod.

OsHavyeHHd 2. /IBi TOTOXKHOCTI HA3UBAIOTHC:

1) pisHocusvruMU, IKIIO BOHU BU3HAYAIOTH OJMH | TOH caMuii MHOTOBHU/I;

2) NepsuHHO-PIBHOCUNLHUMU, KIIO OJHA OTPUMYETHCSA 3 JAPYTOl CKIHUEHHOK KIJBKICTIO 3aCTOCY-
BaHb HEPBUHHUX TOTOXKHOCTEH (1) (HepBUHHO-PIBHOCHIIBHI TOTOXKHOCTI € PiBHOCHJILHUMHE [4]);

3) o-napacmpoprumu, SIKIIO OJIHA OTPUMYETHCS 3 IPYTOl MIJISIXOM 0-11apacTpodHUX [epeBOpeHs [3];

4) o-napacmpodro-pieHOCUABHUMU, FKIIO BOHU BU3HAYAIOTH o-napacTpodHi MHOroBuau (o-mapa-
cTpOdQHO-PIBHOCHIIBHI TOTOXKHOCTI BU3HAYAIOTH o-lapacTpodui MHOroBum [4]);

5) o-napacmpodHo-nepeurHo PiHOCUALHE, SKINO OJHY 3 HAM MOXKHA OTPUMATH 3 JIPYrol 3a J0-
[IOMOT'OI0 CKIHYEeHHOI KIJIbKOCTI 3aCTOCYyBaHb MEPBUHHUX TOTOXKHOCTEH (1) Ta o1-, 09~ ..., O)-
nmapacTpodHUX IEPETBOPEHb TAKUX, IO 0103 . ..0 = 0 1jd gedakux k € N,

Teopema 3. 3 mounicmio do napacmpoPHo-nepsuHHoi PIBHOCUALHOCTE ICHYE 4 KAACU Y3A2ANOHEHUL
MOMOACHOCTNE 610 MPHLOL ONEPAYIL, AKX 6udHauaroms 20 nyukie MH02068udiI68 KEA3T2PYN.

Binoycos B. /1. [2] onucas minimMasibHi HeTpHUBiaabHi KBa3irpyOBi TOTOXKHOCTI 3 TOUHICTIO 10 TIEPBUHHOL
piBHOCUIbHOCTI. IIpoTe i TOTOXKHOCTI BU3HAYAIOTH OJMH KJAC MAapacTPOMPHO-TIEPBUHHO PiBHOCUIBHUX
y3arajibHeHux toroxkHocred. Creiin [3] 3HaiimoB Bci mapacTpodHi TOTOXKHOCTI JIsl JesIKUX BiOMEX
TOTOXKHOCTEMN, 30KpeMa TaKUX FK aCOIATUBHICTb, 1IEMIOTEHTHICTh, MEIIaJbHICTh, KOMYTATHBHICTDH Ta
toroxuicrs Creitna. Binoycos [1] nogas pesynsrarn Creiina y Burisg tabiauil, B sKiii BUKOpHCTAB
mapacTpodHi MHOTOBUIH.

B Tabuuni 3.1 xxuprum mpudToM BUIEHO TOTOXKHOCTI 3Hafineni He aBropom, aus. [1], [2], [3] Ta immi.
B omniit noBinbHit KOMIpIi pPO3TAIIOBAHO PIBHOCKMJIBHI TOTOXKHOCTI ab0 cucTeMy TOTOKHOCTei. B nBox
JOBIILHUX KOMIPKaX OJHOTO PSIKA 3HAXOAATHCA MapacTPOdHi TOTOXKHOCTI. B Pi3HUX CTOBIIIAX OJHO-
IO JIOBIJILHOI'O PsAJIKa PO3MIIeHi mapacTpodHO-PIBHOCUILHI TOTOXKHOCTI, IKi BU3HAYAIOTH OJIMH ITYIOK
MHOTOBHJIIB, JIe CTOBIYUKHU ITOKA3YIOTh napacTpodHi MHOrOBU M KBa3irpyn. Mix mogsifitHuMu JiHisMUI
B TabJIAIll B yCiX PsAKaX 1 CTOBIISX 3HAXOASATHCS MAapacTPOMHO-TIEPBUHHO PIBHOCUJIBHI TOTOXKHOCTI, sIKi
BU3HAYAIOTh OJINH KJIAC y3araJbHEHUX TOTOXKHOCTEM.



Tabuiida 3.1. Knacudikariist Bcix TOTOKHOCTEH Bi TPhOX omepariiit 3a rpymaMu CUMeTpiit

’ Muorosu, ‘ 2 ‘ A ‘ o ‘ A ‘ st ‘ ST
I 3. BuoycoBa | x(x-xy) =y | (yz-z)x =y | z(yx ‘ y)=yx | A | A
(z - yz)y =ya
IT 3. BinoycoBa | y(x-xy)=x | (yz-x)y=z | z(yz-y) =yx | z(zy-x) =1y (zy -x)r =y (z-yx)y = yx
zy(zy-z) =y | (zyr)yr =y |y(azy-z) =2y |z(z yz)=y |z(yz 2)=y |(y-zy)z=1ay
(z-zyzr=y |(z-yz)Jz=y
I 3. Creiina Xx-Xy=yx |yx-x=xy |x(y-yx)=yx | (x-xy)y=x y(yx-x)=x (xy - y)x =xy
zy(zy-y) =2 | (z-ay)zy=y
II 3. Creitna Xy'x=y-xy |2 y(z-yx) ==z (zy-x)y == ) o
IIT 3. Creiina yx-xy=x |2 (zy-z)zy=y |zyly-zy)=2a |"A o
ylry-z) =z | (z-yr)y=
I 3. IIpenepa Xy y =x-xy | 2 A A A A
IT 3. Illpenepa | Xy -yx =y A A A A A
izemmorenTHiCTH X2 = X A A A A A
imemmorenTHicTy 22 = A A 2=z A 2=z A A ol
KOMYTATHBHICTE | Xy = yX X -Xy=y Xy y=xX
inemmorenTricTy 22 =z A A A A 2 A
Ta KOCO- (xy x=yV
CUMETPUIHICTD | X - yX = Y)
7
yaty=z |y-2ty=z |aylz-x)=y |az-y) =z |@ayr=y |y =2
(xyqjy)x:x x(yeybL):x
vy’ =y |2Py-x=y |axlyry =yry|zly-zy) =z |[ayr=yuy|(yz-y)r==x
IP-xBasirpyn 22 xy=y yr-ax? =y TY - YT = YT T - (xrzz:)y:y TY YT = TY y(x{gx) x=y
3 06op. e z2 x(y ! xy) = (yzx . y)r =x
7 7 7
2 r=y? |z-a’=y® |(yyeror=z | @)y y=r|zayy=2 | (yyl )=z
7, 7
?oay=y |y@-a)=y | P -r=2 |(@'2)2y=y|z@y})=2 |y (zz)=y
7 VAN
zoaty=y |y@?-a)=y |y* (@)= | (@ (@ x)y=y | (@'z) =2 |y(x-2)2)=y
OJTHOEJL.KBA3Irp. | X =y A A A A A
2?2 =x 2 - (z )z == x(lzx)x:x A A
(22 2)z=2 |z(z-2?)=2 | A (@ ) z)z=z |*A A
)
(x-2®)x=2 |2(2* 2)=2 x2(mex) =z | (z"(z'2)z=z | (¢ x) 22 =2 m((mex)ex)::v

JIITEPATYPA

[1] Bemoycos B.I. Cucmemu xeazuepynn ¢ obobwénnvmu moocdecmeamu, YMH, XX, 1(121): 75-146, 1965.
[2] Belousov V.D. Parastrophic-orthogonal quasigroups QRS, 13(1):25-72, 2005.

[3] Stein S. K. On the foundation of quasigroups, volume 85 of Trans. Amer. Math. Soc.: 228-256, 1957.

[4] Sokhatsky F.M. Parastrophic symmetry in quasigroup theory, Visnyk DonNU, A: natural Sciences, 2016.



Kgazi-emgintuyani dyHKITIT

JIykiBcbka JI3BenuciaaBa BosmoaumupiBaa
(JIpBiBCHKUiT HamioHABHUI yHiBepcuTer iM. [.Ppanka, Bys. YHiBepcurerchka, 1, 79000, M. JIbBis,
Yxpaina.)
E-mail: d.1lukivska@gmail.com
Xpucrigsana Auapiit ApociaaBoBud
(JIbBiBChKUit HanjoHasbHMi yHiBepcuTeT iM. .dpanka, Bys. YHiBepcurerchbka, 1, 79000, m. JIbBiB,
Yxpaina.)
E-mail: khrystiyanyn@ukr.net

Osnauvennst 1. Hexait p = €', g = €', 11e o, B € R. Mepomopdua B C dbyHKIis g HASHBaETHCI KBa3i-
JIIIITUYHOKO, SKIIO iICHYIOTh W1, wy € C*, Im% > 0, Taxi mo gy Bcix u € C
g(u+wi) =pg(u), glu+ws)=qg(u).
Kinac kBasi-enintuaaux GyHKIi mozaadarumemo QF.

Teopema 2. Kootcha 20A0MOPPHA KEA3T-eAINMUYHE PYHKUIA € CMAAOI0.

Bisbmemo moBinmbHY TOUKY ug i moOymayemo mapaJiesiorpaM 3 BepIIuHAMU Ug, Ug + wi, Uy + wi +
w2, ug + we. leit mapasesiorpaMm Mu OyIeMO Ha3UBATHU MMAPAJICIOTPAMOM IIEPIOMIB Uy, MOOYIOBAHUM HA
nepiogax wi i wy i nosnauaru [[(ug) [2]. Toukamu napasenorpama nepioznis [[(ug) € Touku BursLy
Ug + 11w + rowa (0§7’1 <1,0<r < 1).

YPATYBAHHAM KPAMHOCMI) 6 KootcHomy napanenoepami nepiodis [ (uop).

Posrisinemo dyuxkirito
1 1 1 .
_ _ i(ma+np)
Gop(u) ol + E ((u —)? w2> e , (1)

Je wi,wy € C, Imi—f >0, w=mw +nws, mn<Z, a,ER.
Hexaii K — komnaxraa migmuoxkuaa C. Ockinbku (1], 2]
1

W<+OO,

w#0
TO paj B npasiit wactuni (1) abo npuHaliMHI HOro 3a7MINOK, € PiBHOMIpHO 306iKHuiH Ha MHOXKUHI K.
Taxmv wunom G Mepomopdna s C.

OznauenHa 4. Oyukiiiga

1 1 1 i(ma+n,
@aﬂ(U)ZGaﬂ(U)JrCaﬁ:uﬁZ(W_w)g—2>€( ) + Cag,

w#0 v
e
w1 ia w1 w2 iB w2
Gas (3) =G (—5)  Gas () —¢*Gas (-3
Cop = : = y
@ e —1 eib — 1

HAa3WBAETHCS y3arajJibHeHoIo p-dyHKIliero Beitepuirpacca.

st moBHOTH, 3ayBaxkuMmo, gkimo « = f = 0 mod 27, mu Busuaunmo Cyy = 0. Toai poo = ¢ (TobTO
(oo CHiBIIaIa€ 3 KIacuIHoo p-dyHKIieo Beitepurrpacca).

TBepmxkenns 5. Qynxuyia paz € QE.

Otxke, Tak noOynoBaHa OYHKIIIA (3 € CBOEPIIHIM KBa3i-eTiIITUIHAM aHAJIOTOM KJIACHIHOI (O MyHKIIIT
Beiiepmpacca.
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Teepmxenns 6. Dynxyia p.3 3a0060avHA€ JuPeperyianve PIEHAHNA

g () — 490 5(u) + 12Cap0%5(u) + (gae'tmetnB) — 12C25)pap(u) = —4C5 5 — (g3 — Capga)e’ ™),

de
1 1
92:6023, 93:14025.
w#0 w#0

Bapro sasmauuTun, mo nigcraiasioun o = S = 0 mod 27, i Cyy = 0 y 1ie piBHAHHS, MU OTPUMAEMO
KJIacuaHe nudepenIiaabae PiBHAHAA JId QYHKIT (.
Jlane piBHAHHSA Jla€ 3MOTY BUPA3UTH BCi MOXiaHI GYHKIT ©q3 T€pe3 pq3 i p’a 3 3okpema,

1 .

Pl () = 6025(0) — 12Cappas(u) — 5 (g2’ —1202),

f@lo/z/ﬂ(u) = 12@&5(”)@5}45(“) - 120045@/0[5(11,).
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I'omoTomiiiHi anredbpu i HecKiHYeHHICThb-KaTeropii

Boaoaumup JlrobareHko
(TacturyT maremaruku HAHY Byn. Tepemenkisebka, 3, Kuig-4, 01004)
E-mail: lub@imath.kiev.ua

H-upocropu Crameda. A,-ipocropu.

Ao-anredbpu.

Omnepamu, dg-omnepaau, koomepaau, dg-koonepaan. CranmapTHi BimoMocTi 3 Teopil kareropiit. Bap-
KOHCTPYKIIis JJIsi Orepa/i, Ko6ap-KOHCTPYKITid /i KOOIIEPaI.

PezonbeenTn omepas i romoromiitai anredpu 3a Mapkiaom. Loo-anredopu. ['omoromniiini anredbpu maz
onepa/ioro 3a JlencrepoM.

CumMmriuriniajabai MHOXKUHE. co-Kareropil 3a JIypi Ta 2Kyasiem.

Ilincymxu.
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KputnuHi Toukn audepeHniiioBHIX BigoOpa>keHb

Cepriit MakcuMeHKO
(TacruryT maremaruku HAH VYkpainu, Bys. Tepemenkiscbka, 3, Kuis, 01004, Ykpaiuna)
E-mail: maks@imath.kiev.ua

Hobpe BigoMo, 10 KPUTUIHI TOUKHU AUMEPEHITIHOBHIX BiIoOpakeHb Mi?K MHOTOBHIAMH YACTO JTAIOTh
indopmariiro mpo TOmOJIOTiUHI BIACTUBOCTI K BigoOpazkKeHb Tak i caMMX MHOTOBHIIB. ZICKpaBMM TIpH-
KJIAJIOM € Tak 3BaHa JemMa Mopca gKa roBOPUTH, IO [ist Tyiaakol ¢gpyukmil f : M — R Ha KOMIakTHOMY
M-BUMIPHOMY MHOrOBUJIi 6€3 Kparo, siKa Ma€ JIMIIe TaK 3BaHi Hesupodotceri KpuTudaHi Touky (Taxi dyH-
KIiil Ha3uBaTh Pynryiamu Mopca), Mae Micie Take CIIiBBIHOIIEHHSL:

X(M)=co—c1+ca—-+(—1)"cp,

Jle ¢; — 9MCI0 KPUTUIHHUX TOYOK iHzekcy i, a X (M) — EirepoBa xapakrepucTuka MHOrOBUY. Bijbi
TOTO, MAIOTh Miclie HepiBHOCTI Mopca

rankH;(M,R) < ¢;.

IHmmMu ciioBaMu, paHry TPy TOMOJIOTIH MHOTOBHUIY OOMEXKYIOTH 3HU3Y UHUC/Ia KPUTHYIHUX TOYOK BiJl-
noBigauUX iHzekciB gosinbaOl dyukiil Mopca wa M. 3okpema, skmio rpymna romosoriit H;(M,R) ne-
TpuBiaJbHa, TO KOXKHa yHKIig Mopca f : M — R matume xXo4ya 6 OJHY KPUTUIHY TOUKY IHIEKCY
i.

Mera mux Jrexiiii po3moBicTu mpo mesiki 6a30Bi pe3yabraru Npo Kiaacudikarlil KpUTHIHUX TOYOK Ta
POBTJISIHYTH TX 3aCTOCYBaHHS JI0 BUBYEHHSI TOMOJIOTI] MHOrMOBUAIB. OCh CIMCOK MUTAHb, PO sIKi HTHMe-
ThCd B MOBaA.

(1) HudepenniitoBui muoroBumau ta ix Bijodbpazkenns. [Ipocropu jkeris (crpymenis). 1o Take h-
[PUHIIATL.

(2) Hdudeomopdizmu MEHOrOBUIIB Ta iX JIii HA MPOCTOPaX IVIaJIKUX Bimobpazkenb. Hopmasbhi dhopyu
KpuTudHux TOo4oK. Kiacudikariis ocobsuBocreii. Jlema Mopca. [Ipocti ocobmuBocti. Ocobiin-
BocTi YiTHiI BiobpazkeHb moBepxoHb. [ToHATTS KOpO3MIpHOCTI (KpPATHOCTI) KPUTHIHUX TOYOK.
Teopema Ty)poHa PO JTOCTATHICTb CTPYMEHIB.

(3) Higrorosdi reopemu Beitepimrpaca ta Masbrpanka. 3acTocyBaHHsA 10 KIaCUMIKAIT KDUTHIHIX
Touok. Criiiki ocobUBOCTI.
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Awnajnor teopemu 'ana mus audepennivioBHux 3a Pperne pyHKITIN

B.K. Macsio4yeHko
(M. YepniBni, YepniBernpkuit nHarionanpauii yuisepceurer imeni FOpis @eaproBuya)
E-mail: v.maslyuchenko@chnu.edu.ua

B.C. Meabuuk
(M. YepniBni, YepniBernpkuit narionansanii yaisepceurer imeni FOpis @exaproButa)
E-mail: windchange7@gmail . com

Agcrpiiicekuit maremaruk I'. Tan y cBolii crarti 1917 poky [1| noBiB Taky Teopemy: Jjisi METPUYHOIO
npocropy X, HamiBaenepepsHOl 3Bepxy ¢yuKIil ¢ : X — R i nanisaenepepsuol 3umu3y GyHkIi b 1 X —
R, rakux, mo g(x) < h(z) na X, icuye taka nenepepsua byukuisg f : X — R, mo g(z) < f(z) < h(x) na
X. 7K. T’enonne 2] nepenic Teopemy 'ana Ha mapakommnakTai npocropu, a I'. Tour [3] i M. Kareros [4]
ITOKa3aJid, IO Iisl TeopeMa € XapaKTePUCTUIHOK I HOpMaJIbHOCTI B Kjaci Ti-mpocropi. OkpiM Toro,
Teopema ['ana Mae 3acTocyBaHHS B Te€OPil HAOJUKEHbD.

B ocranniit vac 3’aBuaucs HOBI aHasiorm Ta momudikarlii Teopemu I'aHa mpo mpoOMixKHY (DYHKIIIO,
30KpeMa, Ti 3 HUX, IO CTOCYIOThCS iCHYBaHHA HECKIHIEHHO MUMEPEHIHHOBHUX MPOMiI2KHUX (DYHKITINH HA
3aMKHEHUX HapaJesieninesax B R un Ha cenapabesbHux rigsbeprosux npocropax [5]. Tyt mu npomos-
JKUMO JTaHI JTOCTI/I>KEeHHS, PO3TVIAHYBIIM BJIACTUBICTEL AudepentiiioBaocTi 3a Pperre.

Haragaemo nesiki o3navenHs:

OznauenHs 1. Bimobpaxkenns f : X — Y HasuBaerbcs dugepenyitioshum 3a Ppewe y mowyi x 3 X,
aKmo icaye Takuit oneparop A 3 L(X,Y), mo

o J@ 1) = () = Ab

h—0 12| =0

Taxwuit orrepaTop BU3HATAETHCS OJTHO3HATHO, BiH HA3UBAETHCA NoTidnoo Ppewe Bimobpaxkenus f y ToUIl
x 1 nosHadaeTbes cuMBoaIOM f'(x).

Osnavenns 2. /liicunit 6anaxosuii npocrip X HazuBaeThcs acnayndosum [17, c. 27|, axmo misa no-
BiJIbHOTO #i0r0 cemapabebHOrO miampocTopy L cupshkeHuit 3 HUM mpocTip L* Tex cenapabebHU.

BukopucroByoun pesyiabTaT mpo Te, M0 iCHyBaHHsS B cenapabebHOMY 0aHAXOBOMY POCTOPi Jmde-
pemntiitioBuol 3a @Pperre pu © # 0 eKBIBAJEHTHOT JI0 BUXITHOI HOPMHU €KBiBAJIEHTHE HOTO ACTLIYHIOBOCTI
(pesysbrar 3 [6]) MU JOBOAMMO HACTYIIHI PE3YJIBTATH.

JIema 3. Hexat (X,||-||) — diticnuti 6anazosuti npocmip 3 dudepenyitiosnoro npu x # 0 nopmoro || - ||,
x0 € X 10 < r < R. Todi icnye dupepenyitiosna dynrxuia f : X — [0, 1], maka, wo f(x) =1 na Blxg, 7],
suppf = B(wo, R) i ||f'(z)[| < 7% na X.

r

1 1
—_ 21+ 3 _ 2
Tyr [ = flet2 tdti M = =.
Buxkopucrosyroun cemapabesbpHicTs npocropy X, s J0BLIbHOI 0OMexkenol mHOXKWHU G C X MoO-
»KHa moOyyBatu nudepeniiiiopny 3a ®peme dyukmnio f 3 mociem suppf = G. 3 1mux pe3yabTartis,
BUKOPUCTOBYIOUN PO3OUTTHA OJIMHUIL, OTPUMAEMO HACTYITHE:

Teopema 4. Hexati X — cenapabeavruti acnayndosuti npocmip, g : X — R — nanisnenepepsha 3eepry,
ah: X — R —snusy, maxi, wo g(z) < h(x) na X. Todi icnye maxa dugpepenyitiosna za Ppewe Pynryis
f: X =R, wog(x) < f(x) < h(x).
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TomoJsoria dyHKIIIN Ta 1X JedopMalliii Ha TOBEPXHAX 3 MeEKeIO

Ounekcanap Ipurmasak
(KuiBcbkuit HanionanbpHuii yHiBepcurer imeni Tapaca IleBuenka)
E-mail: prishlyak@yahoo.com

Mu posragmaemo rimanki pyHKINT Ha KOMIIAKTHAX OPIEHTOBAHUX MMOBEPXHAX 3 HEIIOPOXKHBOIO MEKEIO.
Cepen Takux QYHKIIM TPocTi M- yHKINT yTBOPIOIOTH BIIKPUTY CKPi3b MIIJIbHY MHOXKUHY. BOHI TakoX €
CTPYKTYpPHO crifikuvu. st Hux Mu 6yyeMo sik JIOKaJIbHI iHBapianTu (mpocti abo ckiaanocti 0 aromn),
a Takox robanapHuil imBapiant (rpad Pi6a). Bymyrs onmcani 1x Tomosorivni Biactusocti. Takox Oy/yTh
mobyI0BaHi BCi Opi€HTOBaHI aTOMU CKJIAIHOCT 1.

Posrngnarorsea medopmariil 3arajbHOTO MOJIOKEHHS, IO € NUIAXaMA Y MPOCTOPI TIankuX (PyHKITIH.
Koxna maka medopmariisi 3a BUKIIOYEHHSM CKIHYEHOIO YHUC/Ia 3HAYEHb IapaMerpa (0 BimoBiIaoTh
0COBIMBOCTSIM) CKIAIAETHCs 3 M-dyHKiiit. OcobmuBocri pedopmariii 6yBaloTh TPHOX THIIIB:

1) Bupomzkena BHyTpintHs ab0 rpaHWYHA TOYKA,
2) HeBHPO/KEHA KPUTHYIHA TOYKA HE MEXKI,
3) medopmariis atoma ckiragnocTi 1 10 mpocTol m-GyHKII.
s koxkuOI Takol jedopmariil Oye onucana nepedymoBa rpacda Pida.
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IIpo HOBiI MmarpuuHi npeacraBjaeHHs aiaredopu Kiiddopaa Ta
anrebpu SO(8), kopucHi y KBaHTOBIIl Teopil moJis

Cumynuk Bomoaumup MuxaitioBud
(ImcruryT enekrponnoi dizukn HAH Ykpainu, Bysn. Yuiepcurercoka 21, 88000 M. Ykropom, YKpaina)
E-mail: vsimulik@gmail. com

Marpuuni npejcrasienns anrebpu Kiiddopaa (npo anrebpy Kaiddopaa aus., nanpukmian, (1, 2|)
MAaIOTh BalKJIMBI MPUKJIATHI 3aCTOCYBAHHS Y CydacHilt Teopernuriii ¢iszumi. [lepim 3a Bce y pengarusicT-
CbKiil KBAHTOBIII MeXaHIIli Ta KBAHTOBI Teopil I10JIs.

Haramgaemo, 110 ogauM i3 OCHOBHEX 00’€KTIB IMX BaXK/JIUBHUX CydacHUX Mogeseil dizuaHol peasbHOCTI
€ piBusaHg lipaka (npo pisasiHs /lipaka Ta criHOpHE mosie JuB., HAUPUKJIAL, [3]), fke omnucye jybdier
YaCTUHKA-aHTUYACTUHKA CiiHiB s = (1/2,1/2) abo, inmmMu cioBamu, ay6ier depmion-antudepmion 3i
cIiHaMu OHA JIpyTa.

Hait6inbim BioMoo0 i KOPUCHOIO (& TAaKoXK iCTOPUYHO TepIion) € (opma 3ammucy IbOr0 MATPUIHO-
JepeHIiaIbHOrO PIBHSHHS IIEPIIOTO MOPSIJIKY 32 J0IOMOroio ramma-marpuls lipaka v*, (u =0, 1,2, 3)
sKi peasizyiorh 16-BumipHe Marpudne npejcrasienas ajrebpu Kiidbdopma Cl (1,3) mam mosem kom-
IIeKCHUX vuces. Y poborax [4, 5| 16 esementis npeicrasiaenus Kiiddopua-lipaka amrebpu Cl (1,3)
3B’s13aHi 3 opramu anrebpu SO(3,3), a y mHammx poborax [6-10] — 3 opramu aarebp SO(1,5) Ta SO(6).
Takum 9uHOM, TOBEIEHO, IO OJHI 1 Ti 2K caMi 15 HEOAMHUIHUX €JIEMEHTIB 3aJIaf0Th SIK IPE/ICTABICHHS
asnrebpu Cl (1,3), Tak i npejcrasienns aarebpu SO(1,5) (anasoriuno s SO(6)).

ITpencrasnenns oneparopa piBHsnEg D = iy"0,, — m, a TakoK 6araTboX iHIINX OIEPATOPIB KBAHTO-
BAHOTO CITIHOPHOTO MOJIsA, y TepMiHax ramMa-marpuils Jlipaka m10o3Boisie 6e3mocepeHb0 BUKOPUCTOBY Ba~
TH aHTUKOMYTAIHI CcriBBijHOIIIEHHS MiXK orepaTopamu anrebpu Kiriddopaa-/lipaka st 3HAXOYKEH-
HsI CUMeTDiii, po3B’s13KiB, 3aKOHIB 36epekeHHs (iHTerpaJiiB pyXy), BUKOHAHHSI MPOIE/yPU KAHOHIIHOIO
KBAHTYBaHHS Ta PO3PaxXyHKIB MPOIECIB B3aEMOJIIl y KBAHTOBO-IIOJLOBUX MOJE/IsAX. BaskyMBO, 0 BUKO-
pucranus anrebpu Kiidbdopma cyTTeBo crporiye po3paxyHKH.

Oxkpim piBusinus ipaka, ramma-marpudHi npejgcrasienas aiaredbpu Kitidbdopma-lipaka mupoko Bu-
KOPUCTOBYIOTHCS Y JIiPAKOIIOIIOHIX PIBHSHHSX JIJIs TIOJIIB JI0BLIbHUX criniB Baba [11], Baprmana-Birnepa
[12], Papitu-IIsinrepa (s moss, mo Bigmosimae cmimy 3/2 [13]), ama piBusmua IBanenko-Jlannay-
Hipaka-Keirepa, nus., manpukiaas, [14], ske onucye sk depmionn crminy 1/2; tak i 6030uu cminy 1, a
TAKOXK Y HOBUX DIBHSIHHSIX JJIsl TIOJIIB JIOBIIbHUX CIIHIB, 3alIPOBAJPKEHUX y PO3IJIs] HeloaBHo [15-17].
Takum guHOM, K badnmo, Bukopucranus aaredpu Kiaiddopaa y kBanTOBi# Teopil 1moJist 3HaYHO MIUpIIE,
HiK aHaJi3 q00pe Bigomoro piBugauaga ipaka Ta BiAmoOBiAHOTO oMY 4-KOMIIOHEHTHOT'O CIIIHOPHOTO ITOJISI.

OdeBnHO, 110 AKTYAJIBHOIO € 3a/1a49a HOIIYKY Ok mupokux Hixk 16-suMmipna Cl (1,3) Tta 15-Bumipaa
SO(1,5) anrebpu, MaTpUYHI HIPEICTAJIEHHS SAKUX Y T€PMiHAX TaMMa-MaTPUIb MOIJIM OU MaTH BUKODU-
CTAHHY 9K y BIIOMUX MOJIEJIAX KBAHTOBOI T€OPil mOJIid, TaK i JjIst OOY/I0BY MIPUHITUIIOBO HOBUX MOJIEJIEN.
Taka 3aj1a4a cTaBuiIach i BUpimyBagach y Hammx poborax [6-10], ne Gysu 3uaiigeni wosi 64-BumipHi
marpuani npejcrasaenns anredpu Kiiddopra CI#(0,6) Ta CIF(4,2), a Takox 28-BuMipHe IpejCcTaB/Ie-
uus agrebpu SO(8), Hag mosem aificaux umcesn. Ha Biaminy Bifg BiZOMOro MaTpuyHOrO MpeICTAB/ICHHS
anrebpu SO(1,5), 15 eslemenTiB siKOro 3 TOUHICTIO 10 KoedinienTa 1/2 cuiBnasaors 3 15 HeoAUHUIHUME
eslemenTaMu 1pejcrasienns aarebpu Kiiddopaa Cl (1,3) i 3agarors Takoxk i 16-BuMipHe 1peicraBieH-
Hs 1iel anrebpu Kaiddopma, suaitmeni Hamu 64-sumipai MaTpudHi mpeactapierHs aaredp Kiiddopaa
CI?(0,6) Ta CI*(4,2) He cmiBmasaioTh cyTTeBO 3 28-BuMipHEM mHpescTabieHnaM airebpu SO(8). Opru
(28 meommamuHux ejementis) anrebpu SO(8) He yrBOproooTh anrebpy Kiiddopsa HaBiTh gximo gomxatu
omuangHUil eslement. st Toro, mob opTu 3HaleHoro Hamu npezacrasienns anarebpu SO(8) peadrisy-
BaJIM Te YW iHIIe mpencTaBieHus anredpu Kmiddopaa, ix HeoOXigHO TPUHITUIIOBO JIOMOBHUTA HOBUMU
esiemenTamMu. TakuM YUHOM, TPUXOIUMO 0 64-BUMIpHUX MaTPUYIHUX IIpejicTaBiaeHb aaredp Kimiddopma
CI?(0,6) Ta CI*(4,2) mas mosem ilicHux uucest, mo Gy/u 3Haiijieni Hamu paminte, aus. [6-10].

Ha ocHOBI HOBUX IIpeJICTaB/IeHb 3rajlanux aarebp y poborax [6—10] qoBegeHo HasBHICTD y CTAHIAPTHO-
ro pieusgHHs ipaka He jmie ¢pepMioHHUX, ajie i DO30HHUX CUMETPIil, PO3B’sI3KiB Ta 3aKOHIB 30epeKeHHSI.
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Tob6ro noseneno Pepwmi-Boze pyamnizm nporo pisusinas. ladi, y poborax [15-17] Bkazano na @epmi-Boze
JyaJsii3M TakoXK 1 JipaKOMOAiOHNX PIBHAHD /I BUIIUX CIIHIB.

V jexiiil, gKa MPOIMOHYETHCS, TAETHCA ABTOPCHKUI PO3IJIA L HOBUX IIpeacTaBienb anredpu Kitiddopaa
ta asre6pu SO(8), icTopil Ta OCHOBHUX NPHHIMIIB X 3HAXOZKEHHsI, & TAKOXK IX IPAKTUIHOIO 3aCTOCY-
BaHHA JIO0 aKTYaJbHUX 33/I1a4 PEJIATHBICTCHKOI KBAHTOBOI MEXAHIKNA Ta KBAHTOBOI TE€OPil MOJIL.

Maremaruanuii popmasism Ta suuit surssy peanizaniii C1*(0,6) ta CI*(4,2) npeacrasiens aare6p
Krniddopua Haz mosem fificHux 4uces1, a TaKOXK JeTajJbHuil onuc npeacrasiends aarebpu SO(8), serko
sHaiiTi y poborax [6-10, 15-17|. BizmHocHO HACTYIHUX 3aCTOCYBaHb IEBHUIl IHTEpEC BUKJIMKAE aHAJIOII-
qauit posrysn cynep-aaredbpu Kiaibdopaa B cynepapoctopi MinkoBcbKOro.

TyT, AA9 HAOIHOCTI, JIKIIIe KOPOTKO HAraJaeMo, mo 7 " MaTpuib

{71, Y2, 3 At = 09128, S = 4130, A8 = iy 4T = ’ivo} , (1)

je C' — omnepaTrop KOMILIEKCHOTO CIIPSI?KEHHS, 33/I0BOJIbHAIOTH AHTKOMYTAIIHHUM CIIiBBITHOITEHHSIM

,YA,YB + ryB/yA = —25AB, A, B - ﬁ (2)

1utst rereparopis anre6pu Kiaiddopaa. Ockinbku miniitao Hesamesxanvu € e 6 i3 aux, 14 = —iy y14243,

T0 Maemo mipenctasienna CI*(0,6) posmiprocti 20 = 64.
Omneparopu (1) OpoKYIOTH TakoXkK 28 OpTiB

__ 1 1 _ N
AB — {SAB — Z[7A7’YBL SA8 — —88A — §7A}7 A,B — 1,8, (3)

SKI 33/I0BOJIbHSIOTH KOMYTAIlfHUM criBBigHOmeHHEIM anrebpu SO(8)

S

[SAB SCD] _ 5ACSBD + 5C]§3DA + 5BDSAC + 5DASCE‘ (4)

)

3posymio, mo rake npeacrasienns SO(8) € anrebporo HaL TOJIeM AiCHIX qrces. 3PO3yMiIIo TAKOXK, 110
28 enementiB SO(8) ue yrBoproioTs anrebpy Kiidbdopa i e saBiasgoThes migaaredbporo xKomaHol aaredbpu

Kridbdopma.
VY namux poborax [6-10] inrepnperarisi qanoro npezacrasienns anarebpu SO(8) He Gysa JOCKOHAJIOW,
ofiHaK 11eil HemouliK BunpasyeHo y [15-17], ocobmuso y [18, 19] i TyT, y 1bOMY KOPOTKOMY IIOBIJJOMJIEHH.
Aprop mupo Bagunuit npod. A.K. IlpukapnarcbkoMmy 3a KOPHUCHI 3ayBarXeHHs IMOJAO0 KJacuikaril
aarebp Kiiddopaa man mosmem mificHux wmces y MUHYJIOMY Ta CAYIIHI IMIPOMO3UINI MO0 MTOMAJIBIITIOTO
3aCTOCYBaHHA PO3POOJEHOTO MATEMATHIHOIO alapaTy Ha MaiOyTHE.
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Habsm>kxeHHsT KJIaciB 3ropToOK IepiognyHmnX (pyHKIIN
IHTEpONANINHUMYU TPUTOHOMETPUYHUMM TTOJIIHOMaMU

A. C. Cepaok, 1. B. CokoJjienko
(Imcruryr maremarnkun HAH Ykpainu, Kuis, Ykpaina)
E-mail: serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Hexait C'i L, 1 < p < 0o, — npocropu 2m-nepiognarnx ¢yHKIii 31 crasgapranvu HopMamu || - ||¢
il -|p. Hosmaummo uepes ng MHOXXUHY BCixX 27-mepiomumaanx (QyHKINR f, dKi 300pakyoThCs 3a
)
JOIIOMOI'0I0 3TOPTKH
s

aq 1

f(x) = 5t / p(z—t)Us(t)dt, aeR, peBy={peLly: [lglla<1, ¢ L1}, (1)

—Tr

o0

3 cikcoarmmm TBipHUM sapom W5 € Lo, pan Pyp’e axoro mae surnan (k) cos (k‘t — 5’5—”) , e
_ k=1

v =uyk)ip =0k k=12,..., — nocaimoBrocti KoBiNMbHUX mificaux umcesn. dxmo (k) # 0, k € N,

10 yHKIio ¢ y 306pazkenni (1) nasmpaiors (1, B)-moxinHoo dyHKNil f i MO3HAYAIOTH fg)(:p) [MousiTTst

(v, B)-noximmol mamexxuts O. 1. Crenanmo [1]. Ilpu By = 3, B € R, knacn Cg}Q [IO3HAYATUMEMO HYepes

C’g”Q. Axmo (k) = k7" 16, =1, r € N, To kacu ng € BimoMuMu KjacaMu JudepeHIitoBHux yHKITIH
W5 sxmo (k) = ¢, 0 < ¢ < 1, To kack ng OyZeMO TI03HAYATH 0%72. Ilpu B, = B, B € R, 0‘172 €
Bimomumu ktacamu inTerpasis [lyaccona C’g o~ 3PO3yMisIo, 1m0 ymoBa BrioueHHst Uz € Lo eKBiBaJeHTHA
HACTYTIHI! yMOBi:

S0P (k) < oc. (2)
k=1

Hexaiti f € C'i Sp(f;z) — TpUrOHOMEeTpHYHMII NOJIHOM NOPSIKY 7, IO imTeprnomoe f(z) y
TOYKax a:,(cn) =2kr/(2n+1), k=0,1,...,2n, TobTO

So(fia) = ﬁ + zn:(a(”) cos kz + b\ sin kx)
n\Js 9 k k )
k=1

Jie a,(cn) i b](cn) — koedinientn Pyp’e—Jlarpanxka byuxuil f (aus.[2, c. 128-129)]).

POSFJIH,U,&GTI)CH 3ala9a PO 3HaXO/2KEHHA TOYHHUX 3HAYCHb BECJINYUH

E(CYy:8um) = swp |f(x) ~Bu(fim)l, neN. (3)
' v
fECB’2

Teopema 1 ([3]). Hexaii nocaidosnicmo diticnux wucen (k) 3adosorvhse ymosy (2). Todi das dosinvroi

nocaidosnocmi B = B, B € R, i dosiavrozo n € N 6 xootchiti mowyi x € R

1/2
00 m(2n+1)+n
g 2 . 9 2n+1)mx
b Gy 2 » (20 + Vma ,
8(05’27 Sn,x) = \/7»1_ Z sin 5 Z 1/] (k)
m=1 k=m(2n+1)—n
Hopsn 3 € (ng; Sh; ) POSTJITHEMO BEJIMYIUHU
E(CY,:8)c = sup [If() = Bulfi)le. meN. @
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Teopema 2 ([4]). Hexati n € N, a nocaidosnicmo diticnux wucea (k) 3adososvnac ymosy (2) i maxa,
m(2n+1)+n B
WO NOCAIIOBHICTND Qpy, = T, > Y2 (k) e onykaoro dornusy. Todi das dosivnoi B = By, B € R,
k=m(2n+1)—n

N|=

oo (21-1)(2n+1)+n

ECySe =ECySug ) ==X X W

2n+1
I=1 k=(21—1)(2n+1)—n
BayBakeHHst 3. I3 oznauens (3) i (4) BUINIMBAIOTH OYEBHU/HI CIIBBIIHOMICHHS

E(Cﬁ Q’Sn’ )< Iileaﬁ(g(cﬁ 27Sn;x) E(CB 2,S )

m(2n+1)+n
Ak BUILTMBA€E 3 TEOPEMU 2, OIIKJICTh JOHU3Y IOC/IIIOBHOCTI Oy, = M > ¥?(k) € mocTaTHBOIO
k= m(2n+1)fn

yMOBOIO Toro, mo Bemmaunn &(CY 5.0 . Sp; ) (3) mocsraors sHAMCHD & (Cg o :S,)¢ piBHO mOCepeauHi MiK
25

. 7T .
BY3JIaMU iHTEPIIOJIAIil, TOOTO TIpu T = +——,j € Z. HeBa:KKO IIepEKOHATHUCD, IO TIPU JOCTATHBO
2n+1  2n+1

BEJIUKUX 7 YMOBY OIYKJIOCTi MOC/iZIOBHOCTI (v, 3as10B0mmbHaA0TE (k) = ¢*, ¢ € (0,1). Yrim, HacTymme
TBEP/KEHHsI [I0KA3ye€, 10 Jyist 3a3Hadenux (k) piBHOCTI

s
E(Clyi Sni 5p) = E(CYy3 S (5)

MaroTh Micite mpu Bcix n € N.

Teopema 4 ([4]). Hexati q € (0,1), B = B, — dosiavna nocaidosricmy ditichux wucen i n € N. Todi

E(CT S = E(CT 2 G ) = 2¢""
8,2’ B2 o1’ \/ﬂ(l_qz)(1+q2(2n+1))‘

Hacrynre TBepzKeHHs oKasye, 1mo (5) mae micue i juist (k) = k=", r > 1/2.

Teopema 5 ([4]). Hexati (k) = k™", r > 1/2, B = Bp — dosiavna nocaidosricmy diticnuz wucen i
n € N. Todi
1 1/2
. . T 2 p—n/(2n+1) 1n2r—1 p—l
EW5 93 Sn)o = E(Wj o5 Sns = / d )
Wz nlo = EW im0 27) ATen@n+ 1) \J (L= p /ey (1 +p)
de I'(z) — eamma-Pyrryia.
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2-KH® 6ymneBux pyHKIIi, 9Ki 3a1al0Th CAMOJIBOICTI TOIIOJIOTII HA
CKIHYEeHHHNX MHOX>KHNHaX

Ckpsibina A.B.
(3anopisbKuii HAIIOHAJILHUI yHIBEPCUTET)
E-mail: anna_29_95@mail.ru

Crerannena IL.T'.
(3anopisbKuii HAIIOHAJILHUIN yHIBEPCUTET)
E-mail: steg_pol@mail.ru

Posruisiremo Jiesiky Torosiorito 7 Ha ckindensiit Mmuoxkuui X = {x1, z2, ..., x, }. CyKynHicTb JOIOBHEHD
JIO €JIEMEHTIB TOHOJIOrT 7 mo3HaYnMo cuMBoJioM C'7 1 Ha3BEMO JOMOBHEHHSM TomoJioril 7. O4eBuIaHO, 110
CT Takox € TonoJioriero Ha X.

Tomosiorito 7 Ha cKimvenniit muokmai X MOXKHA 33JlaBaTH 3a TONOMOTroI0 OysieBol (yHKIII, a KO-
’KHa Taka Oyiesa dynkiia mae 2-KH® surmany (x;, V Zi,)(xj, V Tjy)...(xk, V Tk,) [1]. OTxe, 3amauay
JOCJII?KEHHsI TOIOJIO MOYXKHA, 3BEeCTH 10 3aaadi gociimkents 2-KH® OyseBux pyHKIIIA.

TBepmxkenuss 1. Axmo neska 2-KH® zamae Tomosorito 7, To 2-KH®, orpumana 3 Hel 3aMiHOIO
z¢ — 27, 3amae ronosoriio CT.

Bynemo nosnagaru cumBostamu fr i for 2-KH® romnosoril 7 Ta i1 qonosuenus C'T BiAmOBiIHO.

Osnauenns 1. 2-KH® ¢ ta ¢, ski 3agat0rs Tonosoril na muoxkuni X = {z1, z2, ..., T, }, Ha3uBaO-
ThCS €K6i6aACHMHUMY, AKINO icHye Taka Giekiisa f: X — X | mo f(p1) = pa.

Osnauvenng 2. Tomooril 71 C'7, a Takox Bigmosigai im 2-KH® f. ta fo, 6yaemo HazuBaTu 63a€MH0
deoicmumu. fKimo micia nepexony Bix fr no for BugBuThes, Mo fr Ta for €KBiBaJE€HTHI, TO KOXKHY 3 HAX
Oymemo HasuBaTH camodsoicmoro 2-KH®, a Biamosigai iM romeomopdHi TomoJorii — camodsoicmumu.

OsnavyenHsa 3. Maxcumanvroro 2-KH® OysieBol yHKIII, IKa 3a71a€ TOMOJIOTIIO0 Ha MHOXKHUHI X, Ha-
suBaeThcsa Taka 2-KH®, B AKy 3 Oy/1b-AKO0I0 Tapoio U3’ I0HKIIH x; V T; Ta T V T, BXOJUTD 1 U3 IOHKITA
x; V T, 0e i, 4, k =1,n.

Teepmaxkenusa 2. Tomosorii 7 1 70 romeoMmopdHi TOI i JuIIe TOMI, KON BiAMOBIAHI IM MaKCHMAIbHI
2-KH® exsiBajienTHi.

OsznauenHsa 4. Kpamnicmio 3MiHHOL x; B TOmosoril Ha X HA3BEMO 9YHUCJIO, SKE JIOPIBHIOE KiJbKOCTI
BxomkeHb 11iel 3aminuol B 2-KH® 6yseBoi dyukiiii, ska 3amae Tomosorio. Bymnemo mo3nadaru KpaTHICTD
3MIHHOI T; CUMBOJIOM T;. AHajoriuno 7; — KpaTHicTb T; B 2-KHO®.

3’sacyemo, kosr 2-KH® i Bigmosinaa it TOIOJIOriS € CAaMOIBOICTUMU.

Tsepmxkenns 3. Hexait f, — makcumasnbaa 2-KH® GysieBoi dyHKIil, sika 3amae Tomojorio 7. MHo-
JKMHY 3MIHHMX MOKHA PO3OUTH Ha IAapu T;,T; TakK, MO IX KPATHOCTI OJHaKOBi, TOOTO 1; = 7j, TOMI i
JIWIIIE TOJIl, KOJIU T — CaMOJIBOICTa TOTOJIOTId.

IcrorHi Ta meicrorHi (dbikrushi) 3MminHI GyaeBol dyHKil f(x1, X2, ..., Ty), IO 38J1a€ TOIOJOIIO T HA
vuoxkuai X = {x1,x9,...,2,}, OymeMo HA3UBATH ICTOTHUME Ta HEICTOTHUMU 3MIHHUMH TOIIOJIOTIIHOTO
upocropy (X, 7). Hacryune TBep/zKeHHsI IOB’SI3y€ 11l MOHSATTS 3 MOHITTAM TOMEOMOP(MHUX TOMOJIOTH.

TsBepaxkennas 4. ko Tomosorii 7 i 7o roMeoMOpdHi, TO BOHE MAIOTh OIHAKOBY KUIBKICTH iCTOTHUX
3MIHHUX.

3pozymiso, 1mo onny 3 ekBiBasjenTHuX 2-KH® OyseBol dyHKII, M0 3a/1a€ TOMOJIOTII0, MOXKHA CKOH-
CTpYIOBaTH 3 JU3 IOHKIH BUIY 77 V Tj, ge i < j, i,] = 1,n. 3arajbHa KigbKICTh TaKMX Iu3 IOHKIL
JOPIBHIOE Cz. 3ataHHsT TOMOJIOTI Ha CKIHYEHHUX MHOXKUHAX OyJIeBUMU (DYHKITISIMU J03BOJISIE BUIJISITH
KJIACH TOIOJIOTi# 38 TAKMMU O3HAKAMU, K KiJIbKICTh iCTOTHUX 3MIHHUAX, BU3HAYEHA KiJIbKICTh MU3 IOHKITI it
B 2-KH® Ta iH.

TBepmxxkenns 5. Minimasibua KinbkicTs qu3’onkiiin B 2-KH® 6ynesol dyukIii Bin n > 2 3MiHHUX,
110 3a/1a€ TOTIOJIOTIIO HA N-€JIEMEHTHIM MHOXKUHI 1 Ma€ n iCTOTHUX 3MIHHUX, OOYIUCTIOETHCA 38 (POPMYJIIOI0
D(n) = [A(n+ 1))

Hamnpuknazn, npu n = 3 raka 2-KH® wmae surisn (r1 V Z3)(xy V T3), a camonsoictumu 2-KH® i3
BKa3aHOIO BJIACTHUBICTIO € (71 V T3)(x2 V T4) pu n = 4 abo (x1 V T3)(z2 V T4)(x5 V Tg) upu n = 6.
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M~-OMyKJII MHOXKWHHU Ta 33Jlada IIPO TiHb

Mapia Credanuyk
(M. Kuis)
E-mail: mariast@imath.kiev.ua

Osnauennss 1. Muoxuna E C R HasuBaerbcs m-OIyKJIOK0, SIKIIO JJIs JOBIILHOT Toukn = € R™ \ F|
m > 0, 9KIIo 3HaAAeThCT M-BUMipHA IJTOIINHA L, 9Ka MPOXOIUTh Yepe3 ITI0 TOUKY, T € L, 1 He mepeTuHae
nany muoxkuny, L( E = 0.

CupapejiuBe TBEP/XKEHHS, 110 TEPETUH JTOBIJIBHOI KIJIBKOCTI 1M-OIMyKJIUX MHOXKUH € 1M-OIyKJIOK MHO-
xKuHOW. ToMy ama noBinbHO! MHOKUHKA E C R™ Mu MOXKEMO pO3IJIgIaTi MiHIMAJIbHY M-OIMYKJYy MHO-
XKUHY, gKa MicTuTh F, i HazuBatu i1 m-0omyKJjaom 0O0JIOHKOIO MHOXKUHU F.

O3HaveHHA 2. M-OIyKJIM [IEPETUH BCIX M-OIyKJNX MHOXKUH, fKi MiCTATH 33/1any MHOKMHY ' C R™,
Ha3UBAETHCS M-OMYKJIOIO 000JIOHKOIO MHOXKUHU F.

YacTKOBUM BHUIIAIKOM HAJIEXKHOCTI TOYKK 1-OmMyKJii#i 000JIOHI 00’€qHAHHS IeAKOTO HAbOPY Ky/b €
3aJ1a9a 1po TiHb, nocrasiena I'. Xynaitbepranosum y 1982 pori [4].

Bagada npo TiHb. 3nalimu MiHIMAALHY KIADKICTD NONAPHO HENEPEMUHHUL 3aMKHeHUT (610Kpumu)
kyav 6 npocmopi R™ 3 yenwmpamu na chepi S ma padiycamu, merwumu 6id padiyca cdepu, maxud,
wWob J08iALHA NPAMA, AKA NPOTOOUMD YEPE3 UEHMD CHEPU, NEPEMUHAAG TOUG O 00HY 3 UUX KYAb.

Tamumu caoBamu 1110 3312y MOXKHA CPOPMYITIOBATH TAK: AKA MIHIMAALHG KIADKICMD NONAPHO Hene-
pEMUNHUT 3amEHenuT (6idkpumuz) xyav 6 npocmopi R™ s uenmpamu na cepi S*1 ma padiycamu,
MeHWUMY 610 padiyca chepu, 3a40€3NeHUMB HAACHCHICMS UeHmpa chepyu 1-onyxait 060A0HYT cim 't YuT
KYAb ¢

IIpu n = 2 g 3amaua Oyna po3s’sa3ana I'. XymaiitbepranosuM. Bin mokaszas, 110 /1 KOJia Ha TLJIOITHHI
JBOX KPYTiB HEOOXiTHO i JOCTATHBO [JIsi CTBOPEHHs TiHI B IIEHTPI KOJA.

Teopema 3. /us mozo wob yewmp (n — 1)-cepu 6 n-sumipromy eskaidosomy npocmopi npu n > 2
Haaeotcas 1-onykait 06040HYL cim’i nonapro HenepemuHKuT 6idkpumur (3amrkrerur) Kysv 3 padiyca-
MU, BEAUNUHU AKUT HE NEPESUUYIOMb (Mmenwi) padiyca cdepu, ma 3 yenmpamu wa chepi, neobriono i
docmammvo (n + 1)-i kyai.

OsznavyenHsa 4. Muoxwnna F C R" Ha3uBaeThCsd M-HAIIBOIYKJIOI, SKIMO JJis JOBLIBHOI TOYKH & €
R™\ E, m > 0, gxmio 3HaiigeTbest m-BuMipHa miBiuiomuaa L, ska IPOXOJUTh Yepes3 1o TOuKy, = € L, i
He neperuHae gany muoxuny, L[ E = (.

OCKUIBbKY TTEPEeTHH JOBIJIBHOI KIIBKOCTI M-HAIIBOIYKJIMX MHOYXKHUH € TN-HAITBOITYKJIOI0 MHOXKUHOIO, TO
A moBitbHOT MHOXKMHE F C R™ 3aBXKayu 3HAUIETHCA MiHIMAJIBHA M-HAMBOMYKJIAa MHOXKHWHA, KA €
IIEPETUHOM BCiX 1M-HAMBOIYK/JINX MHOXKWH, 9Ki MiCTATH F.

O3HaveHHHA 5. M-HAIIBOIYKJIN IEPETUH BCIX M-HAINBOIYKJINX MHOXKIH, SKi MICTSTH 33/IaHy MHOXKUHY
E C R™, HazuBaeTbCd mM-HAIIBOIIYKJIOIO ODOJIOHKOIO MHOXKUHU F.

Posriisimemo amasior 3aiadi mpo TiHB JIjIS HAINBOIYKJIOCTI, STKa € YACTKOBUM BUITAKOM HAJIEKHOCTI
TouKM 1-HAMBOMYKJI 0O0IOHII JeTKOl CiM'T KYJTh.

SKa MIHIMAADHA KIADKICTD NONAPHO HENEPEMUHHUL 3AMKHEHUT (6I0KPUMUL) KYAD 3 UEHMPAMU HA
cpepi S ma padiycamu, menwumu (aKi ne nepesuugyromy) 6id padiyca cdepu, docmamma das Mo20,
wob 006iALHUT NPOMIHL, AKUL 6UTO0UMD 3 UEHMPA CPHEPU, NEPeMUHas Tova 6 00HY 3 YUT Kyav?

Hacrynma Teopema mae po3B’si30K Ii€l 3aadi 10 BUIAAKY 12 = 2.

Teopema 6. /[as mozo0, wob yenmp xosa ST C R? nanesrcas 1-nanisonykaiti oboronyi cim’i nonapro
HENEPEMUHHUL SIOKPUMUT (3AMKHEHUT) KPY2i6 3 padiycamu, AKL He NEePesuwyomy (menwi) padiyca
KOAG, A 3 UEHMPAMU HA UbOMY KOAL, HEOOTION0 1 JOCMAMHBO MPLOX KPY2i6.
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Hactymnma Teopema mae moctaTHi yMOBU HAJIEXKHOCTI 1meHTpa cdepu 1-miBomyKaiit obosiomIt ciM'T KyJib
3 IeHTPaMu Ha I1iif cdepi.

Teopema 7. Jlas mozo, w06 yuernmp 0606UMIPHOT chepu, 8 MPUBUMIPHOMY €6KAIA080MY NPOCMOPT HANC-
otcas 1-nanigonyr.ail 06040HYL CiM T NONAPHO HENEPEMUNHUL BIOKPUMUL (3AMKHEHUT) KYAb 3 padiycamu,
AKL He nepesuwyoms (menwi) padiyca chepu, ma 3 yenmpamu Ha cepi, docmammnvo decAmMU KYb.

Poszriissnemo anasiorn M-OIIYKJINX MHO2KHWH B KOMIIJICKCHOMY Ta FiHepKOMHJIeKCHOMy IIpoOCTOpPax.

Osnauenns 8. Muoxwuna E C C" (H") nasuBaeTbcst mM-KOMIUIEKCHO (M-TIIEPKOMILIEKCHO) OILyKJIOH,
K10 Jist goBlibHOI Toukn x € C" \ E(z € H" \ E), m > 0, 9Ko 3HaileThcs m-BUMIpHa KOMILJIEKCHA
(rimepkoMILIekcHA) TIOmMuHA L, sika IPOXOUTh Yepe3 110 TOUKY, - € L, i He mepeTuHae JaHy MHOKUHY,

LNE =0.

Awnasoriuso gificnomy Buna Ky s gosiabaol Muokuau E C C"(H™) MoxkHA po3riigaTi MiHIMAIbHY
M-KOMILJIEKCHO  (M-TiNEPKOMILJIEKCHO) — OIyKJly ~MHOXKWHY, #ka Micturb F 1  wHasuBatm 11
M~KOMILJIEKCHOIO (M-TiHePKOMILIEKCHOIO) 0O0JIOHKOI0 MHOXKHUHU E.

10. B. Beuinceknm [1] 6ymna chopmysboBana 3a/1aua Ipo TiHb B KOMIIJIEKCHOMY Ta IiIIEPKOMILIIEKCHOMY
npocropax. fAka MiHiMaJbHA KiJbKICTH MOIAPHO HENEPETMHHUX 3aMKHEHUX KyJIib 3 IleHTpamMu Ha cdepi
§2n=l c C" (§4"~1 ¢ H") Ta paxiycamu, MenmmMu Bif pagiyca cdepu, mocTaTns, mob I0BiIbHA KOM-
yiekcHa (PiIepKOMIIEKCHA) TIPsIMa, fKa IPOXOIUTh Yepe3 IeHTp c¢depu, mepeTuHaa xoda 6 OjiHy 3 [uX
KyJib (TOOTO JIj1st TOTO, 00 HEHTD chepu HajleKaB 1-KOMILIEKCHIH un 1-rinepKoMILIeKCHIN 060 IOHTI X
Kysib)? I BCTaHOBJIEHO, 110 B KOMILJIEKCHOMY (IIIIEPKOMIIJIEKCHOMY ) TIPOCTOPI IIpU 1 = 2 JIjisi CTBOPEHHS
TiHi HEOOXiTHO i IOCTATHBO MBI KYJIi.

Teopema 9. Jlas mozo, w06 yenmp chepu 6 n-6umMiphomy KOMNAEKCHOMY (2INEPROMNAECKCHOMY) €6KAL-
dosomy npocmopi C* (H™), n > 3, nanesrcas 1-komnaekcnit (1-2inepkomnaekchit) o6oasonyi cim’i nonap-
HO HENEPEMUHHUL sidKpumMuUT (3amxrenux) KYAb 3 UEHMPAMU HG chepi
§2n=l c C" (841 c H") ma 3 padiycamu, merwumu 6id padiyca chepu, docmammuvo 2n (4n — 2)
KYAb.
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IIpo kmacudikaiiro 6iHapHO-TEpHAPHUX KBa3irpymnoBUX
HeTpUBIaAJTbHUX (PYHKIINHUX PiBHIAHDb JOBXKWHU TPU

A. B. TapaceBuu
(XmesbHUIBKUI HAIIOHAIBHUT yHIBepCcuTeT, XMETbHUIbKUI, YKpalHa)
E-mail: allatarasevych@gmail.com

Hexait () — noBinbra MHOXKUHA. /[6omicnoro obopommnoto dynkuyicto (Ginaproro keasiepynoro abo 2-
xeaziepynoro) [1], aka BusHAYeHA Ha (), HASWBAIOTH Bimobpaskenns f : Q2 — @, AT AKOTO iCHYIOTH
Oinapui GyHKIIT f1 1 fo, Taki, mo misa BCix x,y € () BUKOHYIOTHCS IMEPBUHHI TOTOXKHOCTI:

f(f1($,y),y)=fr, fl(f(may)vy):xa f($af2($ay)):ya f2($,f($,y))=y (1)

Tpumicroto obopommoto Pynkyicto (mepraproto Keasizpynoto abo 3-xeasizpynoro) [5], sika BusHaYeHA
Ha (), HA3WBAIOTH BijoGpaskenus g : Q> — @, JUIs SKOrO iCHYIOTH TepHapHi MYHKIII g1, g, g3, TAKi, 10
JUIS BCIX X, Y, 2 13 () BAKOHYIOThCS [TEPBUHHI TOTOYKHOCTI:

g(gl(x?y7 3)7@/» Z) =7, 9(95,92(907% Z),Z) =Y, g(xayagfi(xaywz)) =%,
(2)
gl(g(x?y7 3)7@/» Z) =7, 92(9579(907% Z),Z) =Y, 93(%2/,9(55,3/73)) =z

Min pynruyitnum pienannam (aus. [4]) posymiemo piBHICTH IBOX TepMiB, sika MiCTUTH (DYHKI[HHI
i mpeamMeTHi 3MiHHI, JI0O TOTO 2K yci mpenMeTHi 3MiHHI 3B’s3aHi KBaHTOpamMu 3arajbHOCTi. PyHKINiTHI
PIBHAHHS, IKi PO3IISAIAIOTHCA, HE MICTATD Hi PYHKIIHHUX, Hi TpeIMeTHUX cTaymX. DyHKITiiHe PiBHIHHSI
HA3UBAETHCH:
® Y3azaAvHEHUM, B TKOMY yCi DyHKIi#HI 3MiHH]I OTapHO Pi3Hi;
® %8a312PYN0BUM, KO HOr0 PO3B’I3KU PO3TJIAMAIOTHCA HA MHOXKWHI 000pOTHUX (DYHKITIH;
® MPUBIAADLHUM, AKIIO HOTO PO3B’A3KK CIPUIUHIOIOTH OJHOEJIEMEHTHICTH 0A30BOT MHOXKUHU;
® OIHAPHO-MEPHAPHUM, TKITIO cepell oro MYHKIIWHNX 3MIHHUX € 1 6inapHi, i TepHapHi;
® K6a0pPATMUYHUM, SIKIIO MO0 KOXKHA IIPEeIMeTHa 3MIHHA Ma€ TOYHO Bl ITOABU y PiBHSHHI.
DQynruitinoto dosotcunoro [2] GyHKIIRHOrNO PIBHSIHHS HA3MBAEMO KiJIBKICTh 110sIB (DYHKINHHUX 3MIHHUX
y piBusHHI. [Ipedmemmum munom GpyHKIIHHOTO PIBHIHHS BiJ 1 MpeIMETHUX 3MIHHUX HA3WBAIOTH HAOIP
(a1,az,...,ay), A€ a; — KiJbKICTH 105IB y PIBHsHHI $-TOI IIpeMETHOI 3MIHHOI IIPU JIeKCHKOTpadiaHOMY
MOPSAJIKY, & N — KIJBKICTb PI3HUX HE3aJEXKHUX MPEIMETHUX 3MIHHUX. 3arajibHa KUJIbKICTh BCIX IOSB
IpeIMeTHUX 3MIHHUX Yy PIBHAHHI 3aJI€2KUTH BiZl apHOCTI PyHKIIHHOI 3MiHHOT Ta QYHKIHIHHOT JTOBXKUHI
piBHstHHS. OCKUIBKI MU PO3IJISIAEMO y3araJbHeHI KBa3irpymnosi OiHapHO-TepHApPH] (DYHKINIWHI PiBHIHHS
JOBYXKUHU TPHU, TO TaKi PIBHAHHI MOXKYTH MATH:
1) 1Bi GiHApHUX Ta OJHY TEPHADHY;
2) onmy Gimapry Ta nBi TepHApHUX (DYHKIIHHIX 3MIHHUX.
B nepmomy Bumaziky sarajbHa KiJIbKICTh TOSB MPEIMETHUX 3MIHHMX — 0, a B JIpDyrOMYy BUIIQJIKy —
7. OCKiJIbKE pO3IJIAMAIOTHCA HEeTPUBiaabHI (DYHKINIHI pIBHAHHS, TO, B 3aJI€2KHOCTI BiJ KiJIBKOCTI TOSIB
PI3HUX He3aJeXKHUX IPEeIMETHUX 3MIHHUX, B IIUX BHUIIAIKAX MOXKJIUBI TakKi ITPEJIMETHI TUIIU PIBHIHbD:

1) (6,0,0), (4,2,0), (3,3,0), (2,2,2);
2) (7,0,0), (5,2,0), (4,3,0), (3,2,2).

DyHKIi{iHI PIBHAHHS HASUBAIOTH NAPaCMPoPro-nepsunho pisrocusvrumu (2], [6], skmo Bix oaHOTO PiB-
HSIHHSI JI0 1HIOrO MOKHA MEPeATH 3a CKiHYeHY KIJIbKICTh 3aCTOCYBaHb MEPBUHHUX TOTOX)KHOCTEH (1) i
(2). MuOokuHM pO3B’A3KiB MApacTPOMHO-IIEPBUHHO PIBHOCHJIBHUX PIBHSAHB MAIOTh 3aJI€2KHICTH MiXK CO-
6010, TOOTO MaKYM MHOXKUHY PO3B’sI3KiB OJHOTO PIBHSHHS MOXKHA JIETKO BUIIUCATUH MHOXKHUHY PO3B’S3KiB
napacTpodHO-TIEPBIHHO PIBHOCUIBLHOTO JI0 HbOTO piBHsiHHA [3]. BpaxoBytoun 1o 3aiieKHICTb, TaHO KJla-
cudikaliio BiamoBigHux QYHKIIHHAX PIBHAHD HA MHOXKHUHI () 3 TOYHICTIO 0 BiHOIIEHHS ITapacTPOdPHO-
IIEPBUHHOI PiBHOCHJIBHOCTI.

Jlema 1. Koowcre ysazanrvHere HEMPUBIAAbHE K8adpamuuHe OIHAPHO-MEPHAPHE K8a3iepynose dynryit-
HE PIBHAHHA JOBHCUHYU MPU NAPGCMPOPHO-NEPEUHHO DIGHOCUALHE NPUHATMHE 00HOMY 3 MAKUT MPHOX
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PYHKUITHUL PIBHAHD:

F(Fy(z,2),y) = Gy, 2, 2), (3)
Fy (FQ(:C y ) (yaz7z)7 (4)
F1<F2(.%',y),Z)ZG($,y,Z). (5)

Jlema 2. KoowcHe y3azasvHene HempusianvHe OIHAPHO-MePHapHe K8a3iepynose GyrKUitiHe pPIBHAHHA
dosorcunu mpu npedmemnozo muny (2,2,3) napacmpopro-nepsunto pisHoCuAbHE NPUHGTMHT 00HOMY 3
maxur 12-mu GyHKUIGHUT PI6HAND:

F(z,2) = Gi(G2(y,y,2), 2, 2), (6) F(z,y) = G1(Gz2(2,y,2), 2, 2), (7)
F(z,y) = G1(G2(y, 2, 2), T, 2), (8) F(z,2) = G1(Ga(7,9,9), 2, 2), 9)
F(z,2) = G1(Ga(7, 9, 2),9, 2), (10) F(z,2) = G1(Ga(y,y,2), T, 2), (11)
F(z,z) = G1(Ga(z,2,2), 4, y), (12) F(x,y) = G1(Ga(2,2, 2), 2, Y), (13)
F(z,z) = G1(Ga(y, 2, 2), y, 2), (14) F(z,z) = G1(Ga(w, 2,2),9,9), (15)
F(z,z) = G1(Ga(z,y,9), 7, 2), (16) F(z,z) = G1(Ga(z,y,2),2,9). (17)

Hexait (Q; +) — abesnesa rpyna, ai, ag, 51, B2, V1, Y2, 73, 01, 02, 03 — aBToMopdizmMu i€l rpymm; 0 —

i1 HeliTpanbHMil eeMent, 6inapHi dyHkil f1, fo Ta TepHapHi dyHKIIT g1,92 JiHiAHI HAaL rpynoo (Q;+):
fi(z,y) = aqw + a + By, fa(x,y) = aow + b + Bay, (18)
g1(z,y,2) =z + 1y + 132+, g2(x,y, 2) = 012 + Sy + 032 + d.

Teopema 3. Tpitika dynxuit (f1, f2,91), Axi ainitni nad epynoto (Q;+) ma 6usHaueni PiBHOCTAMU
(18), € po3e’azkom PynKyitino20 PieHAHHA:

(3) modi i miavku modi, koau b =c—a, y9 = —73, f1 =71, s = —F2;
(4) modi i miavku modi, koau b =c—a, y1 = a1PB2, v2 = —3, a1y = —F1;
(5) modi i miavku modi, koau b =c—a, 1 =73, Y2 = a1f2, aras = 1.

Teopema 4. Tpitika Ppyrxuit (f1,91,92), Axi AiHiGHT Had epynoto (Q;+) ma susHaueHi PIBHOCMAMU
(18), € pose’askom GYHKYIIHO20 PIBHANHA:

(6) modi i miavku modi, koau a = y1d + ¢, y103 = —y2 — 3, 01 = =02, a1 = —f1;
(7) modi i miavku modi, koau a = y1d + ¢, yo = —y3 — 7103, f1 = 1102, a1 = Y101;
(8) modi i miavku modi, koau a = y1d + ¢, y3 = —y102 — Y103, f1 = 1101, Q1 = Y25
(9) modi i miavku modi, koau a = yi1d + ¢, B1 = y2 + 3, 62 = —03, a1 = Y101;
(10) modi i misvku modi, koau a = yid + ¢, 1 = Y103 + 73, Y2 = —Y102, @1 = Y101
(11) modi i misvku modi, koau a = yid + ¢, 1 = Y103 + 73, 01 = —02, a1 = Y2
(12) modi i misvku modi, koau a = yid + ¢, § = —d2 — 03, Y2 = —73, a1 = —f1;
(13) modi i miavku modi, koau a = yid + ¢, 61 = —d2 — I3, f1 = Y3, Q1 = Y2;
(14) modi i misvku modi, koau a = yid + ¢, y3 = —y102 — Y103, Y2 = —Y161, a1 = —F1;
(15) modi i miavku modi, koau a = yid + ¢, 1 = 162 + 13, V3 = —Y2, a1 = Y101;
(16) modi i miavku modi, koau a = yid + ¢, a1 =3 — 1, 02 = =03, Y2 = —7101;
(17) modi i miavku modi, koau a = y1d + ¢, a1 = Y103 — f1, V3 = —Y102, Y2 = —Y101.
JIITEPATYPA

[1] B. A. Bemoycos. Ochosve meopuu keasuzpynn u ayn. M.: Hayka, 1967.

[2] T.B. Kpaitaiuyk.
Hayku, 2016.

[3] @. M. Coxanpkuit. IIpo kaacudirayito ynruyitnur pishans na keasiepynax. YMH, 56(9)
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Classification of quasigroup functional equations of the type (3;3;0), Bicunk HouHy, A: npupommumdi
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Cumerpud4Hi ['-3B’3HOCTi JIOKAJIbHO KOH(MOPMHO-KEJIEPOBUX
MHOTOBH/IiB

€. B. YepeBko
(Orecokuit HaIiOHAJIBHMIT eKOHOMIYHMIT yHiBepcuTer, By IIpeobpaxencoka, 6. 8, m.Oeca, 65082,
Yxpaina)
E-mail: cherevko@usa. com
O. €. Yenypna
(Orechkuit HaIiOHAJIBHIIT eKOHOMIUHMIT yHiBepcuTeT, By IIpeobpazxkencoka, 6. 8, m.Oeca, 65082,
Ykpaina)
E-mail: chepurna67@gmail.com

Osnauenns 1. Epwmirtosuii maOroBu M,,, Mag HA3BY A0KAABHO KOHPOPMHO-KEAEPOB020 M1H0206UdY (KO-
porie, JIKK-muoroBuy), sikino icHye Bigkpure nokpurts LU = {Ua} mHOroBUAY M Ta cucrema

Y ={0a:Uy— R}sea

—20q

acA

rIaIKuX (QYHKINH TaKuX, M0 {J lU,, 00 =€ 9|Ua} — KeJIepoBa CTPYKTypa i Oyab sakoro a € A.

Ilepexin Big MeTpukn gly, 10 MeTpuK: e 27¢g|y. Mae Ha3BY A0KAALHO KOHBOPMHO20 NEPEMBEOPEHHA
cmpykmypu. PyHKISE 0 Ma€ HA3BY GUSHAANLHON PYHKUIEI KOH(DOPMHOTO TIepeTBOpeHHsI|2].

Ha JIKK-muoroBuzi riobasnbho Busnadeno dopma JIi(Lee):
2
w=——000J
n—2
g JIKK-muOrOBuy cumMerpudHoo F-3B’S3HICTIO €, OYEBUIHO, 3B’ga3HICTH Beilist, KOMIIOHEHTH sIKOT
MOKHA, 00YUCIATH 38 (POPMYJIOIO:

- 1
Ffj = Ffj — 5(5fwj + 5;?% — wkgij).

Tyt cumBosiOM I‘fj HO3HAaYeHO KOMIIOHeHTH 3B’a3HocTi Jlesi-Hisita, ysromxenoi 3 JIKK-merpukoro g;;.

N

Aunte, 38’sa3uicTth Beitng I' we € equnoo F-38’s3muictio JIKK-muorosuny. Hampuknas, cumerpuuny F-
3B’I3HICTb, MOXKHA MOOY/lyBaTH TaKUM 4uHOM|1]:

k k k
Ly =15 + B,

se Pz]; — TeH30p adinol medopmarnii:

1 1
B = = (VI + VT )Ty + 5 (Vidy = VuTf) Ji (1)

CumBosiom V mo3nadeno koBapianTHy noxifany y 38’a3uocti Jlesi-Uisira, ysromxkenoi 3 JIKK-merpukoro.
Bpaxosyroun, mo xa JIKK-maOrOBHII

1
Vi =5 (0 Jiwr — " ig = Jfwi + Jiw' gis)

3 (1) orpumyemo:

1
k _ k k k gt k 7t k
. . C T . .=k .
Tenzopu Pimana 38’s3n0cTi Jlesi-HisiTa Ffj Ta oTpuMaHol [-38’s3H0CTi [';; OB s13aH1 HACTYITHUM ITMHOM:
B _ ph k h t ph t ph

h = ) :
ne Pj; BusHadeHo dbopmyiowo (2). MeTpI/IKy. Jij> 3 AIKOIO 3 ySTOIKeHa OTPHMAHA F-3B’s13HiCcTb, MOXKHA,
OTPUMATH, PO3B’SI3aBIIN CUCTEMY JU(EPEHIiaIbHIX PiBHAHD:

_ 1 _ _ _ _ _ _ _
Vigij = 1 (2wrGs; + wiGip + Wiy + Jrwe (G + JiweJjGr; — 2w gk Gy — 2w ki) - (3)
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[Tpu BukOHAHHI YMOB JOAATHOI BU3HAYEHOCTI Jij, T& €PMITOBOCTI

— t 18 =
G5 Jj = Gij»
PO3B 530K JIiHiiiHOI cucTemMu (3) € JIOKAJIbHO KeJIEPOBOIO METPHUKOK. YMOBH IHTErpOBHOCTI cuctemu (3)
MaIOTh BUIJIA;
_ =t _ =t
iRk + G4 Ry = 0.
JITEPATYPA
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KoundopMmHi neperBopeHHsI piMaHOBUX MHOI'OBUAIB Ta 30epe>KeHHSsI
Ten3opy Pimana

€. B. YepeBko
(Orecbkuit HaIiOHAJIBHWIT eKOHOMIUHMIT yHiBepcuTer, Bysr.IIpeobpazxkencoka, 6. 8, M.Oeca, 65082,
Yxpaina)
E-mail: cherevko@usa.com
B. €. Bepe3oBcbKkuii
(YMmaHbCHKHUiT HAIlOHAJIbHUI yHIBEDCUTET CaJiBHUIITBA, ByJ.lHCTHTYTCBKA, 6. 1, M.YMaHb, Hepracbka
06u1., 20305, Ykpaina)
FE-mail: berez.volod@rambler.ru

Osnavenns 1. Pimanosi muorosumu (V,,, g) u (V,,g) 3HaX044ThCs ¥ KOHMDOPMHIN BiANOBIIHOCTI, SKIIO
iX MeTpHKU I0B’si3aHi criBBigHOIIEHHIM [1]:

Gii(x) = 62@(x)9ij($)7
ne o(x) — neskuit inBapiant.

Y pobori [3] moBegeHo Teopemy.

Teopema 2. xwo (M", g) ma (M",g), (n > 3) suazodamuvca y wongopmmit eidnosionocmi, mar,
wo ysazarvrenuti menzop Elnwmetina €;; = R;; — kRg;; sbepieacmuvesa npu eidobpasicentii, npuiomy,

K # %, mo PYHKULA @, U0 Nopodrcye 6i000PpaXHcERHA, MAE 3a40060NBHAMU CUCTEMT OUPEPEHUIANOHUL
PIBHAHD:

1
Vi = pip; — igijAlSoa

YMOBU THIMEZPOBHOCTNE AKOL, MAOMD BUAA]:
alis, = 0.
IIpu yvomy, mensop Pimana R?jk, mensop Pivui R;;, dobymox Rg;; maxooic € ineapianmmumu.
3BijicH JIETKO BUILIMBAE, 10 IHBApiaHTHICTH TeH30py PiMaHa € HeOOXiITHOI Ta JOCTATHBOK YMOBOIO

inBapianTHOCTi Tensopy €;; = R;; — kRy;;.
Hamu oTpuMaHO HACIIIOK [JIsT JIOKAJBHO KOH(MOPMHO-KEJIEPOBUX MHOTOBUJIIB.

Hacumigok 3. Sxwo JIKK-mnozoeudu (M", J,g) u (M",J,§) snazodamvca y kon@opmmit 6idnoeiono-
cmi max, wo ysazasvnenut mensop Etinwmetina €;; = R;; — kRg;; 3bepiecaemoca npu 6idobpastcerini,

npuvomy, K % %, mo men3opu:

et 1 1 1
Pij = —gwij — qwiw; + gllwl*gis:
h
* def cp 1 1 1 9
Qije = 07 (Gwik + gwiwon = llwl*gin)
1 1 1
h
= 0 (Gwig + Jwiws — ZHWHQQij)“‘
1 1 1 1
+( §wh,j + thwj)gik - (§Wh7k + th%)gzj;

bydymov IHEaAPIaGHMHUMU.

Ty, sgiteporo w nosunadeno dopmy Ji (Lee) JIKK-muorosuy:

2
= —)0
w — oJ

Takoxk, HaMU JOBEJIEHI TEOPEMU.
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Teopema 4. IIpocmopu (M™,g) (n > 2) wo € pekypenmnumu(30Kpema, CuMempuyHumy), 3 mern3opom
KPUGUHU TNOMONCHO HE PIGHUM HYAI0, 4 MaKodc, npocmopu Etnwmetina, wo ne ¢ Piuvi-naockumu,
HE 0360AAMb MAKUL KOHPOPMHUL 6i000pasicens WO AUWAIOMD Y3a2asvrenut mensop Elnwmetina
¢ij = Rij — kRgij, (k # %) IHEAPIAHMHUM.

TaKO}K, CTOCOBHO KOMITAKTHUX MHOI‘OBI/I,ZLiB € CIIpaBeIJINBOIO TaKa TeopeMa.

Teopema 5. Komnarxmmi mmnozosudu (M™, g) (n > 2) ne do36oaaoms maxux KoHGOPpMHUT 61000pastcer
wWo Auwaoms yaazarvrerut mensop Eunwmetna €;; = Rij — kRgij, (k # %) THBAPIAHITHUM.

Ba3HaunMoO, CTOCOBHO PIMAHOBMX MHOTOBUJIIB, JIesIKi MOJiOHI pe3ysbraru Oysu orpuMmani y [2].

JIITEPATYPA
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O kiaaccax CoboJjieBa ¢ KPUTHYECKNM IOKa3aTeJieM

E.C. AdanacseBa
(MuacturyT npukiaaaaoit maremaruku u Mexanuku HAH Ykpannbi, CiraBsHCK )
E-mail: afanasieva@nas.gov.ua

B.. Pasanos
(MucruryT npukaaaHoil maremaruku u mexanuku HAH Ykpaunubt, CraBsHcK)
E-mail: vl.ryazanovi@gmail.com

P.P. Canumos
(Mucruryr maremaruku HAH Vkpaunb, Kues)
E-mail: ruslan.salimov1@gmail.com

Ilycte D u D’ — obnactu B R, n > 2. HanomuuMm, urto eénympennet: dusamanyueti 0TOOparKeHnst
f: D — D', umeromeiil Bce nepBble YACTHBLIE IIPOU3BOIHLIC B TOYKE T, HA3BIBACTCS BEIMUMHA

| ¢ ()]
eyt (@) #0,

Kr(z, f) =41 f'(x) =0, (1)
00 B OCTAJIBHBIX TOYKAX,
rae J¢(z) — saxobuan orobpazkenus f, [ (f'(x)) = . H{ni‘%‘ ) |f'(z)h].
€R™ |h|=

Oyukius ¢ : D — R umeer xonewnoe cpednee xoaebarue 8 mouxe xg € D eciaun

ST 1 B
B DD o )~ ) < o
rie
5 o= Sy — L I
7 " m(D(wo,e) /D(W) elz) dm(z) |D(x0,)] / p(x) dm(z)

D(zo,e)
— cpejnee 3Hadenne Gyukiwn ¢(x) no D(zg,e) = D) B(xg,€), € > 0.

Teopema 1. IIycmos D u D' — ozpanunennvie obaacmu co caabo naockumu epanuvyamu 6 R, n > 2, u
nyemo f: D — D' — 2omeomopgpusm xaacca Coboresa V[/I})’Cn_l ¢ Ky € LL (D). Ecau Ky(z, f) umeem
KoHeuHoe cpedhee Koacbarue 6 Kaxcdol epanuynotli movwke obaacmu D, mo f umeem zomeomopgroe
npodoascenue f: D — D,

Oupejiestenne cabo MII0CKON rpaHunsl M. B [1] crp. 74.

JINTEPATYPA
[1] O. Martio, V. Ryazanov, U. Srebro, E. Yakubov. Moduli in Modern Mapping Theory New York: Springer, 2009. — 367 p.
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YcTOoNYNBOCTh HEMOJABUXKHBIX TOYEK KBa3UJIMHENMHBIX KacCKaloB B
npocTpaHcTBe convR"

N.B. Aramacs
(Yepkacwbkuii HarioHa bHuil yHiBepeuTeT iMeni Borgana XmenbHUIBKOTO)
E-mail: atamas_vQukr.net

B.A. CabrabKO
(ImcruryTr mexaniku im. C. I1. Tumomenka HAHY)
E-mail: vitstab@ukr.net

Juaamuueckue cucremMbl (MOTOKU M KACKAJIbI) B METPUIECKOM MPOCTPAHCTBE convR™ ecrTecTBEHHBIM
06pa3oM BO3HUKAIOT B TEOPUM YIIPABJIEHUs, Teopun IuddepeHInaabHbIX YPABHEHUN ¢ MHOTO3HAYHBIMUI
[PABBIMU YACTSIMH, TEOPUU YCTOHYUBOCTU CHCTEM C HETOUHBIMU 3HAUYEHUSIMU HapaMeTpoB. B pabore [1]
paccMaTpUBaJINCh BOMPOCH YCTONYUBOCTU PA3HOCTHBLIX yYPABHEHWI C PA3HOCTHBIM OIEPATOPOM XYKY-
xapbl B mpocrpancTBe convR™. B gacTHOCTH, TaM YCTaHOBJIEHBI OOIIME TEOPEMbI METO/A CPABHEHUS U
IPSIMOrO MeTos1a JIsImyHOBa IPUMEHUTEILHO K 9TOMY KJIacCy ypasHeHuil. B paborax (2, 3| uccienoBan
BOIPOC 00 YCTOMYUBOCTH IO JIBYM MepPaM JUCKPETHBIX IUHAMUYECKUX CUCTEM B IpocTpaHcTBe convR™.

B npocrpancrse convR"™ paccMoTpuM AUCKPETHYIO TUHAMUYECKYIO CUCTEMY

X =AX +y(V[X])B, (1)

rme X € convR"”, A € L(R"), v € CY(R ;R ), B € convR". [Ipeanosoxum, 4To onepaTop A ymoBe-
TBOpsieT yciaoBuio A? = [BI mpu HEKOTOpPBIX HATypajbHOM ¢ u mosoxkuTeabrHoM (. Ilycrs cymecrByer
n30/mpoBaHHas HenoasukHasg Touka X * € convR"™ JI/IC (1), koTopast ompe/essieTcst U3 ypaBHEeHUs

X* = AX* +(V[X*])B.

Ounpenesnienne 2.1. Henousuxkuas Touka X* € convR"™ muckperHoii quHaMudeckoi cucrembr (1)
Ha3bIBAETCH:

(1) ycroituupoit o JIamyuoBy, eciau js joboro € > 0 cymecrsyer 6 = d(e) > 0 Takoe, 4To u3
uepasencTsa dp(Xo, X*) < ¢ caemyer, uro sup dp(X,, X*) < ¢;

PELy

(2) acumuroTHUecku ycroitunBoil mo JISImyHOBY, ecjiu OHA yCTOWYMBA M CYIIECTBYET MOJIOKUTEIHHOE
9UCIIO p Takoe, 4TO 1upu Beex Xg € convR"™, dy(Xo, X*) < p Beimosuserca pasenctso di(X,, X*) — 0
IIpu p — 0.

IIycTs

6X = hg — hx- € C(S™™), 6X =hx —hy- € C(S™1).

HUcnons3ys pesysubrars! paborst A. /1. Asekcanposa [4] qoKa3aHo, 4TO ypaBHEHUE B BAPUAIMAX B OKPECT-
HOCTHU HEMOJBUKHOM TOUKU X * € convR" siBjisieTcsl pa3HOCTHBIM ypaBHEHHEeM B OAHAXOBOM ITPOCTPAH-
cree O(S™1) u umeer By

0X = Z(SX—I—O(H(SXHC(Snfl)), ||5X||C(S"*1) — 0. (2)

Bnech geiicTue onepaTopa Z Ha dynkmun f € C(S™ 1) onpenenserca ciemryromumM o6pasom

(Z1)() = Af () + ¥y (VX hp(x) / fPFIX* do(p)], =€ 5",
S’n—l

a A — pacmmpenue omepaTtopa A Ha mpoctpanctso C(S™ 1) onpenensercs Tax
A*p
@F) @) = [ A"Pl£(
[ A*p]|
rae A* — JuHEeHHBIN orepaTop, CONpsIXKEHHBIT K A.
s popMyiMpoBKE TEOPEMBI 06 YCJOBUSX aCUMIITOTHIECKON YCTONINBOCTH HEMTOABUKHOM ToOuKU X *
JC (1), onpenenum dyHKImMu
Apk € C(S™Y), Bk € (C(S" 1)), k=Tq 1<m<k

). feco(sh, pest, 3)




33

"3 PEKyPPEHTHBIX COOTHOITEHUH

Apist = Ay = Lk, Apgp = 00 (VXA Rp 4)

By [ds] = W Byald] + FIX it (VIX']) [ (©Bunaldo(€)).m = T,
g1 (5)
Bt k1 [dw] = F[X™; dw],
rae A* € L((C(S™1))*) — conpsizkeHHbIit onepaTop K oneparopy 2, ¢ HaYaJIbHBIMHI yCIOBHAMI
A1y =hp, Buldw] = F[X™;dw]. (6)
Beenem marpuiry

din= [ Amgla)Bufdo(@), D= ldunll,, . -
Sn—1
U ee XapaKTePUCTUUIECKUIT TTOJIMHOM

A()\) = det [dlm - Adlm]q

I,m=1"
Teopema 3.1. [Ipeamnosoxum, 9T0 BCe KOPHU AJTeOPANIECKOrO YPABHEHUS
AN —B) =0

JIezkaT BHYTPH OTKpbITOro eauananoro kpyra B1(0) C Cu § < 1.
Torna menogsmkuas Touka X = X* JIJIC (1) acumnrorndeckn ycroiausa mo Jlsmynosy.
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[4] Anexcanmpos A.Jl. K meopuu cmewanmuvr 06semos sunykavix mea. 1. Pacwupenue nexomopux nonamul meopuu 6bi-
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Topological graph inverse semigroups

Serhii Bardyla
(Faculty of Mathematics, National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)
E-mail: sbardyla@yahoo.com

We investigate a topologization of graph inverse semigroups and polycyclic monoids. In particular,
we characterise graph inverse semigroups which admit only discrete locally compact semigroup topology.
This characterization provide a complete answer on the question of Z. Mesyan, J. D. Mitchell, M. Morayne
and Y. H. Péresse posed in [2].

We shall say that a graph inverse semigroup G(E) satisfies the condition (x) if for each countable
subset A = {zp}neny C Path(E) there exists an infinite subset B = {zy, }rey C A and an element
u € G(E) such that pu - x,, € Path(E) and |p - 2y, | > |zp,|, for each k& € N. Each graph inverse
semigroup G(E) over a finite graph E satisfies the condition (x) (see |2, Lemma 9]).

Theorem 1. Discrete topology is the only locally compact semigroup topology on the graph inverse
semigroup G(E) if and only if G(E) satisfies the condition ().

REREFENCES

[1] Serhii Bardyla. On a locally compact topological graph inverse semigroups. preprint (http://arxiv.org/abs/1706.08594),
2017.

[2] Mesyan-Mitchell-Morayne-Peresse-2013. Topological graph inverse semigroups. Topology and its Applications, 208, 106-126,
2016.
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Around compact (semi)topological semigroups

Oleg Gutik
(National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine)
E-mail: o_gutik@franko.lviv.ua, ovgutik@yahoo.com

In my lectures I plan to make a survey on compact (and compact-like) topological and semitopological
semigroups. This course based on classical books on the theory of topological semigroups [1, 2, 4], the
surveys [3, 5] and new results on this direction.

My lectures will be devoted to the following topics:

e topologization of semigroups;

e the structure of the kernel of a compact topological semigroup;

e embedding of semigroups into compact topological semigroups;

e simple and O-simple compact and compact-like topological semigroups;

e the structure of some classes of a compact and compact-like topological semigroup;
e the continuity of inversion in compact-like topological semigroups.

Also we shall present some new results on the topics of the lectures.
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[2] K. H. Hofmann, and P. S. Mostert, Elements of Compact Semigroups, Charles E. Merril Books, Inc., Columbus, Ohio, 1966.

[3] P. S. Mostert, The structure of topological semigroups — revisited, Bull. Amer. Math. Soc. 72 (1966), 601-618.

[4] A. B. Paalman-de Miranda, Topological Semigroups, Mathematical Centre Tracts, 11 Mathematisch Centrum, Amsterdam,
1964.

[5] A. D. Wallace, The structure of topological semigroups, Bull. Amer. Math. Soc. 61 (1955), 95—112.
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Topological invariants of quadratic mappings

Giorgi Khimshiashvili
(3/5, K.Cholokashvili Avenue, Tbilisi, Georgia)
E-mail: giorgi.khimshiashvili@iliauni.edu.ge

Various topological problems concerned with quadratic mappings between real vector spaces play
important role in non-linear analysis, optimization theory and theory of integrable systems, to name
only a few topics (see, e.g., [1], [2]). In this talk, we present a number of recent results in the spirit of
approach suggested in [1], which have been obtained using our results on topological invariants of real
polynomial mappings [3], [4]. The leading idea is to elaborate upon certain known results in the natural
and practically important context of stable quadratic mappings. For our purposes, it is convenient to use
the notion of stability in the sense of singularity theory, i.e., with respect to the right-left (RL) equivalence
in C*°-category. Along these lines, we discuss topological invariants of two classes of quadratic mappings:
stable quadratic endomorphisms and proper homogeneous quadratic mappings with fibres of positive
dimension. In the latter case we assume that restrictions of such mappings onto the unit sphere S"~! in
the source space R" are stable in the above sense.

The first main result is concerned with stable quadratic endomorphisms. Recall that in this case the
mapping degree DegF' is defined and its absolute value is a topological invariant [4].

Theorem 1. The topological degree of stable quadratic endomorphism F of R™ is equal to the topological
degree of its homogeneous part. Moreover, DegF wvanishes for odd n and does not exceed % for

even dimension n = 2k.

Let now F' = (f1,...fm) : R® = R™ be a homogeneous quadratic mapping which is non-degenerate,
i.e., has an isolated zero at the origin. In this case, certain topological information can be obtained
by considering the origin O, as an isolated singular point of mapping F. It is well known and easy to
verify that components of such a mapping form a system of parameters in the local ring of the origin. In
other words, in this case the origin is an isolated singular point of complete intersection. Thus its Milnor
number at the origin is defined and one can calculate it using results of [5], which gives our second main
result.

Theorem 2. The Milnor number of non-degenerate homogeneous quadratic mapping
F={(fi,...fm) : R" - R™, n>m

. m—1 !
is equal to Y Zy (—1)P 2 ey
This result has some immediate topological corollaries.
Corollary 3. Mapping F' is not stable with respect to RL-equivalence.

Indeed, the value of Milnor number given above is always bigger than 2n which according to well
known results of J.Mather is the maximal possible value of Milnor number of RL-stable singularity
for these dimensions. Having in mind applications to the numerical range mapping of square matrix
discussed in the sequel, we present a special case of this result concerned with mappings into the plane.

Corollary 4. The Milnor number of homogeneous quadratic mapping of R™ into the plane is equal to
2n — 1.

Since a homogeneous quadratic mapping is not stable it is natural to wonder if its restriction to the
unit sphere in the source space can be stable in some cases. Simple examples show that this is not always
so but it turns out that generically this is the case.

Proposition 5. For a generic proper homogeneous quadratic mapping, its restriction Fy to the unit
sphere is RL-stable.
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In this case, using results of [1], [4] one can obtain an estimate for the Euler characteristics of the
projectivized fibres of F' defined as the fibres of Fj.

Theorem 6. The absolute value of the Fuler characteristic of projectivized fibres of stable quadratic
d (4n+3)!

mapping F does not excee Gnas)inl-

As a concrete application of our approach we present some results about numerical range mappings of
complex matrices. Let A be a complex nxn matrix and W4 : §2*~! — C be its numerical range mapping.
This mapping is a classical object of study in linear algebra. In particular, the famous Hausdorff-Toeplitz
theorem states that its image is convex. It is also known that its discriminant consists of n — 1 closed
curves inside the convex domain im W. However not much seems to be known about the topology of its
fibres. We clarify the latter issue for n = 2 and n = 3. Namely, the results presented above combined
with results from [2] yield the following conclusion.

Proposition 7. Forn = 2, any reqular fibre of W 4 is diffeomorphic to the circle and any reqular fibre of
V' consists of a single point. Any singular reduced fibre of W4 is homeomorphic to wedge of two circles.

For n = 3, we can describe topology of all regular fibres.

Proposition 8. For n = 3, the regular fibres of W4 are diffeomorphic to the three-torus or the unit
tangent bundle of 2-sphere.
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Let H be a linear space, and A be linear operator acting in it A : H — H. Denote be z(\) to be an
eigenvector of the operator A, which corresponds to an eigenvalue A € C.
We consider problem for system of equations

dU; &

o T a(A)U;() =0, (1)
j=1
satisfies integral conditions
T
/Ui(t)dt = i, (2)
0
where a;;(A) are abstract operators, white entire symbols a;j(A), A€ C, T >0, U : (0,T) — H,

T
Let be n(\) = [ W'(t, \)dt is a certain function, W (¢, \) is a solution of the equation
0

d
L= XN|W(it N =0
(2w
satisfies conditions

WA | =1, Wt |  =o.

t=0 t=0

Denote by
P={\eC:n\) =0} (3)

Definition 1. We shall say that vector ¢ from H belongs L C H, if on A C C there exist depending on
¢ linear operator R,(\) : H — H, A € A, and measure p,()) such that

o= [ Ro(N)z(N)dpu(A)
/

Theorem 2. Let in the conditions (2) the vectors p;, belong to L i.e.p;, can be represented in the form
i = [ Ry, (N)x(N)dpy, (M), i = {1,2} where A € A\ P, where P is set (3). Then the formula
A

Ui(t) = /R%()\){n(l)\) (Wl(t, A) —az—iz—i(MW(t, A))»’C()\)}dﬂw()\)Jr
A

1
+ A/ R%‘ (/\) { m <ai73—i(/\)W(tv )‘)x()‘) }dl’L(PS—i

defines formal solution of the problem (1), (2).

By means of the differential symbol method [2] we construct a solution of the problem (1), (2). This
problem is a continuos works [1]



39

REREFENCES

[1] P.I. Kalenyuk, G. Kuduk, I.V. Kohut and Z.M. Nytrebych. Problem with integral conditiond for differential-operator
equation, J. Math. Sci., 208 (3) (2015), 267-276.

[2] P.I. Kalenyuk, Z.M. Nytrebych. Generalized Scheme of Separation of Variables. Differential-Symbol Method. Publishing
House of Lviv Polytechnic Natyonaly University, 2002. — 292 p. (in Ukrainian).



40

Invariant idempotent measures
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The notion of invariant (self-similar) measure for an iterated function system (IFS) of contractions
on a complete metric space is introduced in [1]. The existence of invariant measures is proved by using
the Banach contraction principle for suitable metrization of the set of probability measures on a metric
space. The invariant measures impose an additional structure on the invariant set for the given IFS.

The aim of the talk is to introduce the invariant idempotent measures for given IFS. Recall that
an idempotent measure on a compact Hausdorff space X is a functional u: C'(X) — R that preserves
constants, the maximum operation (usually denoted by @) and is weakly additive (i.e., preserves sums
in which at least one summand is a constant function; we use ® for these sums) [3]. Given an arbitrary
metric space X, we denote by I(X) the set of idempotent measures of compact supports on X. In the
case of idempotent measure, we use the weak™ convergence for proving the existence of invariant element.
This approach seems to be fairly general and we anticipate new results in this direction. Note also that
the invariant idempotent measures on ultrametric spaces are introduced and investigated in [2].

Let X be a complete metric space and let fi, fo,..., fn be an IFS on X. We assume that all f; are
contractions. Let also aq, a9, ..., a, € R be such that @?:1 a; = 0.

By exp X we denote the hyperspace of the space X endowed with the Hausdorff metric. Let ¥y denote
the identity map of exp X and, for ¢ > 0, define ¥;: exp X — exp X inductively:

i) = O fia(Tia(4)).

Let ®¢: I(X) — I(X) be the identity map. For i > 0, define ®;: I(X) — I(X) inductively: ®;(u) =
@i aj © I(f)(®i—1(p)). Thus, ®; = &Py --- ®1 (i times). It is easy to check that the maps ®; are
well-defined.

In this case, we say that u € I(X) is an invariant idempotent measure if ®;(p) = p for every i = 0,1, ...
(equivalently, ®1(u) = p).

Theorem 1. There exists a unique invariant idempotent measure for the IFS fi, fo,..., fn and
ai,az, ..., 0, € R with @ a; = 0. This invariant measure is the limit of the sequence (®;(pn)):2,, for
arbitrary p € I(X).
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Properties of infinite Bernoulli convolutions are being studied for almost a century. The interest to
them due to various reasons has increased considerably in recent years [3]. In the theory of infinite
Bernoulli convolutions, there are many complicated problems of probabilistic nature. One of these
problems is to extend a theorem due to Jessen and Wintner telling that the distribution of the sum of a
random series with independent discrete terms is pure, that is it is either purely discrete, or continuous,
or singular. The Jessen—Wintner theorem does not tell us when each of these three cases occur. Another
problem is related to the topological, metric, and fractal properties of the spectrum of the distribution,
that is to the set of growth of a distribution function.The third one deals with the behavior at infinity of
the absolute value of a characteristic function. None of these problems has a solution in the general case
but partial solutions are known for several particular cases. One of these particular cases is considered
in the current paper, namely we study the random variable

é = Zdnfm (1)
n=1

where
o0
1) 7o :de:01+02+02+03+03+03+03+...+cn+...+cn+?nf (2)
k=1 2 4 gn—1

is a convergent series with positive terms satisfying the following conditions:
d
1= k1 k=123, . (3)

n Tm

oo
T = Ton_1 = g dp =cpy1+ ...+ cpr1+cppa+ oo FCppa+... =
k=2m on on+1

= 2”cn+1 + 2”+1cn+2 + 2n+20n+3 + .,
Cp = d2n71 == d2n71+1 == d2n71+2 = ... = d2n_1
2) (&) — is a sequence of independent random variables with the distributions:
P{&n :0} = pon = 0, P{&n = 1} =pin =20, pon+pin=1.

The properties of the distribution of the random variable £ are uniquely determined by the sequence
of terms (d,) and by the stochastic matrix ||piy||-

Lemma 1. The terms and the remainder of a series (2) satisfy the following conditions:

n

1 1
n: 1 3 Nn: .
¢ =(n+ ),}_[12k1(k+1)+1 " }Hle(kH)H

n

Definition 2. If M is a subset of the set of positive integer numbers N, then >  d, is called a
neMCN

sub-series of series (2) and its sum = = x(M) is called an incomplete sum of series (2). The set of all
incomplete sums of series (2) is denoted by E{d,}.
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Definition 3. [6] The spectrum S¢ of the distribution of the random variable  is called the set of points
of growth of the distribution function F¢(z) (alternatively, S¢ is called the minimal closed support), that
is

Se={z:Fe(x+e)—Fe(x—e)=P{c(z—egx+e)} >0,Ve >0}

Lemma 4. If py, > 0 for all i € {0,1} and all n € N, then the spectrum S¢ of the distribution of the
random variable £ coincides with the set E{d,} of all incomplete sums of series (2), that is

ngE{dn}E{:c:x:Zdn, MezN}.

neN

Definition 5. A Lebesgue null-set of the space R! whose Hausdorff-Besicovitch dimension equals 1
is called superfractal, while a continuum whose Hausdorff-Besicovitch dimension equals zero is called
anomalous fractal.

Theorem 6. The set of all incomplete sums of series (2) satisfying homogeneity condition (3) is a
superfractal.

Corollary 7. The spectrum S¢ of the distribution of the random variable £ is a superfractal set.

Theorem 8. In the continuous case, that is if (L = 0) the distribution of the random variable & is a
singular Cantor type distribution with a superfractal spectrum.

Definition 9. A characteristic function f¢(t) of the random variable £ is called a mathematical expec-
tation of the complex-valued random variable e, that is fe(t) = Me'®.

The apparatus of characteristic functions is convenient for studying the structure and properties
of distributions of really significant random variables. In particular, it is known [5] that the value
Le = lim sup |fe(t)] is equal

[t]—o0

1) 1, if £ has a discrete distribution;

2) 0, if £ has an absolutely continuous distribution.

For singular distributions L¢ can take all values from [0, 1]. Singular distributions with L¢ = 1 are
close to discrete ones, while singular distributions with L¢ = 0 are close to absolutely continuous ones.

Theorem 10. The following equality holds L¢ = ‘llim sup |fe(t)] = 1.
t|—o0
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1. Cartan prolongation of vector distributions, classical and generalized.
Examples. Local polynomial normal forms.

Goursat flags as the outcomes of series of classical Cartan prolongations.

Special multi-flags as the outcomes of series of generalized Cartan prolongations.

Rich trees of singularities emerging in these constructions: from the length three (so-called modéle
exceptionnel of Kumpera & Ruiz of 1978) onwards in the case of Goursat flags, and from the length two
in the case of special multi-flags.

2. Nilpotent Approximation procedure. Examples.

Definition of strong nilpotentizability. Examples of not strongly nilpotent points in the Goursat Monster
Tower (GMT) from the length four onwards.

Definition of weak nilpotentizability (= the classical nilpotentizability in geometric control theory).

Strong implies weak. Are both equivalent?!

3. Theorem (2000) that the entirety of the GMT is weakly nilpotent.

Formulas for the nilpotency orders (or: steps) of the emerging nilpotent Lie algebras.
Open question concerning strong nilpotentizability in the GMT.

Theorem (2004) on the weak nilpotentizability of the special multi-flags.

The nilpotency orders of the respective emerging nilpotent Lie algebras.

Open questions in the Special Multi-Flags Monsters.

REREFENCES

[1] André Bellaiche. The tangent space in sub-Riemannian geometry. The Sub-Riemannian Geometry, Progress in Mathematics
144, Birkh&user 1996, 1 — 78.

[2] Antonio Kumpera & Jacques Rubin. Multi-flag systems and ordinary differential equations. Nagoya Mathematical Journal
166 (2002), 1 — 27.

[3] Richard Montgomery & Michail Zhitomirskii. Points and Curves in the Monster Tower. Memoirs of the American Mathe-
matical Society 956 (2010).

[4] Piotr Mormul. Goursat distributions not strongly nilpotent in dimensions not exceeding seven. Volume 281 (2003) of Lecture
Notes in Control and Information Sciences, 249 — 261.

[5] Piotr Mormul. Multi-dimensional Cartan prolongation and special k-flags. Volume 65 (2004) of Banach Center Publications,
157 — 178.

[6] Piotr Mormul. Singularity classes of special 2-flags. SIGMA 5 (2009), 102, 22 pages (electronic).



44
A categorical approach to physics beyond the Standard Model

Obikhod T.V.
(Institute for Nuclear Research, National Academy of Science of Ukraine 47, prosp. Nauki, Kiev,
03028, Ukraine)
E-mail: obikhod@kinr.kiev.ua

A modern version of the unified theory of fundamental interactions is the theory of superstrings and
D-branes, which combines quantum field theory and the general theory of relativity into a unified field
theory [1]. The ten-dimensional space on which the theory of superstrings is defined can be represented
as a direct product of 4-dimensional and 6-dimensional spaces:

My = My x K ,
where the manifold My is a four-dimensional space-time, and K is the space of extra dimensions. To
obtain acceptable solutions consistent with the Standard model SU(3) x SU(2) x U(1), restrictions on
compactification are introduced [2]. Therefore, we usually deal with Calabi-Yau manifolds or orbifolds
as spaces of extra dimensions. To describe such a space, we use the notion of a topological space, X as
a set, in which a system of open sets is distinguished with the following properties:
1) the union of any number of open sets is open;
2) the intersection of a finite number of open sets is open.
On the topological space we can introduce the structure of a ring, Ox. The sheaf of rings of smooth
functions on the topological space X consists of the following data:
1) on each open set U C X the ring of smooth functions O(U) is defined,
2) a set of restriction maps r{/ : O(U) — O(V) satisfying the following conditions is defined:
rgle, rlyvrg:rgv for W CV cCU,
3) for any open covering U = JU; there exists an exact sequence
i
0—0W) = [[ow) - [[ow:nuy).
i 1,J
Locally free sheaf is determined as:
Ex : 0—>Ex|U—>O§?p‘U—>0.
Coherent sheaf is determined as:
Bx: 0— BX’U — Og’?pl‘U — O;l?pz‘U — ... O??pi’U — 0.

In physics D-branes are associated with coherent sheaves [3]. For physical applications associated with
phase transitions from one D-brane to another, the concept of a category is used. In this case we are
dealing with a complex of sheaves,

1—2 . i—1 . 0 . i+1 ..
B Y gt pi 4y ikl gigicl
The categories of coherent sheaves are abelian ie are characterized by the existence of the exact sequences.
Using McKay correspondence, we have the equivalence of the abelian category of coherent sheaves and
the abelian category of quivers, whose vertices are complex Euclidean spaces, and the edges are mappings
of these spaces

Morphisms between quivers or phase transitions between D-branes are described by Ext groups
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Substitution of orbifold charges a =b=c=da =b = ¢ =4 in groups
E.CI}tO(Q Q’) _ Caa/+bb/+cc/
Eill'tl(Q Q') — C3ab+3bc+3ca .

together with the Langlands hypothesis [4], gives the realization of the moduli space of superstring in
terms of SU(5) multiplets

3% (24+55 455 +5n +5m + 100 +104) .

Using this result makes it possible to construct a gauge-invariant superpotential of the MSSM model
Wsu(s) :/\%EHXES\? ><10§\?+Ai“j.5H>< 105\? X 105\?+M‘5H><5H

The application of this superpotential together with five parameters determined from the experiment
makes it possible to calculate the masses, the decay widths, and production cross sections of the super-
particles of the supersymmetric theory - the theory of physics beyond the Standard Model connected
with experiment at the Large Hadron Collider [5].
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Let ¢ be a power of a prime number p, and Fj be a finite field with ¢ elements. For any integer m, a
normal basis of Fym over Fj is a basis of the form {a,a?,..., a?" "} for some o € Fym [1]. In this case
the element o € Fym is called normal over Fy [1, 3].

Let r = 2n + 1 be a prime number coprime with ¢q. Let ¢ be a primitive root modulo r, that
is the multiplicative order of ¢ modulo r equals to r — 1. Set Fy(0) = Fy-1 = Fylz]/®.(x), where
®,.(r) = 2" ' + ...+ x +1is the r-th cyclotomic polynomial and # = 2 (mod®,(x)). It is clear that the
equality 6" = 1 holds. We have the following tower of finite fields: Fy; C Fyn C Fion.

Theorem 1. Let b be such element of the field Fy, that 2nb # 1(modp). Then the following statements
are true:

(a) element 0 +b € Fon is normal over Fy;

(b) element 6 + 6~ +2b € Fyn is normal over F.

Note that for b = 0 the order of 6 equals only to r. But for b # 0 the element 0 + b € F2n has
high order according to [3, Theorem 1 (a), (d)]. Also if 2b = (a® + 1)a=! and b # 0, then the element
0+60"1+2b= (07 +a)(67 + a) has high order according to [3].
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In the classical works [2, 3, 4] still in 1928 the French mathematician M. A. Buhl posed the problem
of classifying all infinitesimal symmetries of a given linear vector field equation

A =0, 1)
where the function ¢ € C?(R";R), and
0
A= Z aj(x)£ (2)
i=Tn !

is a vector field operator on R" with coefficients a; € CYR™R), j = I,n. It is easy to show that the
problem under regard is reduced [10] to describing all possible vector fields

AR = Z ayc)(;v)i (3)
. dz;

with coefficients a( e C1(R™;R), j, k = 1, n, satisfying the Lax type commutator condition
[4,A®] =0 (4)

for all z € R™ and &k = 1,n. The M.A. Buhl problem above was completely solved in 1931 by the
Ukrainian mathematician G. Pfeiffer in the works |7, 8, 9, 10, 11, 12], where he has constructed explicitly
the searched set of independent vector fields (3)), having made use effectively of the full set of invariants
for the vector field (2) and the related solution set structure of the Jacobi-Mayer system of equations,
naturally following from (4)). Some results, yet not complete, were also obtained by C. Popovici in [14].

Some years ago the M.A. Buhl type equivalent problem was independently reanalyzed once more by
Japanese mathematicians K. Takasaki and T. Takebe [18, 19] and later by L. V. Bogdanov, V. S. Dryuma
and S. V. Manakov for a very special case when the vector field operator (2) depends analytically on a
“spectral” parameter A € C :

0 0
+Zajtx)\ —i—ao(t:c)\)a)\ (5)

j=1,n

Based on the before developed Sato theory [16, 17|, the authors mentioned above have shown for some
special kinds of vector fields (5) that there exists an infinite hierarchy of the symmetry vector fields

: (k) i (k) 9]
A aTk—i-Z » Tx)\ax]—i—a (Tx)\)a)\ (6)

j=1n
where 7 = (t; 71,70, ...) € R%+ k € Z, satisfying the Lax-Sato type compatible commutator conditions
(4, AM] =0 = [AD), AW (7)

for all k,j € Z,. Moreover, in the cases under regard, the compatibility conditions (7) proved to be
equivalent to some very important for applications heavenly type dispersionless equations in partial
derivatives.

In the present work we investigate the Lax—Sato compatible systems, the related Lie-algebraic struc-
tures and complete integrability properties of an interesting class of nonlinear dynamical systems called
the heavenly type equations, which were introduced by Plebanski [13| and analyzed in a series of articles
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[18, 19]. In our work, having employed the AKS-algebraic and related R-structure schemes [1, 20|, ap-
plied to the holomorphic loop Lie algebra G := cjz_}ff (T™) of vector fields on torus T", n € Z,, the orbits
of the corresponding coadjoint actions on G*, closely related to the classical Lie-Poisson type structures,
were reanalyzed and studied in detail. By constructing two commuting flows on the coadjoint space G*,
generated by a chosen root element [ € G* and some Casimir invariants, we have successively demon-
strated that their compatibility condition coincides exactly with the corresponding heavenly equations
under consideration.

As a by-product of the construction, devised in the work [15], we prove that all the heavenly equations
have a similar origin and can be represented as a Lax compatibility condition for special loop vector fields
on the torus T™. We analyze the structure of the infinite hierarchy of conservations laws, related to the
heavenly equations, and demonstrate their analytical structure connected with the Casimir invariants
is generated by the Lie—Poisson structure on G*. Moreover, we have extended the initial Lie-algebraic

structure for the case when the the basic Lie algebra G = @7 (T™) is replaced by the adjacent holomor-
phic Lie algebra G := dif fro( C x T™) C dif f(C x T™) of vector fields on C x T". Typical examples
are presented for all cases of the heavenly equations and it is shown in detail and their integrability is
demonstrated using the scheme devised here. This scheme makes it possible to construct a very natural
derivation of well known Lax-Sato representation for an infinite hierarchy of heavenly equations, related
to the canonical Lie-Poisson structure on the adjoint space G*. We also briefly discuss the Lagrangian
representation of these equations following from their Hamiltonicity with respect to both intimately
related commuting evolutionary flows, and the related bi-Hamiltonian structure as well as the Backlund
transformations. As a matter of fact, there are only a few examples of multi-dimensional integrable sys-
tems for which such a detailed description of their mathematical structure has been given. As was already
aptly mentioned, the heavenly equations comprise an important class of such integrable systems. This
is due in part to the fact that some of them are obtained by a reduction of the Einstein equations with
Euclidean (and neutral) signature for (anti-) self-dual gravity, which includes the theory of gravitational
instantons. This and other cases of important applications of multi-dimensional integrable equations
strongly motivated us to study this class of equations and the related mathematical structures. As a
very interesting aspect of our approach to describing integrability of the heavenly dynamical systems,
there is a very interesting Lagrange-d’Alembert type mechanical interpretation. We need to underline
here that the main motivating idea behind this work was based both on the paper by Kulish, devoted
to studying the super-conformal Korteweg-de-Vries equation as an integrable Hamiltonian flow on the
adjoint space to the holomorphic loop Lie superalgebra of super-conformal vector fields on the circle, and
on the insightful investigation by Mikhalev, which studied Hamiltonian structures on the adjoint space
to the holomorphic loop Lie algebra of smooth vector fields on the circle. We were also impressed by
deep technical results [18, 19] of Takasaki and Takebe, who fully realized the vector field scheme of the
Lax-Sato theory. Additionally, we were strongly influenced both by the works of Konopelchenko [5, 6], as
well as by the work of Ferapontov and Moss, in which they devised new effective differential-geometric
and analytical methods for studying an integrable degenerate multi-dimensional dispersionless heav-
enly type hierarchy of equations, the mathematical importance of which is still far from being properly
appreciated.
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Asymptotic estimates of approximations by Fourier sums of
generalized Poisson integrals in integral metrics

A. S. Serdyuk
(Institute of Mathematics of NASU)
E-mail: sanatolii@ukr.net

T. A. Stepaniuk
(Graz University of Technology)
E-mail: tania_stepaniuk@ukr.net

Denote by Cg(, a,7 > 0, 8 € R, the set of all 2r—periodic functions, representable for all z € R as
convolutions of the form (see, e.g., [1])

™
aq 1

flx) = 35 + W/Pa’rﬁ(x —te(t)dt, ag € R, ||oli <1, L1,

—T
with generalized Poisson kernels of the form

o0
—ak” BTF
P, p(t) = ;e " cos (k:t - 7)
Functions f of such form are called generalized Poisson integrals of the functions ¢.
We consider the problem of finding asymptotically unimprovable estimates of quantities

EA(CET)s = sup [IF() = Sua(fi)lls 1 <5< o0,
fecyy
where 0 <r < 1,a >0, 8 € Rand S,,_1(f;-) are the partial Fourier sums of order n —1 for a function f.

Theorem 1. Let 0 <r <1, 1< s < 00, %+$:1,a>0 and f € R. Then for n — oo the following

estimate is true )
—T

5n(C§{)s = e—anrn? X
cost O(1
(e (o)« )
s (ar) ¥ n P

Theorem 2. Let 0 <r <1, a >0 and 8 € R. Then for n — oo the following estimate is true
r 1 o1
gn(cgf)oo — e—an nl—r( + ( ) >

Tar pmin{(1-r),r}
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Modernized Dijkstra’s algorithm and mathematical model for
geographic information system

Ruslan Skuratovskii
(Kiev, MAUP)
E-mail: ruslcomp@mail.ru

Pavlo Radchuk
(Kiev, NTUU "KPT”)
E-mail: pradchuk@ukr.net

For modeling of a domain of the Earth there are usually used a cartographic projection. The goal
of our investigation is method of finding of optimal path between adjacent control points that are in
some vertices of graph. The tusk of line orienteering is to find optimal path between adjacent control
points in some vertices of graph. The goal of our investigation is to construct such method of finding
path through all control points in determed sequence. We can choose optimal path between every pair

of control points (c.p.).

For this goal we develop modified Dijkstra’s algorithm that has complexity O(VT2 + WZV) instead of

usual complexity O(V? + Vlog,V). Also our algorithm permits a parallel realizing. As a result of a
parallel implementation complexity of algorithm decrease in |4(|V,| — 1)| times, where |V,| is number of
c.p. Coefficient of speedup of an the algorithm of parallel search is

(V2 ViogyV) - [4(Ve = D] (Vo] — 1)
! V21 Viog,V 1 ‘
Let n is number of nods. And coefficient of extension by parallelling
R1

R = —
n

We propouse to find an optimal path between two vertices using a opposition search method. This
method are based on parallel opposition search of shortest path by Dijkstra’s algorithm from two vertices
A and B which are c.p. on oriented graph. First vertex with minimal distance to both vertices A and
B is enclose vertex of a path from A to B.

Model for a sequential search of path was constructed. Let e;; is an edge between vertices v; and v;
that has length d;;. We consider a resistance r;; of e;; and determine new length of labeled graph edge

as El;; = r;jd;j. The model for n competitor of sport orienteering has weighted sum objective function

F (vo, vn, k) = Zizz dijrijs;jl — min,
with inequality restriction r;; < R(k), where R(k) is value of a critical load of k-th competitor of
orienteering search, s;; — speed of moving by e;; [1, 2|.
Let S —set of all c.p. If we can chose set S, then we use method of mask dynamic of search for solution
of the problem

Join. (dp({1,2,...,n},5) +mlj,i]),

dp (S, i) = jelgi\l{li} (dp (S\[i],3) +m[4,d]).

Where dp (S, ) is shortest path, which starts in v; and going by all vertices from S\ {v;}, ending up in
vertex v;.
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Structure of commutant and centralizer, minimal generating sets of
Sylow 2-subgroups Syly A, of alternating and symmetric groups

Ruslan Skuratovskii
(Kiev, MAUP)
E-mail: ruslcomp@mail.ru

Let SylaAox and Syla A, be Sylow 2-subgroups of corresponding alternating groups Ayr and A,,. We
find a least generating set and a structure for such subgroups Syla Ay, and SylaA,. The aim of this
investigation is to research the structure of a commutant and a centralizer of Syls A, and SylsS,, and find
numbers of minimal generating sets for SylaSyr and SylaA,. Let us denote by X* a regular truncated
binary rooted tree with number of levels from 0 to k, where X = {0,1}. The set X" C X* is called the
n-th level of the tree X* and X" = {vy}. For every automorphism g € AutX* and every word v € X*
define the section (state) g(,) € AutX™ of g at v by the rule: g(,y(z) = y for z,y € X* if and only
if g(vr) = g(v)y. The restriction of the action of an automorphism g € AutX* to the subtree X is
denoted by g(y)| xu- A restriction g(,)|x is called the vertex permutation (v.p.) of g in a vertex v. The
vertex of X7 having the number i we denote by vj,; also we denote by v;; X (k=31 the subtree of X* with
a root in v;;. Let 3 belongs to full automorphism group AutX K] of XK,

Definition 1. Let us call the index of an automorphism 8 on X! a number of no trivial v.p. of 8 on
Xt

Definition 2. Define a element of type T as an automorphism Ti0seeeyigh—1 that has even index

Jok—1s3Jok
at X*~1 and it has exactly m active states, m < 2’“*2, in vertexes v_1; with number 1 <5 < 2k=2 and

m active states in vertices vy_1 j, 2k=2 < j < 2F=1  Set of such elements is denoted by T.

Let n = 20 42k 4+ 4 9%m where 0 < kg < ki < ... < kp, and m > 0. Also recall that SylsS,, =
SyZQSQkO X ..o X SylgSka.

Theorem 3. A maximal 2-subgroup of AutX" acting by even permutations on X* has the structure

k—1 _
of the semidirect product G, ~ 1 Chy X Cgk 1 and isomorphic to Syl Agk.
i~1

1=

An automorphisms group of the subgroup Cgk_lfl is based on permutations of copies of Cy. Orders

k—1 _ k—1 —
of ¢ (3 and C’%k "~1 are equals. A homomorphism from @ Cj into Aut(Cgk 1_1) is injective because
i=1 i=1

1 _
a kernel of action ! Cs on Cgk '~1 g trivial. The group Gy is a proper subgroup of index 2 in the
i~1

k
group ! Cs [6].
i~1

Theorem 4. The centralizer of SylaSyr; with k; > 2, in Syla S, is isomorphic to Syl?syl?s”/sybszki X
Z(Syla Sy, ).

Theorem 5. The centralizer of SylaAqr, with k; > 2, in Syla A, is isomorphic to 5912’4"/52/[2142,6' X

We will call diagonal base [1], [2] (Sy) for SylySyr ~ AutX™ a generating set where every j-th
generator has odd number of non trivial v.p. on X7 and it has only trivial v.p. on other levels. A
number of such tuple with odd number of no trivial v.p. that can be on X7 equals to 2%’ 1.

There is minimum one permutation of type T [1] in Sy for SylaAsk. It can be chosen in (2772)% ways.
Thus, general cardinality of Sy for Syl Aok is 22]671_7““_2(2”_2)2. Hence, it can be applied [3]. As a result,

we have 2k(2"—k=1) . (2F —1)(2F — 2)(2F — 22)...(2F — 25 1) bases for SylySor.
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Lemma 6. Commutators of all elements from SylaAqr have all possible even indexes on X', 1 <k —1
of X and on X*—2 of subtrees v XF1 gnd vy X1

Theorem 7. The set of all commutators K of Sylow 2-subgroup SylaAqr of the alternating group Ay, is
the commutant of SylaAqr.

Proposition 8. Frattini subgroup ¢(Gy) acts by all even permutations on X!, 1 <1<k —1 and any
element of ¢(Gy) has arbitrary even indexes on X*=2 of subtrees v XFEU and vy X1 [1]. Also
o(Gr) = (G)'.

Lemma 9. A quotient group &+ /GQGI is isomorphic to Cy x Cy X ... x (.
Yk ~ =4

k

Theorem 10. A minimal generating set for a group SylaAqr consists of k elements.

Example 11. For example, a minimal set of generators for Syla(Ag) may be constructed by following
way, for convenience let us consider the next set:

I\ I\ I\ I\ I\ I\ I\ I\ I\ I\ I\ I\
Let n =2k 42k 4 2km where 0 < kg < k1 < ... < ky, and m > 0.

m

Theorem 12. Any minimal set of generators for Syla A, has > k; — 1 generators, if m > 0, and it has
i=0

ko generators, if m = 0. For instance if n = 4k + 2, then Syla A, has k1 + ko + ... + k., generators.

Example 13. Minimal generating set for SylaAsg has 8 elements: (25,27)(26,28), (23,24)(25, 26),
(17,21)(18,22)(19, 23)(20, 24), (17, 19)(18, 20), (15, 16)(17, 18),
(1,9)(2,10)(3, 11)(4,12) (5, 13)(6, 14) (7, 15)(8, 16), (1,5) (2, 6)(3, T)(4, 8), (1, 3)(2, 4).
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On locally nilpotent Lie algebras of derivations of small rank

Kateryna Sysak
(Taras Shevchenko National University of Kyiv, Kyiv, Ukraine)
E-mail: sysakkya@gmail.com

Let K be an arbitrary field of characteristic zero. Let A be an integral domain over K and R the
fraction field over A. Denote by Derg A and DergR the Lie algebras of K-derivations of A and R,
respectively. Any derivation D € Derg A can be uniquely extended to a derivation of R. If r € R and
D € Derg A, then one can define a K-derivation rD € Derg R by setting rD(x) = r - D(x) for all z € R.
We denote by W (A) the subalgebra RDerx A = K(rD | r € R, D € DergA) of the Lie algebra DergR.
For each subalgebra L of W(A), we define the rank rkr L of L over R as the dimension of the vector
space RL=K(rD |r € R,D € L) over R.

The structure of nilpotent subalgebras of finite rank over R from W (A) was given in [2], [3], [4]. The
results obtained there can be used to characterize locally nilpotent Lie algebras of derivations. A Lie
algebra is called locally nilpotent if every its finitely generated subalgebra is nilpotent. As an example of
such Lie algebras of derivations, one may consider the Lie algebras u,, (K), n > 1, of triangular polynomial
derivations (see, [1]).

Theorem 1. Let L be a nonzero locally nilpotent subalgebra of finite rank over R from the Lie algebra
W (A). Let I be a proper ideal of L such that I = RI N L. Then the center Z(L/I) of the Lie algebra
L/1 is nontrivial.

In particular, we get the following result:

Corollary 2. If L is a nonzero locally nilpotent subalgebra of finite rank over R from the Lie algebra
W (A), then the center Z(L) of L is nonzero.

Let L be a subalgebra of W(A). Then the field of constants F' = F(L) for L consists of all » € R such
that D(r) =0 for all D € L. In [2] it was proved that F'L = K(fD|f € F,D € L) is a Lie algebra over
F'. Moreover, if L is nilpotent and rkpr L < oo, then the Lie algebra F'L is finite dimensional over F'. In
the case of a locally nilpotent L, F'L is also locally nilpotent and the following theorem holds.

Theorem 3. Let L be a locally nilpotent subalgebra of the Lie algebra W(A). Let F be the field of
constants for L. Then:
(1) Iftkgr L =1, then L is abelian and dimp FL = 1;
(2) If rkg L = 2, then either F'L is a nilpotent finite dimensional Lie algebra over F, or there exist
Di, Dy € L and a € R such that

FL:F<D2,D1,CLD1,... ka,...>,

where [Dy, D2] =0, Dy(a) =0, Da(a) =1, and FL is infinite dimensional over F.
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Expand-contract plasticity of unit balls and related results
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The talk deals with results received by author and her scientific advisor V.M. Kadets. These results
has become the base for two papers (see [2] and [4]).

A metric space M is called expand-contract plastic (or simply, an EC-space) if every non-expansive
bijection from M onto itself is an isometry. The EC-plasticity of totally bounded metric spaces and
the unit balls of strictly convex Banach spaces has been proved in [3, Theorem 1.1] and [1, Theorem
2.6 respectively. In particular, the unit balls of all finite-dimensional Banach and of all Hilbert spaces
are plastic. On the other hand, there are bounded closed convex sets in an infinite-dimensional Hilbert
space that are not EC-spaces [1, Example 2.7]. It is an open question whether unit balls of all Banach
spaces are EC-spaces. We have answered this question in the positive for concrete space £1, which is not
strictly convex.

Theorem 1. The unit ball of {1, is an EC-space.

There is another problem connected with the previous one. For which pairs (F, M) of Banach spaces
every bijective non-expansive map F: B — Bjs is an isometry? Unfortunately, we are not able to
answer this question in full generality. However, the following results in this direction have been received.

Theorem 2. Let F': B — By be a bijective non-expansive map. If M is strictly convex, then F is an
1sometry.

Theorem 3. Let F': Bp — By, be a bijective non-expansive map. Then F' is an isometry.

Theorem 4. Let M be a finite-dimensional Banach space, F': B — By be a bijective non-expansive
map. Then F is an isometry.
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