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TNABA 1

MPOEKLIMHO-BAPIALIIMHI METOLMU
PO3B'S3YBAHHA ONEPATOPHMX PIBHSIHb

fAxmo A — omepatop (He oGOB’#3KOBO JMiHiHHMI), O BifoGpaxae
cBolo ofaactb BH3HaueHHss D (A) 3 nesiKoro HOPMOBAHOTO HPOCTOPY
E B obsnacth sHaueHb R (A) 3 HopmoBaHoro npoctopy F, To MoXHA
PO3TJISSHYTH 3ajavy, siKa B MeBHif Mipi € oBepHenorw Ao 3ajaui, wo pos-
rasjanacs y mepurii vactuei, a came: 3a 3ajaHum [ € B, snafitn ene-
MEHT & € B, Takuii, wo
Au=F.

Take piBHAHHA HasHBaeTbcst onepamoprus. Jlami posragnaTimeMo -Ha-
6Jikeni MeToIH DO3B'A3yBaHHS KOHKPETHHX BHAIB LHX piBHSHD.

Y npaxTvui iHXKeHepHUX pO3paxyHKiB NOLIAPEHi MeTOAH, SiKi BKJajla-
0TbCA B 3ara/ibHy CXeMy TaK 3BaHHX NpoeKUiMHHX Ta Bapiauifinux me-
ToAiB. XouYa NoYaTKoBi ifiei uux MeToAiB pi3Hi, npore anropHtMu Oara-
ThOX BapialifiHHX MeTOAIB MOXKHAa [icTaTH fIK OKpeMi BUNAaJKH aarOpHT-
MiB mpoeknifinnx meronis. Tomy uacto ni Meroau 06’e€IHYIOTh B OLHH
KJac npoekuifiHo-BapianiAHUX MeTopiB.

1.1. Npoexuiiui merogn

Hexait A :E — F — ninifinufi oneparop, 1o Jlie 3 HOpPMOBaHOTO
npocropy E B HopmoBanwmit npoctip F, D (A) — obnacTb BUSHaYeHHS
oneparopa A, a R (A) — obaacrs fioro 3HaueHb. Po3risHeMo piBHAHHS

Au=f. (n
Po3B’si3yroun pisHsiHHg (1) mpoekuifinam MeroloM, TpeGa: 1) sagaru
nBiR}zocninoaﬂocﬁ nignpocropie {E£,} Ta {F,}, E, =D (A)c E, F,c
< R (A) = F, a rakox JiHifiHi npoeKuiltHi onepatopu (mpoeKTopH)
pn i F— F, taki, mo p2 =p,, p.f € F, ¥ f€F; 2) saMicte piBHAHHA
(1) posp’sizaTH pPiBHAHHS
Pa (Aun - f) =0 (2)
i foro po3p’a3oK u, € E, B3ATH 3a HaGauKeHHH pO3B’A30K piBHAHHS
(1). 3anexno BiA BHGOpy mianpocropiB E,, F, i npoekuifiHux onepa-
TopiB p JXicTaemo Ti yu inwmi meromn. Hxumo npocropu £ Ta F € mpocro-
pamu 3i cKanapHum A06YTKOM, To mianpocropu E,, F, 3afaioTb Takum
yuHoM, BuGupaiotb B obsactsix D (A) Ta F aBi mocnifoBrocti JiniiiHO
He3aJeXXHNX eleMeHTIB {@;}r-y, {P;}i=1, ¢ €D (4), ¢, € F. Ilepwa
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3 HHX HAa3HBAETbCHA KOOPOUHAMHOW CUCMEMOIO, & APYTA — RPOEKYILHO0.
3a £, ra F, BuGupatorb JiHiliHi 0GOJIOHKH eJieMeHTiB ¢, Ta §;, i = 1, n,
BilNoBifHO, a 3a p, — ONeparop OPTOrOHAJNLHOTO NpoeKTyBanHsA F Ha
F,, 10610 Ofepatop, sikufi Oyib-sikomy [ € F craBuTh y BiANOBifHiCTH
fioro opTorona/ibuy npoekuito £ Ha F, 1060 (f —h,f) =0y (€ F,.
SIk BunsiMBae 3 pesysbraTie m. 3.2.2 3 4. |, eneMedt h e enemeHTOM
Halikpaworo HaGauwxeHus s [ y nipopocropi  F,. OcKinbkn ¢ =
n

= Y app;, Ie a; — pifichi koediuientd, T0 piBHicTE (f — A, §) =

= . . . o
= vy t € F, ekBiBaseHTHa cHcTeMi piBHOCTeH

(f—hvll’j):()v ]=-l_,—?l, hEFn" (3)
Takum unHoM, piBHAHHA (2) ekBiBaseHTHe cuctemi
(Aun '—f' "-IJ]) =0, j= T'_n’ U, EEn (4)
OCKiJIbKY 1, MOMHa NOJATH ¥ BHTJIAAI
Up, = 2 CiPyy ®)

i=l1

Je ¢j — AilicHi Koepiuientn, To 3 (4) AicTaemo cniBBigHOWEHHA

251 ¢ (Ao, ) =G o) 1=T, n. (6)

Bignocao HeBizmomux ¢; (6) e cucremoro miHiiHHX anreGpaluHux pie-
HsHb. §IKII0 BOHAa Ma€ poO3B’AI30K, TO IIYKAaHHA eJleMeHT W, 3HAXOLHMO
y Buraagi (5).

Onucanuii Meron Aas npocropis E, F 3i ckansipHuM J06yTKOM HasH-
BaETbCA memodom momermis abo memodom bybrosa — Iareoprina — Ilem-
posa. '

Slkino mpoctopu 3i ckanspuum ao6yrkoM E i F sbiratorbest i koop-
JHHATHA cHcTeMa 36iraeTbCsi 3 MPOEKLIAHOIO, TO METO] MOMEHTiB HasH-
BaloTh memodom Iarvopkina.

SKmo XK eneMeHTH KOOPJAMHATHOI Ta MPOEKIiiHOI cHcTeMH MOB’A3a-
Hi piBHicTiO Y; = Ag@;, j = |, n, To METOoZ, MOMEHTiB Ha3MBAEeTLCS Me-
mooom Hatimerwux kéadpamie i 3biraetbes 3 BapianifiHuM MeToioM Hak-
MeHWNX KBajpartis (aus. n. 1.2.1).

Hexait £ T1a F — npocropn QyHKUiH, HenmepepBHUX Ha KOMMaKTi
Q, E, <D (A4) i F, — nignpocropu E ta F BianosigHo, HaTATHYTI
Ha CUCTEMH JiHilHO HesaNeHUX OYHKUIH @, (¥) Ta ¢, (x), i = 1, n,

mpuuoMy p; (r) — cucrema Yebuwesa (aus. n.' 1.2.1). BuGepemo B

Q pisni Touku A, j =T, n.
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IllykaTumeMo u, y BUrIsiAi y3arajbHeHOro MHOTOUYJeHa

Uy (X) = i €19, (x):
a KoedilieHTH ¢; —3 YMOBH =
Au, () —f) =0, j=1n. ()
Hexait p, : F > F, — oneparop, sikuii GyAb-AKOMYy e/leMeHTy f (x) €
€ F craButb y Binnoainnicn fioro ysarajbHeHHHA iHTepnojsnifiHuf MHO-

routen p (x; f) = L app; (x), p (475 H = F (™), j = 1, n. Hepaxxo

NOMITHTH, WO Buauaqemm TaKHM YHHOM OMeparop Pn € TpPOEKTOpOM.
Toai, oueBunHo, (7) exBiBajeHTHe plBHﬂHHlO
P (Au, (x) — f(x)) =
To6TO omucaHuil MeTo] € npoekuifinum. Bin HasuBaeTbess  memodom Ko-
soxayii. THomi Moro Takox Ha3HBAlOTh [Hmepnoasyidnum memodom abo
memodom 3biey.
Jlns noBHOTo OGrPYHTYBAaHHS MpPOEKIiIAHUX MeTO)IlB MH Ma€EMO BKa-
8aTH YMOBH, 3a sKHX: 1) cucreMa (2) Mae eauHuI po3B’A30K (IHB. TAKOXK
cucremu (6), (7)) 2) llm Yu,— ule =0, ne u, — po3B’30K piBHAHHA

(2), a u — po3p’ H30K plBHﬂHHﬂ (1). Ha xanb, 3aranbeuil BUNaZiok BH-
XOJiMTb 338 PAMKH Hamoi KHHTH.

M purkaad 1. Metogom xonoxauii 3nafiTH HaGauxeHwH poO3B’s130K 3amaui
(1 xB)u+ 1 =x8

a(—l)=u(l)=2. 8)

Po3pr a3soxk. 56
3 it
Uy (x) = 2 + g5~ (1 — ®) 4 —ge~ 2* (1 — £3).
IIpufmaa 2. Merogom By6HoBa — Tanvopkina — [letpoBa sHafiTH HabamxeHH#
po3B’A30K 3agaui
Lu=u4"—u' cosx+ usinx=sinx,
u(—n)=u(n)=2,
B3AIBIUM YOTHPH KOOPIHHATHUX ¢yHKLii.
Po3p A30K.

8 4
u4(x)=2+—7-sinx+73in‘=x

Hapeaemo At nopiBHAHESA 3HAYeHHA HaGIHMEHOTO 4 TOYHOTO PO3B’A3KIB U (x) =
= S0 ¥ L | y jneskmx Toukax:

X; —n/2 0 n/2
uy (%) 1,429 2 3,714
u (xi) 1,368 2 3.718



1.2. Bapiauiiini metogu

Hexaii piBHsaHHA
Au=f
Mae €IMHHA pO3B’A30K u, i BinomMui ¢yukuioHar @ : E—>R' (R! —
npocrip AificHHX uHces), MiHIMyM sKoro JocAraetTbC B eRHMil TOULi
u*. Toxi po3s’ssyBanHA piBHAHHA (1) MOXKHA 3aMiHHTH 3ajaueio Miui-
misanii dyekuionany @ (w). Meromu, wo rpyHrylTbcs Ha uil igef,
Ha3suBaOTbCA 8apiayidnumu.

Posrjsinemo Aaji NHTaHHA Npo MiHiMisauiio KBaipaTHYHUX yHKILiO-
Ha/AiB, a MisHille BKa)keMO KOHKpeTHi KBaJlpaTHuHi ¢yHKIioOHaMH, MiHi-
Misailis AKHMX Jae Bapiauifini mMetoau Pitua Ta wHafiMeHwInxX Ksajparis
HalJMKeHoro po3s’sisyBaHHsi piBHAHHA (1).

Hexali G (u, v) — cumerpuyna Giainilina popma, To6T0

G(alul + ottty V) = 0yG (uy, v) + aza (uza v),
G(u, oy -+ agv,) = a,G (4, v) + a,G (1, Uy),
G (u» U) = G (U’ u)v
Je u, v, u;, v; €D (G < H, i =1, 2; D(G) — obnacTb BU3HAYEHHA
Giainiitnoi dopmu; H — mpoctip 3i ckaaspuum no6ytkom (-, -). 13 dop-
Moto G (i, v) noB’si3anuil KBajpaTHuHuil Pyukuionan G (4, u) 3 Tielo ca-
MOIO 0G/1aCTIO BH3HAUEHHS1, AKHIl BBaXKaTHMEMO 10JaTHHM, TOOTO
Gu,u)y>0 Vu#0.
PosrasHemo ¢yHKuioHan A
DOu)y=Gu,u)—2w+C, ueD(G), 2

e [ () — ninifinuit dynkuionan 3 obaactio BusHauenua D (/) = D (G),
C — pnificna crana. OueBHaHO, 06/1acTh BH3HaUeHHA Lboro dyHKiioHana
D (@) 36iraetees 3 D (G).

Jdema 1. flxuyp xsadpamuunutl pynxyionar G (u, u) dodamno eusna-
wernuik, mobmo

G, u)>p, 4 VueD(G),

Oe p — dodamua cmana, a I (u) — obmexceruil, mo pyurxyionar O (u)
obmedcerud snusy, mobmo icnye wucro Oy = inf O (u).
v ) ueD(®) .
JloBelleHHS JleMH OuYeBHIHe, | YHTay JIerKO NpoBefie Horo. cam.
BBefieMo Take MOHSTTS.
Osnauvennsa I. Tlocrninosuicts {U,}ney < D (®) nasuBaerbes
MiHimisyw4oro aasa ¢yHknioHana @ (4), Akiio
lim ® (u,) = O, = inf O (w). (3)
‘ uED(®) '

n->o0

3a3HaunMo, IO KOAM icHye eneMeHT u, €D (D) Takui, wo @, =
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=® (u,) = inf @ (u), To 3 osHavenns MiHimi3yrouoi nocainoprocTi me
ucD(®)
He BHILIMBAE piBHiCTb hm lun —u, | =0. Hanani BHBYHMO YMOBH,

83 IKHX BOHa Mae Mlcue
Bsenemo y npocropi D (G) Bigzans Mik ABOMa eneMeHTaMH 3a ¢op-
MYJOI0

6 (U, V) =[G —ov, u—o))”’, u,veD(G). (4)

Bnpasa 1. [lepesipnt BukoHauHs akcioM Bignani.
Busnausmo criouatky yMoBH, 3a AKHX MiniMisyioua nocainoBHicTb 36iraerbes Ko iy
y TOMY PO3YMiHHI, uto

lim pg (45, uy) =0.
n—»o0

Teopema 1. Hexaii {u,} — Minimiayroqa nocridogricme Ors yHKYyio-
Hara © (u). Todi maromo micye maxi meepdacenna: 1) nocaidosricme
{u,} dyndamenmanona 6 mempuyi pg, mo6mo ve> 0 icnye N (e) maxe,
wo p (Un, Up) << ey n,m> N (e); 2) axuwo icnye esemenm u, € D (G),
Ha axomy PyuKuionar (D (u) docacac csoz0 minimaasHozo 3Ha4er#R D,
mo lim pg (u,, u,) = 0.

HosepenHa 3 o3naueHHs MiHiMi3ylouol nocaigoBHOCTI A4S
6yib-sikoro € >> 0 BHN.IMBae icHyBaHHsA Takoro N = N (g), mo

Q) <O+ V>N,

Tomy

m(um)+¢(un)_2®(m)<

<20, + 24 — 20, <y n, m>N. 5)
Kopueryrouncy BracTuBoctsiMM Gininifinoi dopmu G (u, v), MaeMo

® (4) + D (o) — 20 42 )=G(u, u) + G (v, v) —

1 1
—26(44, 2t0) LG+ L 6o 0—

—G (4, u)=%6(u—v,u-u) = —21— e (4, v)

i Tomy 3 Bupasy (5) onpasy AicTaemo nepiue TBepixeHHss Teopemu. [py-
re TBepJKEHHS BHIJIMBAE 3 MEPIIOTO, SKUIO B3SATH [0 yBard, mo HnocJi-
JOBHICTb

Upy Uy Ugy Uys - -

TakoXK € MiHiMisywuoio. TeopeMy noseleHo.



Hacaizox . $xmo keanpatHunufi dyuxkuionan G (¢, u) e go-
IaTHO BH3HA4YeHHM, TO TBepIKeHHS TeopeMd | MaioThb Micue B HOpPMIi
npocropy H, To6T0 B HOpMi ll u | = (u, u)'’%.

Teopema i nae yMoBH_ 30ixHocTi MiHiMi3ylouoi nocaifioBHOCTi fo eJie-
MEHTA U,, NpH AKOMY locAraetbcs MiHiMyM dyHKuionana @ () (akuo
Takuil eJleMeHT u, icHye). Jlani npHpoJHO MOCTAaBUTH 3aMUTaHHA! fIK Ke
3HaiiTy MiHiMi3ylouy mocJaizoBHicTs? HacTynHi TBepAKeHHS BKa3ylwThb
aaropHT™ 1i no6ylLoBH.

Teopema 2. Hexaii ¢pynxyionar © (u) docaeac minimymy e Oeaxid
mouyi u, € D (G), modi:1) G(u,, V) =L @V)YveED (G); 2) O (u, +-
+0)=0w,) +G (v, ) v veED (G, mobmo MIHIMY M Oocsizaemocs
Ha €0uromy enemenmi u, (KANGYMo MAKOHC, WO MIHIMYM € Cmpozum).

HDosenennd [dna 6yap-akoro v € D (G) 3 ymoB TeopeMu BH-
nJauBae, IO '

Ou,+v)=G6u, +v,u,+v)—2l(u, +v)4+C=

= O (u,) + 2G (4,, v)— 2l (v) + G (v, v) = D (u,). (6)

3Bincu v v € D (G) MaeMo HepiBHicTh
26Uy, v)—2(w)+ G(v, v) >0

fiKa BHKOHYETbCS TAKOXK NpW 3aMiBi v Ha {fu, Ae - { — GyAb-sike RificHe
yucso. Ilicas Takoi 3aminu

2[G g v) =L ()] G (v, 1) =0, YveED(G),

VIERL,

Ile € xBagpaTHa HepiBHiCTb BiAHOCHO I, IKa BHKOHYETLCA IPH GYAb-AKOMY ¢
ilgglrg TOAi, KOJNH MHCKPHMiHAHT KBaApaTHOTrO TpHWIEHa HeAOAATHMUH,
4Gy ) —I(P<0 vveD(G).

3sigcn '

Gu, v)=1(v) vveD(@),
i mepie TBep/UKeHHA TeopeMH JoBeleHo. HeBaxcko momiTuTH, uio apyre
TBEPIKEHHA € Hacaiakom nepuworo i piBHocti (6). Teopemy InoBeseHo.

BuGepemo B D (G) ninifiHo He3aNexHy cHcTeMy eeMeHTiB {@,}i-
i uepes H, < D (G) no3nauuMo JNiHiliHy OGOJOHKY NEpUINX £ eJeMet-
TiB @4, £ = |, n. MaoTb Micue Taki ABa TBepMKEHHA, SKi MEH TpOHOIHY-
€MO NOBECTH 4HTaueBi.

Jdema 2. Pynxyionaru G (u, u) i | (u) Henepeperi Ha KOXKHOMY 3 nid-
npocmopis H,, n =1, 2, ..

Jdema 3. Kea@pamutmuu ¢yurcutonaﬂ6 (u, u) dodamno susHnauerull
Ha Ko wcHoMmy 3 npocmopie H,, mobmo icaywme cmaai m, > 0 maxi, wp

G(u,u))mn(u,u)sm,,udl]’ vu€eH, n=12,....



Iloaeﬂ.emo, o B KOXHOMY 3 mianpocropis H,, n =1, 2, .ory icHYE
eMHUN eNeMeHT, Ha KoMy QyHKuionan @ (u) nocsrae cBoro MiHimaib-
HOro 3HaueHHs Ha H,,.

JAena 4. [lra 6y0b Axozo n 8 H, icuye eunuill eaemenm u, maxud, wo

O, = O (1,) = inf D).
"EHn
Hoeenennsn Ockiibku obMexenicTb JMinifiHOoro oneparopa e
HeoGXiZHOW | AOCTATHLOK YMOBOIO HenepepBHOCTI, TO 32 Jiemolo 2

H@|<d,lui vueH,
i Tomy

dy P dn
mn]——mT""C'

n

O W) > my |4 — 2d, |ul+-C=m, )

2dp
m

3sincH BUIVIMBAE, WO MPH || u >
2dn

> C. Hexait s, = [u Hul << } HeBaxko nomitutH, o

inf Qw)y>C=00)>= 1nf O (u).

H\s 5,

3piacy BHNJAHBaE piBHICTb mf(D (u) = inf @ (u), ane s, € KOMNaAKTOM,
s,

npuuomy ¢yukuionan @ (u) Henepepaﬂuﬂ Ha npomy Komnakti. Tomy

icHye eneMenHT 4, € s,, A1A sKkoro inf @ (u) = (u,). €auHicTs UbOro
ucH,

eJEMEHTa BHIJIHBAE 3 APYIOro TBEpMXKeHHS TeopeMH 2.
fIK xe 3HAHTU eleMeHT u,, Npo AKHI AuwjaocA B nonepeaHiit Jemi?
Ocxinbku 4, < H,, 10 Horo MoxHa 3006pa3uTd y BHTJAAMI

n
n
= Yae, ™
=l
") - . - . . .
fe a¥ — mificHi xoediumientH, #Ki migasraloTh BusHauenHio. Haai Ma-
€EMO

O (u,) = ®( )y aﬁ"’qn) = ¥ aal"G (9, 9)—2 2 a1 (9) +C,
=1 1,=1

10610 @ (u,) € dbyukuieto smineux a®®, i = 1,.n. Ha nigcrapisemu 4 us
y 1 h

byHKuig Mae eIHHMA MiHiMyM, HeoOXilHOIO YMOBOIO fKOTO € CHCTEMA
piBHOCTEH -,
oD (up)

0™ 2 Z a’G (9, @) — 2l (9;) =0, i=1n,
‘



a6o
Y a6 (@, 0) =1l@w), i=Ln ®)
=1

Hesaxkxko nomitutd, mo G (¢, v) MOXKHa B3SITH 3a CKaldfApHHA N0GYTOK
(nepeBipTe BMKOHaHHA akcioM cKajaspHoro Ao6yTky). Tomy BH3HAUHMK
cucremd (8) € Bu3HayunukoM [paMMma cHcTeMH JIIHIHHO He3aleXHHX eJe-
MeHTiB i ToMy BiAMiHHUil Bif HyJs. Lle’ o3Hauae, mo cucreMa JiHifiHUX
anre6paiyHHX piBHsiHL (8) Mae eauHui po3B’A30K, AKUHA pasoM i3
(7) Bu3Hayae u,. OnucaHHii MeTOX BH3HAUYEHHA eJIeMEHTA U,, HA AKOMY
¢ynkuionan @ (u) HaGyBae HaliMeHllOro 3HaveHHs Ha H,, Ha3uBa-
erbesl npoyecom Pimya. Jani BUHMKae 3anuTaHHA: ud Oylde mnoc/aijos-
HicTb {U,}n=1, S$IKA BU3HauaeThCA npouecom Pitua, w™inimisyiouow?
¥YMoBH, 32 AKHX BiANOBiAb HA le 3aNUTaHHSA 6y11e NO3HUTHBHOIO, BH3Ha-
yMMo niswime. 3a3HayiMo, IHO HA nNpakTHni, fK NpaBuJo, oOMe-
HYIOTbCH BillllyKaHHAM u, NpPH AKOMYycb 3HaueHHi n. fKmo Hac uika-
BUTb U,, TIPH IKOMYCh iHUIOMY 3Ha4e€HHi n,, To Bci obuHcaeHHa HeobXia-
HO TIOBTOPHTH CNOYATKY (W, BHKOPHCTOBYBATH He MOMXHa).

Haai posrasnemo Hait6inbly nowHpeni Bapiauifini meToan Aetanb-
Hiue.

1. Memod naiimenwux xeadpamis. PosrisHeMo piBHsHHA (1), B fIKO-
My onepatop A : H — H piey npocropl 3i cKanApHUM NOGYTKOM, HpH-
YoMy icHye obepHeHHi oneparop A~'. ¥ Meroii HailM eHIIMX KBaapartiB
y upoMy pasi MiHiMi3yeTscs cpyHKuloHa.n

®(u) =| Au — f|P = (Au — f, Au— ) = (Au, Au) —
—2(Au, H+HITP €)]
B cuay npunymens mojo A i urasgy dyunkuionana @ (u) maemos
D(u,) =0= inf D),

ucD(A)
Ie u, — po3s’a3oK piBHaHAA (1). [lopiBHIOIOUN dyHKUiOHAN (9) 3 dyHK-
uionanom (2), noMiuaeMo, IO BOHH 36iraloThed, AKLIO MOKJIACTH
D (G) = D(A)v G(u1 ‘U) = (Auv AU), l(u) = (Au’ f)f C= llfﬂz-

3a momomoroio mpouecy Pirua nobyayeMo NOCAiIOBHICTb {i,}n-!
Cucrema (8) y uboMy pa3si mMae BUIVISA

2 a’ (Ae;, Ae)) =, Apy), i=1,n (10)

HeBaxko nomifwm, mo cucrema (10) oanakosa 3 cucteMoro (6) (3 m. 1.1)
METOJy MOMEHTiB, i B LibOMy CMHCJIi METOJ HafiMeHIIHX KBaJpaTiB MOXHa
BBaxaTH Horo okpemum Bumajgkom. [Ipote nijikpecanMo we pas, wo ui
JABa MeToAM pi3Hi 3a ifeelo.
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BusHauuMo Temep yMOBH, MNpPH fKHX mNoCHAifoBHicTL {u,}, sHailleHa
METOZIOM HaliMeHWHX KBajparis, € MiHiMi3yiouolo A5 ¢dyHkuionana (9).
Jlns uporo noBeseMo CMOYaTKY TaKe IOMOMiKHe TBEPIDKEHHS.

Aema 5. Hexall v — ainidina 06010HKa cucmemu ALHIEHO He3ane HCHUX

eexmopie {@;}i1 € H y einvbepmosomy npocmopi H, H, — nrinitina
060r0HKa esemenmis @, L == 1, n, v — 3amuxanna muoxuru v. Todi:
1) 024 moeo wiob enemerm u € H xaresxcas maxoxc v, HeobxidHo i docmamsso,

wo6
limpy u=limu, = u, (11
n-»oco n—»oo

Oe {u,} — nocaidosicme npoekyidi u na H, (mobmo esemenmie nadkpa-
w20 HabAuXeHHA 048 u 6 H,); 2) 0aa moeo w6 v = H, Heobxiouo
i docmamueo, wob cniesiOnowenna (11) 6yro cnpasedausum 0as 6YOb~

axoeo u € H. )
NoBeaewHs. HoBenemo Heo6xiAHicTb mepLuOro TBepKEHHS

teopemu. Hexall u € H i u € v. losenemo, wo mae micue (11). ikicuo,
OCKiJIbKHM 4 € v, TO Y € > 0 ichye N = N (e) TaKe, 1o-

‘.!u—u‘N’"<8»
e u® € Hy. Hexalt ju —u, ) =inf|u —vj, 10610 U, € enemeH-
veH R :
TOM Haiikpauloro HaGnuxenHa iis u B H,. Ha ocHoBi Biacrusocreil

e/eMeHTa HallKpamoro HabamxkeHHs (auB. 1. 3.2 B 4. 1) Maemo
w—u,v)=0 vyv:H,
To6TO 4, = pu_ 4 — mpoekuis w Ha nigmpocrip H,. Hani maeMo saH-
LIOKOK HepiBHOCTEl:
M4y — ] =lpnu—u]<Ipayu —u| <P —ul<e
vaz=N,
mo i soBoauTh cnisBitHowenuna (11).
Hosenemo focraruicTb nmepuioro TeeplkeHHs. JKmo mae wmicue (11),
TO NMOCHIJOBHICTb eJEeMEHTIB &, = pu U € H,c v 36iraetscs fo ze-
Akoro eqeMeHTa u. OcKinbkH Bci rpaHuuHi eseMeHTH TocailoBHocTel
3 U HaJleXaTh 0 (33 O3HAYEHHAM U), TO & € U i Neplie TBep/IKEHHA Teope-
MH noBHicTio foBefieHo. Jipyre TBEpKEHH OWeBMAHO BHIJIHBAE 3 Tnep-
HIOTO. 4
Teopema 3. [as moeo w6 nocaiGosticme {W,}n=1, nobydosana 3a
donomozoro npoyecy. Pimya, y eirvbepmosomy npocmopi H 6Gyara minimi-
3yrouoro 018 pynxyionara (9), Heobxidno i docmammuvo, ujo6 f € v, e
U — 3amMKHena  Ainidna  060A0HKG  cucmemu eaemenmis  {v;}in, =
= {Aq, )i '
11



HoBenxeHHSs. 3rilHo 3 o3HayeHHAM RoOCHAiNOBHicTb {u,}nei 6Y-
Je Minimisyiouoro aaa PyHkuioHana (9), akuto

lim ll Aun - f“ =0.

Hexait V, — ninifina o6oJjoHKa enementis v; = Ag,;, i = 1, n. Toxi
3a no6ynosoio enement V@ = Au, e enementom Halikpamoro Ha6iau-
xeHua uia [ y nignpoctopi V,, rias6eprosoro mpocropy H, 6o (f —

— Uy, Agy) = (f — Y dPe;, Aw,) = 0. Orxe,
=l
pvnf = U(") = Aun

i TBepIKeHHS TeopeMH 3 BHUN/INBAe 3 NEPLIOTO TBEpIKEHHs JeMH 5.
Hacaixok 2. SIkmo cHcrema enementiB {Agp,}i~; moBHa B
rins6eproBomy npocropi H, 10 ¥ f € R (A) i Mae micue piBHiCTh
lim| Au, —f| =0.
n->0

Buxoznsiuu 3 Hacaigky 1, noBeieMo HaCTyNHe TBEPKEHHA MPO 36iXHicTL
MiHiMisylouoi nocaifoBHOCTi A0 po3B’f3KY u, 3anaui (1) 3a Hopmoio.
Teopema 4. flkujo pisnanna (1) sadane y 2iavbepmosomy npocmopi H,
fEV, ionepamop A*A dodamno eusnasenuti (A* — onepamop, cnpsice-
Huid do A, mobmo (Au, v) = (u, A*v) Y u, v), mo
lim|u, —u,=0.
n-»o0

JoBenenns Ockiabk# [ Hajgexxurh saMkHeHill JiniiHi#i o60-
nouni V cueremu enementiB {A,};—;, T0 3a Teopemoto 3 nocniaoBHiCTH
{u}ne1 e MiniMisywouolo -ansi dyrkuionana (9). Is noparHoi BH3Have-
Hocri oneparopa A*A maeMo

G (u, u) = (Au, Au) = (A*Au, u) ZpluPv u € D(4),

ge @ — nopartua crana. Orxke, TBepUKeHHS1 TeopeMn 4 BHIJINBae 3 Ha-
crigky 1.

3ayeanenns. Hepaxko moMmitruTH, WO TeopeMa 4 € cnpaBelHBOIO,
SIKII0O YMOBY NOJAaTHOi BH3HaueHocTi onepatopa A*A samiHHTH ymOBoOIO

icHyBaHHA oOMeXXeHOro onepaTopa A~'. Lle BunnuBae 3 TOro, IO
lui? = (u, u) = | A Au P <A™ P || Aulp?,
lup<< M2) Aul? = MG (u, u), Gz, u) =M |ulf.

2. Memod Pimya. Xoua wmeroa Pitna sacrocoByerbes npH 6Ginbin
JKOPCTKUX YMOBaX, HiX {HWI NpoeKuiliHo-BapialifiHi MeToAH, BiH TaKox
HIHPOKO BHKOPHCTOBYETHCH.
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Omxe, Hexafi motpi6HO po3p’sidaThH piBHAHHA (1) 3a TakMX yMOB:
1) A — camocnpsi:keHH# onepatop y riav6eproomy mpocropi f, T06TO

(Au, v) = (4, Av) Y u, vED(A) (12)

(ue 3aNHCYIOTb TaKOX Y BHFJ’IH}II A* =A) 2 Ae JIONATHO BH3HAYEHUM
onepaTopoM, To6TO

(Au, ) Zpjulf vueD(A), p>0. (13)

3rigHo 3 igeclo BapiauifiHuX MeTOAIB 3aMiHMMO 3aflauy PO3B’Si3yBaHHSI
pisusnns (1) sanaveio minimisanii dyHnkuionana

© (u) = (Au, u) —2(f, u), u€D(4), (14)
AKHH Ha3UBaeTbCn (pynKyionasom enepeii. SIkwo B (2) nOK/IacTH
D@ =D:4), Glu,u)=(Au,u), @ =({ w), C=0,

To Aictauemo ¢yHxkuionan (14). Ockinekn dyskuionan [ (uw) = (f, u)
obmexenuit Ha D (G), a kBaapaTuunuil PyHkuionan G (u, u) RojaTHO
BH3HaueHHH, To dyHukuionan @ (u) obMexennit 3au3y. osenemo Tenep,
e 3ajaui po3B’s3yBaHHA PiBHAHHA (1) 3a MPUHAHATHX NpUNYLIEHb i
Mminimisanii ¢yukuionana (14) exBiBaJsieHTHI.

Teopema 5. Hexaii A : H - H — ainidnui onepamop y npocmopi
30 ckaaapuum dobymrxom H i3 wisonoro 8 H obracmw eusnawenns D (A)
ma suxonyromocs ymosu (12), (13). Kpin moeo, pisnanns (1) mae poss’ s-
soxk u, €D (A). Todi ¢ynxyionan (14) nabysae Ha U, MINIMAAbHO20 3HA-
uennn 6 D (A), mo6mo @ (u) =D (u,) YyueD (A), npuqony @ (u) =
= @ (u,) misbku npu u = u,. "3 irui0eo boKy, Hexali ceped 6Cix enemenmis
ueDh (4 (;bymcmoua/t (14) Ha6yeae MEHIMANLHOSO 3HAYEHHA HA eAeMermi
Uy Toat Uy 6 po36’ A3KoM. piBHAnKA (1).

HMosenenn s Hexaii piBusuna (1) mae poss’sisok u, € D (4),
10610 f = Au,. [incransioun Au, samicte fB (14), nicranemo

@ (1) = (Au, u) — 2 (Au,, u) = (Au, u) — (Au*, u)—
— (Auy, u) = (Au, u) — (Au,, u) — (1, Au) =
= (Au, u) — (Auy, u) — (Au, u,) + (Au,, u,)—
— (A, 1) = (Al —uy), u —uy) —(Auy, uy) VueD(A).

Ockiabku oneparop A pgojatHo Bu3HaueHHii, 7o @ (u) >> — (Au,, u,),
npuuomy npu u = u, maeMo @ (u) = —(Au,, u,), WO i AOBOAHTL Nep-
Iy YaCTUHY TeOpeMH.

Hexaii tenep u, — enement i3 D (A), na sxoMmy @ (u) HaGyBae
MiHiMalbHOro 3HayeHHA Ha MHoxHHI D (A). Toni aia 6yab-sikoro Aific-
Horo ¢ '

DO, +Hty>D(,) Vot (15)
B 13



‘HeBaxxKo nomiTHTH, WO 3a YMOB TeopeMH
O (4, + tv) = (A (y + 1), u, + ) —2(f, u, + tv) =
= (Au,, u,) + 2t (Auy, v) +2(Av, v) —2¢ (f, ) — 2(f, uy)
vveED(A), R
Bpaxosytoun (15), micraemo
(Auy, uy) + 2t (Auy, v) + 2(Av, v) —2¢ (f, v) —
—2 (fv u*) > (Au*’ u*) —2 (f’ u*)»
a6o
2{(Auy, v) —(f, )]+ 2(Av, v) =0
vvED(A), teRL
Hasa toro mwo6 kBajparHuii TPHYJIeH BiHOCHO ¢ i3 JOJATHHM CTapIUHM
koedinientom (Av, v) > p|v|® 6yp HeBiz’emuum V £¢ R's notpi6no,
o6 Horo AUCKpuUMiHaHT 6yB HeloJaTHHM, TOOTO
(Auy ©) =, PO VvED(A).
3sigcu
(Auy—f,v)=0 yuveD(A).

Ockinbky MHOMHHa D (A) wineHa B H, 10

Uy = f,
o i Tpe6a 6yJ0 AOBeCTH.

Hani sacrocyemo npotec Pimya. JIas uporo BuGepeMo KoopAHHATHY
crcreMy {9,}i=; < D (A) i mnobyayemo mocaigoBHicTy miampoctopis
H,, ﬂKi ¢ JMiHiAHEMH OGONOHKAMH eNeMeHTiB ¢;, { = I, n. EnementH

E a” ¢, ¢ H,, na AKHUX JocsAraerbcs 1€1;11f ® (u), 3HaxoZuMo 3a
o

JonoMorolo npouecy Pirua. 3rum03 (8) ana xoediuientip af’ micTaemo
cucTeMy JiHIAHHX anre6paiuHuXx piBHAHD

L a” (Ae, 9) =G 9, j=Tn, (16)

MPHUOMY 3 JIeMH 4 BHN/IMBaE icHyBaHHA i efuHicTb po3B’sI3Ky Liei cHc-
TEMH i e/leMeHTa «,.

Mopisxiotoun (16) i3 cucremoro (6) 3 n. 1.1 meTony MoMeHTiB, nomiua-
€MO, WO BOHH GyAyTb OJHAKOBUMH, siKwo B (6) 3 m. 1.1 BuGparn ¢; =
=1;, i=1,n Y usomy po3yMiHHi MeTOA lea MOXHA BBaKaTH OK-
PEMHM BHMaJKOM METojly MOMEHTIB,

14



Has pocnimkenns s6ixuocri merofy Pirua seeemo B D (A) cxa-
JAsApHHil J06yTOK 3a dopMyJoio

(@, v)a = (Au,v) vVu,veD(A)
(WepeBipKy akcioM cKaasipHoro HOOYTKY YHTau Jerko Moxe 3AifiCHHTH
caMmocrifiHo) i BiANOBiAHY HOpMY

huta = (s, w)a"® =[(Au, u))"".

Taxi ckanapuuil Jo6yTOK i HOPMY Ha3HBalOTb HIe EHepeeMUUHUM CKa-
AAPRUM . O00YMKOM | eHEP2eImUHOI HOPMOIO. Monoeuenns D (A) (aus.
n. 1.2) y HopMi | - |4 nosHaunmo depes 4 i HasuBaTHMEMO exnepeemuy-
HUM nPOCMOPOM OTlepaTopa A. 13 osuaveHHs H, BunauBae, wo D (4)
€ BCIOAM WiabHOWO B H4 MHOXHHOIO, @ 3 JOAaTHOI BH3HAYEHOCTi omepa-
Topa A BUIIHBAaE HepiBHICTb

he)<< "ﬂ“ vu € Ha. (17)

3 uepirvtocri Kowi — ByHsakoBcbkoro

juls = (Au, u)<\lAu\lllu\\
i (17) micranemo TaKox

e <EL yueD @) (18)

ITokaxemo, IO eleMeHT u,, BU3HaueHHH y npoueci Pirua, e npoekuiewo
po3s’sA3Ky piBHsaHHA (1) u, Ha H, B enepretHuHomy npoctopi Ha. Jif-
CHO,

D (1) = (Au, u)—2(f, u) = |u'h — 2(Au,, u) =

=luth —2(us w)a VuED(A),
a6o

O =|u—u,la—|u s vueDA.

OckinbKa 3HauenHs u, 3a6e3nedye MiHiMyM ¢yHkuioHana @ (w) Ha nia-
npocropi H,, T0

U, = pHAu* 1nf fu—uyla,
HYI

10670 U, € npoekuiew u, Ha H, y npocropi Hji.

lloaeu.emo Tenep TeopeMmy npo YMOBH, 33 AKHX nocmnoamcrb {u,}
6yzae MiHiMisytouoio.

Teopema 6. [ra moeo ujpb nocridosnicmo {u,} 6yra Minimisyw4oio,
Heobxidno i docmammuso, wob u, € K™ . de K™ — samuxannne nopmi Ha
ARIGHOT 06020HKW KOOPOUHAMHOL cucmemu {@;}i-i.
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HoBenenna J[Has toro mob u, Hanexano K™, Heo6XiiHo i Jo-
CTaTHBO BHKOHAHHA YMOBH

. H
limp,4u, = u,.
n-»o00 .
. Ha
Ockinbku Py, = u,, T0 TeOpeMy NOBEAEHO.

3ayeaxcennn. 13 36iknocri nocaigoBHocri {u,} B Ha i HepiBHoCTI
(17) BunsivBae 36ixkHicTb {¥,} Jo u, y Hopmi H.

Posrsisinemo, HapewrTi, YMOBH, 32 AKHX MiRiMi3yioua NOCAiAOBHiCTb
30iraTuMerbcs 0 U,.

Teopema 7. Hexail xoopdunamua cucmema {@,}i—1 € nosuow 6 Ha,
.modi

lim | u, — a, |4 = lim |4, — u, | = 0.
n-»oo n-»o0

JoBeneHHs BHUILIHBaE 3 TOrO, U0 32 YMOBOIO TeopeMH 7 3aMHKaHHA
CUCTeMH {Q,;}7=1 Y HopMi K, 36iraetbcs 3 Ha, a TakoX 3 monepenHbol
TEOPeMH.

3aysaxenns. Meron Pirua pas piBHAHHA

A*Au = A*f
€ eKBiBaJeHTOM MeToly HafiMeHluHX KsaapariB. [lificHo, ¢yHKuioHan
metoay Pitua mai1s uporo piBHAHHA Mae BHIVIAR
D (1) = (A*Au, u) — 2(A*f, u) = (Au, Au) —2(f, Au) =
=(Au—f, Au—P—(f, ) =1Au —FP—FP,
Lo JHILIEe Ha CTaldy BiApisHserTbca BiA QyHKIioHana MeToly HaRMeHUIHX
KBaJpartiB. '
Bnpasa. 3amerogoMm Pirna suafitn wabmuxeHufl poss’sisok 3agadi
—u' Fu(sinx42)=sing, '
u(—n)=u(n)=2,

(19)

rNABA 2

METO/] CITOK PO3B'fI3YBAHHSA
OMEPATOPHMX PIBHAHDb

Metoa ciTok HaGyB HOWHpEHHS BHACTINOK CBOei mpocToTH i yHiBep-
caabhocti. Ue oxniero Horo mepesaroo e cnewia/bHHE BUMIAA CiTKOBHX
piBHAUD, L0 A2€ 3MOry edeKTHBHO peasisyBatd iXx Ha EOM.

Y wifi raasi posr/ifiHeMO OCHOBHI MOJOXEHHA' METORY ciTok. Bowu
OyAyTb BHUKOpPHCTaHi y HACTYMHHUX rJaaBaX npH noOymoBi i JochifkeHHi
CITKOBHX (Pi3HHUEBUX) CXeM AAs pi3HUX 3aaay MaTeMaTHYHOI ¢i3nKH —
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sagaui Kowi mns 3suuafimux andepeHuniadbHHX piBHAHb, KpaRoBHX
8aAay AJS eNiNTHYHHX PiBHAHb 3 YACTHHHUMH MOXiXHHMH, a TaKOX MO-
YaTKOBO-KpaloBHX 3ajay LJis HecTauioHapHHX (mapaboJiyHHX Ta rimep-
6os1iuHuX) piBHAHD 3 YACTHHHUMH MOXiAHHMH. ‘

2.1. OcHoBHI NOHATTA MeTORY CITOK.
Teopema npo ymosu 36bxHocTi meToay citox
(reopema Jlaxca — Mininosa)

Hexait B,, B, — neski HopmoBaHi mpocTopH ¢YHKIif, 3aJaHHX B

obaacti Q = Q | dQ 3 rpannueio Q. Hopmu y mpocropax By, a =
= 1, 2, nosnauumo yepes | - lo, @ = 1, 2, Hexalt A — ninifiunit ome-

parop 3 o6nactio BusHauenHs D (A) =B, < B, i o6aacTio 3HaueHb
R (A) = B, — B,.

Po3rasiHeMo 3ajauy BH3HAauYeHHA eeMeHTa « € B, 3a 3ajaHum ene-
MeHTOM f € By 3 oneparopHoro piBHAHHA

Au={. 1)

Onepatop A BH3HauaeTbcs, MO-Meplie, CBOEIO 06/1AcCTIO BH3HAUEHHS
D (A) i, no-npyre, npaBuiaoM, 3a IKHM KoxkHOMY eneMenty 3 D (A) cra-
BMTbCA Y BianoBigHicTh epunmil enemedr 3 R (A). [Ipu noctanoeui 3a-
Jay MareMmatHyHoi di3ukn yacto 6yBa€e KOPHUCHMM PO3AIJMTH 1i ABi ua-
CTHHH o3HauenHA omepatopa A. Toai mocranoBka 3apaui (1) uaGupae
BUPASIRY

Au=F[(x), x€Q, @)
au = g(x), x€0Q,
Ae @ — omneparop rpaHuyHOi YMOBH.

ilpmma@ 1. KpafioBa 3anava
—u(x)=f(x), x€(0, =L, @3
u(@=0 w(l)=1 @)
aanucyetbest y Burasmi (1), Axwo omepatop A sagati: 1) fioro o6iacTio BH3HAUEHHS
D (A), axa cknanaerscs 3 fBiui HenepepBHO HXHepeHUiflOBHHX GYHKIIM, WO 3aA0BOJB-
HMOTE YMOBH (4); 2) 3a npasuaoM Au = —u” (x), u € D (A). L 3anaza sanucyerbcs y
purasai (2), Akwo nosHauutd Au = —u" (x), u € C? (0, 1),
{ u(x), x=0,
ay =
u (x), x=1.,

Beaxarumemo, wo 3agada (1) a6o (2) nocCraBieHa KOpeKTHO, TOGTO
Adsi 6YAb-1KOTO [ € R (A) BoHa Mae eANHUI PO3B’SI30K, W0 HENEpPepBHO
sajexutb Bid f. OcTaHHe o3Hayae, wo koan Au, = f;, Au, = [, 10
fur = h SKC I/ —faly me crana C ne sanexxurs Bin wy, Uy, fy, fo

[llo6 moGynysaru ais 3afadi (1), (2) ciTkoBuii MeTOR po3B’A3yBaHHs,
Tpe6a BUKOHATH HACTyNHi TPH KPOKH: 1) HenepepBHi o6.1acTi 3MiHH
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¢yukuit Q (Q, Q) 3aMiHUTH NeAKUMH AMCKPETHHMH (CITKOBHMH) 06-
AACTAMH @y (©4, V4); 2) npocTopy (yHKIiA HenepepBHOTO apTyMeHTY
B,, B, B,, By 3aminuty npoctopaMu CciTKOBHUX OGYHKUiA Bin, Ban, B,
Box 3 HopMaMH || - s, | - los, 3a8aHUX Ha ciTUi 0y; 3) onepatop A (abo
A, a B (2)) saMiHNTH JesiKHMH CiTKOBHMHM onepatopamH A, (4, a,).
B pesayJabrati npuxoauMo o ciM’i onepaTtopHUX piBHSAHD

Aoy = @y, Un€Bm, @,€ Bop, (5)
siKa 3aJeXKUTh Bill napamerpa h, a6o AJf MOCTAHOBKH (2)

Al = @ (X), X €y, ©)
aply = Gh (X)) X € Vp.
Cim’a oneparopHux piBHAHDb (5) aGo (6) Ha3MBaEThCA CiTKOBOIO CXEMOIO
Jia 3apadi (1) a6o (2).

Posb napamerpa h B (5), (6) Binirpae gesika pyukuin 8il napamerpis,
IO BU3HAYAIOTb CITKH @, ®y, Y. SKWO, HanpHRaad, o, = {x; =
=ih:i= 0, N, h = I/N} — pisHomipHa ciTKka, iKa MOKpHBae BigpisoK
{0, 11, To uumM napamerpoM e Kpok citku k. Ian HepiBHOMipHOT CciTKH
1 N

0 ={x:i=0 N x,=0, xy =1, x; — %y = h,, t)‘,lh, = 1} posin

h Moxe BizirpaBaTu AefKa HOpMa BeKTopa KpokiB citku (hy, A, ... An),
HanpukJag b = max h;. Hasi piBHOMIpHOT CITKH MO KOMXKHOMY H aNpSIMKY
i=I.N

ciTKH (.Oh =(—l)hl X (l)hx, (thl = {xa = i“ha . l’m = O, Nq . h“ = la/Nq}'
a =1, 2, fKa NOKpHBae NPAMOKYTHHK Q = {(x;, x) 10 < %o < o,
a=1,2}, 3a h moxna B3aru h = max (hy, h,;) a6o h = Vhf + ki
1T, A
o citkoBoro MeTopy po3B’sisyBaHHs 3afadi (1) a6o (2) cnip Bimnec-
TH TAKOXK CIOCi0 MOPiBHAAHHA eJieMeHTIB HpocTopiB B; Ta B)s, afke HAc
LiKaBHTb TOUYHiCTb, 3 AKOI PO3B’sI30K piBHAHHA (D) abo (6) Habsukae
po3B’sn3oK piBHsiHHA (1) abo (2).
Cnoci6 nopiBusinus eneMeHnTiB B, i B), BU3HAYaeTbCH 32 JONOMOrOIO
ciM’t minifiHux oneparopis Py, 1 By — By Takux, wo
Puhu=u,Bn Yu€B, (7)
lim | Piaufin =Yy
h+0

s yMoBa Ha3UBAE€TbCA YMO80H0 Y3200 HCeHMR HOPM | - 3 1| - fin SKiO
onepatopi Py, BU3HaYeHi, TO MOXXHA FOBOPHTH NpPO 361KHICTL eJeMeHTIB
v, € Bin 1o nesikoro esementa 4 € B, y TakoMy po3ymiHHi:

2zathn =\vy — Pinttllin =] vy — ttyin -0 npu h—0.
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SAxmo u — posp’asok (1) aGo (2), v, — po3B’sA30k (5) abo (6), 1O Be-
JIHYHHY

2, = U, — Pt = v, —uy

HAa3HBaIOTL noxubxow cimkosoj cxemu (5) abo (6).

Kaxytb, 10 po3B’a30K ciTkoBol cxemH (5) abo (6) 36iraeTbes 10 po3-
B'n3Ky 3anaui (1) a6o (2) 3 msuakicrio O (™), a6o Mae NOPAAOK TOY-
Hocti m > 0, IKUO NpH AOCHTL MaJHX h <C h, BHKOHYeTbCSl PpiBHicTh

124 lin = 105 — wslin = O (A7),
abo, 1o Te came, HepiBHiCTb
) 2n e k™,

e ¢ >0 — crana, sika He 3a/leXuTb Big hA.

3asnauuMo, WO icHYOTb # iHmMI cnoco6H NMOPiBHAHHS eleMeHTiB 3
B, i B Hanpuknaa, ¢yHKuioo v, MOXHa JOO3HAYHUTH B yCix TouKax
ofnacri €, AKa NMOXKPHBAETHCH CITKOIO ®y, i 3HAUTH HdesKy QyHKLUiO He-
nepepBHOrO aprymenty v (x), x € Q. Hexait B; — HopmoBaHuii npocrip
¢dynkuifi HemepepBHOroO apryMeHtTy X, 3aiaHux B obnacti Q,i v (x) —
— u (x) € B,. Toxni MoxHa roBopHTH Npo 36ikHicTb esleMeHTIB U, € By
Jo ejeMeHTa « € B, y Takomy posymiuni: Jv (x) —u (x) |, > O npu
h—0.

CitkoBa cxeMa (5) Ha3HUBa€eTbCS KOPEKTHOW, fKLIO BOHA MaE€ eAMHME
PO3B’A30K i € cTiiiKowo, T06T0: 1) ANs 6ydb-9KOTO @4 € By, icHye enunuit
pO3B’si30K U, piBHsAHHA (D); 2) po3B’A30K U, piBHAHHA (D) HemepepBHO
3aJIeXHuTh BiJ @,. OnHO3HayHa po3B’si3HicTb cxemHu (D) o3Havae, WO ic-
HY€ omeparop At i v, = A_'cp,,, a crifikictb O3Hadae, WO omneparop
Ay' 1 Boyw — By pisnoMipo no A ofMexenmit, To610 | Ay'|< %,
e ¥ >0 — crana, HesanexHa Bifx h. Taxum uMHOM, AN KOPEKTHHX
CiTKOBUX CXeM

0alin <1 A7 1) @ bop < %] D o
abo |
105 e << %] B o ®

Ila nepiBHicTb Ha3MBaeTbCs ampiopHOIO OLiHKOW AAA cxemu (5) ao He-
piBnicTIo KopekTHOCTi. BH3HaueHHA TakuX OLIHOK € MeTolo Teopii criif-
Kocti pisHHueBHX cxeM. Uacro HepiBHicTh (8)” masuBaeThbCsi TakoXK He-
piBuictio crifikocTi cxemu (5). Cxema, 415 Kol BHKoHYeTbesi (8), € criit-
kow. CrifixicTh cXeMH MOXHA TIyMauuTH $iK HeNepepBHY 3aJeXHICTb
i pos’asky Bif Bxiguux ganux. HiiicHo, skwo 4,08 = @}, 4,0 =
— o ey O
¢n, 10 A, (U Ui') = @a cpﬁ, i 3 (8) BunanBae, 1o
lof" — ol < %] @4 — PPy
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CrifixicTb ciTkoBOi cxemu (6) BH3HauaeTbesd HepiBHicTiO
“ vh llmh < ul “ (Ph “(l)h + K2 “ gh i‘n’h’
ze crani %y, x, He sanemath BiL i, al i, | - loy | -Jy, o3HAuaoTs
HOPMH y NpocTopax CiTKOBHX OYHKIUiH, 3aJaHuX BifnoBiHO Ha @,
Opy Vo .
Jas1 noxubkn 2, = v, — U, MaeMo piBHAHHA
Anzy =Py, 2,€ B, Yn€ B, 9)
ze ¢, = A, — Apuy, = ¢, — Ayu, Ha3UBAETBCA NOXHOKOIO aNMpOKCH-
marii piBHAHHA (1) ciTkoBoio cxemoio (5) Ha pPo3B’A3KYy u BHXigHOI 3a-
naui (1).
Y Bunagky cxemu (6)
Anzp = Yo, (x), xE 0y ')
a2, = Py, (X)y X€Vh
1e Yo, = Aty — Aplts = @n — Apitn, by, = g — o, = av, —auw, —
BiANMOBIAHO NOXHUOKH anpokcuManii piBHAHHA Ta KpafOBMX YMOB.
CitkoBa cxema (D) Mae m-ii MOPANOK. aNpoKCHMANIl Ha ejeMeHTi
u € By, axumo npu h << h,
- m
L Psllon = § @ — Aptty ln = O (A7), (10)
a6o

“ ‘pﬁ “2'! < Mhm’

ae crana M ue sanexutb Big A. Skmo P, (x) = O (™) abo | ¢ (x) | <

< M (x) K™, x € 0, TO KaXKyTh, W0 CXeMa Mae m-H NOPAAOK JOKaJbHOI
anpoxcHMarii.

Binmoeizno 3amaua (6) anpokcumye 3ajauy (2) 3 mopAgkoM m Ha
pO3B’A3KY u, SIKWO icHYylOTh RodatHi crami hy, M;, M, TaKi, ito AaA Beix
h << hy BUKOHYIOTbCAI HepiBHOCTI

i Po, lo, =1 Ay — @ lorSM A, (10)
1oy, by, = | @iy —gp o sSM hme

i m = min (n,, ny) (n,, n, — BilNOBiAHO MOPAIAKH anpoKcHUMaNii piBHAH-
Hsl Ta KpalioBUX yMOB).
Hexait BH3Haueno omepatopu Py, ;i By, — Bo, Taki, mo

Ponf = [y € Bon,
i BUKOHaHA yMOBa Y3ro[XKEHOCTi HODM

Lim || Ponflon = | g
h->0 ’
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fixuto a1 6yAb-siKoro u € B, BHKOHYeTbCAl OLliHKA
1Ay (Pint) — Pon (Au)len = O (A7), (1
TO KaxyTb, o oneparop A, anpokcumye onepatop A 3 nopsiakom m > 0.
Arkmo ¢, anpokcumye f € B, 3 ftopsakom m >0, To npx Bcix gdo-
CTaTHLO MaMuX h << 'hy CIIpaBAKYeTbCA PiBHICTH
| @4 — Ponf fon = O (A™). (12)

HeBaxkko momituTu, wo koJan BHKoHYloTbCA ymoBH (11) i (12), To pis-
HHLeBa cxema (D) Mae m-#i nopaAOK anpokcHMalii Ha po3B’A3Ky u piB-
HauHg (1). CnpaBai,

Inlon = | @y — Ayt | =1 @y — Aptty + Pon (Au) — Pouf | <<
< 9 —Pauflon + 1A, (Piatt) — Pon (Au) fon = O (™).
AnaJsioriudi 0o3HaueHHn MOXKHA JaTH i AAA TaK 3BaHHX HecralioHap-
HHUX 3ajay, HanpHKJIam;
-f,,i'-k Au=f, dl=o=9® (13)
a6o (anajgoriuHo (2))
% + Au =f (xr t): (x»t) E ngb

au=g(x), x€QXQ, (13"
u(x, 0)=09(x), x€Q.

M puraad 2. Axwo onepatop A 3agaTH mepiunM cHocoGOM 3 MpAKIazy 1, To nouar-
KOBO-KpafioBy 3ajauy Ajsi piBnsiHHA TemsonpoBinnocTi 3anuwemo y suraapi (13)

ou_
S — =l 0, x€Q=(0,1), 1€Q,=(0 T],

u(0 y=u(l, =0, fEQ,

u(x, 0)=¢9 (v, x€Q.
SIkmo A Ta @ 0O3HAUMTH IPYrHM criocoboM nNpukJiIany 1, TO AicTaHEMO MOCTaHOBKY
(13').
‘Anpokcumaniio 3agaui (13) aGo (13') moxHa 311iﬁc1~m'm B JBa

erany. Crioyatky Mo 3ajady anpoKCHMyeMo B o6Jacti 0),, X Qp (0 U
U v) X ;) sa npocTopoBuMH 3MinHUMH (TOGTO 3a BCiMa 3MiHHHMHY,
Xpim uyacy). B pesyabrari npuxoaumo mo Aesko! AWdepeHiliaqbHO-CiTKO-
BOi 3anaui

av 0
5+ A= @4 Uy le—o = O (14)
(anagqoriuydo aaa (13 )), fIKa € CHACTeMOIO 3BHYalHHX - AudepeHIialbHUX
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PiBHAHb 118 KOMMIOHEHT CiTKOBOI PYHKLIT v,. Takuit MeToR anpokcumanii
HA3UBAETbCA e Memodom npamux (IuB. ra. 6).

Hani pas cupoUleHHs OMYCKaTHMEMO iHAEKC K i BBakaTHMeMO, WO
onepatop A, = A He 3anexutp Bill yacy. Ulo6 anpokcumyBatu 3ajauy
(14) 3a yacoM, BBE1EMO CiTKY g, TOOTO MHOXHHY BY3JiB § = jt, j =
=12, .., i 3HOBY 3apajJM CNpoOleHHs MokJadeMo @f = @ (¢;). Toai
(14) MoxHa anpoKCHMyBaTH, HampHK/JIaj, SABHOIO CXEMOI NepuLioro mo-
PAAKY ampokcHmauii 3a dacom

i+l i ; .
L Y + AV =9/ j=0,1,..., °=0q0, (14"
T

260 HEIBHOIO CXeMOIo
i+t i : C
LU 4+ Avitl=¢/, j=0,1,...,

T

©)- 14"

V=99 ¢ =) (147
Po3p’a3yioun 1i cxeMu BiiHOCHO HeBigomoro u/t!, MpUXOAHMO XO peKy-
PEHTHOTr0 CHiBBiJHOIEHHA

vt =Tv 4s¢/, j=0,1,...; v0=¢q0O, (15)
e T HasnBaeTbCs ONEPAaTOPOM KPOKY, a. §-— ONEpaTtopoM Kepesa,
Its cxemun (14°) Maemo
T=1—7A s=l,
AN
a aa cxemn (14") —
T=(+1)", s=T.

PisnuueBi cxemu Burasny (15) ana esomouifiHux (3agexHuX BiX uacy)
3allay Ha3WBalOTbCH [ABOX ApycHHMH. Ha mpakTuui yacTo 3acTocoBYIOTb
cXeMy Apyroro MOpPAAKY anpoKcuMmauii (3a gacom) — cxemy Kpanka —
Hikoacona

i+ i i+l ol
2 T . A . 2—'-0 =q)i» I=q)(t1+_%‘)’ 00=(-p(0)’ (]41”)

Ky MOXHA NofaTH y BHrasai (15) npu
=(1 + -;—A)_l (1_ A, s= (1+ _'2-A)".

Y IKedKHX BHOajgkax (aus., 'HaNpuKAak, . 2) cirkoBi piBHAHHA
(14') — (14™) spyuno 3anKCyBaTH Y BHUIVISIA OAHOTO ONEPaTOPHOro piB-

HAHHA B CiTKOBift 06acTi war = @y X ({0} U o)
ApUne = P, (16)
abo y BHMLJAAL cHcTeMH ABOX piBHAHDb, 3 AKHX OJHE aNmpPOKCHMYyE came
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pisusnas (13') Ha ciTi ©a = ©, X @, a Apyre — rpaHHuYHy yMOBYy!

ApUne = Qpy HA Op,

QpUnt = Ghe H2 Yri =0y X {0} U v, X 0y, (16")

npHYoOMy
ﬂAh‘t (u)ht - (Ph'c‘“mh.: < Mlhn + Nl'[p,

(7
lam (u)h‘t‘—ght"‘vh-;<1”2hn + N2Tp-

Ze |+ Yoper b o | vy — AeAKi HopMu y mpoctopi dyHKuiff, 3agaHux Ha
CiTKax ®pr, Yac BIANOBiAHO, (-)s: — ONlepaTOp HPOEKTYBAHHA Ha BIiAMO-
BiAHMH ciTKOBHH mpocTip. SIKINO cxeMa AJf HecTalioOHapHOTO piBHAH-
Hsl 3anucaHa y Buraaai (16) a6o (16°), To if ctiiiKicTo MOMHA O3HAUHTH
TaK, K i paniue.

ko cxemy sanucano y Buriasai (15), To BoHa HasuBaeTbcs cmid-
Koo, KoM npu Oyap-akomy h i j << T/t cnpaBegnuBa HepisHicTb

b o, < Cill @ "wh +Clo lone (18)

ge craai C,, C, piBHOMipHO ob6mMexkeni Ha O <C £ <C T i He 3a/nexartb Big
T, h.

[le o3HaYeHHs TAaKOXK O3HAYAE HeNepepBHY 3aAEKHICTH poas A3KY
cxemu (1) Bil BHXINHMX RaHHX. Hicro, uexait v 12 v, — po3s’a3ku
(15), ski BinnoBinaots BuXianum fangm @9, ¢ T1a @, @, BianosiaHo.

Toni ana pisuuui e/ = vl — vl
gt =Tel +15(9' — @), j=0,1, ...,
e = 9O — g,
Banai 3 (18) maeMo
o/ — o low < C, ) 9@ — P loy + Call @ — Py oo

3BiAKW BHIJINBAE, IO MaJi Bapiauii Buxiauux aanux ¢©® ta @ crpuuu-
Hs1I0Tb | Mani Bapianii po3s's3ky v.

fIxkimo cxema crifika npy goBinbHHX T>>0, A>0, TOo BOHA Ha3uBdeTbCA
abcoaromuo cmilikoro. SIKIo crifikicTsb (T06T0 (18)) mae micne Jsmwe npu
neBHifl 3anexHocti T BiA £ a6o mpu iHWIKX 06Mex<eﬂuﬂx Ha T, TO Taka
CXeMa Ha3HBAETBCS YMOBHO CIMILIKOIO0.

3a3HaunMo, 110 B JiTeparypi 3ycTpivalotecsa #
KOCTI.

Hocnimxenns 36iXHOCTi CiTKOBOTO po3B’'A3KYy IO pO3B’A3Ky BHXiA-
Hoi 3ajaui 3AifCHIOETbCA 3a OAHielo i Ti€lO caMolo cxemolo i Aasa crami-
OHapHHX | HecTalioHapHHX pPiBHsHb. TOMy OCHOBHY ileio posrvsiHemo
Ha npukaaji cxemd (D).

o

iHIli O3HAYeHHHA CTiii-
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ko pisunnenBa cxema (5) KOpeKTHa, a 4 — po3B’A30k 3ajaui (1),

10 3 (8) BHUNMJHKBaE, 1O

i 28 i << % | i o
3Bilicn po6MMO BHCHOBOK, fIKHA iHOAI Ha3HBalOTb meopemoro Jlakca —
®iainosa.

Teopema. fIxujo cxema (5) xopexmua i anpoxcumye sadawy (1), mo
pose’ 230k 3ada4i (B) npu ! h | — O 36icacmuca Go poss’asky u sadaui (1),
nputomy nopacox wweudxocmi 30ixcHocmi (NopadoK mounocmi) cxemu
36izaemeca 3 nopadkom noxubxu anpoxcumayii Ha po3s’asky u sadadi (1),
abo, inwumu caosamu, i3 cmidkocmi { anpoxcumayii cxemu (D) eunausas
i abincricmo 0o pose’asky u pienanna (1).

A. ©. dininoB 1aB o3HaueHHA CTIHKOCTI AJA JOBINLHHUX CiTKOBHX
3aaau S

AniUht = Py

K piBHOMipHOT o6MexeHocTi onepatopiB (Ax) ™ i ZoBis, mo i3 anpok-
cumaunii i crifikocti BHnIMBae 36DKHiCTb PO3B’A3KY CiTKOBOI 3afiaui fo
po3B’ Asky nudepenniaabhoi. [1. Jlakc 3anponoHysas AJsi KOPEKTHO Io-
CTaBJIeHUX HeCTau.iOHapHHx 3aja4 o3HaYeHHs anpokcHMalii i crifikocri,
NpH SKUX CTiliKicTb Mae Micue pasom 3i 36ikHicTIO, KUIO CnpaBelIHBa
anpoKcHManis.

TakuM yutoM, Joc/ijKeHHs 36iKHOCTI ciTkoBol cxemu (D) i 3n06yT-
TA OLIHOK MIBHAKOCTI 30{KHOCTI MOXHA PO3OHTH Ha [Ba eTanui

1) mocsizKeHHs KOPEKTHOCTI CiTKOBoi cxeMH (5), TOGTO BCTaHOBJEH-
Hn anpiopHoi ouinku (8); 2) nocaifxkenus nopaaky anpokcumanii. Haii-
yacriwe B;, B, 4Ba410Tb co6010 HODMOBaHi mpocTtopH GYHKIiH Hene-
PepBHOTO apryMeHTy x, IO 3MiHIOeTbesl B Aeskiit o6aacti Q. Idas no6y-
nopH mpoctopiB  Biu, By obsacte €2 NOKpHBaIOTb AEAKOIO CiTKOO
i 3a Bin, DBon BHOMpAIOTh NPOCTOPH CiTKOBUX (DYHKLIill AMCKpeTHOro ap-
TYMEHTY X € w, 3 BilMOBiZHOIO HOPMOIO.

SIK npukAagM ciTOK, WO MOKPHBAIOTH 06aacTb Q = [q, bl, My Bxe

po3rjalianu piBHOMipHY ciTKy ®; = {x, txy =a-+ihi=0 N, h=

= (b — a)/N} i HepiBHOMIipHY CiTKY a),, =X 1% =X + by X =

=a,i=0, N, hy = x; — %, 2 hy =b — a}. PoarasiHeMO npHK-
najd Bubopy npoctopiB Bin, Bow 1 onepaTopls Pu,, =1, 2.

I puraad 3. Hexah B, = Cla, b] i m;, — HepiBHoMipna ciTKa, fKa NOKpHBae

la, b]. 3a B), BuGepemo HOpmoBaHMA mpocTip CiTKOBHX QyHKILIA C(coh) 3 HOPMOI0
| v]lcf“; ) max [ v (x)|. Oneparop P, BH3HAUMMO plBch‘ﬂo
x€w

(19)

Plu=up=u(x), XEOn,
Hepaxxko MOMiTHTH, IO YMOBA Y3roJXKeHHA HOPM (7) BHKOHYETHCH,
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M puraad 4. Hexahlt B; = C! [a, b] 3 nopmoro || ul; = max | u (x)}+ max | u’ (x) |
~ x€la,b] x€[a,b)
1 pievomipHa citka @y mokpuBae [a, b]. 3a By, BnGepemo npoctip citkoBux dynkuif 3l
HOPMOIO
lvly,=max|o(x)|+ max | (v(x+h —uv(x))/h),

X€Q, x€wy

ze o ={xg=a+1th, =0 N—1, h=(b—a)/VN). Oneparop P, BusHauHMO
dopmyaoio (19). 3 peayasraris n. 2.9 BunHBae, wo y sunaaky 4 € C? [a, b] = B,

max |(u(x 4+ h) —u(x))/h}= max |ux(x)| = max |a’(x})| npr h—0,
x€0y xew, x€(a,

TOMY yMOBa Y3rOJMMeHHA HOpM (7) BHKOHY€TbCH.
H puxaad 5. Hexah B, = L, [a, b] — npocrip wenepepshux ¢yuxulfi s nopmoio
1/2

b .
nfu.=[§f° (0) dt

Moxpusaemo [a, bl piBHOMipHOIO ciTKOlo- wp i 8a By, BHOepemo npoctip ciTKOBRX dyHK-

i 3 HOpMOIO
100z =( Y hot (x))'”.
XEWy, ’

a 3a omepatop P,, — orepatop, MO BH3HAdaeThCA (HOPMYJIOIO
x+h/2
Pyf=fa=4"" \ f(Odt, x€ap
x—h/2
Hesaxko nomiTHTH, WO YMOBa Y3romkeHHA HOPM (7) BHKOHYETbCH,

Yacro HopMH B B,, Bj; BBOAATbCA 3 ypaXyBaHHAM BJIaCTHBOCTeIl
onepatropa A. flxmo A — gonatHu# i caMocnpsikeHH#i onmeparop, To Ha
D (A) = B; MoxHa no6ynysaTi eHepreTHUHHA rianbeptiB mpocrip Ha,
saMKHYBWH D (A) 3a HopMmoto | uha = V (Au, u). MoxkHa Takox mo6y-
AyBaTH CiTKOBH#l aHaJoOr uiel HOPMH 3 ypaXxyBaHHAM BJacTHBOCTell ome-
patopa A, TaKHM YHHOM, W0 Gyle BMKOHYBAaTHC YMOBa Y3TFOIKEHHS.
SIkmo oneparop A, mXonaTHuii, camocnpskenudl i icuye An', To mas
JocliKeHHA KOPEKTHOCTi CiTKOBOI 3anaui yacTo BHKOPHCTOBYIOTb Hera-
THBHY HopMy | v | ;' = V' (4; v, v). BuGip HopMH B yciX BHMaiKax Bu-
8Ha4YaeThbcA 3 OAHielo METOIO — BH3HAYNTH 36iXKHICTb i NOPANOK LIBHAKOC-
Ti 36ixHocTi ciTkoBo! cxemu. OcTaHHe 3aneHTh K Bii BHOGOPY B,
TaK i Bgn, a Takox HOPM B HWX. BuGupatu ix Tpe6a TakHM 4MHOM, HI06
abepiranacs crifikicte i Mana micue anpokcumauis SKoMora BHIIOTQ MNo-
pALKY. -

PosrasHeMo npHKJAaj cTifikoi cxem.
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Il puraad 6. Hexalt sanano pisnnueBy xpafioBy aagauy

s Yip1 =29+ Yy

xe i X =—@, (=1, N—1 y=0, yy=0 (20

Hexalt B, = Hp — npocrip citkoBax ¢ynkuid, saganux ua citul @p = {x; = ih:
=0, N} i piBuux Hymo Ha rpaunui O, 10610 Yy = Yy = 0. Busnaunmo oneparop A;.
3a JOMOMOTOK0 PiBHOCTI

(Ahy)l=—!/- » =1, N—' L !IEHh.

xx,i
Toni Buxigny 3anauy 3anuuieMo y BUrMIsiLi ONepaTopHOro piBHAHHS
' Anyn = Qn. (21
Y npocropi Hp BBeaemo cxkaasipuuft no6yTok
' N~I

(y, v) = }: yiv,h.

Oneparop A B Hp, camocnpsikeHn#t i 10naTHO BH3HauUeHHA, MPHYOMY
Syl < (Any, ) EANYI® W Y€ Hp,
e 8 i A — nafimenme | Hait6inbiue BacHi sHauewHd oneparopa Ay, moO AOPIBHICOTH

4 _ _nh 4 nh
=@ st =g, A=|Apl= 7z cos’ 5~

(zwe. 1. 1.4.4, 1, 1). 3siacH BunAHBae, WO
ATy P <(Ax'y <8y, 147TIS
IJe o3nauae, w0 HOpMa ofepHeHOTo onepatopa piBHOMipHO nmo h obGMexeHa, ToOT0

I Ah—’ ||<b—l<§, i Mae micue-anpiopxa oninka

_ 1
Il <8 leri<—g lonh

fiKa BHpaxae crifikictb cxemn (21).
Lo camy OniHKy MOXHA AiCTaTH MeTOAOM eHepreTHUHHX HepiBHocrefi. [loMHOKHMO
piBugHH (21) ckanapro Ha yp: (Apyn, Yn) = (Pr, yn). 3actocoBytoun opmyay miacymo-

BYBaHHS YacTWHAMH, MaeMo (Apyn, yp) = | yh]%] . Kpim Toro, BukopucroByiwouH pe-
syawratd 0. 1.5, 4. |, nicranemo 2“"):’

NS | .
H(Pr, yn) 1 <1 @ I'L!("‘h)" !/h"L.((,,h) V-8|| (Ph“[,,(mh)|yh] on)
Takum 4uHOM,
1
' o < . 22
Yn |W;((I)h)\]/8 1 Pr “L’(‘"h) (22)
Bpaxosyrouu, 1o H‘Ph“[,,(mh)SN onlc ©p)" i TeopeMy BKaajenns (zuB. JeMy 2

1
sn. 1.5, 4, | <5 o3 . s JICTAHEMO ORIHK
)|l!/hﬂcwh)\ ) lyn]Wé(mh) y

. 1
Lorlcw, < W2 lon o, (29)
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Ouingn (22) i (23) supaxatots crifikicts cxemn (21) npu pisnomy suGopl npocropis B,
I By,. ¥ nepumomy Bunagxy By, = V}; (op) — npocrip citkoBux dpyHkuill, 3agaHuX Ha

©p, | piBHUX HymI0 HA TpaHuui 3 HOpMOW | - |]‘%1 =|-f , , B IPyTOMYy BHIaIKy
o(®p) Waop)
B, = By, = C (a).
M puraad?. PosrasHeMo mpuKJax HexopextHoi cxemu. Hexaht B (21) sapamo yp
i TpeGa suafiTi @y, Lo 3afauy MOXXHA SanHCaTH y BHIVISAi ONepPaTOPHOTO PIBHSHHSA

Bupn =yn, Bu= A7 (24)

) —1 4 nth

Ockinexn || By | =| (4 )" | =0Anj=A= 3 cos® 5~ —o0 npu h — oo, T0
aopecTH HepisHicTh (8) 3 HesanexHolo Bif-h cTamoio x npH h— 0 He MOXKHa, X04a

I on— onl <! By § vn — all,
ae 6’11 — po3B'A30K piBHAHHA th’p;;, = !;h. OckinbkH || Bh_l j— 0o mpu h—0,TOV M,
He 3aJexHoro Big h, Moxua Bka3atH h, (M) Take, mo | B,Tl > M npu h < hy (M) i
I By << M npn k> hy (M). Orxe, npu h> hy

Non—Qrl <M yn— ynl.

Cxema, Al AKOi BHKOHYETBCSI TaKa YMOBa, HasHBaeTkcsl Keasicmidkoro. [lokaxemo,
IO BOHA HE 3aBXAM TMpPUAaTHA A NPaKTHYHOTO 3HAXOMKEHHSA Qp -i3 3agaHOI0 TOuYHicTIO

€, AKWO yp 3ajaHe 3 TOUHICTIO &y, TO6TO || yp — yn| < €. [ocArTd HeobxigHoi TouHOCT
MOKHA, AKHI | B,,_' | 8o << e. 3BiacH xicranemo monycrumuHA Kpok citkM & > hy (e/eg).
IMpoTte Moxe cTaTHcH, IO TaKa YMOBa He MoXe OyrH BukoHana. [Hificwo, s 3apaui
(21) ymosa | B;! || &y = Aey < & BukoHyeTses, AKmo 4ey/h? << €, a6o h > hy = 2V e fe.
Sxmo e, = 1/4 . 10_4, e = 10"“, T0 hy = 1, i OCKiNBKH PO3B'A30K WIyKalOTh Ha Biapis-
Ky [0, 1}, T0 TouHOCTi & = 10~ ne Moxna JOCATTH Ha XOIHiA citui.

HaeaeMo npukaann oniHok noxubxu anpokcumanii i ToyHocri citko-
BOi CXeMH.

"I puxaad 8. PosrnsneMo pisnuueBy cxemy (20), (21), Aka anpokcHMye KpafioBy
sanavy :
Lu=—u"=f(x), 0<x<I, u(0)=u(l)=0. (25)

Hexaft f(x) € C2[0, 1] = B,, toaiu (x) € C4[0, 1] N ¢ [0, 1] = B,. Kpim Tor0, B, =
= Z‘(&)_h), Je & (©}) — MHOXHHa dyukuif, 3ajanux Ha cirui @p ipiBHMX HyTI0 npn
x =0, 1, By, = C (wp). Oneparopu P,;, P,, uGepemo y surnazni (19). 3anaua (9) fan
noxubka 2p=yp — P,u =y, — up HaGepe BHUTAALY
Aptn=—(2n), = Vn(x), x€0p, 2,(0) =2 (l)=0,
ze
. i
Vo) =n () — A =0+ u;, =0¢+ (u" + 15 h’u“’) =

h2
= (¢ +#) + 3 uNE)=¢— [+ 0 (4?),



60 u” = —} (x). 3sigch BunauBae, wo || Yu l, = O (h?), Koan moknactn @ = [ abo
= f 4 0 (h*), Jaxai, B cuny anpiopuoi oniixu (23), nicranemo

I2a lc =1l yn — unlic = O (h%).
Yacro moxubky anpoxcumaiii 3pyuHo nojard y Burasaal
Yr = Oy — Aptty = (9 — Aytty) — (f — Au), =
= (9p — fr) — (Anty, — (Au),) = Y -+ 'll’f)
3 ypaxysanusam toro, mo f — Au = 0. Tyr V) = —A,u, + (Au), —

noxu6ka anpokcumauii omepatopa A omepatopoM A, HA PpoO3B'A3KYy u
sapaui (25), Y@ — noxubka ampokcuMauii npasoi yacTHHH. Bumora

Py lon = O (W™) BuKoHana, saKO | Ph fon = O (™) 1 | P& |on =
= 0 (h™). Oanak Ui yMOBH He € HeOOXIAHWMHM ANA OUIHKH | Yy fon =
= 0 (h™), npo wWo CBiZYUTb HACTYMHUHA HPHKJAA.

Has sapaui (25) 3HOBY po3arasiHeMo cxemy BurJasay (20), ate 3 iH-
f1I0I0° TIPaBOK> YACTHHOIO

=7+ l_lghaf;x-
BeaxaTtumenmo, wo u € C* [0, 1] N ¢ [0, 1], a6o f € C* [0, 1]. Toni
\Pf) = ¢h — =03,
Y = — Uz, + 0" = g B 0 (h) = O ()
Pasom 3 THM

=+ =9 — f+ u”’+0(h‘)—— 12 (Fx +u') +

+0 ()= 12 (f"+u") + O (hY).

Ockinpky u!V 4 f* =0 B cuay pisHocri u+f(x)=0, 0 §, =
= O (h*). To6to cxemMa Mae ueTBepTHi NMOPAJOK ampokcHMauii.
Slgwo B (1) omeparop A e Heninifinum, 101 A, B (5) 6yne Heniniii-
aum. Toxi
Apvy — Aty = P,

ne ¢, = @, — Au, — noxubka anpokcumauii. 3Bigcu

hzh ‘ph.v (9')
ne 2, = v, — U,, a JiHiiinuK onepatop A,, 3ajaeTbca GopMyIoI0

l .
A, = SA" Uy + 0 (vs — uy)) S,
i

a8



¢ . . 4 .
Ze Ap — moxigna ®peute Bin onepatopa A,. Inoai spyumime o6uncio-
BatH noxifgHy I'ato, fika Bu3HAYaeTbcA (opMYJI0I0

’ — Tim _An (o + th) — Ap (xo)
Aitagh =ty ALl

3asnaunmo, o 3 AudepenuifioBHocTi HeaiHifiHOro onepatopa B po3y-
minHi Ppeme BuUn/nBac Horo AudepeniLlifioBHicTh B posyminni Iato, aae
HE 3aBXKJ{ HaBNaKH.

[Micnn sHaxomkeHHs JiHifHOT 3afayi Ana noxubku (9), (9°) nocai-
JUKeHHS HesliHifiHOT CiTKOBOI cXeMH BifOyBaeTbesl 3a Ti€l0 CaMOIO METOAH-
Kow, 1o # JiHilHOI.

Osnauenn a Cxemy (B)3s HenirifiHuM onepaTopoM A, Ha3HBaIOTh
cmidkoro, AKWO AAA Po3B’A3KiB 3ajay

A=, Ay =9,
BHKOHYETbCH OLiHKA

191 — yalie < CV @1 — @y fon, (8"
Je crana C He 3aJIeXKUTb BiX Yy, Yay P1, Par A.
Ias ainifinoro omeparopa A, o3nauenus crifikocri (8) { (8') eksi-
BaJIeHTHI.
BpaxoByiouu ToToXHicTh A,u, == A,u, 32 yMOBH cTifikocTi HeaiHiil-
HOl cxemu (5), Ana 2z, = U, — U, MaTHMEMO OILIHKY

12, 1n << Cll @ — Aty Yon = C iy s

Takum unsom, i B HeaiHiiiHOMY BUNaZKy AocaimkeHHs 36ikHOCTI i no-
PAAKY TOYHOCTi cxemu (5) 3BOAUTHCSA AC BCTAHOBJIEHHA cTifikocti, To6TO
nepiBHocti (8) a6o (8'), i Roc/imKeHHS MOPAAKY NOXHOGKH aNpoKCHMAILii.
Yacto BUKODHCTaHH piBHOcTi (9') € MPOMiXKHHM KPOKOM JI0 HepiBHOCT
(8) a6o (8).

2.2. Meroau BigwykaHns anpiopuux oulnok
(metoam pocnipmeHH KOPEeKTHOCTI
feridikocTi) ciToBUX cxXeMm)

BinmyxanHs anpiopHHX OLiHOK A1f1 CITKOBHX CXeM, fiK Lie BHIAH-
Bae 3 pe3yJbTariB . 2.1, € Bak/uBolo 3ajaueto. Ha »xasb, € He6arato
CTaHMAPTHUX MeTOAIB, fiKi LO3BOJSIOTb AJIS JEAKHX KJaciB CiTKOBHX
cXeM i ;s MeBHHX HOpM 3[00yTH Taki ouinku. Hanpuknaz, B n. 4.1 3
u, 1 Mu gictanu owiHKY pPo3B 43Ky CHCTEMH JiHiAHUX anre6paiuHHX piB-
HAHb Ay = f (B TakoMy BHIJIS/Ii 3aNHCyeThCst 6arato CIiTKOBHX CXeM)
y BUNIAJKY, KOJIH MaTpHusl A Mae cTpory niaronanbHy mepesary. e oany
ouiHKy nae TeopeMa Banaxa (auB. n. 1.4 3 u.1). ¥ Garatbox ke BHIAZ-
Kax BillIyKaHHA anpiOpHHX OLiHOK BHUMara€ JOCHTb TOHKHX i HeCTaH-
JapTHHX JOC/]iIXKeHb, SKi BpPaxoBYIOTh iHAMBiAya/nbHi 0CcOGAHBOCTI
KOHKpETHOI 3ajaui i ToMy He MOXYTb OyTH yHiBepcaJbHHMH HaBiTb AJA
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Ksacy 3afau. Huwxue Mu posransHemo AeAki Ha#npocriwi i nafinowupe-
Hilli METOAK AJ1s1 AEAKHX KJaciB 3aja4 i 419 KOHKPETHHX HOPM.

2.2,1. INMpuruun makcumymy 3a paakamu (mMeTop BiallykaHus anpiop-
Hol ouinku B Hopmi C (®p)). PosrnsueMo ciTkoBe piBHAHHA (pisHULEBe

piBHSIHHA APYToro MOpsiKy)
Ly,- = QiYi—1 — CiY; + bi.’/H-l = —9,; =1, N—1,
Yo= R, YN = Wy, (1)

3ajlaHe Ha JesKii cirui ® = {x; : i =0, N}, i npumyctuMo, MmO BHKO-
HYIOTbCS YMOBH

ai>0, b[>0, 0i>ai+b,~, i=1, N'—'l. (2)
Idas HpOro Mae Micue TBepIKEHHSA, iKe HAa3UBAETHLCA MPUHLLNOM MAKCU-
.M M .

y Té‘ieope.ua 1. Hexaii pisnuyesuli onepamop L eusnavenud gopmyramu
(1) i suronyromoeca ymosu (2). Sxuwo 0an ¢ynxyii y;, sadanoi Ha cimuyi
© i 8i0minnoi 6id cmanoi npu i = 1, N — 1, suxonyemeca ymosa Ly; >
=0 (Ly; < 0) 02 6cix i =1, N — 1,-mo ys ¢ynxyis ne moxe naby-
samu Hali6iabuioezo 000amHoeo ( Haiimerwoeo 8i0’ EMH020) BHAYEHHA Y ey
piwunix eysrax cimeu.

HoBepeunsa Hexait Ly, >0, i=1, N — 1. [punycrumo
BijJ CyNpPOTHBHOTO, IO ¥; Y AeAKOMY BHYTPillHbOMY By3Jdi i = i,, | <
< i, < N — 1, nocarae HafGiJbILIOro JOJATHOTO 3HAY€HHA Y, =

= max y; = My, > 0. Ockinbku y; == const, To 3HaiigeTbcs BHyTpiul-
0SSN

Hilt By3oa1 i, (Moxe craTtucd, WO i, = i,), B IKOMY Y;, = Y;, = M, >
> 0, a B oHOMY i3 cycifHiX By3JiB, HanpHKJaaA y By3Jai i = iy — 1, BH-
KOHY€ETbCSI CTPOTa HEPiBHICTh Yip—1 < Yi,. TOAI

Ly, = a:1,9i0—1 — CioY1,+ bt,yt.,+l = by, (Yeo+t — Y1) —
_afo(yiu _yio—'l) (cLo lo) Y, <0

o cynepeuntb yMoBi Ly; >0, i =1, N — | N —1 (Ly; = 0 B ToMy umcai
npu i = i,). Ue i noBoauts nmepiue TBeplkeRHs1 TeopeMHu. [lpyre TBep-
IPKeHHA JicTaHeMo, SKIIO 3aMiHHTH Y; Ha —Y; | CKOpHCTAaTHCA LIOHHO
JOBeJEHHM TBEPIKEHHAM.

Hacaigoxk 1. fkmo BukoHyioTbcH yMOBH (2), a TakoX Ly, <
<0,i=1,N—1, yp=20, yy >0, 10 Yy; >0 ana Bcix { =0, N.
Axugo x pasom 3 (2)Ly; = 0, p, <0, uv<<0, 10 y; <0, 1e £ =0, N,

HJdoBenxnenusda Hexaf (Big cynporusuoro) Ly, <0, i y; <0 B
AKOMychb BHYTpilHboMy By3ai { = i,. Tomi y; nocArae HafAMeHIIOrO
BiJ’eMHOr0 3HAaYeHHAl B SIKOMYCb BHYTPIilHHBOMY BY3J]i, IO HEMOXK/HBO
B CHJAY IPHUHLUHIY MaKCHMYMY.

3Bigcu GeanmocepellHbO BHIVIMBAE Take TBep/KEHHS.

30



Hacaninok 2. flxmwo ¢; >0, p, >0, p, >0, 70 po3s’sidok
sagaui (1) 3a ymoB (2) HeBin’eMumii, To610 y; >0, i = 0, N.
Hacaiaok 3. SKuio BHKOHYIOTbCA YMOBH (2), TO 3ajaya

Lyy=0, i=1, N—1; y,=0, yn= 3

Mae JIHLe HYJbOBHIl po3B’130K, a 3ajaua (1) Mae efWHHIl PO3B’A30K NpH
OYyAb-KHX @i, fy, U

Hosenedna I[lpunycrumo, mo po3e’si3oK y; 3amaui (3) Bin-
Mminnnil Bil HyAa Xoua 6 B ofHift Touui { = i,. Axmo y;, > 0(y;, < 0},
To y; JocArae Hai6inbLIoro NOAaTHOro (HaliMeHUIOro BilX’€éMHOro) 3Ha-
YeHHA B fleAKi# BHyTpiwHifi Touui i = i, MO cynepeydTb NPHHIHNY
Maxcumymy. Otke, y; =0,i =0, N.

Teopema 2 (meopema nopisuannn). Hexaii suxonyomocs ymoeu (2)
i y; — poss’asok 3a0a4i (1), a y, — po3s’asox 3ada4i

Lyy=—9:>0, i=T, N—1; p=1>0, gyv=p,>0,
npusomy | @1 | < @iy | 1 | << By | o | << g T0i cpasedausoio € oyinka

ly i<y i=0, N

JoBeReHHA. 3 Hacaiaky 2 Bunausae, mo y; =>0. Jdas y; +
== Y, Rictanemo 3ajayi Buraady (1) 3 mpaBHMH 4acTHHaMH Qo 9>
=0, By =0, py 4 py >0, Toai 8 Hacaizky 2 BumiHBae, we
Yi £y > 0. lle osnauae, mo —y; <y <y 70610 |yiI<ys
a ue i Tpefa 6yJ0 AOBECTH.

OyHKIiA y; HA3UBAETLCA MAKCOPANMOW0 A Po3B’A3Ky 3ajadi (1).
SIxio BRaeThCA MOGYAyBaTH MaXKOPAHTY, TO Lie O3Hayae, M0 BIAXICH
BilyKaTH Taky oliHKy Aas poss’asky sagaui (1) ] ylc <yl

Hacaninoxk 4. Ias po3s’sizky 3anaui

Lyy=0, i=T,N—T ygo=p, sv=t

cnpasentnBa owinka |y lc = max | y;| << max ( py ', | ).
{=0,N
HdoBenenu s Po3graaiemo JonoMiKHYy 3agauy

Ly;=0, i=1, N—1, y=yn=n,
Ae po= max (| |, [ By ). TlpuHumn makcumyMy fae HepiBHiCTb
1ylc<<p (ockinbku y; = 0 i Moxe JocAraTd HafiGiJbIIOrO JOJATHOTO
3HaueHHA JIHIIE HA TpaHHuLi, To6to npi { =0 uuw { = N), a 3 Teopemu

NOpiBHAHHS AICTAEMO TBEPIKEHHA HacJilky 4.
Teopema 3. Hexail suxonyiomocs ymosu

la;|>0, [b;|>0, di=lc;|—|a|— [b:;|>0, i=1, N—1. (4
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Todi dra poss’asky sadawi
Lyy=—0o, i=1, N—1; g=yn=0 (5)
MAE micye oyinka
yle < CP/dllcE' max | @i/d; |.

=IN=1
HoBenenHas. I'Iepenmuemo (®) y surasaai
Ciys = ifYe—t + biyesr + @i (6)

Hexait |y, | aocarae Hait6inbworo snaveHns |yi, [>0 npu =i, €

€ (0, N), 10610 | y; | < | ys, | Ans Gyab-sivoro i =0, 0, N. Toai 3 (6) npu
i = i, MaeMo

lew |1 yio| = lasyivmt + biyipr + wt;\<|ato|| Yi—1| +
+ 10, gtort | + 1o 1< ag| +16:, D)1 90,1 + 195, 1
(lclo|—|alo|—_lbiu\)yfoglcpfo"

Lyi | <loe, Vi < L 9/d e,
mo | Tpeba 6y.n0 HOBECTH.
Bnpasa 1. 3anucabum 3afauy (5) y MarpHuHOMY BHIMSAAI, NEPEKOHATHCA, WO

MaTpHUA Mae CTPOTY JliaroHaJbHYy mepeBary, i TOMY TBepRMEHHA TeOpeMH 3 BUIUIHBae
3 aemu 4.1.1 3 u,

Hacainok 5. Hexalt ans onepatopa L BHKOHYIOTbCA YMOBH
teopemu 3. Toai s po3s’a3ky 3anaui (1) BHKOHyeTbcsl anpiopHa ouinka

lyle<lo/dic+ max (|p,], |pql).

HoBenenns Posp’ A30K 3ajayi (1) MOXHa moXaTH y BHCAALI
Y =y + y®, ne ' — posp’a30K HeonHopumon sagaui () 3 onHo-
piAHUMH TPAHHYHHMH yMOBaMH, a Y — po3B'I30K ONHOpiAHOro piB-
HAHHS 3 HEOAHODiAHMMHU rpaHU4YHUMU yMoBamH. Ouinku y 3a Teopemoro
31 y? 3a HacniakoM 4 NAOTh TBEP/UKEHHA HACAiAKY 5.

Po3rasinemo Tenep BHNAJOK, KOJMM 3aMiCTb CTporux HepiBHoctefi (4)
BUKOHYIOTBCA HepiBHOCTI

di=¢;—a;—b;>0, >0, b,>0, i=1, N—1, (7)

TO6TO d; MOXKYTb NPH JeAIKHX i MepeTBOPUTHCA B HYJb. OCKiNIBKH NMpH
JoBejeHHi OUiHKM 3 HacaigKy 4 crpora HepiBHicTb d; > 0 He noTpiGHa,
TO, OYeBHJHO, JNOCHTb JiCTaTH OLiHKY JHIle AJAf ORHOpiAHOI 3ajadi

Lyy=—eq, i=1 N—1, y0=0’ yn =0. ©®)
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Teopema 4. Skuwjo ymosu (7) suxoHyomoecs, mo 04a po3s’asKy sadaul
(8) cnpasedausa oyinka
k—1
|2 F Jl

=1

N

lyle < 2

de 4, = ay, F, =@M, MNip1 = H (bk/aH_l), h > 0 — dosirbna cmana.
Ilo Bene HHA. [loxamo y, y BUIMIAALI CYMH y; = v -} w;, Ie
— po3B’A30K 3ajaui '
li-wz = by (@1 — @) —a, (W, — W) = — Py, 9)
i=1, N—1;, w,=wny=0,
a u; — po3B’A30K 3ajaui
Ly, = by (vis1— ;) — ay (v; —vi)) — divy, = 4w,
i=1, N—1, vy,=uvy=0. (10)

TToxaxewmo, o A5 po3B’si3Ky 3afaui (10) 3a ymoB (7) cnpaBeliyiiBa OLiH-

Ka

lvle<lwlc. (11)
HificHo, akmo d; = 0, 1o B cuny Hacnizky 3 MaeMo u; =0, i oninka
(11) Bukonyerbcsi. Hexaii d; 5% 0 xoua 6 B oaHiRt Touni. [To6yayemo ma-
KOPaHTY v; K Po3B’A30K 3ajaui

L51=—dilw‘!, i=l, N—i, ?}.=5~=0.

Ockinvku Ly; = —d; lw; [ << 0, To 3 MpUHUANY MAaKCHMYMY BHIIMBaE,

mo v; >0 iy AocArae Haiibinbmioro 3nayedHs nopu § = i,. Toxi
Vigpt — v%,<<0, v;, —v;—y >0 i3 pisnocri (10) xicranemo

A1 01, < — be, @101 — V) + @i, (05, — V1) + di0s, = di, | w4, |
Skmo d;, >0, T0 v;,, <'w, | i ogpasy nictanemo ouinky (11),
60 v, \ << v;. dkmo d;, = 0, 1o piBusnHa (10) Habepe BUTAARY
bi, Wipt1 —01) + @y, (v, — Vi) = 0.
3 uLOro piBHAHHA BHILIHBAE, WO Up,41 = U;, = Usp—1. OCKiNbKH
v; ¥= const,.To icuye Take § = i;, INs SIKOrO v, = v;,, a, HanpHKAaj,

i =i, + | 6yme v;,01 < v;,. Toai di, = 0 i MK TpHXOLHMO O pOS-

rJISIHYTOro BHLLE BHNMAAKY, To6T0 ¥, =|vlc <l wy, | < | wlc. Otxke,
ouinky (11) 1oBeseno. 3naiiieMo po3r’si30k 3afgavi (9) B ABHOMY BHTAALI.
Hana uboro nomHoxkuMo piBHAHHA (9) Ha 1; 1 BHGepeMO HOro TaKHM YHHOM,
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mo6 bm; = a;4Mir1. 3 ocTaHHbol piBHOCTI MaeMo
i

='fhn L ’

a
b=l k41

Nit1 =

e 'fh — JIOBiJIbHE YHCJO. ﬂosﬂaqusum Fy = @m;, A; = a;v;, 3aMicTb
{9) micrasemo 3agauy

Api (@1 — @) — A, (0, —w ) = —F,, i=1, N—1,
wy =wy =0, (12)
abo
AAVw)=—F, i=T N—=1, w,=uwy=0, (13)

Re  Av; =041 — Uy VU = U — Ui
Hexait Ap; = piy1 —py = Fy, 10610 puyy = p; + F; = 2 Fi +
+ wn,, Ze @, — JoBinbHa cTana. Toai pisHaHHa (13) Habepe Bnmmy
A (A Vw;) = — A,

a6o A (A;Vw; + ;) =0. 3Binen A;Vw, +p; = ¢, 1 ¢, — crana.
Hani maemo

Co— Iy

wi=wl—l+T=co ——Z At w,
k—-
Wy = Co Z Ah ’
k=1
N
8Bi KK C Lk _y L MosnauuBum o Z Z L

° k=l . i Ah k=1 Ah '

0<<a,; <1, moKeMo sannca'm

N ;
— Br Br
W, =% Z An Ap
k=1 k=]

Jani sAaxoauMO

{
lwi| = _(]_ai)z%""ai Z
k=1 +
tﬂ l l N | N
A—a) Yl ta 3 il <y b
h=1 h=i+1 k=1



T06TO
N

N b—1
Joie< ¥ -t = g — |} F +p12 g
=1 k=1 i=1

[oknabwn Tyt P, =0, M, = | i Bpaxysasmu (11), NPUXOAUMO JI0
TBepAKEHHA TeupeMHu 4

Hacainoxk 6. Koau b; = a;q;, TO6TO onepatop caMmMocnpsKe
Buit (nuB. n. 1.43 4. 1) i a; > ¢, > 0, nicranemo TaKy oninky posp’ss-
Ky 3ajaui (8):

<=3 [$w]. (14
Axmo @; = Ap;, TO =N =

<23 [l (14)
Hacninok 7. 3aymoB (7) Ta a; = ¢, > 0 A1a po3B’'A3Ky 3a-

Jaui Ly, = —@;, Yo = Wy, YN = Yy MaEMO
N
lyle<<max(|p,, |P2|)‘|‘_2

Ile BunauBae 3 HachAigKiB 412 6.

2.2.2. lpuHRMI MAaKCHMYMY 3a CTOBNYHKaMu (MeTOl BiflyKaHHSA am-
piopHoi ouinku B Hopmi L; (@j)). Posrasnemo 3azauy  (8) i npunycru-
MO, HIO

ai>0 bi>0 i=1N—1 d1=Ci—a[+l b

1—2 N-—2 dl—Cl—az/O dN—l—'CV—l—bN— >0
npudomy icHye i* take, mo d;, > 0.

Teopema 5. flkuyo suxonyromoca ymosu (15) i Ly; << O (Ly; = 0),i =
= 1, N — 1, mo 023 pose’ssxy sadaui (8) mac micye HepisHiemo y, >
=0u<0,i=1,N—1

HDosenenns Hexall, nanpukaan, Ly; <0, i=1N—1.
IpunycTuMo Bill cynpoTHBHOro, QO iCHYWOTb iy, iy Taki, mWo 0 << i; <
<L << Ni y;<0ana { =i, i,. Posrasxemo cymy

[
Y Ly = 2 @i —ciy; + biyer) = — E diy; +

i=i, =i, i=={,

j=l1

" (15)

+ Z (@1y1—1 — arpryi— by + byyiy1) =

=i,

= — 2 diys + arYi,—1 — 11y, — be—1ys, + biYi1

=i,

A



HeBaxko HOMiTHTHi wo —a;,+1Y:, — bi,—yi, >0, a iswi ckaano-
2

Bi HeBif'emui, ToMy Y Ly, > 0 Bcynmeped mpunymieHHo. 3aJHIIAETbCS
i—t,
pO3rJIfAHYTH BUNaMoK i, = 1, i, =N — I:

N—1 N—1 ]
Y Lyy=—Y diyi=>—disy >0
i=l i=1

8SHoBY ZiflIAM cynepeyHocTi, IO i HOBOANTL TeopeMy.

Hacaianok 8 Hexail ana 3anaui (8) Bukonyiotbcs ymoBu (15),
KpiMm Toro, Ly, =0, i =1, N —1. Toai y; =0, i=1,N —1.

3asHauuMo, IO BiJ yMOBYM icHyBaHHs Takoro (¥, mpo d;« > 0, MoxHa
BiAMOBMTHCA, SKUO pO3rnsifatd po3B’sisku y; == 0.

Hacaiaok 9. Hexalt ana neoanopinHoi 3anavi

Lyy=—9; Y=g Yn=1m (16)

BHKOHYIOTbCA YMoBR (15). Toai skwo Ly; < 0,i =1, TN —1i p>=
>0’P'N>09To yl>0 l"ON

JIloBeleHHS 11bOrO TBEP/KEHHS 3a/HIIAEMO UHTAYeBi.

Posrassemo asi BeonHopiiHi sajaui

Lyy=—¢;, i=T1, N=1, go=1py uyn=pn (17)
Lyi=—"'6iv l=la N_l; :’;0 =l-;’0' Z/-N=ITN1 (18)

TIpHYOMY
ol <lodl, 1ml<Imel (mI<iml i=1, N=1. (19)

Teopema 6 (meopema nopisnannsn). Hexail euxonyromscsa ymosu (15),
(19). Todi 048 po3s’ a3kie 3adax (17), (18) mawme micye oyinku

19l U7l 19 s <1 9 b
de

19lew =max| y (], 1ylw = E hly(x)}, h>0.
HoBeneHHs PoarasHeMo lIOI'lOMl)KHl OyHKuil
4(x)=y(x)—y(), x€o,
VW=7 4y xEb.

BoHH € po3B’A3KaMH TaKuX 3ajau:
Lu; = _((-Pi—‘Pt)<0» “o=—l-‘o_' l’*o)Qo Uy = r"l—l‘q} 0;
Ly,= — (@ +9) <O, v=po+ 1>=0, oy =py+ 1y >0
3 nacnigky 9 Bunausae, mo u; >0, v, >0, i =0, N, ato
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y: — y; =0, y;+y:>0, i=0, N, 10610 'y;'<{i y; |, wo i nOBOAHTL Teope-
My 6.
Teopema?. Hexad Ons 3adaui (8) sukonywomocs ymosu
dy =\c;| —laipi| — b1} >0, i=2 N—2
El =|¢|—|a| >0, dy—1 =|en—1|—]bn—21>0.
Todi cnpasedausa oyinka
2
o< |Z], . (20)

(@)
JloBenenns DBesnocepennbo 3 piBHsIHHS BHIJIMBAE

le|lyl<lallyim i +H10 Nyl +lol, i=1, N—1L

Ilincymyemo Ha citui © 3 Baroto 4/d (x) 06uaBi yacTHHH wuiei HepiBHOCTI
N—1 N1
h
2 _lctH.’/iI LT(lai||yt—ll+|bt||yt+l|'H(Ptl)-
i=l l- i=1 di
BanOByD'{H YMOBH TEODEMH, MAeMO
N—2
Lh +L —(Iaz+|||y,l+|b‘_1lly,|)+ |a2||!/1|+

=2

Z

1

Sk
+ d IbN—2“yN <y _fi_ (lal|yi—1 |+
- =l
NS oa
+|b Ilyl_HD_l_Z{ T

i

OckinbKu 3 Kpa#lOBHX YMOB BHIWVIMBae, WO Y, = Yy = 0, 10 3BigcH i
aicraHeMo ouiHKy (20).
PosrasiHeMo ciTKOBY cxemy

Ly, =ayi1~cy;+byrmi=—0, i=0,N, (21)

siKa BUHHKae, HaNpHK/IAA, NpH pisHuueBid anpoxcumanii 3agaui 3 Bu-
POLKEHHAM

(I —=x3u" (x) +px)u’ (x) + g () u(x) = f(x),
x€(—=1,1), u(—1) 5500, u(+ 1)~ o0. L
TlpunycraMo, mo Koediuienrd a;, ¢;, b;, £ =0, N, 3an0BONBHAIOTH
YMOBH

a,>0, i=1, N, p,>0, (=0, N—1; d;=c;—amy1— b1 =0,
i=l, N—l, do=co—a,>0, CN—bN_1=dN>O; (22)

37 di»>0.
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Teopema 8. Hexad 0aa 3ada4i (21) eukonywomscs ymosu (22). Todi,
akugo Ly; <O (Ly; >0), i=0, N, mo y; >0(y:; <0), i =0, N.
JoBenenHsa wuiei Teopemu aHastoriuHe jAoBeAeHHW Teopemu 5. HeoG6-
XiZHO JiulIe PO3TASAHYTH BUNAAKH, KOAH i; = O 1a [, = N. Hexa#, na-

npuknap, i, =0, i, =N, Ly, < 0. Toai
N N-—-1
Y Lyy=Ly+Lyn+ Y, @yi—1+ byiri—ecwyy) =
(=0 =1
N—i
= —Colfo + boys + anyn—1 —cenygn + Y, (@ e—1 -+ b1 — aipry, —
i=1 -

N—1
—bi—y) — [2‘.1 diyy = —doYo— aryy + boyr + anyn—1 —

—dyyn — bn—1yn + a1y + bn—1yn — anyn—1 — boyy —
N—1 N
— Y dy,=-=Y diy =dvyr >0,
=1 (=0

TOOTO AiMII/IN CymepeyHoCTi.
[lponoHyemo unTaueBi camocTifiHO NepeKOHATHCA Yy CIpaBeLNHBOCTI
TaKHX TBEpJKEHb.

1. Hexali 0aa Koegpiyieumie pisnanns (21) suronywomecs ymosu (22).
Todi 3 mozo, wo Ly, = 0, i = 0, N, BUKOHYIOTbC YMOBH y; = 0, i =
=0, N (nacsidox meopemu 8).

2. Teopema nopienanns. fxuo Ly; = —0;, i =0, N, gy = by =

=0,lq'< o, i=0, N ieuxonyromoca ymosu (22) mo 01 po3é’ a3Kky
sadaui (21) cnpaaedxluet OYinKu

191 <Vl Wlw<!ilg (23)
(uauiaox meopenu 8). _
3. Hexa 0an sadai (21) eukonyromecs ymosu dy = |¢; | —
—]a,.,.l[— by 1 >0, L—l N —1, do—lco — a|{>0, 2N=
= |en | —|ba—1 | = 0. Todi mae micye anpiopna oyinka
19 & <.| 1 (24)

(Qosedennn anaroziine dosedertto meopemu 7).

2.2,3. Ouinka ofGepHeHoro g0 [OAaTHO BH3HAYEHOrO omepaTopa y
npocTopi 3i ckaasipHuM no6yTkoM (Meron BialIykaHnA anpiopHOT owiHkH
B HOpMi, W0 NOPONKYETHLCA CKaasipiuMm ao6yTkom). Taka . oliHKa Bxe
¢dakTuuHO po3rnanyra B n. 1.4 3 u.l.BoHa crocyeThcs BHUNAZKY, KOJH
oneparop A, Lie y Aesikomy npoctopi ciTkoBuX (ynkuii /H,, sanaHux na
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citui @y, 3i ckanspuum no6ytkom (,) i Bizomo, mo
Ay, N=xly?, - (25)
Ie % — cTaJa, 1o He 3anexutb Bil A, |y | = V({y, y). Toni
—1 a1
“)4;,'1 = ﬁu}gow ? = szio%?z—lﬂw
3anumemMo AOBeAeHHS Liel OUiHKH:.
Wzt = %2 (2, 2P S (An2, 2P S (Anz, Ap2) (2, 2) = [ Anz P 2
I puraad 1. [Tepekonatncd, MO BHKOHY€EThCA HepiBRiCTb KOPeKTHOCTI aas citkoBoi
CXeMH Ahy — f,

ne onepatop Ap Ale y npocropi citkoBux ¢pyurui H = H (@), 3azannux Ha citui o =
={xy=a+ih:i=0, N, h= (b — a)/N)} 3l ckanspunm goGyTKOM

<l (26)

N
(v, v ="Y hyu,,
(=0
npruomy Ay Aie 3a npaBHIOM
! ! 1
—r v X'O+T 8o + s @0y i=0,

(Apv); =} — Ly +gv,, i=1, N—1|,

‘F_v;N+_l_ngN+_l_alvN, i= N,

Ze g — 3ajaHa dyukuia; oy, o, — 3dnani crani; a4y >0, ;> 0, g (x) >
Poas’'ssannus. IIoseueMO o onepaTop Ap nopatHo BU3HAveHHH, Illﬁcuo,

h
= 2 e
(Apy, v) =— tgl hv;x'iv, + ?:‘l hg, vy — vy ot + 5~ Lov5 +
2 h 2 2
+ aovp+ VI NN + 5 gnvy + outy.
MMica sacrocyBanHs nepuoi piskuuesoi dopmyaun I'pina nicranemo
v h 2
(A, V) = (v, v) - +@tg + arvfy + (g0, ), + 5 EnvR +
h o 2 2
+ 5 &otp = (vgs ";)wh+ + %%+ ayvy,

ae
F=(xy=a+ih: i=T N, h=(~a)/N), op=05\({a,b},

@ Oy =Y, by v,
XeEM
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OninMO BeJNIHHY (u;, v;) 1« st uporo sanumemo TOTOXRICTH
Op

i 2 N .3
= - = — h [
vf (vo * /gl hv"') (vN J=T+1 vx'/)
1 ckopucraemocs HepisnicTio (p =+ 5)? << 3 (p? + s?). Maemo

i 2
ufg?[vg-l—(‘ hv;,)]

]—l

. 2
v? g?[va +( pX hvxl) ]
j=1+1
aBigRH, sacrocoByioun HepiBricTe Kowi — BynskoBcekoro, Matumemo

{ 1
u§<2[vg+(g h>(2 2 )| <2+ 00 5 )40
oI "

j=1 j=t
G<2loy+ 0 —a) (v, v) 4l
h

abo
<o+ o +20—a) (o o) 4
h

3 uiel HepiBHOCTI 3HAXOAHMO

N -
IoP=( 0 =3 ri<(f+ v} +20—0) (v o) JG—0+h<
=0 On

oLl a2

Y Wy

20— )[ +Tl-+2(b—a)(v;. v;)m'j.:lg
< % [0 + a3, + (05 v;)wﬂ_] < % (Ao, ),

ne » = 2 (b — a) max {oco N 12 (b — a)}. 3 pibusnns (26) micranemo wyKawy He-
piBHicT

Iyl=Vw, o =14 It A<«

2.2.4. Metop enepreTHuyHux ouiHox (MeToj BialIYKaHHA anpiopHuX
oninox B eHepreTuuHiii Hopmi). Llelt MeToa 3acTocoByeThCA As AOBEAEH-
HA KODEKTHOCTi CiTKOBhmX cxeM

Ay=f
8 JIONAaTHO BH3HaueHUM onepatopom A, (4,0, v) > v, y meskomy

npocropi ciTkoBHX dynkui H (co,,) 3aflaHHx Ha citui ©,, i ckanspHum
BoGyTkOM (,). ¥ 1bOMY MPOCTOPi MOKHA BBECTH TAaK 3BAHY €HEPreTHUHY
HOpMY (mepeBipTe akCioMH HOPMH)

lols =V (4pv, v). (27)
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Ins meBHUX omeparopiB A, eHeprerHyHa HopMa Moke 6yTH eKBiBa-
JIEHTHA JeaKHM ciTkoBHM HopmaM. Hexail ansi BH3HaueHocrti

¢y "v“zl’z <| vii-%l <0 oli, (28)

Zefvl, =1|v “W’;(m g k> 0; ¢, c¢;— crani, wo He 3asexarb Bix v.
h

[Momuoxumo o6uaBi yacTHHH piBHsHHA A,y = [ ckansapHo Ha y i 3a-

CTOCYeMO B JiBifi yacTuHi HepiBHiCTb €KBiBaJCHTHOCTI HOpM, a B npaBiit
yactuHi — HepiBnicte Kowi — BynsikoBcbkoro. B pesyabrari

ALY

f -

?muo CINPaBIUKYETbC BKJaleHHs w; (0,) — H (0,), TobTO YUE
€ we (0y), lvi<< cslv|p, Be ¢ — crana, IO He 3aNeXHTh Bij U, TO,
CKOpPOTHBIUH Ha' y |, AicTaHeEMO HepiBHiCTb KOpPEKTHOCTI CiTKOBOI CXxeMH

o ln < cT'csl £ (29)

N puraad 2. Hexali Ay, = I, ne I — onunuunuill onepatop. Toai 3a MeTogoM enep
TeTHUYHHX OWiHOK 1A piBHAHHA [y = [ maemo

lyle=U, »y<ifhlyh

byh<CUF). .
Il pusaad 3. MetonOM eHepreTHYHHX ONiHOK sHafiTh HepiBHicTL KopekTHOCTI ANy
CXEMHA
Apy = 1. (30)

¥ npocropi H.(m—h), Op = {xy=1ih:i=0, N, h= 1/N}, citkoBux ¢ynxuif, wo
JIOp iBHIOIOTb HYJ/IO B TOYKaX Xg, xN, al ckaaspHuM ROGYTKOM

v, = E hyo, =Y, hy (x) v (x),
=0 x€(|)h

A€ oMepaTop A h 3a12€THCA TAKHM YHHOM:
0, i=0, N,

—_— (31)
._(av_‘)x.‘ + 9,9 i=1, N—1,

(Ah!l) 1=

0<o<a; <o, 0K g, <oy,
Posp'a3anHsa 3agonoMorolo GopMyst MiZcyMOBYBAHHS YacTHHAMH HEBaXKKO
nicraTu

N=—] N—1 1_V‘ N—1
(Ano, ©) =— 3} h(av), v+ 3 hao) =3 haol + 3 heo}
=1 i=1 i=1 ’ =1

-

Bpaxosyloun, 1o s dyskuii v € H (op)

v(x) = 2 ho (1),

i=h
lo(x)|<§ kv )] < V"l/z hoZ (£) < ]/2 hoZ (¢),
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MaeMOo

N—1 N N N
1 2__ & D] ¢; O
5 Ioli=5 X h”‘+_§*lh”§.t<c‘ ik;l ML S B ek, <

N—1

L ha, v_ Lt 2 hg,vl = (Ao, v) < c,L hv- ,t6s 2 ho? <

< max (¢, c5) v Iﬁ.

To6TO eHepreTHyHa HopMa omepartopa Ap exBiBaqenTHa mopmi | ||; npocropy m, (@n).

Tlomuoxumo pisisuna Apy = [ ckaasipio Ha y i sacrocyemo 'y npasil uacTuni Hepis-
nicte Kowi — ByHsikoBcbKOrO, a B JiBifi ~ wofHO yTBOpeHY HepiBHicTb

LR < (Any, )= (' o) <UDy

3 teopeMu BraageHHsn (auB. n. 1.4 3 u, 1) maemo
1= L y0p < Myl

Ae ctana M He 3anexutb Big h 1 y. Tomy

%Ilylﬁ<llfﬂMllyllu

3BiIKK RicTanemo IyKaHy HepisHicThb
Nylh<<clfh (32)

ze ctana c = 27 'M ue sanexurs Big hyilf
1 Y

2.2.5. Citkornii merop Pyp’e i fioro 3aCTOCYBAHHA A AOCJipIKeH-
HA CTiiikocTi citkoBux cxem. Hexait E, — cyKymHicrb LiiCHHX CiTKOBHX
Pynkuit y (x), 3anaHHX B Toukax CitkH o, = {x; = ih1i = 0, N,
h=I/N}. Lli pyukuii 3aa0BONBHSIOTh yMOBH

yO)y=y()= (33)
Beegemo y upomy npocropi 3BHuaiiHi omepauii AomaBaHHs (YHKLiH

Ta MHOXKeHHs QYHKLIT Ha WACI0, a TAKOXK CKanspHHA 106y TOK
v v)= Y hyx)v(x), (34)

rcoy,
ge o, = o, \ {0, {}: Taku#i npoctip i3 cKa/isipHUM ROGYTKOM PO3Mip-
Hocti N — 1 nmosHaunmo uyepes Ry_;. ko cucrema ¢yHkuii o, (jh)
YTBOPIOE OPTOHOPMOBaHHI 6a3nuc B Ry_;, TO J0BiNbHY GYHKILiO MOKHA
PO3KJ/IaCTH 3a LHM 6asHcoM

vix)= Nilckmh (x), (35)
k=1 .
ae ’
Cp = (U, (’Jh) = E hv (X) 0} (X), (whv 0)}) = 61/’
xea)h R
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8;; — cumBon Kponexepa. [locninonicts ¢,, k= I, N — I, MmoxHa
po3rasgatH sk Aesikuit o6pa3 ¢yHkuii v(x), x € ®,, AKHA HA3MBAIOTH
cnexmparbrum obpasom. SIKIMO ¢, b, — cnexrpaabHi obpa3u yHKuih
v, u, T0

N—1
uy= Y hw@Eux)= Y, cybs

xEwy, k=1
3BiJKH

N—1
(v, 9)=Y ci, (36)
=]

mo € ciTkoBHM aHanorom pisHocri Ilapcesans.
[NpuknagoM oproHopMoBaHOro 6asucy B npoctopi Rwy—j € cHcTeMa
¢yukuisi (quB. n. 1.4 3 4. 1)

o= LsinE2, coji =TH=T h=". @0

JoBinbHy QyHKIIIO ©, KA 33a1aHA HAa © i 3al0BOJIbHSIE YMOBH (33),
MOXHa noAatH y Buraani cymu Pyp’e

v(x)= V—Nf c; sin km

ch=l/—l2— Y ho(x)sin klx , k=1, N—1.

xeu)h

3asnayumo (auB. n.1.4 3 u. 1), mo cucrema ¢pynkuiit (37) e cucremoro
BJacHUX QYHKii# pisHuueBoi 3apaui

(38)

v;,=—Av, U (O)‘ =v{l)=0, (39)
npuuomy ynkuii ©, (x) Bianosinae BnacHe 3HavueHHs
A= sin? AL A= TN 1. (40)

Slkio KoXHY 3 dyHKuill v, 3ajaHHX Ha ©,, npuuoMy o (0) = v () =
= 0, ROO3HAYHTH NEpiOAHYHO ANS BCix Touwok jh, j =0, =1, +2, ...,
oci Ox, TO nicranemo gesiky [-nepioauuny ciTkoBy dyHKuilo i cyma Dy-
p’e (38) 6yne ananorom HeckiHueHHoro psay ®yp’e ana HenapHoi PyHK-
it v.

Anasoriudo Ha citTui ®, MOXHA pPO3MISAHYTH CYKYIHICTb BCiX KOM-
MJIEKCHO3HAYHHX (PYHKUiA U i KOMHY 3 HHX N003HAUHTH Ha BCi TOUKH
citrkm x; = jh, j=0, 1, £+2, ..., TakuM uyHOM, U6 YyTBOpHJACH
l-nepionnuna cirkoBa ¢yHkuiA. CykynHicTs Takux (QyHKUIH NO3HaYHMO
uepes M, i BBegemo B M, onepaiulii n0JAaBaHHA, MHOXEHHA HA YHCJAO Ta
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cKansgpHoro RoGyTKY
v, u) = T,
(0, 4) xezwhhv(x)u (x).
[MpuknagoM cucTeMH JNiHiiHO He3aneXHHX [-mepioAHUHHX opTOro-

HaabHux B M, OyHkKuid e
2n

~ ik —x — .
o,(x)=-c¢e o) i=V=, xcay, ¢3))
k=0, =1, +2,.., i’!;—l.
Hiiicno, vl )
PL; - o,
(O, Op) = X he' T T b) he' T ¢ M)Ih=Nh6km=16km.
xco, =0
Omxe, f0BiabHY QyHKUiIO 3 M, MOoXHa PO3BHHYTH B «cyMy Pyp’e»
N—1
7 ~
v = ¥ Aoyx),
==L
2
|
Ay = -1, @y). (42)
2%
Dyuxuii m,,(x)=e‘k T k=0, 21, ..., &+ N;l , € BJACHHMH
¢yrKIiaMA 3ajaui
I ~ ~ )
-2—(0); + 0y) = Ao (43)
i BianoBinaloTh BNACHHM 3HAYEHH AM
N .  2nk
Ay = -I—'SIHT. (44)

G yukuii ak x), k=0, =1, ..., + N%l,e TaKOX BJacCHHMH (yHK-
uisamu oneparopis (-)z ta (-), Ha M,, npHUOMy

w2 g 2= L om i 2Zp
~ [] —_— [] R — % { — l
(@r () == e =e | L =0
= (W) @y (),
(@4 (D)) = — My () 0, (x),
_ tr 31111
A (B) = e_h—l_
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~ i 9_“ _
Tomy dynrLiT 4 (x) = e T h=0,£1,+2. ., + N2—l. yTBO-
PICIOTb MOBHY CHCTeMY BJacHMX QYHKHIf Jia GyAb-AKOro onepatopa A,
BHAY
Aw =Y bD'D™ ",

5,7

ze D°v = vye. x, D”%=0;; ;, byy— cTani koedinienty.
L ——
8 q .
Lle pae 3mory nuTtaHHA gRocaijkeHHs criflkocTi CiTKOBHX cXxem
NOB’A3aTH 3 BHBUEHHAM CNeKTpa pi3HHUEBUX onepaTopiB, 3a BJjac-
HEMH QYHKULifIMH AKHX MOXKHa PO3BHHYTH B cymy Pyp’e mykani pos-
B’3KH CiTKOBOI CXeMH.
M puxaad 4. 3ualTh ONiHKY pO3B’'A3KY pI3HHIEBOi CXeMH

y£=y£xv X € 0p, j=0,1, ...,
doy=¢ n=0, (45)
Y )=y(), xEQ,
ne (oh={xl=ih: =1, N—1, h=%}. op= oy ) {0, 1},
Y=y )=y v, y=0"0—y )0,
vy 0 = (4 (x— k) — 29/ (0 + ' (v — My)/h3
(us cXxeMa anpoKCHMYe TaKy 3alady AIA piBHAHHA TeNJIONPOBiAHOCTI:
du 0%u

— , = = 0, , 0 = » ] .
=, wO=u) ye, 0=y (), x€0, )

Poas’ a3anusa Ilykaemo poss’sa3ok 3anaui (45) y surasaai
N—1
y=3 cloy Gh), (46)
k=1

fe @y (x) Bu3navawoThes dopmydaoio (37), npHIoMy c,{ BH3Ha4NMO TaK, Wwob (46) Mago micue
i I MOYaTKOBHX YMOB, TO6TO cg = (y, @), [liacraBasioun (46) B (45) i BpaxoByioun
(39), (40), nicraemo

1 4 _. o nkh
ci‘l‘ = ché' g=1—1hy, A =T sin? T
flxmo |g¢n|<1, mo Mae wmicue mpH ";T < % , TO

N—1 N—1
WP =", ¢th= Y ret = Y et Y =1y
xefnh k=1 k=1
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Ocranus HepiBHicTb 03Hauae, WO cxeMa (45) ymom«o CTiflKa W00 MOYaTKOBMX YMOB Y

ciTRoBifl HopMi Ly (amB. TakoX m. 1.4 3 u. 1), AKwo < _l_ Meron dyp’e mMoxkHa 3a-

h,ﬂ 2
CTOCYBATH TAKOX AJA Jlochix)KeHHﬂ crifikocTi XBOX ﬂpycHHx AABHUX CX€M BHIVIAAY
y;—l—Py’:Fl, j =0, PN (47)

¥ =u,
axkuo P = P* P:Ry_,— Ry_, i Binomu# Binpisox [a, Bl, ma sixomy aexats Baackl

SHauenHs Ay onepatopa P. Hexall oy (x) — oproHopMoBaHa BaacHa QYHKILA LBOTO ome-
patopa, wo Bignosigae A.h Tiactasasioun

=Y clox (1), F/'=Y, bloe(x),
& &
=Y donn
&
B (47), micranemo aag xoe¢)iuieﬂ'ris el, b{, cniBBigHOWIEHH S
!

__..__T__c.k_—l-kkck-—b’, k=T N =1 >0,

el = (1 — thy) ]+ 18l
MosnaunMo 1| — th, uepes gp. Axmo |gpi=|1—Th|<< ], TO

1y = H Y citlon )= (2 (c;;+‘>=)"2 = (2 (anch + rb,l,)') "<
k

(2 (CAY )"2+r(2 (b] )’)"’—ﬂy’ll+tllF’ll

k

Ouinxa | gp | << | cipaBennuBa, sikmo o > 0, 0 < tf < 2, i Tomy 3a uiei ymosu cnpa-
BEANMBA OLHKA

i
I il + Y v Ao
k=0

CitkoBuit Metron ®yp’e MOXKHA 3acTocyBaTH AJAA HOCJiJKeHHA cTifikocri
He Juile ABOX APYCHHUX, a il 6araTosipyCHHX CXeM.

OuiHky crifikocti 6araTosipycHuX CxeM J[a€ TaKOX Teopifi, BHKJa-
geHa B 1.4.5 3 u. .

2.2.6. MNMpuHuun makcumymy B Garatosumipwomy sumaaky. Hexait
® — CKiHYeHHa MHOXXHHA By3JsiB (ciTka) y Reakili oOmexeHilf oGaacti
n-BUMipHOro €BKJ/il0BOro mpoctopy, p € ® — Touka citkH o. Poaras-
HeMO piBHSIHHA BiAHOCHO HeBizomoi ciTKoBoi OYHKLIT y (x), 3agaHol
Ha o: .

Ap)ylp)= Y B, QyQ+F(p), pco, (48)
Qe
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ae A (p), B (p, Q) (xoediuientn piBusung), F (p) (npaBa yacruna pis-
HAHHA) — 3aAaHi ciTkoBi ¢yHKUil. MHOXHHA TOYOK CiTKHM, aki po3raf-
Aaotbes y piBHAHHI (48), HasuBaerbcsi wabaonom. Bin cknanaerbcs i3
camoro ByaJaa p i MHOXHHHK Towok 11’ (p), AKa He MicTUTb p i HasHBaETL
¢ oxoaom mouky p. Hani BBaxKarHMeMmo, 10 BUKOHYIOTbCS YMOBH

A(P)>0, B(p,Q>0 Vpco, Qcll (p), (49)
Dipp=A4(p— Y B(p, Q=0
. Qellrm

Touka p Ha3UBAETbCs 2PAHUYHUM 8Y3A0M CITKH ©, AKLIO B Hifi 3ajaHo
3HaueHHA ¢yHKuUii y (p), ToGTO

" y(p)=ppP). pemn (50)
Ae 7Y — MHOMHHA TPaHUUHAX By3JiB, p— 3anaHa ¢yHKuis. [Nopisuio-
rouu (50) 3 (48), nomiuaemo, w0 Ha rpaduli Tpeba GopMasbHO NOKJAACTH

Alp)=1, B(p,Q=0, F(p)=p(p).

BysJaH, B AKHX BHKOHYeTbcs piBHsAHHA (48) 3a ymMoB (49), Ha3HBaTHMEMO
SHymMpiwKimy 6y3ramu CiTKM, o — MHOXHHA BHYTPilHiX ByaaiB, a
® = @ |J Y — MHOXHHA BCiX BY3niB ciTKH. MOXHA TakoX po3rasjaTH
BHNAAOK, KOJH TPaHHUYHHX By3JiB HeMae, TOOTO HeMae piBHAHb BHAY

(50) i ® = o. 3anaua Buay (48), (50) Ha3HBAETbCA nepuOd KPALio8ow
(epanuunow) 3adauero.

BBaxtaemo, Wo ciTka_ © 3B’A3Ha, AKWO AR Oylb-KHX 3afa-
HUX TOWK pEoi p € o icHye Taka noc/ifoBHICTb OKOJIIB i’ (p),

L0 MOXKHA 34iHCHHTH nepexia BiA p 00 p, BUKOPHUCTOBYIOUH JIHLIE BY3JH
UMX OKosliB. IHIIMMH cAOBaMH, 3HAHAYTHCA TaKi BY3AH Py, Ps, --r) Pm
CiTKH ©, o

P €U (B), Py €U (p), ..., Pr €I (pmor), PEL (p,),
NpHYOMY
B(py pe+1) 540, i=1,2, ..., m—1; B(Ev P+ 0, (61
B (P, P) = 0.

3 1bOTO O3HAUEHHs! BHILIHBAE, WO TOUKA p MOXKe 6yTH rpaHHYHOlO, TOG-
TO 3B’S3HICTb 03HAuae, WO KOXHA TOUKA TpaHHLi HaJEXHTb OKOJMY
1lI’ (p) npuHaiMHi ogHOro BHYTPiLIHBOIO Bys/a.

3a fonoMoroi0 MO3HaueHH$

Lyip=Ap)y(p— Y Bp,Qy@Q (52)

ocill’ip)
piBHAHHA (48) MOXKHaA 3anucaTH y BHIAAI
Lyp) =t ) (53)
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Inoai BHKOpHCcTOBYBaTHMeMO ite i Taky ¢opmy 3amucy Ly (p):

Ly(p)=Dp)yp)+ Y B(r QW —yQ). (54)
Qe (p)

I purrad 5. 3anncatn y Buraagi (48) citkoBy cxeMy 3 BaroBuMmu koedilieHTamu
yit' —yl 1 ———
L= Ayt =g+ eh (=L =0, j=0,1,...,

(55)
Ay = y;x, !I(z) = "o (xi)l y(l) = l"l (tj)l y]/V = “2 (lj)i

fiKa anpoOKCHMY€ TaKy 3ajady A piBHaHHA Tensonposigmocti (aus, m, 6.1):
D =T b f 0, x€0, D, >0,
u(x, 0)=up(x), u(0 H=p (), a(l, )=ps ().
Poss’ a3anna Cxema (55) sankcana Ha cirui (:-3,n = @ X o, (X — sHaK
nexaprosom RO6YTKY), @ = {X; = ih:i=0, N, h=UN}, o, = {tj=j1:{=0,
w.). Hexalt p = (x;, t;,). Toxi I’ (p) cknanaetnca 3 Byanis Q, = (x;, ¢;), Q=
(x i1 t]+1)v Q= (% t,_H) Q= (x,_,, t3), Qs = ("‘H-l' t;), a rpaHHus CcKJa-

naetbes 3 Bysais (xy, 0) 1a (0, 4), (1, 1), i = 0, N; i=0,1, .. .®Dikcyour fesake t;,
nepenyiemo (55) y Burasiai

(3 ot = o })+(—,l‘—+.ﬂ’5;i)y§+

+ “——") Wit + ¥ + o,

2
3siacu BunauBae, wo Bci Koediuientd B (p, Q) > 0 auwe npu < Q_L— Ta

2(1—o0)
o €0, 1], Kpim Toro, D (p)=0,

JoBeneMo Take OCHOBHe TBepAKEHHA.

Teopema 9 (npunyun maxcumymy). Hexad y (p) = const — cimkosa
pynkyin, eusnavena Ha 36’ A3nid cimyi ©, [ suxonyromoca ymosu (49),
(51). Todi, axwpo Ly (p) < 0(Ly (p) = 0) na o, mo y(p) He moxe
nabysamu Halbisvwozo Go0amHozo (HalmMeHWioeo Gi0’€EMHO20) 3HAYEHHA
Y 6HYymMPpIilHIX 6y3rax p € .

HNdosenennsn Hexait gpna BusHauenocti Ly (p) << O B ycix
BHYyTpiwHix Byanax p € o. [lpunycrumo Bix cynporuBHoro, mo y (p)
HabyBae HaRGinbLIOrO JAOAATHOINO 3HAYEHHA Yy BHYTpilUHbOMY BY3ai
p € o, Tobt10

y(p) = maxy(p) = M;>0..

w

Teopemy Gyne poBeaeHo, sKUIO [OKaXeMo, U0 iCHye BHYTPilIHA TOYKa
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;;, Ans sxol Ly (;;) > 0, wo cynepeuutb ymoei Ly (p) < 0. Ockinbku
Yy =y @QvQell(p), o

Ly(p) = D(p)y(p)+0€§ B, Qyp—y@Q)=D(p)y(p)=0
)
60D (p) >0 i y(p)>0. 3poaymino, Mo cii POIrAAHYTH JHlleE BH-
nanok Ly (p) = 0. Sk Bunaubae 3 (54), e MoxAHBO Juwe npu D (p) =
=0, 4 (Q =y (p) ana scix Q € W' (p). Hexait p, € LI’ (p) — By3on
3 OKony p, B AKOMy ¥y (py) = y (p) = Mo Hosropumo Ti cami mipky-
Banud. Ockiabku y (p) 5= const Ha @ i ciTka 3B’A3Ha, TO icHye Taka

NOCJiAOBHICTb BY3JHB Py, Pgy «ovy Prps p (W15 SIKHX CrpaBeAJHBe DiBHSHHA
(51)), wo

y(pn) =y (@) = M,
y () < My, pelll’ (p,). Toni
Ly(#m) =D (Pr) Y () + B (P P) (4 (o) — 4y (p)) =
= B (pm, £)(y (P) — y (P)) >0,

TO6TO p = P, | NepiIe TBEPAXKEHHS TeOPeMH L0BeleHO. Jlpyre TBepAkeH-
HR 3BOAMTBCA HO MEPUIOro, AKIUIO ¥ (p) 3aMiHHTH Ha —y (r).

Hacainox 1. Hexai BHKOHYIOTHCS YMOBH 49), (51) i ciTkoBa
PyHkuia y (p) Bu3HayeHa Ha ® | ¥, HeBix’ €MHa Ha rpanuui (y (p) =
>0y pey)i Ly (p) = O0na w. Toni y (p) HeBin’emHa Ha @ |J v, T06TO
() =0ypco Uy dkwo y(p)<Ona v, Ly(p) <0 Ha o,
o y(p)<<OHa | 7.

HdoBeneHnHsn Hexalt Ly (p) >0nHa o, y (p) >>0na y. Ipu-
NYCTHUMO BiJ CyNPOTHBHOIO, o ¥ (py) << 0 xoua 6 B OAHOMY BHYTPilIHBO-
My Bysai p, € . Toni y (p) HabyBaTHme HaliMeHIIOro BiA'€eMHOro 3Ha-
YeHHA B ®, L0 HEMOMJIMBO B cHJAy TeopemuH 9, 60 y (p) 7= const Ha
oy (py) <0, y|p=>0). Opyra uacTuia Hacaiaky 1 LOBOAHTBCS aHa-
JIOTi4HO.

Hacninoxk 2. 3anaua

3a ymoB (49), (51) mae auue TpuBianbHHi po3B’A30K y (p) = 0.
JdoBenenHsn Hesaxko nomitury, mwo y (p) = 0 e po3s’a3kom
3ajaui (56). Hexaii icHye poss’s3ok Takuii, mo y (p) s~ 0 xoua 6 B of1-
Hif rouni. Toai B cuay nHacaiaky 1 MaloTh 0AHOYACHO BHKOHYBATHCS He-
pistocti y (p) = 0 Ta y (p) << 0, WO MOXKAMBO Jmie npd y (p) =0.
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BesnocepenHbo 3 HacniKy 2 BHNJIHBAE HACTyNHE TBEP/KEHHS.

Hacainoxk 3. 3a ymoBamu (49), (51) icHye eaunuii po3B’s3ok
sanaui (48), (60).

Teopema 10 (meopemanopisnanns). Hexaidy (p) — posg’asox sadaui
(48) — (51), a Y (p) — pose’sasox 3adaui

LY (p) =F(p), p€o, 57)
Y()=u(p), pEV

npusomy _
. le@I<wnip) pEY.
To0i
lyI<Y (), pEo U (59)

JdoBeneHHd. 3 Hacniaky | maemo Y (p) >0, pco ( y.
Oyukuii u (p) =Y (p) +y(p) 1a v(p) =Y (p) —y (p) 3an0BONbHSA
10Tb piBHAHHA

Lu=F,=F+4+F>0, Lv=F,=F—F>0
Ta rpaHHYHi YMOBH
Uy =Y +gph=pn+p>0, vh=( —yy=p—p>0.
3 Hacniaky 1 nmicraemo u >0, v > 0a60 y = —Y,y<LY. llei
o3Hauae, wo | ¥ (p) < Y (p) Ha @ |J y. Teopemy znoBezneHo.

Qyukuia Y (p) HasuBaeTbcA Mamopanmowo NS PO3B’SI3KY 3ajadi
(48), (50). fAkwo maxopaHTa Bifoma, To 3 (59) micTaHeMO OLiHKY NJs

19 lc.
Hacainoxk 4. [dna posp’sisky 3anaui

L =0, o,
y(p) pe (60)
yp)y=ulp), pev
cnpaBelHBa OLiHKA
max |y ()| = |yl <In lews (61)
pcoyy
ae
hulew = max|p(p)|.
o=y
HdoBenenHsa Busnaunmo maxopanty Y (p) 3a ymoB
LY(p) =0, p€o,
Y(p)=lnjcan pEY.
Toxi dynkuia Y (p) > 0 na ‘© i HaGyBae HAKGIIBIIOrO 3HAYEHHA Y Jed-
KOMY BY34i ciTku w. SIkmo Y (p) # const, 10 ueit Byson He moxe OyTH
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BHYTpiHiM, oTXxe, 'Y e = [ YV = plew. SAxkmo Y (p) =
=const, T0 Y (p) =|picw. B obox Bunapkax |Y .G = | b lcw.
3siacu i 3 HepiBHOCTi | ¢ |5, | Y I 1 BHDAHBaE (61).

PosrasiHeMO OLiHKH AJs po3B’SI3KY HeopHopiaHOl 3ajaui (48), (50).
3anuwemMo Horo y BHrAsAAi

_ y=y+u,
Toai y (p) — po3B’s30K 3anaui
Lyp)=0, pca; y()=pp@), rEY (62)
a v (p) — po3B’sa30K 3anavyi
Lv(p)=F(p), pc€o, v(p)=0, pcy. (63)

Jdna y (p) mu Bxe Maemo oninky (61). Ouinumo v (p).
Teopema 11. Sikuwp D (p) > 0, p € o, mo 043 po3d’ asky sadaui (63)
cnpasedausa oyinka
i v lcw <|| FID fcw (64)

JoBeneHHs. PosrasHemo maxopauty Y (p), sika € po3B'as-

KOM 3ajaui
LY (py=|F (p)), pEo,
Y(p)=0, pcr.

B cuay Hacaigky 1 3 npuHuuny makcumymy Y (p) > O, PEw® =
U v. Hexaéi Y (p) naGyBae HaiiGinblioro 3HaueHHsl Y BY3Ji p,
Ockinbku Y (pg) = | Y |cw), TO 3 piBHRHHSA

D(p)Y (pd)+ Y, B(po QY () =Y (Q) =|F (p)|

QELL"(po)

o
€ .

BH NAHBAaeE
D(pg)Y (p < | F(po)ly Y (p) < D (py) < | FD{c.

Ile i Tpe6a Gys0 NOBECTH.
3aysamcenns. Ouinka (64) cnpasepnuBa Aas po3B’s3Ky 3ajaui (63)
i Tozi, Koad 3amicTb (49) BHKOHYIOTbCS YMOBH

A(p)==0, B(p, Q)+0,
D(p)=14()|— T |B(p, Q|>0.
QM (p,
LificHo, Hexalt |v (p) | == 0 HaGyBae Ha#6inbmiOro sHaueHHs Y Byaai
Po- Tomi _
IA(po)I\v(po)l=| Y B(py Qu@Q+F(p)|<

Qe (Po)

Q€L po)
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3BIJKH

D (po) v (p) | <\ F (P s

bolcw = v(p) < %}’"’;—' <IF/D Y.

. 3 o . .
Moxe cratuca, mo D (p) = O Ha nigMHoxuHi @ citkn o1 D (p) >0
o - .
Ha o* = o \ ®. Toai mae micue HacrynHa reopema.

Teopema 12. HexaiiD (p) =0, p€ ® i D (p) >0, p € *, de © —
38’ asna cimka. Todi 0aa po3s’asky 3adaqi (63) 3 npasow dacmurorw

Fp=| 0 pco
Fy(p), peot,
cnpasedauso0 € oyiHKa
vl ST F/Djcwn = max [ F1(p)/D (p) [. (65)

HoBenenna Hexalt Y (p)— rtaka maxopanra, mo LY =
= F(), pco;Y(p)=0, pev, Y(p) =0, pco. Oyukuia
Y (p) mae na6yBati HaliGi/bLIOr0 3Ha4eHHs1 Ha CKiHYeHHIHl MHOXKHHI
® y JeAaxkoMy Bysai miei mHoxuHH. [Ipore welt Byzon He moxe 6yTH Hi
rpaHuuHuM, 60 Y (p) = 0, p € vy, Hi By3JoM CiTKH ®, 60 @ — 3B’fA3-
Ha citka i Ha Hill BUKOHyeTbcs NMpHHUMN MaKcuMyMmy. OTixe,

max Y(p) = max Y(p) =Y (p), 5oE0*
p
3a ywmoBowo D (p,) > 0. Tomy, NOBTOPIOIOYM MipKYBaHHA WIONO JOBe-
Ienusi teopemu 11, nicranemo (64). Mae micue i BipnoBigHnit anasor sa-
yBa)KeHHs1 A0 TeopemH 11.

TakuM YyHHOM, MH PO3IJIAHYJH T20pPeMH, fKi 32 JONOMOTOI0 MaXkKOpaH-
TH L03BOJIAIOTE Aictatu anpiopHi ouinku B HopMmi C (w) ansa posp’si3y-
BaHHs ciTkoBO1 cxemu BuRY (48), (50). ¥ n.2 rai. 5 Bukopucraemo ui re-
opeMH AJf OOIpYHTYBaHHS METOAY CiTOK po3B’s3yBaHHs 3agaui Jlipix-
Jae ajas piBHaHHA [lyaccona.

2.3. 3aranbHa reopin Habnwxenux metopis

3nayHa KiabkicTh 3ajau OGUHC/AIOBAJBHOI MAaTeMaTHKH 3BOAMTBCS J0
anpokcuMauii aiHifiHUX oneparopiB (pyHkuioHnasiB) a6o RO po3B’aA3y-
BAHH$ ONEPATOPHHX PIBHAHD Y AeSIKHX HOPMOBAHHX npocropax. [las wubo-
Fo 3aCTOCOBYIOTHCA HaGnuKeHI MeToAH, $iKi TPYHTYIOTbCA Ha pi3HMX
inenx. Ina 3’AcyBaHHA NHTAHHA Mpo edeKTHBHICTH i OGrpYHTOBAHICTD
UMX METOAIB HeoOxiAHi TXHi TeopeTHuHi AocnigkeHHA, y npoueci AKHX
NOCTAITb TaKi 3anadi: a) BCTAHOBJEHHS Npalle3aaTHOCTi (3AifcHeHHOCTi)
aqropuTMy Ta #oro 36ixHocTi; 6) AocAifKeHHA WBHUAKOCTI 30i1XKHOCTI;
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B) eheKTHBHA OuiHka noxu6kH. lli 3ajnaui ang Garatbox MeToriB poss’sa-
3YIOTbCA OKpeMO i MaioTh CBOI TpyjHouii, 6arato 3 skux uie Tpeba nogo-
Jat#. Ane Garato pe3yJ/bTartiB AOc/iJKeHb i3 BKa3aHHX BHIE TPhOX Ha-
npsiMKiB MOXHa 06’€HATH y 3arajJbHy Teopildo HaGMUMKEHHX METOAiB,
ocHoBH Ko B 1948 p. 3aksaB J1. B. Kantoposuu. BoHa oxonsioe Takox
6araTo NHTaHb THX METOAIB, fIKi MH pO3I/Ifila€MO, 30KpeMa MeToAy ci-
TOK, NPOEKIiHHUX MeTOAiB Ta iH. PosrisaHemo fesiki 3 IHX MUTaHb.

Hexait X — HopmoBanuii npoctip, X — floro noBHui mianpocrip,
npudyoMy icHye HeilepepBHUi JiHiIAHHIA Oneparop p, WO NPOEKTYE OPO-

crip X Ha X, T0o6TO
P(X)=X, P*=P.
3posyMiao, mo oneparop P He 3miHIOe esleMeHTIB 3 X. Sxwo, HamnpHk-

aap, X = Cla, bl,a X — cykynHicts noninomis, He Bume (1 — 1)-ro
creneHs, T0 P craBuTh Yy BianoBimHicTh HenepepBHilt dynkuii x (f) €
€ Cia, b]1ii iHTepnosnsuifiHKil MHOrOWIEH 3a 3aJaHOI0 CHCTEMOIO BY3J]iB
&, ..., &,

Posraisinemo ABa piBHAHHA, AKi Ha3WBaTUMEMO PiBHAHHSAMH APYroro
poay. Ilepe

Kx=x—AHx=y 3
— y npocropi X, a apyre

Rx=x—M\Hx =Py 3]

— y npoctopi X. Tyr H— nenepepBuuii ninifinuit oneparop 8 X, H —

HenepepBHUi niRiHu#i onepatop B X, A — uHcao. PiBusaunus (1) Gyae-
MO Ha3WBaTH TOYHHM, a pPiBHAHHA (2) — Ha6GJMKEHHM; BOHO Bianosinae
TouHoMYy piBHsIHHIO (1). P03B’s130Kk HaGawmkeHoro piBHsHHA (2) posraa-
Jaemo siK HabumxeHnil po3s’a3ox Tounoro piBHaHHa (1). o6 nos’a-
3aTH PO3B’A3KH TOYHOro i HaGiHXKeHOro piBHAHb, 3pOGHMO TakKi NpHpPOA-
Hi ApUNyLIeHHS.

I. ¥mosa 6ausvrocmi onepamopie H ma H. Ilas goeiapHoro x € X

| PHx — Hx|<n}xl,

0 piBHOCHJIBHO HepiBHOCTI

-

|PKx — Kx}<| M| *|V X€ X,

NPHYOMY CTala 1) He 3a/eXKHThb Bil X.
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11. ¥Ymosa xopowoi anpoxcumayii esemenmis sudy Hx, x € X, ene-
senmanu 3 X. Oasa 6yae-axkux x € X sHafigerbcs x € X Takufi, mo

|Hx — x 1< m | %),
Ae cTajla He 3aJeXHThb Bij x, xﬂ.

II1. ¥Ymosu xopowoi anpoxcumayii 6iabro20 4AEHA MOUHOO PIBHAHHA.
Ichye ememeHT y € X Takuii, wWwo

ly —yi<malyl
(na BiaMiHy Bin nmonepennix yMOB TYT 1, MOXe 3a/eXaTH BiA ).
Teopema 1. Hexati suxonyomovcs ymosu 1, 11 i onepamop K mae He-
nepepsruil obeprenuti. Axuo

g=\Alln+[I—=PImlKI<], ®)
mo onepamop R maxoox mae obeprenull, nputomy
1R I @

HoBepnpeHnHsn IlpunmycTHMO cnoyarky, IO DPOCTip X noBHAi,
Posrnssemo onepatop K; = | — APH, ge | — onunuyuuii oneparop.
Toni arigHo 3 ymoBoio 11 '

WK — Ky x| = |M{Hx— PHx| = |M{Hx —x + Px —

— PHx| =M — P) (Hx— 0)|<IA 1 — Plnl £},
a 1ne B CHJY JOBiJBHOCTi X O3Hauae, 11O
P K— Kd<IAMiIT— Pl
Onepatop K,; MOXHa 3amHcatH y BHLSAL
=K (I —K(K—K), )
MpUYOMY ’
LKTHK — KUM= Pind KT I<<q < L.
3a reopemoio Banaxa (auB. 0. 1.4 3 u. 1) icHye oGepHeHHii oneparop

=K' K— K™ i 1=K (K~ K7 i< 55

I3 3o6paxenns (5) BunanBae, mo onepatop K, Mae obeprenufi Ki' =
=( — K™ (K— K))™ K™, npuuomy

—1 LK~
O T T Ll ®
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Y npocrop1 X POSIVIAHEMO OnepaTop. le = x — APHx. Ilna po-
menoro X C X 6y}1e le = le HeBaxko nommm, oo A48 AOBiJib-
Horoy cX 6yne Kilye X. Hdificro, axmo x’ = Kily,Tox' — APHx' =
= _l;, x" =y + MPHX'€ X Tomy onepaTop K1 Mae HenepepBHHH o06ep-
HeHuil, akuti Ha X' 3biraetsca 3 Ky ', npuuomy

VKT %1 K715
KT = sup ——= sup —|+l<
X w20 Nl veX, xz0 1
P K7t
< sup L — =K'} @)

XEX %50 I ||

Ouinnmo pisnumo K — K;. 3a ymoBoio | A5t JOBI/IBHOTO X € X

| Kx — Ryxy= | M| PHx — Hxy <A n)x},

TO6TO
| 1K — K 0<IA]n. 8)
3rigo 3 (3), (6) — (8)
Sl R Lt IR -
MWK = K S =Pk
== 1—4q <

L— (A —Pn K"

Tomy, sanucyioun oneparop Ky dopmi (= K, (| — K" (K, —

— K)) 3a TeopeMoio Banaxa nicranemo, wo icHye K™.3 ypaxyBaHHAM
(6) i ocranHbOi HepiBHOCTI Maemo

R7! T
i ol < |IK,_1||
=LK' K=K IK~ 1 Aln
F—=1 M —Plng K™
L e e LT o T
L—tAlm 4+ —Pad 1K
_ IKT'RQ— 1A =P k7D KT
l—g < l—q °

Orxe, ana moBHOro npocropy X Teopemy AOBefeHO (IOBHOTA NpPOCTOPY
HeobxiZHa Ana 3actocyBanHa Teopemu banaxa).

1K<
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Slkuio npoctip X HenoBHUH, TO, BBOAAYH HOrO NMOMOBHEHHSA, MOMKHA

JOBECTH, WO 3aMHMKaHHs oneparopis K, K™ (106T0 posmupenns
iX 32 HemnepepBHICTIO Ha Bech NOBHUH NpPOCTip) € B3aeMHO OGepHEHUMH,

a 3aMHKalHs onepatopa f Takox 1noB’s3aHe 3 onepatopoM H ymoBamu
I, II 3 Tiew camow cTanolo 1 i HOBOIO CTaNOO 1)y, AK 3aBroAHO GJAU3bLKOIO
Ao crapoi. TomMy BHMAaZOK HeNnoBHOro npoctopy X 3BOAHTLCH 1O PO3-
TASIHYTOTO BHille i TeopeMy NOBHIiCTIO AOBEAEHO.

Teopema 2. fIxup suronaro ymosu I—111, icnye nenepepsnuii obepHe-

Hud onepamop K™ (ye mac micye, 30Kpema, npu BUKOHAKHL YMO8 meope-
mu 1) i pisnanna (1) mae poss’ ssox x*, mo cnpasedausa oyinka

bx*— X< pla*),

de x* — po3d’ A30K pieuﬂnﬁﬂ 2), a

= 2A [ K7+ (| AL+ ) KD (1 4+ K PKY).
HoBenenna JloBeaemo, 1O eneMeHT x* MoxHa anpoKCHMYBa-

TH esileMeHTOM 3 X 3 TOUHICTIO A0 HNOPSAAKY 1); =+ Ma, ToOGTO icHye x¢€ X
TaKuli, 110

fa—d< el x*), ©)
ane
e=min[l, n;| 1| + 1y | K]

Hincuo, sa ymopamu II, II1 moxna suGparn !; € )2', ;E )~(, Tak L0
IHx—zj<m b Jy— yI<melyi<ml Kl 2*).
Moxnanaloun x = hz~+ y~, AicraHemo
I2* — Xl =AML + y — A2 + P A+ nd KD 120l

Kpim Toro, (9) mae micue npu e = 1, akmo nokaactn x = 0.
Mosnaunmo x, = K'PKx. Toni

16% — <[ * — X]+ 1x — %ol |50 — £*,

mpHYOMY NEpLua CKJafoBa OLiHIETLCA 3a ponomoroio (9). 3 ymoBn 1 BH-
ILIHB2€E

VX — 7ol =IK ' Kx — K'PKX| SV KW K5 — PKx|<
<IAniK~ s,



a 3 nepienoeri (9) —
RII 10 — X< (1 + )]t

TO6TO
I — Xl <IAM (1 + &)t K~ 1a).

Ockinbku x* — po3B’a30K piBHAHHA (2), To6TO x* = K~ 'PKx*, 10
IS CKNafioBoi || X, — x* | 3a monomoroio (9) AicraHeMo OUiHKY

lxo— x*| = K'PKx — KT'PKx* || KT'PK ) x — x*{ <<
<elK7'PKypxt|.

TaxkuMm uyHHOM,

— <A+l KT i+ +IKTPRIDIL ()
Ockinbku 1 +e<<2, ey Ml +my | K, nicranemo TBephKeH-

Hsl TeOpeMH.
3aysascerns. SIKIO BHXOAHTH 3 TOro, w0 HepiBHicTb (9) Mae wmicne,
To A 3206yTTA (') He TpebGa npomyckatH BHkoHaHHs ymos II, III,
3a3Hayumo, WO B LbOMY pa3i fAeTbcs npo HabJHKEHHS KOHKPETHOro
eqementa x* i & Moxe Bifl Hboro 3anexari, a y npunywensi Il sean-
u#Ha 1M, Bil X He 3anexHTb. BequunHa e xapakTephsye MOX/HBICTH

anpokcumauii poss’ssky x* pisuauns (1) enementom x€X, i sakwo
n1=0, t0
[x*—x*]= 0(e] K~'PKY).
Teopemu 1, 2 MOXXHa BHKOPHCTOBYBATH AJA anpiopHux ouisok (oui-

HOK KOPEKTHOCTi) CiTKOBHX CXeM i JJ/Ia OLiHOK NOXUOKH.
Akino MaeMo nocaifioBHicTb HaGJMHXKEHHX DPiBHSAHB i NOCJiAOBHiCTB

{x,,} 3HaleHHX 3a iX JomoMorolo HabJHXKeHHX PO3B’fA3KiB, TO MPOCTip

X, a Takok oneparopH H (K) P, crani m, M, Mg, ¢, pi T. A. GYRYTH.
3a/eXary BigJ iHOeKcy n (AKHil AJf COPOLLEHHA [O3HAYeHb ONYCKA€ENMO)

Toxni ymoBu 36ixkHocTi mocnifoBHOCTi {Xp} IO TOUHOTO pO3B’s3KY Ja-
I0TBCSl HACTYMHOIO TEOPEMOIO.
Teopema 3. Axuo suxonano ymosu: 1) onepamop K mae nenepeparuil

obeprerutl; 2) npu koxuomy n =1, 2, ... suxounano ymoeu I—III,
npuvomy
Jimn=0, lmn iP{=0, limn,|P|=0, (10

mo npu documb 6eauKux n HAGAUINCEHI DiBHAHHA MAIOMb pO36°A3KU Xns
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aKi s6izarombes 0o mounoeo x*, mobmo

lim jx* — x5 | =0,
"—N”A

npusomy
1%* — X3 1< Qe + Qi P+ @y P, )

Oe Q;, i =0, 1, 2 — Oesaxi cmani.
Hdosenennsn Ockinbkn |P|>=1, 1o 3 (10) BHnAMBae, wo

lim m, = 0, TomMy npH A0oCHTb BeNHKHX n B TeopeMi 1 MaTumeMo g <C L
ko0

TakuM unHOM, JJiA BKasaHUX n icHye HelepepBHHUH onepatop K, npu-
yoMmy

IR "K ”<2||K"ll

3sincn | K~' | — obmMexxena crana, sika He 3anexuth Bin n. Bpaxosy-
I0YH Lie, a TaKOX HesajexHictb | K  Big n, 3 Teopemu 2 gpicraemo (11),
i oTxe, TBep/KEHHs TeopeMmH 3.

Teopema | nae 3amory Ha ocHOBi icHyBaHHA poae 3Ky TOYHOTO piB-
HSIHHA 3pOGHTH BHCHOBOK (PO iCHYBaHHs pO3B'3Ky HabJIHMKEHOro piB-
HAHHA. 3 HaCTYNHOI TEOpeMH MOXHA 3POGHTH OOepHeHHH BHCHOBOK.

Teopema 4. Axup onepamop K maec HenepepsHull obepHeruli, 8UKOHY-
tomoca ymosu I i 11, a makoxc

r=|AMA AV KT 1A (0 F KPR <,

mo K mae nenepepsnuii nisuil obeprenuil onepamop, HOPMa AKO2O OYiHIO-
embcs 3a Gonomozor0 Hepierocm

K-ty LELKTP I+ A n) K=+ ) K1PKY
K<

| —r

PoarasiHemo piBHfHHSA, fIKi 3aBASKH HasiBHocTi B ixHix oneparopax
FOJIOBHOI YacTHHH MIPOCTOIO BHTAAIAY MOXKHA 3BeCTH JO piBHAHb APYroro
pony. .

Hexait Maemo fiBa HopMOBaHHX mpocropH X Ta Y i B KOXHOMY 3 HHX
Buiineno noBuu#t miampocrip: X < X, Y < Y. Kpim Toro, icuye Hene-

pepsHuii ainifinuit oneparop @, sikuil npoekrye Y Ha Y,
PoarnisiHemo TouHe piBHAHHS

Kix=Gx—ATx =y, (12)
1 BignoBigHe #omy HaGaukeHe .
Kyx=Gx—ATx = ®y, (13)



ge HenepepBHi ninifiHi onepatopu G, T, K, Bigo6paxaiots X B Y, a He-

nepepBHi ainifini oneparopu 7T, K, — X—sY. [lpunycrysMo Takox,
mo: 1) oneparop G mae HenepepBHHUi oGepHeHHil; 2) onepatop G BCTaHOB-

JIIOE B3a€MHO OfIHO3HAuHY BianoBianicts Mik X T1a Y, 1T06T0 G (X) =

=Y i, ore, G (Y) = X. Hexait BuKkoHYIOTbCSI YMOBH, ananoriusi
po3rnsHyTHM BHile ymoBam [—III.

1 a. Hnsa Gyab-skoro X € X mae Micue HepiBHICTb
10Tx —Tx|<plxl
11 a. Ias posinbhoro x € X sHafinerbcsi Take g;e Y, mo

1Tx — yi<p) 2l

111 a. lcuye enemeHT ¥, € Y Takuii, mo

[ — gl < pell e
ITokaxemo, 10 32 UMX NPHNYLIEHb BHBYEHHS PiBHAHD (12), (13) sBo-
AMTBCS HO AOCJiJUKEHHSs PIBHAHD APYTOro poay.
IlificHo, 3acTocyBaBiuH A0 60X uacTuH piBHsHBb (12), (13) onepatop

G, nicranemo piBHAHHS
Kx=G'"Kix=x—AG"'Tx =Gy, (14)
Kx=G"Kx=x—2A"Tx = GOy, (15)
fiki mMaioTh BuraaA piBHaHb (1), (2), npuuomy ponb oneparopis H, H,
P, K, K BilirpaTh oneparopu G7'T, G7'T, GG, G'K,, G"lKl.
a poab y — eqement G 'y
MepeBipumo BuKOHaHHs yMoB [—III.
I. 3 I a Bunausae
| PHx — Hx| =!1G'®GG'Tx — G 'Tx|<<| G~ || x]-
I1. y BigmoBianocti 3 Il a AN JoBiqbHOTO X € X 3Ha1u1e'rbca ene-

MeHT y €Y takuit, wo | Tx — g << py | x|. IMoknanawoun x = Gy,
MaTHMEMO

|Hx—x}=16""Tx — "'y} <IG I i),
IT1. Hexai yl BH3Havaerwes 3rigHo 3 III a. IlosHauuBmn y =
= G'y,, MaTuMemo

= =16"5%— 65" <IG |l suk <IG ' {1 Gl pai 91
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Takum uunom, ymoBn I—III Buxkonyiorbes 1 crani n, vy, M, B HHX
BHPAXKAIOTbCS uepes [, Mg, WL 32 dopMyJsiaMu

=piG", m=m)G ', ny =!I GIG)

Tomy pnsa piBHsaub (14), (15) maioTh Micue po3rasHyTi BHlle TeopeMH
1—4. o6 cnpoctuTy ixHi ¢opMyJiOBaHHS, TPHNYCTHMO AOAATKOBO, IO
HopMH y npoctopax X, Y ysrofxeni 3a monomoroto oneparopa G:

Ixix =1Gxly, lyiy=1G"ylx, x€X, yev. (16)
MNpn usomy Bino6pasenns G isometpmune, | G| = |G~ | = 1, 3aBasa-
KH LbOMY

IPl=[@) [K|=]1Kl [1K|=]Kd)

|H| =T} |H|=IT}

Copmyioemo Bignosiani Teopemu mnsa pieasaxb (12), (13).
Teopema la. Axuo suronano ymosu la, 1la, ichye nenepeparudi one-

pamop Ki' i

(17)

g=IMlp+| =Dl K<, (18)
mo Rl maxose mac Henepepsrull obeprerull onepamop, nputomy
- (L]
KNS - (19)

Teopema 2a. fTrxujo suxornyromocsa ymosu la—I111a, icnye Henepepsruid

onepamop Ki' ma icnye poss’ssox x* piouanna (12), mo cnpasedrusa
OyiHKQ

i f2— < pl s, (20)

de x* — po3g’asox pisnanna (13), a
p=21MRIKT I+ (1A Bl Ki) (FIKTOKLD). @D
Saysacerna. SIkmo icHye enemeHT x € X Takufi, wo
I — xi<e] 2,
70 oninka (20) cnpaBepnuBa Ge3s mpunywens lla, I11a, npuyomy B upo-
MYy BHNajKy
p=2Mp|K' |+ & (1 + | KT'DK,.

Ile moBORMTBCA aHAJOTiYHO TeopeMi 2. ’
Teopema 3a. Axuwo npu xomromy n = 1, 2, ... SuKOHYOMBLCA YMOBU
la—I1la, onepamop K, mac nenepepeuuii obeprenut i mae micye cnie-
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giOHOWeHHA
lim p = lim p, | @] = lim p,| @] =0,
n-»oc n—»oo n-—»00

mo nocaifosricme Habauxcernux poss’askie (mobmo po3g’A3Kie pieHAHKA
(13)) sbicacmoca do poss’ssky x* pisuannn (12), npuvomy

Ix* — x5 | < Qu + Quity | @] + Qupeo| DI

Teopema da. fAxup icrye nenepepsrud onepamop K o, BUKORYIOMbCA
ymoeu Iama 1lai

r=|Au 4| A ) KT 1A k(1 LRTOK ) < T,

mo K, mac nenepepsnui asisuil obeprenutl onepamop, Rpuiomy

LK @5 Al KT ) KT 0K, |

1l —r

KT <

PosrisiHemMo okpemHii BHNALOK, KOIH HOPMYJIOBAHHS TEOPEM CNPOLLYIOTh-
cs, T06TO0, KOMKH HabiwkeHe piBHAHHA (13) AHicTalOTh NpPOEKTYBAHH M
TOYHOrO PiBHSIHHA. ¥ IbOMY pasi AJs NoGyAoBH HaGIHIKEHOro piBHSAHHSA
Iio 060X yacTHR TouHoro piBHsiHHA (12) 3actocoByerbcsa oneparop @:

Kyx = OK,x = Gx — ADTx = Oy,
10610 T = ®T. Ockinbku

| Tx—®Tx| = || ®Tx — ®Tx| = 0,

To yMoBa la BuKOHYyeThcsi npH W = 0, TOMy cKpi3b y dopMy/IOBaHHAX
TeopeM TpeGa mokaactH p = 0.

FNABA 3

3AAAYA KOLWUI ANS 3BMYARHMUX
ANUDEPEHLUIANBHUX PIBHSAHD

3.1. NMocranoska 3agaui. Knacudikauyis merogis
po3s'asysanis 3agaui Kowi

Hexait na Bigpisky 7, <C {<C T rpeba sHaliTH po3B’A30K nudepeH-
nianpHoOro piBHAHHA 7-TO NOPSAKY

u® =f(t, u, w, ..., ", (1
Kyl B Touli ¢ = {, Habypae 3ajaHWX MOYATKOBHX 3HAYeHb
WWity=1u) i=0, n—1. 2
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Ils 3anaua wasuBaeThes 3anavero Kowi nas pisusuua (1). IlocratHboio

YMOBOIO iCHYBaHHs i €auHoCTi 11 po3B’n3ky 3 kaacy C" [#, T1 e nenepeps-
Hicth ¢yukuii f no Bcix aprymentax i BHKOHaHHA yMOBH JlimuHus no
sMiHHHUX 4, u', ..., ub,

3apauy Kowi mns nudepenuianbHOro piBHAHHA Nn-TO MNOPAAKY BH-
rasay (1) MoXKHa 3BeCTH N0 eKBiBaJIEHTHOI HOPMaJbHOI CHCTEMH TAKOro
BHIJIRAY!

au
| S =F@U), Uty="U, (3)
AKWO MOKJACTH

Wity=uw ), @ O=u .., ") =@y,

u? () =F@ w@ wm@ ooy tnar ()
i mosuaunTtH
Uxy= @@ ur@ «.., una@)),
F(x,U) = (u, (), ug(®)y .-, thnor (@) flx, () ..oy unaa @),
Uy = (uy, U[’), ey ("—1))"
3apaua Kowi gas 6inbm 3aranbHOl CHCTEMH 71 PiBHAHD M€pPLIOTO
nopsaaKy
urt)="Ffit m@, ..., u, @),
u; (to) = u(l)v i= 1,_ﬂ,,
TaKOX 3amucyeTbcs Y BUMAnAA] (3), AKIIO BBeCTH MO3HAYeHHs
UO)= @@ ..., ua ),
F(t’ U) = (fl’ sey fn)" fi = fi(tv U(t))o
Upg=(, ..., ud).

OckinbkH GinbiuicTb MeToAiB po3B’a3yBanHs 3afaui Kowi ansa piBHAHHSA
nepLIoro MOPsIAKY

(4)

u' (t) = f(ts u), (5)
u(ty) = Uo

mabke Ge3s 3MiH NEPEHOCATbCH Ha CHCTEMH, TO 3 METOK CIIPOUIEHHA BH-
KJAJoK poarasiaaTuMeMo iX s 3agaui (D).
PosrasneMo Heainifinuii oneparop A 3 06/1acTiO BU3HAYEHHA

D(A) = {u(): ucC (t, T, u(ty) =uy}
i obaactio snavenb R (A), 3 npocropy C (4, Tl. Oneparop A xie sa
NpaBHaOM
Ay =u @O—[¢ v
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Toni samauy Komwi (5), po3B’si3oK siKOi WIYKaeTbcsi Ha TNPOMIKKY
[4;,, T), moxkHa sanucatd y BUrAsadi He/iHifiHOrO onepaTopHOro piBHAHHA

A(u) =0. (5')

3a3snauynMo, IO CIOOM BKMIOUaeTbes i BHnagok 7T = oo. Buxinunmu
JanuMmu 3anavi (5) ao, wo te came, 3aiaui (5') € MoYaTKOBe 3HAuEHHSA
u, Ta npaBa yacTHHa piBHAHEA, ToGTO dyukuis f (¢, u). 3anava (5), (5')
Mae GYTH KOPEKTHO INOCTaBJENOI0, T0610 MaloThb BHKOHYBATHCh YMOBH:
1) BoHa Mae €AHHHH pO3B’A30K; 2) Lell po3B’ 30K HeNepepBHO 3a/1EXKHTh
Bill BUXiZHHX KaHMX, TOOTO «Mani» 30ypeHHA BXiAHHX JAHHX BHK/JHKAIOTb
«Masi» 36ypeHHA PO3B’A3KY. YMOBY 2) Ha3HBalOTb TaKOX YMOBOIO CTiii-
Kocri. JloctaTHbOIO YMOBOKO Po3B’A3HOCTI piBHAHHA (1) € HemepepBHICTDb
f (4, w) i BukoHanua ymosn Jlinmmus no u. BusBumo ymoBm crifikocri
sagaui (5), (5’), BBiBIIM MoNepeaHbO HACTYNHI O3HAYEHHS.
Osnauenna . 3anada (5) HA3UBAETHCA CMILIKOW W4OI0 NOHAMKO-

8ux ymos, AKWo ana ¢yHkuii 2 () = u(t)y — u (b, ne u @), u () — eing-
NnoBiaHO po3B’A3KU 3anay

%- =f{t, u), uly)=u, ©®)
Ta

J . -
‘ Go=f ), wl) =, @
cnpaBeHBA OLiHKA

12y << C\uo—uo\

Tyt C — crana, HesaNexHa Bil u,, « iy — leska HopMa y mnpo-
cropi GyHKuif 2 (Y, sanannx Ha npomixky lf, T1, T << oo. ¥V ubomy
pa3i KaKyTh TaKoX, IO po3B’a30K 3aaayi (B) crilikuit w00 mouarko-
BHX YMOB.

Osnawennsa 2. 3anaya (D) Ha3uBaeTbcA cmilikoo wpdo npasoi

Yacmuniy, AKWO Ana GyHKuii 2 (f) = u ) —u (@), re :t, U — po3B’aA3-
KH 33Ja4

=f ) ult)=uy @®)
L =Ftw), ul) =%
f,wy=F(t, u)+ o, ©)

Mae Micue oliHKa

1zdo) <CL6f ) -



Tyr C — Hesanexna 8in f, f, u, u crana; |-y, |- }(2, — Jeski
HOpMH y npoctopi QyHkuii, 3anaHnx Ha npomikky b, T, T < oo.
O3HadeH H A 8. 3apaua (5) Ha3HBAETbCA CmMILKo/0, AKIO A5

dyukuii 2 (f) = u@)—u(), re u, u— pPo3B’A3KH 3ahau

L=t w, i) =uy (10)

—~4«w£w=% (1)
Mae Micne ouiHka
12k << G 1 6F () ey + Ca [t — |-

Tyt €y, €y — Hesanexni Bin u,, U, f, T, u, w— crani, Pty b by —
Jesiki HOpPMH y npoctopi QyHKHiH, 3ajaHHX Ha nponvmxxy ty T), T <<
< oo. ¥ 1bOMY BHNAJAKY KaXyTb TAaKOX, L0 po3B’A30K 3ajaui () criit-
il LIOJO NOYATKOBHX AaHHX Ta MPaBOi YacTHHH.

He ofMmexyroun 3arajbHocTi, MoKJajgemo ins 3pyyHocti & = 0.
Hana ¢ynkuii z 3 o3HauenHs | Aicranemo 3ajgauy

dz

2 =al)z €O TE 2(0)=2=t,—t, (12

ne
al)y=If(t u)—F (@t wlz = fu(t,u+02), 6€0, 1].

Posp’siskom 3agaui  (12) € Bupas

4
§ a(t)dt

2(t) = 2z,e°
3sincu BHI/HBAE, WO MpH fo < 0 aas Beix £, u Matumemo |z (f) | <<
<z(0), a6o fu — uleor <| uo u,|, T < oo. 3a3nauumo, 10

yMoBa fu < 0 o3Hauae Hespoctranus QyHkuii f (¢, u) no u a6o MoHOTOH-
wicrb no . TakuM YHHOM, MH ROBEJH HACTYMHE TBepIKEHHS.
Teopema 1. frkujo 0as acix &, u BUKOHYEMbCA HepigHicMb

fu (¢, )<<0, (13)
mo

p—ukun<ln—ul, T<oo, (14)
mobmo sadasa (5) cmidka w000 NOYAMKOBUX YMOB.
Hexait 2 (f) — QyHKUis 3 o3HaueHHS 3, MPHYOMY

Ft, w) =1 )+ 8@



Toni

L —ayz+ b, 20)=2=t,—u,
Hexalt z(f) =2, () +2, (), ne 2z, () i 2, ({) — po3B’A3KH TaKux
sajiau:

& a0z, a® =2 “2-=al)z+58, 20 =0

HOns 2, npu fut, ) <O maemo ouinky |z, ()| < | 2] =| Uy —
— Uy | aa Beix te [0, T] T < oco. PiBHAHHA BAA 2, MOMHOMHMO Ha
z, i npoinrerpyemo Bia 0 Io t:

t ] ¢
S. dzy (s) 2,(s)ds = Sa(s) s () ds + \ 8f (s) 2, (s) ds.
0 0

0
Mpr [, << 0 maemo

14 Fd ¢
_;_j' dz?zs(S) ds = fa(s)z%(s)ds—}-Saf(s)za(s)ds,
0 0 0

t T
+A2O<[5 026 ds< 1501120 1d<
0 0

<18 @ lecor « T - zaleromrs (15)
e

lvlco,ry = max |v(x)],
x€[0,T]
To6TO
V2alcro. 1 <2T | 8f () bcroryy T < oo,

o o3Hayae crifikictb 3agmaui (5) mwono npasoi wactHru. a2z (f) ma-
€MO HepiBHiCTb '

V2leto,ry < 2T | 8fleroy + Lt —ul, T<oo. (15%
TakuMm YMHOM, MH [OBeJH HACTYMHY TEOpeMy.

Teopena 2. Txuwpo f. (1, u) < 0 das ecix {, u, mo Ha 6ydb-SKOMY CKiH-
4EHHOMY eir)piargg [0, T] daa 3adaqi (5) suxonyemees Hepienicms (15°), mo6-
mo 6oHa € cmiliKoio.

3a ymoB [, <0, 8 €L, 10, TI 3 (15) sa pomomoroio HepiBHoCTi
Kowi — ByHsiKoBcbKOro MoXkHa nicTaTH TaKy oONiHKYi

- BO< 3l 16 bugor,
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3BiAKH

V2, llcro.r) <20 8F e to,3
lle osnauae crifikicte 3afaui (5) WOAO MpaBOi YaCTHHH AK Ha CKiHYeH-
Homy Biapisky [0, T, rax i na Heckinuensomy [0, oo). s z (f) wma-
€MO HepiBHicTB : :

N 2lcro.r) < 21 8F letoury + | o — to]- (15"

Omnxe, MOBEIEHO TaKy TeopeMy.

Teopema 3. Skuwp ¢ynxyia [ (¢, u) nenepepsna 6 obracmi Q = {(t,
witelo, T), u € (—oo, ), T < oo}, sadosoavrnae ymosy Jlinuuys
nowif,(t, wy<<0npu(t, u) € Q, mosadasa (5) ¢ KopekmHO nocmasae-
HOI0, npu4omy maromo micye sepienocmi cmidkocmi (15°), (15).

Memoduposdasybanna
sadaul Nowl

/\

Habauwenl! Tovnl
l Axanimuyni Yucenem!
s 08noxpoxoli Saeamoxporodi
3 o
8 g :
= 2
S, ~
3 e ; A8scmo- :
E 5 A0ul Henbni 0HHI Abni Heabul
[}
X 1 [ | T ‘ | i _L
3
E E ] 8
g g £8 H 5118
55 3 5 S ]S
§% g i¥ = w [T
T3 < Sg 3 E|IE
g 5 3 s )=
< g S* NE 3 .
b 3 L ¢

Puc, -1
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Cnaoedu nobydobu memadid
poslrasybannn sadavl Kowl

—

o

Ans 0dnoxpoxaBux Aax Saeamoxporolux f

mMemodid, axi spysmyromecn Memodi8, axi spynmyromeon .

Ha Ha Ha na
npamid necma-~ exBlbanenmromy npamld nocma- enbilanenmuomy
wobyi sadavi inmeepanaoM Hobul sadavi inmezpansromy

Kowl cnildidnowenn Nowl onidbidnowenni
; | |
= N
- g g fE
HEIY =5 e$3 les
X3 EXx = 3 s X
s2| ISk £3 233 £3
sS=| |*8 X3 11 S<
ZE| ]| & e ]

Pue. 2

3 BUKJANEHOrO BHILE BHILIUBAE TAKOXK, IO 3 TOYKH 30py CTifikocTi
po3B’s3Ky 3afaya (5) anasoriyna JiHiAHIK 3apaui

Lt h=0, t€(,T),
u(©0) = u,,

(16y

AKy MOXHa DOSIJIAJATH fIK MOJEJNbHY 3ajauy MpH BHMBYEHHi cTifikocti
yHcebHHX MetoliB. Po3B’siskoM 1iei 3anaui e

u(f) = uge—™,
us pyHkuia He 3pocrae npu A = 0, To6TO
le@i<|u] vi=0.
YMoBa AZ>=0 Binnoéinae yMoBi f, << 0 aas .3apaui (5).

Metoan posp’ssyBanns 3ajayi Kowi MoxHa (laneko He moBHicTIO)
KJacHPIKyBaTH TaK, SK NOKasaHO Ha pHc. 1.

MoxHa TakoX KaacHQiKyBatH cIOCOGH NMOGYROBH (KOHCTPYHOBaHHS)
yHceJbHHX MeToAiB po3B’a3yBanHs 3amaui Kowi (puc. 2).

3* 67



3.2. Merop papgie-Teitnopa

Mpunycrumo, wo B 3agavi (5) 3 n. 3.1 dyskuio f(f, @) y touui
(X, Up) MOXKHA PO3BHHYTH B PSIA BHIMIALY

Flrw) = X co,t —19% (4 — g™, M
1 g%+
caoa, - a’o!al' at"‘"a Oy f(t u) 't‘;ﬁ‘. ’

Je o, o, — LiJi HeBiJ'eMHi 4uCAa, Cop,e, — CTAJMi KoediuieHTH (HWHMH
caoBaMH, byHKuis f (x, y) € aHadiTHYHOIO B TOYLi X, 4,). MoxHa moka-
3aTH, U0 Y LbOMY BHIIaAKY po3B’d30K 3anadi (5) 3 n. 3.1 Takox € aHaJi-
THYHHM B Toulli X, (reopema KoBa/leBCbKoi), i MH MOXKeMO 3amycaTH Ha-
O6/HKEHY piBHiCTb

u() ~ Z ) (g @)

ZJsi BCIX ¢ TakMX, Wo |¢— ¢ |<<p, Be p — pamiyc 36ixHocTi pany
Telisiopa (B UbOMY BHNAAKy Moxubka dopMysaH (2) npsamye Ao HYJS Npu
n — oo), o6 BusHauutH u® (f;), mocaizoBHO npoaudepeHLioemo no
¢ piBsiHHa (D) 3 m. 3.1:

u” (to) = fi oy o) -+ fu (s ug) f (foy Uo)s
u” () = fu (Lo ug) + 2ftu (Lo Uy [ (o uo) + (3)
+ Fuu (bor o) Uf (bos Q)1 + fu (o t2) Fu8” (o).

TakuM uuHOM, Merol pOSBPlHeHHﬂ B psul Tefilopa BuMarae OGYHC/AEHHS
TORY MOXHA BBaXATH JOLibHUM 118 Bunam(y pO3B’A3yBaHHA ORHOIO
i Toro camoro nudepeHuiaabHOrO piBHAHHA BuraaLy (5) 3 m. 3.1 3a pisHux
NOYAaTKOBHX YMOB 3 BHKOPHCTAHHAM MpOrpaM aHaJiTHUYHOro AudepeH-
uiloBaHHA (yHKLi# (Taki nporpaMH HOCHTb BHCOKOI fIKOCTi iCHYIOTB,
sHanpuknan nporpaMa REDUCE).

Ouinky nHoxuGKH LbLOTO MeTOLy MOMKHA AicTaTH, BHKOPHCTOBYIOUH
OWIHKY 3aJHIIKOBOro uJeHa ¢opmyJaH Teiijopa.

Il puraad 1. 3uahtu Bigpisox psay Tefinopa poss’siaky 3apaul Koud
uw)y=u u(@@=1

TOYHHM PO3B’A3KOM Liel 3ahaui €, AK HEBaXKKO nepeKoHaTHcs, U (f) == l_lT)'
Posp'aaysannga Ilykaemo po3s’sa3ok y BHrasai

W)= 6 0)+ U O g B one,
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3 nouaTkoBol yMOBH Maemo u (0) =1, a 3 pisaanna — ¢’ (0} = u2 (0) = 1. Hude-
peHliloouy HOCAIOBHO piBHAHHA U’ = u?, picTaemo

()y=2u()- u (),
SBiAKM 3 ypaxyBaHHAM nonepeanix pisuocrelt Maemo u” (0) = u (0) - u' (0) = 2. Toni
a” () =2 O+ 2w u (), u” (0)=2+4=6,
Wy =6u (Qu" () +2u@)u” (), WO =124+12=24
Orxe,
u)=14+14+24+-8+114

Hepamxo anafiti i 3aranbiuil 4ieH LBOro psAy, a TaKOX AOCHiguTH foro 36imaicts xo
TOYHOTO po3B’sA3Ky. 3po6ith Ue camocTifiHo.

Y Bunaaky cucreMd IudepeHuia/ibHUX PiBHAHb

'j—:‘ = f(t’ U), u (to) = Uy,

Uy (t) fl (tr Uy <oy un) Uot
= S ) f(t,u): .« e , u0= v (3')
U, (t) fn (tv Uy ooy un) Uon

MOXHa AifiTH aHaJjoriyHo. JIKINO KOMMOHEHTH BeKTop-PyHKUii mpaBol
YacTHHY plBHﬂHHﬂ y TOlllll (o, Yoy .-, Uon) € aHANITHUHHMH, TOOTO Y Je-
AAKOMY OKOJIi 11iel TOUKK 11 MOMHa poaBturn B psdH

i
filto ooy )= X e (E— 0" (i — o)™ ... (e — tion)™n,
0y 0y .
(f) . 1
Cap..ap = apl ... oyl X
a“o+¢|+' ta,
a fi(t’ ul!"”un) ’ i-_—l, n,

% odur | .. ou, "

n t=t,

To po3B’'sA30k 3adaui Kouli e Takox aHamiTHYHOIO dyHKUieo, filoro Mox-
Ha MojAaTH psjaMu

had (k)
w)=Y = ‘“’(t—t.o. =T, @

k=0

ne u; (to) = Ui, u;f (to) = fi (to, U (to)- sesy u (to)), i = 1 n.
Jnsi BH3HAYEHHA HACTYNMHHX Koetpnuxex-n‘m nponmpepeﬂuuoemo piB-
usanns (3'):

du _ of of du _ of 0f
= Yo a = T TG,
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Ie

- afl
ot
o _ .
ot Ofn
ot
ol Oh o
/A e T =f
Ou o Ofn n
ou, Ouy duy,

3Bixcu
u® (8) = fe (b o) + Fu (bor 86)  (Eos 10)-

Has tperboi moxigHoi
u(3) (t) = ftt -+ 2fluu’ + fuuu,”’ - fuu”v
al+kfi

ot'ouy ... ouy
3HaXOAATh MOXiZHi BHMIHX NOPAIKIB.

ne fie= — TeH30p BiANoBiAHOro nopsaky. AHadoriuvo

I puraad 2. 3ualtn nepwi Tpu uleHy posBUHeHHs B pax Tefilopa po3s’a3ky 3agavi
u u
dt =f(tru)r u(t0)=u°, u='u R
2

e f, (¢, uy, 4g) = u, cos t —uy sint, fo (¢, uy, ) = wy sin £+ uy cos ¢, £, = 0, 4; (0) =
=1, u; (0)= 0. ’
PoaB a3yBanya Ilykaemo poss'sisok y BHUrIani

, M 0 "w 0
U (f) =u; (0) +u, (0) ¢ + ug(,).”-i- u3!()

40 ,
2!

[3_'_ Ct

Uy () = 13 (0) + uy (0) £ +

um (0) a .
t—g P
3 nouatkoBuX ymoB aicraeMo u; (0) = I, 4, (0) = 0, a 3 cHcreMB piBHSHB npH (= 0
u (0) =1, u,(0)=0.

Hudepenniooun cucreMy piBHAHB MO f, MaeMo

d?u, (1) . dyy (¢)
# = —uy (f) sin! —uy (!) cost ;t( co§t~

——2 ! d {4 d {
’ Zja() = uy (f) cos { —uy ({) S“‘H‘—ule()-sint-j_ u;t() cost,

dug (1)
a1 n¢,

©®)
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ssinku u{ (0) = 1, u; (0) = 1. ludepenuiiowoun (5) we pas no 7, nicranemo

d3u, (¢ . du, (1) . duy (¢
——E;T()—=—:u1 (t) cost - u, (2) sint 4 2(— ——;t)—smt——;t—) cost)—l—
d2u, (¢ d?u, (¢
+ d:’() cost — l;;,() sin ¢,
asu, (1 du, (¢ du .
—d:s—)-=—u1(t) sinf —u,y (/) cost 4 2(—ét-(l-cost— fﬂ(t) smt)+
d%u, (I d?u, (f
;tlg( ) sinf 4 27,() cos ¢,
Ortxe, u’,' O)=—141=0, u; (0) = 3, maemo Taki Binpisku pagis:

12
ul(t)=]+l—f-—2—'+ oo,

13 ;s
H)=—+—75+

BuKopHCTOBYIOUH ONHCaHi BHIle MeTOAM, MOLIMbHO pPO36GHTH Bilpi-
8ok |4, T)Toukamu t;, j =0, n, i LIyKaTH po3B’A30K 3a opMyJol (2)
BiAnoBifHO Ha Bidpiskax (4, 4], (4, t.), ..., l{—1, T1, npuitmaiouu na [¢;,
;+1] 3a nouatkoBe 3HaueHHA y(?;), 3HallleHe Ha NoNEpelHbOMY BiIpi3Ky.
Takuit ycknaguenui metof papis Teilinopa HanexuTb JO 4YHCJA OJIHO-
KPOKOBHX MeToliB po3B's3yBaHHs 3afaui Kowi, To6T0 Takux Meronis,
fKi Ha KOMHOMY KpOLi Ral0Tb 3MOTy 3HalTH HaOJiMMeHHH pO3B’A30K
yepe3 HaGJuKeHHH pPO3B’SI30K, 3HaHJeHHN Ha TmoNepejHbOMY Kpoli.
Ondum 3 HalGiJabll NOLIMPEHHX OJHOKPOKOBHMX MeTOAiB € Metof Pynre —
Kyrra.

3.3. Merogu Pynre—Kyrra

3.3.1. lpes merony. Hexait u (x) — Tounuii po3s’s3ok 3afaui (D)
s n. 3.1. [Ipu mocratHiil raagkocti dynkuii f (¢, 4) Mae Micue posBu-
HeHHA

wt)— 1) = X G- 4 Gt 0 @), M)

ae =1y +r, 1>0.

3a crmiBpigHomenuam (3) 3 m. 3.2 KoepillieHTH NpH CTeleHAX 7T Yy
npasifi vactuai (1), BuK/mouawoun ujex O (ts1!), BHpaxawTbcs uepes
sHayenns ¢yukuil [ ra if noxiguux y touui (¢, ).
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Kpim toro, sikmo posrasuyTH ninifiny komGisaumito L (f) sHauenn
dynkuii fy toukax (&, ), i =1,r,

L(H= 121 pief(Ey, my) = ‘glﬂtkt (7), P

g =t + a7, a;=0 (npu a,7<0 mMaTumemo HesBHy dopmyay), (3)
N = U+ Buky+ Brky+ -+ +Briikiy, 4)

ky = ky (v) = f (&4, my)s (5)

ne  pi, %y By, 0<j<i<r —crani koediuientH, To wo Jainifny
KoM6iHAL{I0 TaKOX MOXHA 3anucatH y BuUraali cymy L (f) =P (1) +
+.R (t). Tyr P (v) — nosiHom Bin T, Koediuientn fAiKoro, Ak i B (1),
BHpaXaloTbcA uepe3 3HaveHHa ¢yHkuil f, 11 moxiaui B roumi (f, u,) i
crani  p;, @, Pi, @ R (T) — HeAKUH 3aNHIIKOBHI WY/eH.

Tomy moxHa 3anucaTd piBHICTb

um+w—wm=§pwma+&a» (6)

e R, (v) — neskuit 3ajvmkoBuii uneH. Beesemo Ha Biapisky iuTerpy-
BaHHA fa <t Tcitky we={{, =t +n1, n =0, 1, ...} i nosua-
yuMo uepe3 y, = y (f,) ¢yHKUilO, 3alaHy Ha CiTi @, 3anuileMo 3rig-
Ho 3 (6) cniBBigHOWEHHS

W—Y= tgl piky (%) @

SIkuwo unen R, (v) Maaufi i y, = u,, 10 y; HabamkatumeMo u (f, + 7).
Hani MoXHa B3ATH y, 3a NOYaTKOBe 3HauYeHHsA i 3a Tielo camol ¢opmy-
JIOIO 3HAATH Y, (HabawxkeHHa A u (fy) i 1. 4.).

Posarasinemo noxu6xy 2=ty )=z,(0)=—u(te+v +y (tl) =

= —u(t)+ u(ty + Z Pk, (). 3a dopmy.oio Teitaopa npn JocrarHiil
raaakocti pyHkuid f(t u) iu(f) MmaeMo

8
<D 0) <
am=§ » +f“1+$%\m<h ®

MMinGepeMo koediuientn p,;, a;, B;; TaKkuM yuHOM, MOG AJAA AKOMOra
6inblioro s BHKOHYBaJIHCA PiBHOCTI

70) =20 = -.- =2"(0)=0. 9
Toni BesHuuHa
16D (g1
2 ()= Tl-i-l_)_l—' . (10)
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(npu nocTaTHift roagkocTi po3B’sI3KY i 33 YMOBH, WIO Yo = U, — TOYHE
3HaueHHSA) 6y11e BHPAXATH BiAXHJEHHR Ha(JHKEHOrO 3HaueHHA y; Bil
TouHoro po3s’a3ky u () y touui ¢. Byaemo nasuBarH ii noxubkoio Me-
tony Pynre —Kyrra Ha Kpoui, a s — nopsaKoM (CTyneHeM) TOYHOCTi
¢dopmyan Pyure —Kyrtra (7).

3aysa wennn. Ue o3naueHHs MOPALKY TOYHOCTi Mae 3MicT npH jocrar-
Hill raajkocti wykaHoro poss'sa3ky. aji nokaxemo, o npH obMexe-
Hift rafKocTi NMOPALOK TOYHOCTI METOAY 3aJeKHTb Bid napamerpis, fKi
XapaKTepH3yioThb WO IMaAKiCTb, a TAKOXK BiA HOPMH, B AKil oNiHIOETHCA
TouHicTb. [lpHpoAHilIMM O3HaUeHHSIM MOPAAKY TOYHOCTi CITKOBOrO METO-
Ay € O3HAaueHHd, HaBejeHe y Ta. 2.

Hexait ronoBuy (sinHocHo - t) uaetuny moxu6ku (10) dopmysan (7)
npH of6paHuX 3HauenHAX mapamerpiB p;, a;, Py O <j<i<r), ki
€ QyHKUiAMH IeAKOro mapaMerpa Yy, MOXHA MOjaTH y BHUIIAAi

2, (1) =yt [flp + O (x°19), (an

ne ¢ [fl, — nesikuit pyukuionan Bia Gpyukuii f, o6uncmoBaHoi y roui
(o, Ug). Axwo y %2 0 i ¢ Ifl, 7= 0, T AocraTHbO Mase, TO GOPMYJH BH-
rasay (7) Afs ABOX 3HayeHb napamerpa ¥, fKi BiApisHMOTbLCA JHINE
3HaKoM, OyAyTb HaBaTH BepXHi Ta HHXKHi HaOJHXKEeHHA N0 WIYKaHOro
po3s’ssaky u (4). Taki dopmyan Pywre —Kyrra, 4ki sianosizaiorb
3HAYEHHAM ==y, Ha3WBAIOTLCA Popmyramu AI0CMOPOHHbLO20 Memody Pyw-
2e — Kymma.

3.3.2. Tpuknan nobynosu dopmyn Pynre — KyTTa. MeTon Eilnepa.
Hexait r = 1. Toxi 3rizdo 3 (2) — (5), (7} — (9)

= yo + Pk, (1), k1'= tf (tos Yo,
2,(v) = —uty) + uy) + 27/ (xor Yo
Z; ©) = [—u' (ty + 7 + pof (% Yo)ki=o = (—1 4 PD)f (x0s Yo
21(0) = — u”" (t,).

3siacn z, (0) = z; (0) = 0 aas 6yAb-akux dyHKuilt f (x, y), Ko p; =
=1, a 2z (0) Biaminna Bia Hyasa. TakuM unHOM, dopMyJa

= Yo + tf (X0, Y0) (12)
Ma€ nepui nopsmox TOYHOCTI

() =5—Ully)+ -+ = 2' z,(91:) |0]<< 1. (13)

®opmyna (12) wasuBaetbes opmynoio Efinepa (abo pisnuuesoio
cxemoto Efiiepa), i BoHa BH3Hauae OIHOKPOKOBHi1 MeTOl PO3B’A3yBaHHSA
sanavi Kowi (5) 3 n. 3.1. Meroa Eiinepa inoai Ha3uBalOTb METONOM Ja-
manux. BusHauuBWK y,, MOXHA 3a Ti€i0 caMol0 CXeMOIO BH3HAYHTH Y,
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i . n, tobro

Ynt1=Yp+ [ (0, o)y n=0,1, ..., yo=1u, (14)
abo

Yn1—Y

It I o [l ga) n=0, L eey go=tp  (15)
3uaiigeMo piBHAHHA A NOXHOGKH 2, = Yy, — U,. Jlas nporo niacraBumo
Y, = 2, + u, B (15) i BpaxyeMo, w0

Yt — Yn = (2Zn41— 2,) + (thnt1 — ),
f G yn) = [y, un) + 1 lns un +22) — [ 80y up)).
B pesyaerari aaa 2, RictaHeMo 3amavy

zn+lt—zn = tw tn+2,)— @l ua)l + Vn» =0, 1, ..., 2,=0,
| (16)
ne

U, —u oup U, —u
‘pn=f(tm un)_—”tHT b= :;t - n+lt E (17)

— HeB's3Ka, a60 moxu6GKa anpokcumauii cxemu Efinepa (15) Ha pos-
B'asky « = u (f) 3apaui (5) 3 m. 3.1.

3.3.3. Npukaan nodyposu dopmyan Pyure — Kyrra apyroro mopsan-
Ky Tounocti. Hexaft r = 2. lllyxaemo dopmyay Pyure —Kyrra y Bu-
rJasgi

Y1 = Yo + P1k1 (T) + Dok, (7),
ky (%) = 7f (toy Yo) = Tfos
ky (1) = 1f (o -+ 037, Yo + Baurky) = tf (¢*, y*), (18)
=1+ aT, y*=y, + Bar™f (Tos Yo)-
Hani maemo
H(M=yE)—ult)=uls) —ulty)+pik1(v) + pky (r);  (19)
2,(0) =0,
21(0) = {—u' (o + v + pafo + 2af (¢ ) + py7lefs (%, o) +
+ ﬁzlf; t*, y*) fol}v=o = {— [ (¢, ) + bify + bof (%, y*) +
-+ Pyt [azﬁ @ 9+ ﬂzlﬁl @ ¥ follsmo = (— 1 + b1 + 25) f,
20°(0) = {— Fe (b, ug) — Fu (b1, ) e () + Pootaft (*, 4*) +
+ pzﬁzlf; t*, y*) o+ P [asf; @ v+ ﬁzlf; @* yM /) +
+ pyvlasfe (% y*) + taBufiu (5 %) fo + caufu ¢, y*) fo+
74



+ Bglf;' (% u* f3]}1:=0 ={— f; (ty u) — f; (¢ uy) by wy) +
+ 2Py lotgfe (¢, 4*) + Buafa (%, y*) fo + povlodfis (1%, y*) +  (20)
+ 2aaBofru (% 4 fo + Boifur (%, 4*) Fleco =
= (— 1+ 20,0) i (tgs e) + (— 1 + 2P4B1) fu (bss 45) Fos
21 (0) = {— fos (tyy ) — Fru (brs ) s () — [Fut (b wy) +
o+ fus (bry ) tt (G F (b 00) — Fa (B ) [z (B1s 100) — Fu (by ) w2 () +
+ 2p, losfen (%, y*) + GaBarftu (% 4*) o + cuBarfur (¢, y™) fo +
+ Bafus (¢%, 4*) o 4 Py ladfes (%, 4*) + 20Byifeu (%, ™) fo +
-+ Baifur (%, y*) f3) + DT loBfes (£, y*) + o3Barfof e (2, y*) +
+ 2055” y foou (8%, 4*) fo + 20aP51fofcus (%, y®) + caBaifofune (¢, 4™ +
+ Baifofur (%, y*) o = {— fir (b ) — 2ftu (try 1)) (b1 1) —
— fur (s ) PP (s ) — fulty, ) ity 0) — (FuCbry 0 [ (a1} +
+ 3p, loafis (%, y*) + 20aBarfru (¢, y*) fo + Barfus (%, 4*) a1 +
+ pytladfe (%, 4*) + 03Bufofmu (1%, y*) + 3auBafifas %, y¥) +
+ ﬁglf%f:' * ¢ M=o =[(—1+ 3p,a§) f;' + (— 2 4 6p,0,,) fiuf +
+ (= 1+ 30,8%3) fusf> — Fu (Fe + Fu)lon (21)
re Ifly, = f le=o.

{3 cnisBigHowenp (19) — (21) BunauBae, mo 2 (0) =z (0) =
= 2 (0) = 0 npu 6yap-akiit GyHKuil f, Koun

—14p+p=0; (22)
—1+ 2p2a’ =0; (23)
— 1+ 2p,fy =0. (24)

Has toro uob cucreMa (22) — (24) mMana po3B’A30K, MPHUOMY Py 7= O,
CJTiR NOKJAacTH Gy = Py, (Akmo p, = 0, T0 cxema (18) 36iraethca 3 Bi-
nomoio cxemowo Efinepa). Toni (22) — (24) naGysae Burisay

—14p+pp=0, —1+2pa,=0

i ui piBHOCTi BH3HAaualOTb OXHOMapaMeTpHYHy ciM’i0 ¢dopmya Pyure —
Kyrra apyroro nopsiaiky TouHocTi (a6o TpPeTbOro NOPSAKY Ha Kpoui).
BuGupaoun A0BiJbHO OAMH 3 MapaMeTpiB, HaNpuKJal p,, MOXKHa noGy-
nyBaTtu pi3Hi ¢opmyian meroay Pyure —Kyrra sugy (18). Hanpukaan,
npu p, = 0 MaeMo p, = 1, ¢y = B, = 1/2, i popmyay Pynre —Kyrra
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(18) Apyroro nopsAKy TOYHOCTi 3alMHCYEMO Yy BUIJAAi
1= Yo+ o g+ V2, yo+ k/2),
ky = tf(ly, yo)s (25)

3 | " " i P P
21(0) = <5 {[ = i+ 2+ FiaP) | — (Fu G + FaDlo} + O 2.
Iljo cxemMy MOXHa 3amHcaTH iHaKwe, BBOAAYM NPOMiXKHE SHAUEHHS Y, =
ky
=Yt 5

Yo— Yo .. f(tsr o) 91— Y% _ flty + /2, !70)-

t/? T
Iie Bizoma cxema npeunx'rop-xopemop, abo o6GYHC/IeHHS-IepepaX YHOK.
3actocosyioun ¢opMyay (25) pekypeHTHO, HIiCTaEMO TaKy CXeMy
Pynre — Kyr1a:
k
yn+l=yn+tf(tn +'—;—’ yn+'21—)!

By=1f(ty, yn)y n=0,1,2, ..., Yo=1ug (25%)

a6o y BHMTJIAAI cXeMH NpPeAHKTOP-KOPEKTOp

_n— n Y, -4 -
ot = [t ya) L=t 4, + ) @)

T
n=0,1, ..., yo=u,
Cxema (25') nasuBaeTbCA TaKoXK MOOughikosarum memoOoM naMaHuX,
1 .
lMokaanawoun py = py = 5, a, = Pa = 1, micranemo cxemy Pynre —

Kyrtra apyroro nopsaky TOYHOCTI

yn-l-l = Yn + ‘%‘ [f (tnl yn) + f(tn+l| yn + tf (tm yn))]) !/o = uo.

KA HA3HBAETLCA IUE NOKPAUEHUM MemOOOM JaMaHHUX.
HesakKo noMiTHTH, WO KOJNH NMapameTpH py, Py, Ga, By MaloTh 3Ha-
YEeHHS

Bar =y =213, p,=3/4, p=1/4, (26)
TO Ha Kaaci QyHKHi#, aaa SKux
fefu + F(Fu2 =0, (27)

MaeMo 2y (0) =0, i Toni 2, (r) = O (v*). Lle o3nauae, mo d¢opmysa
Pyure —Kyrtra Burasgy

h1=1Y+ }T"f(to- Yo + '%Tf(fo‘i' —;.2;—": Yo +—§"‘fo) (28)
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Ha kjaci dyHKuift, 9Ki 3a10BOJNBHAIOTL YMOBY (27), Mae NOPAIOK TOYHOC-
Ti 3 a6o nopsAnok TouHocTi 4 Ha Kpoui. Ho kaacy ¢yHKLUiH, fKi 3a40BO/b-
HTIOTb YMOBY (27), morpanasioth Bei dyHkuii f (¢, u), wo He 3aJexatb
Bia wu. Toai

tott
U = Sr f () dx + u,
A

a 1e o3Hayae, wo dopMyay (28) MoKHAa BUKOpHCTATH I OGUHCJIEHHS
inTerpaJaib.

Ha sakinueHHA HaBeieMo ¢GopMyau ana cxemu Pysure — Kytra yersep-
TOro NOpfAAKY TOYHOCTI:

et I Lk (ya) + 2k () F 280 () + Rl (29)
n=0,1, ...; yo=1ug
kl = 1:f (tn' yn)’ k2 = Tf (tn + 1/21 Yn + k1/2)v
ks = Tf (tn + 1/2’ yn + k2/2)’ kd. = Tf (tn + T, Yn + ks)-
3.3.4. Mpuxaan noGyRoBH ABOCTOPORHiX hopMya Py;lre — Kyrrta nep-
moro nopaaKy TouHocti. [Ipunyciusuiu, mwo s Gopmyan suraany (18)

2" (0) 5 0, ne 2" (0) Bu3nauaetTbca dopmyaoio (20), MoxKHaA AicTaTd JBO-
cropoHHi ¢opmysn Pynre —Kyrra. [as uboro nokaanemo

1 1
o =Py, V= - (— 14 2pyay) = — 5= - DyOly, (30)
—14+p+ps=0.
Toxai noxn6ka dopMynu surasay (18) Ha xpoui maTume BHIVIAK
2,(v) = yo* [t + fufl, + O (+°). 31)

s seBioMUX py, Ps, Qa, ¥ MAEMO CHCTEMY TPboX piBHAHb (30).
Bupasumo ay Ta p, yepes py i y:
142 12
ps=1—py a2=.2(l—-‘-_—-:1—)_’ ﬁ21=—2“+—_);l)— (32)
(sBaxkaeMo, mo 1 — p, 52 0). Takum uyuHOM, cniBBigHowenHsa (18),
(32) BH3HAYAIOTH ABONAPAMETPHUHY ciM’io ABOCTOpOHHIX (opmy. PyHre —
KyrTa nepiioro nopaiaky TouHocti (Apyroro Ha xpoui). [Ipupoano BuMa-
rati, mwo6 0 << o, < 1 (3 — koediLieHT npH T), TOMy Ha BHGip ¥
ﬁyny'rb Hak/afeHi Taki OOMEeXeHHs:

l+2v
0S 2a—p <!

—12<y<1/2—p, mpu 1—p,>0,
12—p, <y<<—1/2 mpu 1 —p,;<0.

a6o
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SIkmo y i yP — nabaumenns, suabimeni mam u (4,) 3a Aonomo-
Tol0 ABOCTOPOHHLOT dopMyan Pynre — Kytra (npu %), T0 3a HaGanxke-
HHI po3B’A30K y Touui 4 = {y 4+ A NpHPOAHO B3ATH
: M4 @
yi + ¥y
nh= + . (33)

OckinbKH ro/0BHi (BiAHOCHO h) 4aCTHHH MOXHGKH Ha KpolUi ABOCTOPOHHIX
t{opMys Pynre —Kyrtra piBHi 3a a6GCOMOTHOIO BEJHYHHOI i IPOTU/IEKHI
3a 3HaKOM, TO MAaeMO
4 @
v+t
lgr— 4 () | = | = — (x| = O (%)
samicte O (7%).

SIK Bxe 3a3HayajJoCsl BHINE, PO3PaXyHOK 3a Gylb-AKOK 3 ORHOKpO-
KOBHX (OpMYJl MOYHHAEThCA 3 OGYHCJEHHA Y, 332 3aJaHUM Y, NOTIM
X, = X, + T GepyTb 3a NOYATKOBY TOYKY, @ 4; — 3a NOYaTKOBe 3Ha-
YeHHS PO3B'A3KY i 32 UMMM 3HAYEHHAMH OGUUCMIOITL Y, B TOYLI X, =
=x, + T i 1. 4. Y nBocropoHHix dopmynax tuny Pynre —Kyrra Ha
j-My Kpoui obumcaioloTh ABa 3Hauenus yi» i yP. Hexaii a1a Bu3na-

yenocri Y’ < ¢¥. Buxonsauu 3 g\ i BHKOHyIOUH Oﬁ?l;lc.ﬂemlﬂ aa ofo-
.n

Ma $hOpMyJaMH IBOCTOPOHHBOrO MeToAy, 3Haiigemo yii] i 4'. Hai-

MeHIlle 3HAYEHHS 3 y§'+'1’ i o7 6epemo 3a y}'_}_, Ha (j + 1)-my kpoui,

10670 yiY, = min ('Y, y¥). Ananoriuno, Buxonsum 3 yf?, o6umc.o-
€MO y}ﬁ.’,’, y$2 | naliGinbiue 3 aux GepeMo 3a yihi. SKuo BHABUTBCA, IO
yili > y%, To meocropouniit meron Pynre —KyTra e moxHa 3acto-
cOByBaTH. 3a HabGiueHHA AAA U ({;41) 6epyTb BeJHUHHY

0 @

Yir1 ¥ Yih

yi1=——a—) (34

a BeJIMYHHH aBGCoMOTHOT i BigHocHOU MOXHGOK HaGMHIKEHOrO pO3B’A3KY
(34) nHa xpoui ouiHow0TL 32 GopMynaMH

1 1
il — o el =Pl
’ [} 2 *
2 V3 + o

BuKopHcTaHHA ABOCTODOHHBbOTO MeroRy PyHre —KyTra npusBoiHTb
Jo 36inblIeHHa o6eAry obGuHC/IeHb, alle y GijibiocTi BHNAAKIB N03BosIAE
ouinioBaty Mexi 3MiHM po3B’'a3ky sapaui Kowi, sikuio ofudc/aoBasibHa
NOXHOKa He Mae CyTTEBOro BNJIHMBY Ha BiporigHicrb UHX Mex.

Ha 3akinuenHs AictaHemo ABOCTOpPOHHI popmyirn Pyure —Kyrra apy-
roro NopajaKy TouHocti A 3ajaui u’ = f (f, u), u (§) = uy i Kaacy
QyHKUiA, AKi 3a40BObHAOTL yMOBY (27).

(35)

78



Has uporo subepemo o, = P,,, a napamerp Y BBEAEMO TaKHM YHHOM

— 1 4 3pga
Y=_+3_’iﬂ=_1/3+p2a§.

Toxni 8 (19), (21) BunauBae, uio
21(0) =21 (0) = 21 (0) =0,

25 (@) = 32 [+ 2fiuf + Faal™ly + O (x)

8a yMOB
—14+p+p=0 (36)
— 1+ 2pya, =0; (37)
&ty = Bas; (38)
v=—1/3+4 ps. (39)

Poas’sukemo (37) i (39) BiiHOCHO p,a, i p,03 BimmoBiAHO 1 moximumo
nepiue 3 UKX CHiBBiIHOIIEHb Ha Apyre:

31 2(1 43
Pty = 1/2, p2a§=—%—' & = (—_;.ﬂ(p’#:o’ % 70).

I3 (37) sHaxojgumo
pa=3/(4(1+3y), 143770,
a3 (36) —

1412
l=h=7073m -

3.3.5. dopmysu Pyure — KyTTa aas cucremu pisHsib. Po3rasuemo
sasauy Kowi AJ4a cHcremd piBHAHB

L=l w10, u(t) =ty (40)

b=

e u = (uy (9, ..., &, (0)'— wyKanuh sexrop; f = (fy, ..., fo)7s tp =
= (Ugyy ---, Uon)T — 32ZaHHH BEKTOP NOYATKOBHX 3HAYEHb.
ﬂoﬁynoaa dopmya Pyure — KyTra ansa cucreMu 3BHuafiHuX AudepeH-
uianpHux piBHAHb (40), AKa y KoopAHHaTHil cbole Mae BHIVISIA

w=filt, w @ ..., u, @),
) =ut, 1=1n,
slificHioeTbcs TaKuM 4YuHOM. [IJ1sl KOXKHOro [ BBOAATHCS TNapaMerpu
Ay B P 0<j<igr, I=1,n,
9



i OydyioThesl HabamkeHi piBHOCTi BHrIALRy

r

bl +D—w O~ Y ki

m==1
Ie
kii=ki(n sk ="fit, u, ..., u,), bim =
=1tfy (¢ + T0um g + Brmikr) + Brmokig+ <00 +
+ Brmm—iBmety Uy + BomiRo) + oo + BpmmeiBomety - .oy Uy +
+ ﬁn,m,lkn.l + ﬁn,m.2kn,2 + er + Bn,m.m—,lkn,m—l)v
I=T,1n m=27,

TIPHYOMY TNapaMeTp¥ BHOMpaloTbes 32 yMoBH 4 (f + %) — u (f) —

r
— {_,:lpl_m, kim = O (7%) 115 MaKCHMa/JbHO BeJHKoro. BimmoBiaumii me-

i

ton Pynre —Kyrra Mae BHrasn

1
yt+v)—y )= 2 PimRi,yvy  Rim = kim (y).

m=1

X 6aunMo, uHc/O BibHHX nMapaMerpiB npu noGyaoBi dopMyn Metoly
Pynre — KyTra ans cucrems 3BHuaiiHHX AudepeHUiaJbHUX PiBHAHbL 3HAY-
HO 36iAbmyerbc. Omike, 36iAbLIYIOTHCS MOXKJHBOCTI AJ% 3HAXOMKEHHS
¢dopmya Pynre — Kyrra oaHoro it Toro caMoro nopsiiky TOYHOCTi Ha Kpo-

ui. Slkmo Bu6pars o, P, P, 1 OAHAKOBHMH Aaf Beix [ =1, n,
TO B IbOMY BHIIAAKY OAHO- i IBOCTOpPOHHi dopmyan Ttuny PyHre —Kyr-
Ta, NO6YAOBaHi A5 OJHOrO PiBHAHHA, JErKO NEPEHOCATbCA Ha BHMNANOK
CHCTeMH piBHAHbL. Hanpukaan, nas cucreMH 1BOX PiBHfHb

ul)y=7u, u), vi),
v (=g, u(t), v@t),

no3Havaiouu yepes y i z HaGauXeHi 3HauyenHs GyHKuifi « (x) i v (x),
MaEMO TaKy CXeMy 4eTBEpTOro MopsiiKy 10YHOCTi:

Ynt1 = Yn + 1/6 (ky + 2k, + 2ky + ky),
Znt1 = 2, + 1/6 (g1 + 29, + 295 + 90
Je
ky=1f (tns Yn» 20 Q=178 (. Yn» Z,),
ky= [+ 12, y, + 1/2ky, 2, 4 1/2gy),
Gy =18 (¢, + /2, Ya + 1/2&,, Z,+ 1/241)- ka = 1f(t, + v/2, Yn -
o+ U2ky, 2, + v/2y), q3= 18 (ty + V2, yn + LI2k,,
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zn + ”2(]2), k4 = Tf (tn + T, Yn + ksv zn + ‘Ia)»
q4=Tg(tn+T’ yn+ka, Zn+q3)' .
®dopmyau Pynre — KyTra moxkHa Taxox OyAyBaTH, BUXOAAYH 8 TaKoi
inei. Hexafl po3B’s30k sanaui Kowi s cHcremu piBHSHD

L= W, ull) =

=y, ooy ), F )=, ty vy 1), ooe
vy Fally tyy ooy u)s

y neskidl Touni ¢ Be BiloMHil i IyKaeTbcsA Lell po3B’s130K B Toumi ¢ +
-+ t. 3anuuieMo BiZoMy 3 iHTerpajbHoro Ta AddepeHuiajJbHOIO YHCAEH-
Hs Qopmyay

1

ut +v=u@®)+ [ ¢+ h)dh,
0

B fKifi iHTerpas Ha6nMKeHO 3aMiHMMO KBaJApaTypHOIO GOpPMYJO0 8 BYs-
JamMH o i Koepiuientamm py!

u+~mu@) Y pu’ ¢ + o).
i=I1
Buxopucrosyioun cucreMy AudepeHliaJbHHX piBHAHb, MaeMo (muB. (6))
ut+vmul®)+3Y pf +am, ult+ ), (6
(=]

Ze u (¢ 4+ a;7) Takox noku mo HesinoMi. CkopHcTaemoca Aani GopMyoio
x4
u(t+ oyt) = u(t) + 'l:Su’(t +th) dh

i 3n0By saminuMo inTerpanu Ha Bigpiskax [0, o,] kBagpaTypuumu dop-
MyJIaMH 3 THMH CaMHMH By3JaMR &, i Koediuientamn f;p1

oy m -
{emdh~ Y Bugla i=T,m,
0 i=1

npuyomy koebiuientn Py; Tpeba HasexHuM unHOM BuGparH (BuGpani
Bya/nn o  He 060B’A3K0BO BCi MaioThb JexaTh y npomikky [0, o,l).
Ockinbkd ocranns KBaApaTypHa dopmyaa Mae GyTH TOYHOIO NpPHHaKMHI
Ha KOHCTaHTi, TO
m . —_—
o= Zlﬁth i=1m.
=
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Taxum unHoM, 8 (6') Aas nabmmkenn y (f) = (y, (), ..., Yp ()T 1o u (£)
nicTaHeMo

ye+v)=y@®)+ -+ i—, piky, (7)

m —_—

k!=f(t+air’ !/(t)'f‘TZ ﬁljkj)’ ’:=]’ m, (7”)
i=1

e k; — nabmmxenus aaa u’ (1 + o;v).

Bsaraai kaxyu#, (7") € cucremolo m HeNiHIHHHX PiBHfIHL RIS m
IIYKaHUX n-KOMNOHEHTHHX BEKTOPiB Ky, ..., k,, fAka, KpiM ToOro, Mae
po3s’A3yBaTHCA Ha KoXHoMy Kpoui. @Dopmynan (7°), (7°) BusHauaOTh
KJaac m-cryneHeBux dopmya Pynare — Kyrra. Hepaxko momituti, wo
npy m=1, o, =0, P;; =0, p, =1 mn nicraemo meron Eiiaepa.
ko oy =01 P;; =0naa j =i, 10 i3 (7") k; MOXKHA SIBHO BUPA3HTH
yepes k, = f (¢, y (£)), k3 — depe3 &k, Ta Kk, iT. A B ubomMy BHDAgKy
Aicranemo saBHi ¢opmyan Pynre —KyTtra, siKi IIMpPOKO 3aCTOCOBYIOTH
Ha npaktuui. KoebinieHnTy uux dopMys 3pyyHo 3amMCyBaTH 3a HONOMO-
roilo Tabuuii:

% | By Brz ... Bim
de | Bsr B2 ... 52m

@m ﬂml ﬁm2 e Bmm

. | P Ps... Pm

Panime mn Bxe posrsfain KNacHYHHA METOJ UETBEPTOro MOPAAKY
8 TaKUMH KoepilieHTamu:

0 0 0 0 0

1/2 1/2 0 0 0

1/2 0 1/2 0 0

1 0 0 1 0
1/6 1/3 1/3 16

Y nireparypi BigoMmi Takox METOAH LUBOTO KAacy, AKi Ha3WBAIOTLCA METO-
damu XoiiHal

0 0 0 0 0 0 0 0

1/2 1/2 0 0 1/3 1/3 0 0

1 -1 2 0 2/3 0 2/3 -0
1/6 2/3 1/6 1/4 0 3

Ocranniii Ha piBHomipnifi citui f, = ¢4, 4 it mMae Burasng

ksi) = f(th yi)i kg) =f(ti + %v Y + % kii)) ’



K = f(t: +20 g %Tk?’) :
1 3
Y=y +1 (-4— B + T k:(sn) .

SIxmo BHGpaTH «; K By3Ju KBaapaTtHoi dopMyau [aycca ajs Barosoi
bynxuii o (x) = 1 i ans sigpisky [0, 1), p; — Ak BignoBigui Koediui-
entH gopmyau T'aycca, a Koeqviuieﬂw By; Bu6Gpath Tak, mo6 Qopmyna

2 ﬁl'/g(al) = S g (x)dx, i=1,
=1

6yna TOYHOW A/ BCiX MHOrouJsieHiB A0 (m — l)-ro creneHsi BKJIOYHO
(ue 6yne aaa 6yAb-AKoi GOpMYyJH iHTEPHOAALIAHOTO THNY), TO AiCTaHEMO
m-cryneneBuii HesBHH# MeToR I'aycca — Pyure — Kyrra. Hanpukaan,
aay m = 2 MaeMo Taki 3HayenHa Horo Koebimiedrtis:

B -V 174  (3—2V 312

G+VIHE B+IHNe 14

1/2 1/2
Llei metron mae yerBepTHH MOPAJOK anmpoOKCHMaLii.

3.4. AnocrepiopHi ouinku noxubim
po3s’'a3ry 3agaul Kowl

Ouuy 3 MOXMJHBOCTell anocrepiopHoi OWiHKH NOXH6KH YHCENbHOrO
posB’s3Kky 3anadi Kowi HalaioTh ABOCTOPOHHI METOAH, HANpPHKAaA ABO-
cropordi Meronu Pyure —Kyrtra. Skmo

Y <ut)<y@ @),

e u (f) — rounuit po3s’s3ok 3agadi Kowi, yO® (f), y® (f) — Habau-
XKeni 3HauyeHHA, OOUHC/IeHi 32 HOMOMOrOK AKHUX-HeGYlAb YHCEALHHX Me-
'roma TO a6co.mo'ma i BigHOCHA MOXHMOKHM HaG/JMXKEHOro 8Ha4YeHHS po3-
B’SI3KY

(1) @ (n
Yustn, () = LT 0O (1)

sajaioThea BigmoBinHo dopmysamu

PO =91 ; 10— 0 @
2 PR




Jpyry mMoxaupicTe OUIHKM MOXHUGKH Halae PO3TIAHYTHH Hamu B
. 2.10 3 4. | meron Pynre —Pom6Gepra.

Y Bunagky s3apaui Kowi Horo MoXHa TPaKTyBaTH TaKHM UHHOM.
Hexaii y@9 (f) — nabanmxkenu#i po3s’asok 3afaui Kowi B Touui ¢ =
= {, + 2v, obuncaeHui 3a J0MOMOrOI0 J€AKOro OLHOKPOKOBOTO METORY
$-r0 NMOPAAKY 3 KPOKOM 2t, a y™ () — Ha6GaumKeHHil pO3B'A30K Yy Tou-
ni ¢t =t, 4+ 2v, 3HalifeHHil 3a JONOMOrol0 JABOKPAaTHOrO 3acCTOCYBAaH-
Ha Tiel camoi ¢opmysn 3 KpokoM t. Toai

¥ —uy= bt @),
YO () —u () =~ 29 () !
(Hanpmman, A oqHocTopoHHboro Metoay Pynre —Kyrra s-ro mopsn-
. 2(25+1) (0)
Ky, 860 (s -+ 1)-ro mopsaaky Ha kpoui P = =0T )
3Bincu
P O— =200 @ -1,
a a6CoJIOTHA MOXHOKAa HAa KpOlLi OLiHIOETbCS BEIHYHHOIO
@0 ¢y _ 40
29 (f) v+ 0 ]y' “_ )
BHKkopHCTOBYIOUH MOBTOPHHII PO3paXyHOK 3 MOJOBHHHHM KPOKOM, MOJKHA
TaKoXK 3IHCHHTH yTOYHeHHA PO3B’A3KY 3a metofioM Pynmre (aus. n. 2.10
34y, 1)
O {7y o /0
sy =y @) + L0 o=y +0@). @)

IHozi Take y10uHeHHS HA3MBAIOTh TAKOXK YTOYHeHHAM 3a Piuapaconom.
3HaueHHs y* (£) Mae Ha Kpoui moXHOKY (s + 2)-ro mopsiiky, a He s
+ 1, 5k y@ ().

[lle oAy MOXKJHBICTb anocTepiopHOi OLIHKH MOXHOKH JA3lOTb METOAH
pisHoro mopsiaky ToyHocti. Hexall, nanpukaazn, g (f) — uabGauie-
HHI pPo3B’A30K, OGUHCJIEHHH 33 fKOIO-HeGYAb OJHOKPOKOBOW (HopMYow
§-TO MOPAAKY TOYHOCTi, TO6TO (y npunyuweHHi, wo y({ —1) =u (f —
— T) — TOYHE 3HAUYEHHS)

u(t)— 4 () = O(w+),
a y? () — po3B’'si30K, OGYHCJEHHH 33 OJHOKPOKOBOI (opMyJIolo (s +
-+ 1)-ro nopsiaky, T06TO

u(f) — y@ () = O (v
Toai moxu6ka HaGamwxeHoro po3s’sa3ky U’ (f) Ha Kpoui npH Mamux
% Moxe 6GyTH IOCHTb TOUHO Hab/iiKeHa BEeJHYUHOIO '

2,(t, T)=u)—yO O~ g ) — ¥ ), (6)

To6T0 dopMyna (5) Aae anoctepiopHy OWiHKY MOXHOKH Ha Kpoui.
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[pu po3paxyuky po3e’sa3ky y@ (£} (3a meromom (s -4 1)-ro nopsaa-
KY TOYHOCTi) AOLiJIbHO BHKOPHCTOBYBATH TaKHH MeTold, fIKMH mMorpebye
IOJaTKOBO 10 po3paxyHKiB 3uaueHHs y) (f) (32 MeTOAOM s-TO NOPAAKY
To4yHoCTi) MiHiMyMy o6cary obuncaenb. Hanpukaan, ans meronis Pyn-
re — KyrTa 0CHOBHi BUTpaTH NOB’A3aHi 3 OOUHC/IEHHSIM BeJHYHH &; (T),
TOGTO NpaBux uacTHH 3anavi Kowi B pi3nnx toukax. Tomy fis anocre-
piopHoi oLiHKM NOXHOKKW 3a TpeTiM cloco6oM Heo6XiAHO BHKOPHCTOBY-
BaTH TaK 3BaHi BKNageHi Metoau Pyure — KyTra, ki aaa nigsumenus
AOPSIAKY TOYHOCTI Ha OAMHMIIO BHMAralTh JOAATKOBOrO OGYMC/IEHHS Mi-
HiMaAbHO! KiJbKocTi BesHuHH &; (v). Hanpukaan, Bknaneni merogn PyH-
re — Kyrrta yerBepToro i m'siToro mOpsiAKis TouHocTi BiAnOBiAHO MawOTh
BHIIAL

5
Yk =y + Y piky,
1

=
5, 5, £
yf.-g-l = yf.’ + Y piky,
=1
ze Koediuientn oy, By, pi, pr, 3Haineni DeanbeproM, MaoTh Taki aHa-
UeHHS!

1 1
ry 'y
3 3 9
s 32 32
12 1932 7296
13 3197 3197
439 3680 845
! 316 - 513 T 404
n 8 ) 3544 1859 1
p] 7] = 79565 3104 —30
16 6656 98 561 9 2
pi 135 0 12835 56430 T 50 3
) 25 1408 2197 1
P, 316 0 2565 2104 5 0

Ho6pi peaysabraru Zicraemo i 3a monomoroi dopmyn Ilopmania Tta
Ipinca

7
Yo =y + 3! pik; (ueTBepTHI NOPSAOK),
=l

7
Yok =49 + Y piky (0°sTHA nOPANOK),

{=] .

j—1
ky=f (x + ot gty Brsks)

s=I



10 33JaI0ThCA TaKolo Tabayueiol

0
1 1
5 B
3 3 9
10 10 0
4 44 56 32
3 5 - 15 9
8 19 372 25360 64448 212
9 6561 — 2187 6561 — 729
9017 . 355 46732 49 5103
1 3168 33 5247 176 — 18656
35 500 125 2187 1
! 3T 0 1013 9o~  — 6784 7y
35 500 125 2187 11
Pi 3%G 0 NTIER 192 — o784 = 0
. 5179 7571 393 92097 187 |
P 57 600 0 16 695 640 T 339200 2100 40

Lle# MeTon Mae Ty nepeBary, o CTa/i MHOXXHHKH y NoXH6Li dopMyan
I’AATOro NopsAKy MiHiMa/bHi (cepel aHa/JoriyHHX MeToHiB). 3a3HayHMo,
IO KYT ky ZOPiBHIOE &, A1 HACTYMHOFO KPOKY, TOOTO PakTHYHO Ha KOXK-
HOMY Kpoui Tpe6a BHKOHATH Jiulle micTh o6uucieHb pyukuil f (¢, w).

Beanunuu noxubok, sKi obuscaoioThes 3a dopmysaamy (2), 3), B,
BHKOPHCTOBYIOTb. me.o Ust NoXubKa BHABHTbCS OiblIOIO, HIXK Aefka
3aflaHa BeJHYHMHA, WO XapakTepH3ye OakaHY TOUHICTb, TO 3MEHIIYIOTb
KPOK, HanpHuKjaap yABOe, i SHOBY BHKOHYIOTb OOYHCJEHHS. 3MEHILCHHA
KPOKY NPOBOIHTLCA NOTH, IIOKH anocTepiopHa MoXHO6Ka He CTaHe MEHLUOIO
3a 3anaHy BeauukHy. lleit npuiloMm aBTOMaTHUHOrO BHGOPY KPOKY A4S
JOCATHEHHS 3afaHol Tquocri WHPOKO BHKODHCTOBYETbCH y CTaHAapT-
HHX nporpamax po3s’a3yBanHs 3ajaui Koiwi.

1llo6 3MentunTH oficsir ofuuciedb i Hafiwsnule Ta HaliKpalue «Braja-
TH» HACTYNHMA KPOK iHTErpysaHHs B OJHOKPOKOBUX MeTojax, 3iificHio-
10Th Gifbll NOCKOHAJi NMpOLEAYPH «NPOrHO3YBaHHA KPOKY». OCKinbkH
ofcsp o6yHc/IeHp nponopuioHadbHHH KiMbKOCTi KpoKiB, To y HalGifbil
TIOWIHPEHHX [porpaMax po3B'sA3yBaHHs 3aaaui Koui 3actocoByloTh 3MiH-
HHA KPOK, 3 1IpH nepexofii Bil TOUKW {; 10 TOUKH {4y = I; + T; KPOK
%; BHOHpaeTbCs fikoMmora GiabliuM, aje TakuM, o6 noxub6ka B TouLi
iy 3anMIanaca He OiJbIIOKD, HiX jonycruMma. 3ajauy BHGOPY KPOKY
MOKHa c(OPMYJIIOBATH TAKMM YHHOM: BMXOJRUH 3 Bitomux £, i u,, BHGpa-
TH JJ11 33JaHOTO OJHOKPOKOBOTO MeTOY 1aKHi MaKCHMaJbHO MOXMJIHBHA
KpOK T, A1A SKOTo

2, +7) | =~e, (6)



ge z (i, + 1) =y (g + 1) —u(f, + 1) — noxubka HabamKeHOTO pO3-
B’A3KY ¥ (f, + T) NO BiAHOIIEHHIO 10 TOYHOro po3B’sA3KYy 3ajaui Kouui
u (¢, + 1) B Touni £, 4+ v; e — Hanepex 3ajaHa BeJHuYMHA NOXUOKH. HK
npaBuiao, €= keps, te kx~max {u(]:telly, &, + 1}, eps —
BiAHOCHZ TouHicTp mnojaHHs uucen B EOM. Tlpu takomy e BHGip T 3 yMo-
BY (6) rapantye, wo y (f, + t) 36iraerecs 3 u ({, 4+ T) y pamKax ma-
muAaHoi TouHocTi. IHOMi 3amicTb (6) BHUKOpHCTOBYIOTb YMOBY |2z (£, +
+ 1| ~nly (e + )| +e, 1e n i e xapakTepH3yloTb BiANOBiRHO BiA-
HOCHY Ta aGcomoTHY noxu6kn. [as sHGOPY T, AKe 3aZOBOJLHAE YMOBY
(6), icHye Jekinbka MeTOliB, MPHUKJALAH SIKHX PO3IJIAHEMO HHKYE.

1. Hexait an1a peskoro oJHOKPOKOBOTO MeTOAYy MOPAAKY p B KOXHil
Toylli f iHTEpBaJy, Ha SIKOMY IUYKaeTbC PO3B’A30K, Mae Micue ampi-
OpHa OlLliHKa NMOXHOKH ‘

2t )=ep(O)T?PF 0(P) xee, (1) 77 )
Ockinbku e, (£) =0, TO
en(t) = ep () —ep (t) = (t — 1) €5 (f), ®)
2z, + T T |~e,
AKIIO ,
ex|epllo+ 07| 2|7 e (6)). 9)
3BilCH MOXHaA 3HaliTH T, AKmMO BifoMe e, (f). AnocrepiopHy OL{iHKY
ang  ep(lp) MoxHa 3HafiTH metofoM PyHre. [laa uworo 3a AZomnomororo
OJIHOTO i TOro CaMoro OAHOKPOKOBOTO MeTOAy (3 pisHMMH Kpokamu T Ta
T/2) snaxonath HabGamxeni 3navennss y (4 -+ T; T) (3a oaun kpok T)

tay(ty + T, T/2) (3a aBa kpoxu T/2).
Toai meron Pysre nae Taky amocTepiopHy OLiHKY!:

T
0+ T D=yt T5 )

. T\
2(io+ T; —2,—)~ P (10)
Kpim rtoro, 3 (7), (8) aicraemo
T\P , p
2o+ T T~ epte+ )5 ~ et (5.
3eigcu i 3 (10) maeMo
, 1 2P .
e (t) ~ o - T ly@+T: TY—=y ¢+ T, T/2)].
Is cnisBinnomenns (9) micranemo dopmyny
1
STy ) ez
%z( P YU+ T TN —yly+T; T/2)) . an
20 | €
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I1a dopMy.1a € OCHOBOIO HACTYIHOTO aJropHTMy BHGOPY KpOKY: a) BHOHU-
paetbcd T < Tmax, A€ Trmax — MaKCHMaJbHHA [OMYCTHMHA KpOK, i
o6uncmoerbca Y (b + T T), y (L, + T; T/2) i t3a dopmynowo (11);
6) sxkmo T/t > 2, 10 3 (11) Ta (10) BunAMBae, wo noxubka z (f, + T
T/2) 3uauHo 6inbiua, HiXK AonmycTHMa moxu6Ka e, a ToMmy Kpok T Mmae
6yTH 3MeHwleHnl; T 3aMiHIOETbCA HA 27, 3 HOBUM 3HaueHHSAM T oBuHC/IO-
otbed Yty + T TY1a y(ty + T: T/2) i 3 (11) — sinnosiane v. [la
lipolefypa MOBTOPIOETbCA HOTH, JOKH He crare T/t < 2; B) npu BHKO-
HaHHi HepiBHocTi T/t < 2 Benmununy y (4 + T, T/2) GepyTb 3a HaGnu-
enHs i u (L, + T) i BinGyBaeTbcs mepexin [0 HOBOro KpPOKy 3awmi-
HOW by, ugHa by + T,y (4 + T, T/2) ta T na2t.

- 2. Binbw egeranTtHU#l cnoci6, sikuil norpebye MeHIWoi KilbKOCTi 06-
YHCJeHb NpaBoi YacTHHH, 6yB 3anpcnoHoBaHHA PesbbeproM i 6asyerbes
Ha BK/aJeHHX MeTodax p-ro Ta (p -+ l)-ro nopaakie. PosrasneMo #foro
Ha npHKJIaai MeroAiB Pynre —KyTra Apyroro ta Tperboro nopsikis

Yirr = gy + O ({4, Y15 1), (12)
!;H—l = !;i + @y (¢, !;i; ),
ae
’ 2
ity ys =Y, pafu(t: y ),
=0

Oult, i 9 =3 Pifelts i . (13)
k=0

v="F g T)=f(t+ah"7. y+TkE—lﬁszz). k=0,3,

1=0

. . .
I KoediuieHnTH py, pr, %4, Br: 3aRa0Tbes TabAHUEIO!

0 0
1 A
1 2
2 189 729
40 —7800 = "800
214 R _650_
1 801 3 891
214 1 650
Pa 891 33 80t
. 533 0 800 1
Py 21 1053 T8
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lIle omnielo mepeBarolo uboro MeTony € Te, UI0 BeNiHYHHA fs, 3HaiileHa
Ha i-My Kpoui, dopiBHioe [, A58 (i + 1)-ro KpoKy, To6TO haKTHYHO KO-
JKeH KpOK BHMarae JHile RBOX obyHC/IeHb NpaBoi YacTHHH. flkmo y; =
=u(t), Yy = u (), T0 3 03HAUYEeHHA OJHOKPOKOBOTO ME€TOAY S-I0 MO-
PAAKY BHIVIHBaE, LIO

!—/f+l — w41 = Ci (¢;) v + uiaenu 6ijabiu BHCOKOro MOPALKY,

!;,.H—u,_H = Cy (;) v* + uneHH 6ifblu BHCOKOTO NOPSAKY,
8BifiKH

Yit1 — Y1 = Ci (4) T + unenn 6isbm Bucokoro mopamky. (14)

BBaxaTuMeMo, WO Nepexif Bill TOUKH f; B0 ¢4 BiaGyBcs ycmiurHo,
T06TO

|Gt — i | e (15)
3siacH
|C1 )| <Le.

Jl1s HOBOTO KPOKY Ty = fi42 — iy

C1 i) Thi<e. (16)

SIkmo ¢pyuruia C;.(f) nocuTh raajka, To 3 ToudicTio Ao O (tv) MOXHa
NOKJIaCTH

Ci (ti41) = Ci (). an

3 piBHaHHA (14) Maemo

|Ct (i) | & | Gipr — i 1%,
ToMy 3 (16), (17) Rmicraemo

|91 — Yo |

) TaH < e,
8BilKH
3 e
wxv)) (18)
Ve — ¥

. . P/ €

(a1 mMerolliB p-ro Ta (p 4 1)-ro nopaAKiB Ty & T V _———7—>
. . | Vi1 — ¥4 |

Jenki aBTOPM Ha OCHOBi UYHCENbHHX €KCIEpPHMEHTIB MPONOHYIOTH TaKy

¢opmyay: ,
'rﬂzatl/ — "A , a=0,9.
Vo — Y Ve
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3.5. 36iHicTb | TOuKicTb OAHOKPOKOBHX MeToAIB
Ha NPOMDKKY iHTerpyBaHHs

ByneMo mocnimxkyBaTH 36iKHICTE i TOUHICTb OJIHOKPOKOBHX METOAIB
Ha npukiaai meronry Pynre —Kyrra apyroro nopsiiky (noxpaiieHoro
MeTOAy JaMaHHX), AKHH 3aN{lIeMO Yy BHIVIAAI

(Axghy =22 — (b + 5 g+ 5 [l 0a) =00 (D)

T
n=0, 1, 2, s ooy yo=u0-

Binpnosigny sazauy Kouwi 3anumemo y Burasani

AuE_gTu-_f(t’ u) =0, te©, T, Tgoo, (2)
u(0) =y,
i BBaxkaTHMeMo, WO AT Hei BHKOHY€ThCS HOCTAaTHS YMOBa CTifKocTi
fall, ))<<O VIE(O, T), u€(— oo, ), (3)
Ta yMOBa
lfult, )| <LVIEQ, T), ué(— oo, oo), (4)

fKa 3abe3nedye Ias HenepepBHOi Mo 060X aprymentax QyHkuii f (¢, u)
BHKOHaHHA ymoBH Jlinmwuua no u i, oTke, eAMHicTh po3B’A3Ky 3ajpaui
(2). Haragaemo, mo icHyBaHHS €IMHOTO PO3B’A3KY Ta CTilKicTh 03Haya-
0Tb KopekTHicTb 3azaui Kouri.

SAxmo 3apava (2) posrasfaeTbcs Ha ckiHueHHoMy npomixky [0, T,
T <oo,T0Y, =y (I,) =y ({,; T) B (1) e pyHKuUie0 AHCKpETHOrO apry-
MeHTy, fKa 3alaHa Ha citui

Oc={;=i1; i=0, N; ©=TINL

SIxmo 3azaua (2) posrsafaeTbcA Ha HecKiHYeHHOMY npoMmixky [0,
oo0), AKHA mosHauatHMeMo Takox [0, T], T = oo, T0 ¢yHKLUiA Y, =
=y () =y ({,, ©) 3anaerbca Ha citui

or={t;, =it:i=0, 1, ...}
3 nesakuM Kpokom 7T >0. Hexak o7y = o, \{T} a13 ckinvennoro
NpoMikKYy i ©7 = ¢ — AJA HeCcKiHUYeHHOro.

3araspHi imel gocaigmkeHnHsA 361KHOCTI CITKOBHX CXeM, B TOMY YHCJI
i cxeM po3B’s3yBanHsa 3ajaui Kowi, MoxHa omncaTH TakHuM uvHOM. Ue-

pes By mosHaunmo niHiliHMA npoctip ciTkoBHX GyHKUif, 3ajaHHX Ha
ciTui w., AKi npu { = {; = 0 HaGyBalOTh 3aflaHOTO 3HAUEHHA Uy, a Yepe3

By; — ninifiEM# npoctip ciTKoBuX OyHKIiH, 3ajaHMX Ha @¢. Toai
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exeMy (1) MOXHa samMcaTH B OmepaTOpHOMY BHIISAA{

Ay =g, (1)
ae ¢ = 0 — eseMeHT npocTOpy 1.321, Y = Yo Y1y -y Yn) TIpn T << 00;
y=(Yo, Y1, --.) pu T = 0o —IIyKaHHH eJieMEHT npoc10py~Bn; AE —HeJIi-
Hilinnii oneparop, fkuit 3apaetcs dhopmynow (1), Ar: By — Ba.

SAkimo yepes By NMO3HaYHTH MiANPOCTip NPOCTOPY ~Bu, KUHA CKJaja-
erbes 3 GYyHKUiH, uio AOPiBHIOWOTBb HyMoO NpHN ¢ = {, = 0, To 3ajauy AAA

NOXUGKM 2 = (2, ..., 2y) AJs cKinvenHoro intepBany [0, T] i z = (2,
2, ..)aa T =o0 (2, =y, —u, =y ({,) — u (f,)) MoxHa 3anucaru
y BHIIAAI

A‘[y -_— Atu = A-’(Z = lp, (5)

ae 'll) = (‘Pm ceey 'lI)N—-l)v y= (!/o, revy yN)v u= (u09 Uyy ovey uN) npu
T < oo i "‘P = (1p01 lply -")1 .l/ = (!/o, Y )9 u= (um Uy, ) an T =
= 00; ) — NoXHOKa anpokcuMmauii cxemn (1’) Ha TOYHOMY PpO3B’'FIBKY
gagaui (2), v == ¢ —A.u, TO6TO HEB’sI3Ka, AKY AicTaHeMo, SIKIIO B CiT-
koBy cxemy (1) 3amicTh y mizctaBHMO TOUHHII PO3B 30K U (A; — ai-
HiltHH onepaTop, AKHWil Ha3HBaeTbCA noxionow I'amo onepamopa A-).
Jani MoXHAa KOPHCTYBATHCA 3arajbHUMH MOHATTAMH METOAY CiTOK, #fKi
MH PO3IVIAHYJIM B TV, 2. 30KpeMa mpH JocJaijxkeHHi 36ixHocTi mMeTony
npu T —0, iT WBHAKOCTI MOXKHA KOPHCTYBATHCS TaKOK YHiBepcaJbHOO
cxemoo: 1) samucatdH 3agauy AJdd NOoxXHOKM BuUraszy (5) 3a JONOMOTOHO

- . ’ . our .
citkoBHX onepatopiB A a6o A; i noXuGKY anpokcuMmauii;. 2) docAigMTH

noxHO6Ky anpokcumauii sk dyukuilo Bia t; 3) y npocropax B, By BBec-
TH HOpMH | - lj; Ta || - [or BiAnoBiAHO, B pesyabrari Yoro ui Jainifiai
NPOCTOPH TIepPeTBOPIOIOTECA B HOpMOBaHi mpoctop "By i By, i 3HalTH
anpiopry ouinky BHAY || 2[it << M [P |z 3 He3aJexHOW0 BifA T cTaJd0I0
M, 9Ka osHauae crifikicTb ciTKoBoi cxemu (1°); 4) na ocoBi 2), 3) mocai-
AuTH 36ixnicTe i mBHAKicTs 36ikHocTi po3r’sasky cxemu (1°), (1) no
TOYHOro po3B’A3Ky 3ataui (2) npu T — 0. Harazaemo, mo cxema Buras-
ay (1") ma3nBaetbca cmiddkom, AKILO ANA po3B’ A3KiB 3aiay

LSRR

Ary = (i’, Ary =
cnpasejJInBa OLliHKa

-

—~ ~ —~— o
ly —yl=< Mo — ¥l
Ie M — HesamexHa BiA T, y, Y, ®, @ cTana. SIKuo us oniHKa Mae Mic-
e 3a JesKOol 10JAATKOBOI YMOBH I/l KPOKY CiTKH T, TO CX€Ma € YMOBHO
cTifikolo, i 6e3yMOBHO CTillKOIO — B iHIIOMY pasi.
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TToBepraiouuce o cxemp PyHre — Kytra (1), 3a3Hauumo Tak: 3 no6y-
JOBM WLi€i cXeMHM BHNJIHBAe, IO MPH AOCTATHiH TIVIaAKOCTi  LIYKaHOTO
PO3B’A3KY Ha KOXHOMY Kpolli cxeMa Mae noXu6ky nopsagky O (t%), uepes
Te IO NOomepeiHe 3HAueHHs 3HafileHe ToyHo. BuHHKalOTE NHTaHHS;
1) axui NOpPSAAOK TOYHOCTI Ma€ 1A cama cXeMa, SKIO PO3B’A30K LIyKa-
erbca Ha npomixkky [0, T1i Ha KOXKHOMY KPOLi AONYCKAETHCA AEfAKa MO-
XHOKaP 2) AK 3a/M€XKUTh TOUHICTb HaGJMMKEHOro PO3B’A3KY BiJ rMafiKocTi
IWYKaHOro po3B’A3KY?

Buxoasiun 3 HaBeJeHHX BHILE 3arajbHHX iZei, Aamo Biamosiap Ha i
NUTAHHA.

Maemo

(A — (A= B I (i1 4 2yt e 9)—
— (s + 5+ a5 o )| =

u

~—Up
=_n+lt_+f(tn + % y Uy + _;'f(tm un))Eo'—(ATu)nElpn'
Kopucrylounce nBiui ¢opmysoio Jlarpanxka, aicraemo
A;zaz"'*""—_z"—ﬂ,,[l + 1’;,, ]z,,=1p,,, n=0,1,2 ...; z=0,
(6)

ne
o= fu(to 45> o+ [ s 42) + 041 + 5 [ s ) —
—un_";—f(tnv un)))- 8,€0, 1),

Vo= fu(tn s +82), 8,€0, 1).
Hlo6 nepeTBopuTH MOXHOKY ampokcuManii 1p,, Zozamo i BigHiMeMmo Bif
Hei BeJHYHHY

f(tn + % ’ un-{-l/2)E u;+1/2, Untij2 = U (tn + _;.) .
i ckopucraemoca ¢opmyJoio Jlarpanxka
u —-—u
Y, =— n+lT n —I—f(tn-i-%, un-l-%f(tn,un))_

— f(tn + % , un+l/2) +lnpipp =

u ~—Uu ‘ T
=— 2"t tapi -+ |y — thngupp + 5 un)ls

=10+ G20 (7)



e
8y = fu (tn + 5 tapie + 8 (un + 5 F ¢, 1) —"n+1/2)), B,€(0, 1)

u —u ‘.
Mp = — L]t_" -+ Unt1/2y

T ¢
Non = Uy — Unt12 + 5 Un.

Hesaxko nomiturh, mo ¥, 1y, Mg € PyHruioHanamH, fKi 3anexaTb BiA
TOYKM CiTKH f,, IYKAHOrO pPO3B’A3KYy u Ta Bix T, T0010 p = (¢, u;
) "'Pn (uv T) N ="n (tns u’ T) = nln (u! t)’ [ = l 2 (Tan ae ue
He BHK/IHKaTHMe Hemopo3yMiHb, JNesiKi 3 aprymeHtis onycxammemo)
Hac nikaButb 3anexuicts unx pyHkuioHaniB Bix v Ta Bijg raaakocri u,
npo o HAeTbeAd y HACTYNHHUX JBOX TBEpHXKeHHAX.
Jdema 1. Maomo micye cnissidnouterns

——12%' u®(E), E€ltn, tat1l, akuo u€C3*0, T}

M = -—%-[u”(g)——u” (M E€[taty2 tagils MELEL, Iyl
akwo ueC?(0, T]

8
— 5 W @), EEln tatal, axuo € C*(0, T,
MNen =
—-% (W €) —u (), EE [t tayyal, Axwo ueC 0, T]
9)
| ¥ b, | < M7 akup u € C* [0, T), k= 1,2, decmara M ne sarewcums

8i0 T, n(t)
HDoseneunns Hexai wugC®[0, Tl. Pospunemo u, —u(t,,)

Unyi = U (tat1) 3a Qopmyuaoto Tefopa vy rtoumti  fppyp = ¢, _|_
Ut = tngijz + 5 Untay o+ (%)"2‘1:' Unt1/2 + (T) = 4" 6D
Ei€ltnty2r tagil, )
U, = Unyiy2 — % u,',+,/2 + (_;'72_)’ 211 u;+l/2 _ (%_) " (k).

En E [tnv tﬂ+l/2]-
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IMigecrasasiouy ui supasu 8 bopMyay mas m,, AicTaeMo

Min = thng 1 — g~ 07 (€1) + 4" (Ba)} — linia =

= — )+ Gl
3a aeMoi0 2 3 m. 5.5 u. 1
M= — 2 49 E), EEln, tari.
KopHcTyiouHch  pO3BHHEHHAM
tnt12 =t + -ty + () 5 4 @ BElns tasizl
A Mo,n MAEMO
Mo = Uy — ly — =5 lhy — =" (B) + - Uty = — 1" (B)

AHaJoriuHo 10BOAATbCA OUIHKH AJf 1y1,, Koau 4 € C? [0, T) ta aasn
Mo.ny KOMH u € C* [0, TI.

Ouinku ans 4, AicraeMo 3 OUiHOK AjaA M, Ta Wy, Hanpukaag,
koau u € C*{0, Tl, 1o

|‘pn|<lr|lﬂ| + |5n||712.n!<
2 2
=7 4@ Yoo, ry + L == 0" lepo,ry = M7,

M=— || u® llcm 7] + 4 -4 -"leto.y-

JleMy noBezeHo.
Jdema 2. Maoms micye oyinku

|1]|,,|<Mtk_°'5|u‘wk+l(e Ko ucWit 0, T, k=1, 2, (0

Inga < M1k05|u|w(”, axwo u EWEQ, T, k=12, (1)
19a | < MU (| 101, + L2t ) (12)
AKULO uEW""” ©T), k=1,

N—1
nwru.«o—)s(z npf) <V2MF (lul

n=0
k=12, N=oo npu T = oo,

de uepe3 M nosnaweno pisni cmani, Aki He 3aresxcamp 6i0 T, u, n, e, =
= (tnv tn+l)-
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HNoBenenns 3a aonomorolo JiHifiHOI samim ¢ =0t + £,
BinoOpa3uMo iHTepBan e, = (f,, {ny1) Ha iHTEpBAn E = (0, 1) (¢¢
€e,, 0¢€E). Toni

N = T4’ (0,5) — v (u(0) — u(1)),

ze u ®) = u (¢ 6) = u(f, 4+ 67). 3acTocOBYIOUH TEOpEMH BK/aAEHHSA
(ams. m. 1.5 3 4. 1), micraemo

1Mn | << T 1 poy << MT—! ||u|| o k=1, (13)

©,1y

Ze crana M He 3aneXHTb Bl T i . 3a3HAUMMO, WO CTATi MHOKHHKH
B TeopeMax BKJaJeHHA 3ajexaTb Bij AoBxHHHM Bifpizka. Tomy BimoGpa-
JeHHsa e, — E 6y/0 3pob6eHo 3 MeTolo No36aBieHHs 3a/0eXKHOCTi cTaJol
M Bix e, i Tum camum Bif t. Takuii npulioM HasuBaeTbCs MaciITabyBaH-
Ham. Hepisuicte (13) o3Hayae ofMexeHicTb JiHifiHOro ¢yHKuioHana

(i u)y npocTopi W’”" (0, 1), & = 1. HeBaxkko nepeBiputH, o ¢yHK-

wioHaa My, =, (4, u. ) =1, (2) NIePEeTBOPIOETLCA B HYJb HAa MHOro-
yJeHax JO JPYroro cTeneHs BKJIOYHO.
HificHo,
n () =7"1[(1) p=os—(1—1)] =0,
M 0) =77 [0 lomo,s — (1 — 0)] =0,
do?
m @) =[G | —(2—09]=

do?
M (6%) = 7! [—;e— oy (12— 00 0.
Tomy, 3actocoByioun Jemy Bpem6na — inb6epra, AicraeMo

l'llnl—l"h(u)l MM'r-llu\ whtlo.y k=1, 2

ne crani M, M He 3anexatb Bin T i u. [Tepexonsiun no amiHHOT £, MaTH-

MEMO | . 2
ll: \Wg-l_l(o'l) B (S (’;(k‘i'l) (e)) de) ==
0

‘-1 1/2
= |ty [ @ery@pd) =2l
v Wy (en)

n

i Tomy
[Nl < M08 0] B,

Ae crana M ue sanexutb Bif T, u, n.
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Ananoriuno zoBoguTheA i HepiBHicTh Binl M,, a HepiBHiCTH ANA P,
nicraemo 3 (10), (11). BpaxoByioun HepiBHiCTE (@ + b2 < 2 (@ + &%),
3 (7) maemo

a P < 2M™ (L g, (6,

i gani

N=—-1 N—1 )l /2

K7 T =V§ M <n§0 lu ﬁvk'*“ + E lu l;g(,n)
=V2M (|4 et +|u‘ Y2,

o,n who, 1)
3 HepiBHOCTi Va+b < Va+Vb, a =0, b =0, gicranemo
1Pl <V 2Mt (|u lw’§+' + |

JleMy noseneHo.
HacTynmHauM KpokoM MpH JOCJ/ifdKeHHi 36iKHOCTi € BH3HaueHHs amnpi-
OpHOT OLiHKH, KA BHPaXKae CTiRKiCTb CXeMH (l), (1). Sdkicte Taxkux

OLIiHOK 3a/IeXXUTh Bil BUGOPY HOPM y IpocTOpax Bn Ta Bo.
Jdema 3. Hexail 3a0aua (2) poszasdacmocs va npomixky [0, T, T
< oo, { auxonyromoca ymosu (3), (4). Arxup T << oo,

©,n W 2(0, T)

L2, (14)
mo 0aa 3ada4i (6) cnpasedausi oyinku
1zlc@ < T 1 i@ (15)
b2 lc@ < T 19 l.@» (16)
de
“Z “C((T)) = m% |2” l = ma_x lzn|1
n=0,N n=1,N
IPlcw—) = max_|p,],
n=0,N—1
—1 1/2
I nL.m—)v—( 3 npk) :
k=0
Ha nHeckinuennomy npomixexy (T = oo) 3a ymos
0< X <|ful <L, Ay<<L2, <7, Tl <3, (17)
maromb micye oyinKku
Izle@ <05 19 lew (18)
bzlc@m <o 1 by (19



Oe cmara

c {rok oL 12, aKuyo Ay (1 — 1,L/2) > 1A L/2, 20)
T A (1 — 1,L/2),  axmgo Ay (1 — ToL/2) < TohoL12,
He 3anexumo 6i0 T. '
JdoBenennsa [lepenuwemo pisHsHHA (6) y BHrasai
2041 = Gp2, + TPy, (2])

qn=TBn(l + Tg" )+ lj
Posrasuemo crouatky Bunanok T << oo. Tagi o= {ti =iv:i=0,N,
t=T/N},n=0,1,.., N— 1 3aymos |q,|< | maTumemo
lznti | <2, |+ tlPn | <<l 2ema L ¥ Pu |+ TP IS <00 <
n N—I|
<lzo|+z. Pl =Y tlo|< Y vlpal
k=0 k=0 £=0
3sincH
|2\ = max |z, | << max |, | ), =T}l
n=1,N n=0,N—1

3acTocoByioUH y npasifi yactTHHi monepeaHboi HepiBHOCTI HepiBHicTB
Kowi — ByHskoBcbKoro, aicraemo

N—~1 1/2 ,N—1 172
12 'l'IC(Z»<( Yy ") (2 T‘Plf) = T'? 1%L 10

k=0 k=0
VmoBa | g, | << | 6Gyhe BHKOHaHA, AKIIO

2 + W + o Buta =0

2
B+ 5 B,¥. <O

Ockinbku B cuay Hepisroctri (3) B, < 0, v, < 0, To W0 cicreMy Hepis-
HocTell MOXHa Mepenucary y BUrIAANi :

2— 1Bl + -5 |Bal (4] >0

— 1 Bal -+ = 1B 17a ] <O.

Hpyra 3 uux HepiBHocTeidl Oyie BHKOHaHa npH Ty, | << 2. Hesaxko
NOMITHTH, IO TOAI mepmia HepiBHicTL BHKOHyerbest npu  t|f, | << 2,
a HepiBHicTb | g, | < | TuM 6inbme 6yne BHUKoHaHa npn TL < 2, oc-
Kinpku | B, | << L, | v, | << L. Tum camum nepisnocti (5), (6) Roegeni.
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Posrasnemo Bunagok T = oo. Togmi citka © = {f; = i1 1i{ =0,
1, ...} Heckinvenna iB (6) n =0, 1, ... 3a ymoB |gq, << g <1 wmamn-
MeMO

|zap1l<glzn |+ o]0 <@l 2| F gt Pna |+ 7|90 |< -0 <

<qn+1|20|+§oﬂ\ph|qn—k=i Tlpul g™ (22)

3a ponomoroio HepiBHocTi Kowi — Byunsikoecekoro maemo

. n 12/ n 172
|2n+l\<(2 W"’"“”‘) (2 T|Pr IZ) =
k=0 k=0
(N g 2 - 2\ 23
(¥ a*) (2 wlob) (23)

k=0 k=0

3 Bupasy (22) BuMIHBAIOTL HepiBHOCTI:

| 2041 | << max I"‘Pk‘E ¢t = ,_q VP lew—n

k=000 (24)
lzke@ < =7 1% le@
3 Bupasy (23) maemo
1/2
| 2n 1| < 712 ( ™|
el <7 (=) " (X ") (25)

V2lem < ( l _q.) I,

HeBaxko momiTuta, mo mpu 7 < % Tl <2, 0< X< o1 <L,
Ay < 12', BHKOHYIOTbCS HepiBHOCTI

0<1__‘0L_<1_-"_l%ﬂ.<1<__"27}°_’
—l+ ToloLT <l—'|70 ( _ TAO) qn=l+tﬁn(l+lg—n-)=

= 1—v(B, (1 — 2Pl )< —m, (1 — 55,
sBigkH

Ihl<g=l—a<l, (26)
08



Ie
_ {to?»oL/Q, akuo Ay (1 — 7,L/2) > 1A, L12,

Ao (1 — T,L/2), AKmO Ag (1 — TOL/2) < wML/2,

0<<c<<Thy CTCTH<<AGT,

Bpaxosyioun (26), 3 (24), (25) micranemo (18), (19) ﬂemy ROBEJIEHO.
3ayeancenns. Y sunagky T << oo BenyuHu N i v nos’ssani cnip-

pignomenHaM t = T/N. Tomy 3a ymosu | f,| < L wmaemo | g, | <1 +
+ 1K, K =L(l +—-2—). Tomy
12ap1 | <+ 7K 2|+ T < -0 0 SO +TK) ™ 2| +
4 Sv (TR [y | < max || Y (1 TKY =

= 1=0,N—1 =0
L+ sV =1, (1 4 )P TE g
=1¥leeT L2 Kk = L9 e K
TK |
< T 1% ooy
3BinKH

< L=
12leg << —7— ¥ lcw-y.

TakuM YHHOM, Y 1IbOMY Pa3i MH MaeMo anpiopHy oliHKy 63 oGMeXKeHHSs
(14) Ha v (3suuaiiHo, KpiM npupoaHoro oomexenHa tv< 7). Toni i
36iKHiCTh MaTUMe Micle Ge3 oOMeXeHHs Ha T.

3 aeM |—3 BHIMHBAKTL TaKi TBEPIKEHHA.

Teopema 1. Hexaii 02a 3ada4i Kowi (2), saAxa posaasdacmuca Ha
ckinvennomy npomixky 0, T, i daacxemu Pynee—Kymma (1) suxkonyrome-
cs ymosu (3), (4), (14), a poag’ asox s3adaui (2) Harewmums do kaacy C*' [0,
Tl, k=1, 2. Todi mas micye oyirnka

ly— alegy <M halcatiry k=12,

Oe y — poss’'asox cxemu (1), u — mounuii pose 230K 3a0a4i (2) M —
He3anexcHa 6i0 T [ u cmaaa.

Teopema 2. Hexal das 3adawi Kowi (2), axa poseasdacmoca Ha He-
ckinvennomy npomisky 0, oo), i 042 cxemu Pynee — Kymma (1) suxo-
nyomoca ymosu (3), (17), a pose’asox 3ada4i (2) narexcumv do Kaacy
C*1 10, o0), k=1, 2, mo6mo ropmu | u'"Ck[O,oo)’ k=1, 2, obmeneni.
Todi mae micye oqit-uca

Ily - uC(@) M-‘ lluilck-{-l[o o)’ k= 1, 2,



de y — poss’asok cxemu (1), u — mounud pose’asox sadaui (2), M —
He3anexcHa 6id T [ u cmaaaq. _
Teopema 3. Hexail 0aa 3adaui Kowi (2), axa po3aanadasmbca Ha CKiH-
uennomy npomixky [0, T1, i Oaa cxemu Pynee — Kymma (1) sukoryromo-
ca ymosu (3), (4), (14), a po3s’asox 3adaui (2) narexcume 0o Kaacy

WET' (0, T), k=1, 2. Todi cnpasedausa oyinka
~tloy SMHlulyrrion k=12,

de y — pose’a3ok cxemu (1), u — mownud poss’asox 3adaui (2), M —
He3anexcHa 863 T { u cmanaq.

Teopema 4. Hexaii 23 3a0aui Ko,ut (2), axa posersdacmeca Ha He-
ckiruennomy npomizcky 0, o), i dan cxemu Pynee — Kymma (1) euxo-
nyromoca ymosu (3), (17), a poss’sasox u sadaui (2) Hasedcume 0o Kaacy

Wit (0, o). Todi mas micye oyinka

Vg —tle <M lulysttguy k=12

Je y — poss’agok cxemu (1), M — nHesaresxcna 6i0 v [ u cmanra.

Teopemu 1—4 32 BKasaHHX B HHX YMOB CTBEDJXYIOTb 30iXHicTb Ha-
6anxkeHoro po3B’a3ky y Ao toudHoro u npu T — 0. Kpim Toro, Bonn mo-
Ka3yioTb, 110 B NPAKTHYHHX PO3PaXYHK4aX KPOK T cail BUOGHMpATH Tak,
o6 3a10BoAbHANHC, YMOBU (14) a6o (17), siki 3a6eaneyyioTb BHKOHaH-
HA BiANOBiAHHX OLiHOK 6aM3bKOCTI y RO u.

Bupasa. [Hocaizutu Ha sGisHicTs i wBHikicTh 36ikHocTi Metos Eﬁnepa (15)
3 m. 3.3, BUKOPHCTOBYIOUH 3afauy A/ MOXHOKH (16) i Bupa3 nasa HeB'si3ku (MOXHOKH an-
poxcnmauu) an.

3.6. l1po mnnumeuun TOouHOCTI OAHOKPOKOIHX Metofis
Ha NPOMDKKY iHTerpyBaHHs

3a3Hauumo, WO 3 pe3yJbTaTiB monepeAHbOro maparpada (AHB. Teope-
Mu 1—4) BunauBae, WO MOPAAOK TOWHOCTi Merony Pynre — KyTtra Ha
BCbOMY MNpPOMiXKY iHTErpyBaHHf Ha OAHHHILIO MeHWHH 3a ii ROPAAOK
Ha Kpoui (NIpH OOCHTb BeJHKill [JaZKOCTi TOYHOrO PO3B’SI3KY, a came
ugC*l0, T1abo u¢ W3 (0, T)).
¥YBaxHO npoaHanisyBaBUIM AOBEJEHHS TeopeM 1—4, MoxHA 3asHa-
YHTH, 0 TOPANOK TouHocTi cxemd Pynre — KyTTa BH3HauaeTbes hyHK-
nioHamOM My, MOPALOK SIKOro (N0 T) Ha OOHHULIO HHXYHH, HiX mops-
Aok dyHKUioHaNA M2.n- Kpim Toro, ne e Hacaigkom TOrO, 0 PyHKIIOHAN
1, MiCTHTE 3BHYaiiHy i pisHnueBy moxiaui Bin ¢oyHkuii u, a e norpe-
6ye AifneHHa Ha T. 3a3HauuMo, IO TaKa CTPYKTYpa QYHKWiOHAAA Ny
;)6yM03neHa BHOOpOM ¢, ¥ BUrAAAl (D) 3 01.3.5, TouHille neplinM AOAAHKOM
(¢, + v2). '
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Posrnanemo cxemu, siamiuni Bia cxem Pynre — Kytra, nopsitok rounocti
SIKHX Ha BCbOMY NMPOMiXKY iHTerpyBaHHs Ha oAMHHWIO BHWHMA. Lle xocs-
raeTbcsi 3a JNONOMOrol0 ycepejHeHHs NpaBol 4acTHHH AudepeHiliaAbHOro
piBHAHHSA.

PosrasHemo ainifiny crifiky 3agauy Kowi

L =), >0, A>0;

u(0)= Ugs (1)
pO3B'A30K AIKOT Tpe6a zHaiitu Ha npomixky [0, 7). Hexait citka o =
={t, =it1i=0, N, v=T/N} noxpusae Binpisox [0, T, o~ =
=@\ {T} | ¢¢ o~ —rouka ciTkH, a § — aMiHIOeTbCA Ha npoMikKy [0s
T1. Tpointerpysaswu piBasnHa (1) Ha npomixky (¢, { + ] i poanians-
LM pe3yabTaT Ha T, AiCTaHEMO

A 4 1 4t
w®+5 (u®d=— [ fE)dE teom @)
i f
. 1 t+T
3amiHoOuH B (2)—1- ( u(E)dt HabauxeHO HA u(f), 3anuweMo cxemy

t
posa'ﬂa_yaauua sajaui (1) ,
g+ =T, tcom yO) =u, 3)
ze

JlocaianMo Ha CTifiKicTs i 36iHiCTb cXemy ((3) na mpomixky [0, T].
Jansa noxubku 2z = y — u 3a ponomoroio (2) AicraneMo 3agady

4+t
z,—{—?»z:y,-i—?»y—ut—}»u-—-fcg FE)AE —uy—Au =
t

Y 41 ) 1 H )
=u+ = S u@dt —uy—hu=">r|— g u(&)dﬁ—u(z‘)]E
¥ ’ t

=y u), 2(0)=6, 4)

ae Y ()= (; u) =1 (u) — noxubka anpokcuManii cxemu (3) Ha
poss’asky « (f) 3anaui (1). Beexemo y npocropi citkoBux ¢ynkuiit y (f),
v (), 3ajanux Ha citui o—, ckansgpHuil Zo6yToK 3a (popmyoio

)= X 1yt

o=
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[MomuHoOXUMO (4) cKanspHO Ha 2 i BpaxyeMo, o
@Y, = z; Oz + 7+ 2()] =22, () z(8) 1+ 22 (8),
2+ 2(t) = 0,5[22 (1)) — 0,5v 22(f), t€o~,
(2y2) = (21 - 2, 1) =0,5((z%, 1) — 0,57 (2%, 1) ==

=05 ¥ t(2®)—057) 2w =
co™

=0,5[22(T) — 2 (0)] — 0,57 2]} o) =
‘ = 0,52 (T) —0,5t| 215, s
ne
190m =@ 9" 12yyemy =2tk oo
B peayabrari
| 214w + 210,52 (T) — 0,57 2l ] = (¥, 20)-
Hani 3a gonomoroio HepiBHocTi Kowi — BynsikoBcbKoro nicraemo
(1 —0,573)| 2yl <Pl oy

MMpu < 7% << 2/A MaeMo HepiBHicTb

12l oy A =057 11, oy ®)

Lg—
Wo©™)

Bpaxosyioun HepiBtocti “z\'.c(@—)gl/le]Wé(m_)’ “Z“L.(m") <V'Ty Zlc@),
mepiia 3 fAKMX B cuay toro, wo z(0) =0, mae wmicue i maa 2z, 3 (5)
AicraeMo anpiopHi ouiHkH

Il 0 < VT2 e < T z]w,_l,«n—) <

ST =057 {9l )

‘Ouinku (5), (6) BHpaxaioTb YMOBHY cTifikicTb cxemu (3) y Bianosia-
HHX HOpDMax 3a YMOB 1T < T* << 2/A, 1e t* — ¢QikcoBaHe HHCIO.
OuiHumMo BeJHUYHHY { ¥l o)y TPHOYCKalowH, wo 4 € w5 (0, T).
. t+.1:
HeBaxxko momituru, mo P () e= P (£ u) ==y () = A [11:— \ u (§) dt—
?

—u (t)], t € o— npH dikcoBaHoMy f e JiHifiHUM pyHKUioHaMOM BiA 4. 3a
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fonoMorolo NiHilHOT 3aMiHK s = g—:f Bizo6pasumo Binpisok et=et(f) =
= [¢, ¢+ <] na Binpisok (0, 1] i mosnauumo & () = u (§ (s)) = u (s).
Toai B cuy Teopemu BKJAJeHHA

- 1~ ~
|¢Mun=wmunsxguma—mw4<
1]

< Mulcon <M iafylp

Jie cTaja He 3aJIeXKHTh Bif 4 iBin t. Ia HepiBHiCTb- o3Hayae, mo JAiHil-
Huft dyukuionan, P (¢4 u) = ¢ (£ u) obmexeHuir y npocropi w; [0, 11.

Bin neperBopioeTbcs B HYJb, AKIIO i (S) — MHOTOUNEH HYJ/bOBOTO CTe-
neus. Tomy B cuny Jaemn Bpem6aa — linnGepra

v )< MMlulwl[o ns MMT”I“'W‘(B‘*')

3sincu
1|,”L2(m_)' = ( Y wr u))1/2<M1: |_u|u,,;[0.;-[. (7)

tco—

Ie ctanta M He 3anexurb Bin Ti wu.
3 ouinoxk (6), (7) BUMAMBaE HacTynHa TeopeMa.
Teopema 1. Hexail pignanna (1) cmiiike, mo6mo (A = 0)i po3s’ 130k

sadaui (1) Hurescums npocmopy Wi 10, T1 (mo6mo f () € Ly [0, T}).
Todi pisnuyesa cxema (3) cmitika npu T<< v* < 'n i maromp micye
OYinKY
by — u“L.(m—) <Mrlu lwio,ryr
ly—u le@ < <Mrtlu lw‘[o Tp ®)

ly— ”lw’;(m—) <Mtlu IW;[o,rr

Oe cmani M He 3aaesxcame 610 T i u. L{i oyinku osnawarome maxoxc 36ixc-
Hicmb HAbAUNERO20 PO38’A3KY Y 00 MOYHO20 Y 8iON0BIOHUX HOpMAX npu
- 0.

Ananoriunl pesyabraTd cnpasemuBi i aas HeniHifiHol 3agaui

—g;‘— = f(t, U), tE(Oo T],
4 (0) = uy, O
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ANA AKO1 BHKOHYIOTbCSA YMOBH:
fa<< O (10)

(ymoBa crifikocti piBnsiHnA (9), ab6o ymoBa moHoToHHOCTi dyHKLiT [ (Z,
u) no u);

Val <L (11)
u(t) €W (0, T). (12)
Imrerpyioun (9) Bin £ € o= 1o ¢ + T i ainsun Ha 7, AicTaHemo
) 141
g~ | [E u(®)dt=0. (13)

!
-+ et
Saminoroun HabanXKeHO S f&, u(E)dt na S [ &, u (D) dE, maemo ua-

t t
CYyNHY cxemy Aas 3afaui (9):

yr—v" Tf(ﬁ. y@dE=0, t€o™, yo=u, (14)
HOna noxubku 2z =ty — u MaeMo 3afauy
2— | 17 g4 — 1@ w @145 =0, (15)
Cteom, 2(0) =0,

Honaioun i BigniMatoun nin interpanom Beaunuuny f (§, u (f)) i 3acroco-
Bytoud ¢opMmyay JlarpaHxa, RicTaemo
4 gzt =9 (@), lcom, (16)
z(0) =0,
Re

4+ -+
g)=—7" { fudt, vl)=""{ Llu®—u@®lde. (7
t 4

Hnsa ainifinoro ob6mexeHoro ¢yHKuioHana (npH dikcoBaHux f, §)
N (L u) = u (f) — u (E) 3a nonomoroio jgemMH Bpembaa — Iinbbepra ana-
AOTiYHO MnoNepefiHLOMY MAaeMo

I, 1< M g, (18)

I 3 ypaxyBanuam ymos (10) — (12) 3 (17), (18) snaxonumo
"‘P!!L,(m—) SMr|u IW;[Q.T]' (19)
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Je M He sanexurts Bix v1 4. lllo6 BusHauuTH anpiopny ouiHKy Iaa

2, noMHoxumo (16) Ha t2, npocymyemo no ¢Bixg Omo t* — 1€ o {1 Bpa-
xyemo (10) — (12), (4) B peaynm‘an MaeMo

{e—1

0,522 (t*) — 0,57 2 12 (1) + 2 g 2@ =Y W({E)z@),

=0 i=0 =0
3BiJKH t t
-t *—
2)<T Y BWO+F2Y w020 <
=0 =0
T— 2 ) T—1
<t Y wm@+2Y tiv@tz@) =
t=0 t=0
=T| 2] o T 2| ¥ “L,(m—)“ 2 “L,((TJ)'<
< T Il 24 llL H0™) + 2T “ "‘P \'\'La(m—) “ % “[_,(m—)) (20)
Iz“%..((:ﬁ = 2_ T2? (t*) < T l! 2 iizl-.(m_) + 2T* |l‘l ll? nL,(ﬁ)_) ’l 2 "L,((n—)'

Fad A
Kpim Toro, 3 (16), (17, (20) i HepiBrocTi (@ + b)* << 2 (a2 + B%)
(a Takox TeopeM BkJaaieHHA O. 1.5 3 4. 1) maeMo

12¢ ]2 o < 2L 2 i@ + 209 00 <
< 2LNT) 20 [ oy + 4L T2V, o h 20 0my T 210 2

(l - 2[‘21:1‘) " 2 "%,,((,)—) < 4L°T? “ wﬂ'L,(m_) X
X “ 2 "L,(m—') +2 “lp”z,(m—)' (21)

s ouinka wmae smict, skmo 1 —2L%T >0 abo T < 1/(2L%T).
Y upoMy pasi, posB’asyioud (21) sK KBajpaTHy HepiBHiCTB BiJHOCHO
| 2 "L.«o—)' JicTaeMo OLiHKY

“ 2 "L ((,,-) \ M “ ‘P ||L (o™ (22)

Ae crana M ue sanexuts Bif T i u.lls ouiHka BupaXae yMOBHY Criii-
KiCTb CcXeMu (14) mpH T < l/(2L2T)

AnpiopHa ouinka (22) i ouwiHka noxu6Ku anpoxcpmaull (19) npu-
BOAATb O HacTYMHOrO TBePKEHHs.

Teopema 2. Hexaii Oas 3a0aui (9) suxonano ymosu (10) — (12). Todl
npu ©— 0 posg’asox pisruuesoi cxemu (14) 3bicacmoca 3 poss’a3Kkom 3a-
Oaui (9), npuuomy suxonyromecsa oyinku (8) npu v << 1/(2L2T).

3aysaxcerna 1. 3 BHK/IaJeHOro BHILIHBaE, 1o cxemy (14) caix sacto-
cyBarH y Btllnanxy, KOJIH PO3B’#30K 3ajaui (9) Mae HEBHCOKY IMIAAKiCTy

T

i interpanu \ F (8, y (£)) d§ o6uncmo0TLCA AOCHTD MPOCTO.
; ,
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Sayeancennsn 2. Tlpoananisysasuin noseneHds ouinok (18), (19), 3a-
3Ha4YMMO, WO NiABHUIEHHA MMALKOCTi po3B’aA3Ky u (f) (Hanpukjaan, sKLLO
uc Wi [0, T)) e npusene a0 noxpaulenHs ouinok (18), (19) i, oTxe,
ouinku (8). Tomy B nboMy pasi aaA NiABUIIEHHA NOPSAAKY TOYHOCTI Tpe-
6a BHKODHCTOBYBATH iHIUi cXeMH.

Bnpasa 1. PosarisHyTy HesiBHY cXeMy
| 41
= — [ 1& yetma =0, tea”, y=u,
!

»

i nosectH, o BOHA Mae mepuIMA NOPSAAOK TouHOCTi y Bunagky u (f) € W; [0, T} i e a6co-
JIOTHO CTifiKOIO,

Hexait 3amicte ymoBu (12) BHKOHYeTbCA YMOBa

| u(t)€W310, 7). . (23)
PosrisHeMo HacTYNmHY HefiBHY OIHOKDOKOBY CXeMy!
1 3l
O — [ [GyO+@ =Dy ) =0, 29)
t
tE 0)—, yo = uoc
1 noxubKH z = y — ¥ MaeMo 3ajauy

1+

Z— [ @G yO+E—D9®) — G uENE=0,
!

T
t€a—, 2(0)=0.

Honaioun i sinniMaioum y kBaapatHux Lyxkax seauuuny f (8, u () +
+ (E—1¥ u (f)) i 3acrocosyioun opMyay JlarpaHxka, pgictaHemo

2+q02O) +nOzH=0 tco, (25)
z(0) =0,
Ae
B 1+t s ] i+t -,
O =—v"{ fudt, @a@O=—v"{ G—0LdE
t ¢

1+
YO="" [ FEuO+E—Du®)—FE u@d =
t
4t .
=7 { fn@ & wde, n(t G w=u@) +E-Hu®) —u @)

t
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3posymiio, wo 1 (4, §; ) e ainifinum GyHKiioHanoM Bin u (npH bik-
copanux f, ). BukoHaBwH MacwtabyBaHHs, aHAJOriyHO NoNePeiHbOMY

maeMo 1 (¢, & u) =1 (u), u(s) = u (§ (s)), npuuomy u ¢ wiio, 1],
i ainifinni dyskuionan n (u) obMexxeHuit y npocropi C [0, 1] i B cuay

TEOPEMH BKJI3aJEHHS — y NPOCTOPi ¥2 [0, 1. Bin TaKOX MepeTBopio-
€TbCSl B HY/Jb HAa MHOTOW/EHAX MepLIoro creneds. 3a JONOMOroOl0 JIeMH
Bpem6na — [inp6epta nicTaemo ouUiHKH

In@I=In( & )| < MM |ulyz,, <
<MT'-5|’u]W9(e+), »uEWg{O. T, (26)

ll"'p \lL (co“) MT l u IW2[0 T

Jie ctani M He 3anexartb Big u i +.
[Ilo6 picratu anpiopHy owiHky po3s’si3ky 3azaul (25), mnepenuwemo
il y BHrAsAi

2) +QOzO =Y, teco, 2(0)=0, 27

Je
Gy=qO)/ (1 +q. (&), YO =91+ q.(¥)).

HeBaxko MoMiTHTH, 10 MpH ZOCHTb Madux T << t* Takux, mo 1 —
— L1t*/2 >0, ne ™ — ¢dikcoBaHe uHca0, MAIOTE Miclle OLIHKH

1ROI<1g (/1 — Lt*/2),
¥ OI<[H @)1 — Lv*/2),

TOMY NPH JOCHTb MaJInX T LJs po3B’s3Ky 3aiaui (25) Mae Micue Ta cama
anpiopHa ouiHka. (22), mo i a1 3anaui (16), a B cuay (26)

" v “L,(m—) KM©|u 'W%[O,T]'
ToMy crnpaBeannBe Take TBEpPIXKEHHS.

Teopema 3. Hexadl das 3adaui (9) suxonyromecs ymosu (10), (11), (23).
Todi npu v — 0 poss’asox 3ada4i (24) 3b6izacmoca 3 poss’ Askom 3adai (9)

Laput<<t*, vt < %, BUKORYIOMbCA OYIHKU
\y —ul, 2@ <KMe|u 'W2[0 31
ly—u “C((o) <M?|u lW%[O,T]' (28)
ly— ”]W‘(m—) < Me\u Iwg[o,-r]’
0e cmani M He 3anexcamo 6id T i u.
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Bnpasa 2. [oBectn TeopeMy 3 n1s cxXeMu
i+ .
nO—" [ FE ve+0+E—1—ny 0 =0, @9
]
tew, y(0)=u,,

Bnpasa 3. Joeectn, mo cxema (29) Gesymosuo crifika.
Bnpasa 4. [lomecrn, mo cxema (24) ymoBHO crifika npu 1A < I,

3.7. BaraToKpOKOBi CXeMH PpO3B'A3YBaHHA
3apavi Kowi

B n. 3.3 posrnanyro meroau PyHre — KyTta ana yucenbHOro po3s'si-
syBaHHA 3afaui Kowi

Lo=jtw, 0<t<T, u4(0)=u, (1)

11i meroau, sk 6yso 3a3HayeHo, HA3HBAIOTHCHA OAHOKPOKOBHMH, 60 mpu
BH3HAYeHH{ HOBOTO 3HAYEHHS Y4+ BHKOPDHCTOBYETHCA JHILE 3HAUSHHA
Y,- 3 BHKJALEHOrO 3po3ymiJo, 10 417 MiABHILEHHS NOPAAKY OLHOKPOKO-
BHX MeTOAiB (HanpukJaaz, Pynre — Kyrra) tpe6a 6Ginblue o6uncienp 3Ha-
uyeHb PyHkuii f (£, 4) Ha KoxHOMY Kpoui, Ul0 NPH3BOAHUTL 10 36iAbILEHHSA
O6UHCTIOBAN BHOI poBOTH, OCOGJAMBO y BHMALKY pO3B'A3YBAHHA CHCTEM
3BHuafiHuX AnudepeHLiaNbHIX PiBHAHBL BUCOKOTO NOPAAKY. MoxHa foBecTd
(auB., Hanpukaax, Butcher J. C. The nonexistence of ten stage eight
order caplicit Runge — Kutta methods. BIT 25, 521—540 (1985)), wmo
Alf  m-CTyneHeBoro siBHoro merony Pynre — Kyrra mae wmicue Takuif
B33EMO3B 'SI30K MiX 1 Ta MOXK/JIHBHM MaKCHMAaJ/IbHHM MOP A IKOM TOYHOCTi p*.

m 1 2 3 4 5 6 7 8 9 >9
p* 1 2 3 4 4 5 6 6 7 <m —
-3

[I06 aMeHIIHTH KiJAbKicTh ofuHcaAeHb MpaBoi yacTHHH f (f, 4) HA KOX-
HoMy Kpouli i npu upboMy 3a0e3neyduTy BHCOKUH MNOPALOK TOYHOCTi, 3a-
CTOCOBYIOTbCSE OaraToKpokoBi Meroau. B saraibHoMmy BHDAAKy IJasi BH-
SHaueHHA HAOGMHXKEHOro po3B’A3KYy MOXHA POIMVIAHYTH JiHilHI BifHOCHO
| m-kpokoBi cxemu (Meroau), m = |, TOBTO CXeMH BHrAARY

m m
Za_:yn—k=zbh_fn—k, n=m,m+1, ceey (2)
k=0 k=0
Be a,, b, — uncnoBi koediuiedtH, fo—p = f (fhmts Yn—r)y Gy 70,
by %= 0, y; — nabnuxkenHa aaa  u (¢). ,

Cxema (2) HasuBaeTbcA A8HOW (excmpanoaayidnow), AKmo by = 0 {

Y, BHU3HAYaEThCs 4epe3 nonepefHi 3HAYEHHA Yn—i, Yn=2y +e) Yn—m 3
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fIBHOIO (P OpMY.JI0I0

m ]

1o , .
Yn =3~ ké_,l (bnTfn—r — anyn—r) = -~ F(Ynt1s Yn-2s v+ vy Yom)- ()

OGuucneHHs] TYT MOYHHAEIOTBCA 3 Y, TOOTO 3 n = m. o6 3HaiiTu y,,
Tpe6a 3a8aTH M NOYaTKOBUX 3HAYEHb Yo, Yy +-..y Ym—1, @ 1X MOXKHA BH-
8HAYWTH, Hanpukiaai, 3a MertodoM PyHre — Kyrra.

Akuo by 5% 0, To cxema (2) Ha3HBaeTLCS HeABHOW (iHTEPNOMALiHHOW)
i ana BimWykaHHA Yy, IpU KOXKHOMY £ TpeGa posB’si3aTH HealHifiHe pis-
HAHHSA

QolYn — Tbof (tn’ yn,) =F (yn—h Yn—2, .- .9 yn—m)- (4)

Hoxu6ka anpokcnMmauii (HeB'siaka) cxemu (2) Ha poaB’sisky u = u (f)
piBHsiHHA (1) BH3HAuaeTbCA 3a GOPMYJIOIO

YE)=Vv({s W)y=Vv(E; w; 1) =
= 3 b0t 1) — ~ 3 a1y (5)
k=0 £=0

CxeMa (2) mae s-ii mopaoK anpokcuMmauii y aeskii ci'rKOBiﬁ HOpMi
|-, axmo
i) = 0() abo |p|< M, s>0, (6)

Je M — ctana, sika He 3aqexuTh Bin 1. Cxema (2) Mae s-it mopsiok
anpokcumanii 8 touui ¢, sxmo ¢ (£;) = O ().

Koediuientn a,, b, nigbupaotb, BUXOAAYH 3 BUMOr ampoKCHMALil
i crifikocti. OckinbkH koedilieHTH piBHAHHA (2) BH3HAYAWOTLCA 3 TOY-
HiCTIO IO CTAJIOr0 MHOXKHHKZE, TO 6e3 o6MeKeHHs 3arajbHOCTF BBAXKAEMO,
1o

kg b, = 1. @)

3.7.1. Meton neBH3HaueHux Koedinienrtis nobynosu 6araToxpokoBux
cxem. BuGepemo koedinientH a,, b, TakuM YMHOM, LLO6 BHKOHYBAJIHCh
YMOBH

lim 31 SG R _ ), 0<t<T, ®)
0 = .
lim $ bf (¢ — kv, - u(t— k¥)=F(ly, 4 ()
-0 p—0 (9)
0<t,<T, |
et 5 D=1 @] =06, (10)
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s uboro 3Hauenns u (¢ — kv) i f(¢; — kt, u ({; — k1)) noxamo 3a
dopmynoio Teitopa

u(t;—kv) = 2 = ’”’“ Rl 1A ) (11)

, — ey D s

u' (t;— kt) = 2 SR (12)
=0

Ae r;’, pf-‘ — 3anduikoBi uneHs paais Teitsopa, npuqOMy

. q (kT)ST! o1 (BT)°
|rl‘\%;_¥|)_l—_’ l ]l<—+_]__—9 (13)

lus+D ()| < ey << oo, O0EKT.

Migcrasasoun (11), (12) B (5), Maemo

m m
V==Y Ful)— ¥ (—ka—b)u (t)—
k=0 k=0
2 [ k2ay klblk ]'cu” (t) — _ sﬂ [ (— k) an __
k=0 k—O
— B> 1 s Doawrt 14
- ((S_)l)!h ]TS lu()(t])_z :I +Zbkp7' ( )
k=0" k=0
BsefieMo mosHaueHHs
2 a, = Py
k=0
[ —k
Y| ot = (15)
k=0

(—k) (= k!
Zl a, — l—)l)l bk]=q)b I>1

Axmo
Po=P= - =qu=0» (16)
o
m s+1 ' 3
[P ()< CsT® Z-(lakl—(—sk+—l)l—+lbhl—sk,—). a7
£=0
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Posrnsnemo monitomu

p(q) = ﬁaw’""’. o(q) = ﬁbkq"""-
k=0

k=0

HeBaxko nmoMiTuTH, IO B TepMiHax uX nojiHoMiB yMoBH (16), 3a sikux
cxeMa (2) mae s-fi MOpAAOK ampokcHMalil, MOXHA 3alucaTH TaKOX Y
BHIVIALI

pl(l) =Os
prrt () =joy(1), j=1Ts,

e NOJIHOMH p; T2 O; BU3HAUAIOTHCA PEKYPEHTHAMH GOpMYyJiaMH

0 {g)=p(q), o (@=0(9),
Pr1(9) =q0; (@), Gi1(q) = 40} (@)-

CnissignowenHs (16) yTBOpIOIOTE CHCTEMY Ainifinax ONHOPiAHHX piB-
HsHb 3 2m + 2 HeBimomumn a,, b,, k = 0,m. Usi cucrema maTHMme He-
HY/IbOBUH PO3B’A30K mpH 2m + 2> s + l a 1as y; (t) chnpaeesauBa
ouinka ; (t) = O (v?).

Ywmoeu (8), (9) npu BuKoHanHi pirnocTelt (7), (16) mators Mmicue. ILifi-
CHO, KODHCTYIOUHCH po3BHHeHHAM B pad Teflsiopa, mictaemo

m
lim V———a"u(”—h) =Iim( Z a—:u(tj)—'
>0 ;—6 >0 =0

— 2 kau’ (t;) + 0(1:)) =—u'(t)) 2 ka,,

) k=0 k=0
m .
i $% 6uf ¢t k. uty— k) = lim  § $ buf € 0 (6] + 0(r))=
0 ;= >0 \ p9
=ftp ulty)
Ipore B cuay (15) npu [ =1 maemo — ﬁkah— i b,=0, a B cuay
k=0 =0

(1) — 3 kay = 1. Omxe,
k=0

-

lim “ aku(tj—St) —u (t,)

>0 =0

i ymoBn (8) — (10) BukoHaHi. SIKmoO 3a3nanerine 3adikcyBaTH 3HaUEHHA
JefKHX TMapaMeTpiB, TO MNOPAJOK anpOKCHMallii 3MeHIUYBaTHMETbCA.
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Tpursad 1.Hexah m = 2, s = 4. CucreMa ana susnauenus koediulentin az, by
(k = 0, 2) mae Burasa
Gtata=0 (p=0,
o+ 203+ by + by + by =0 (¢, =0),
a2+ 2ay 4 by + 26y =0 (@ =0),
—ay/6 —(4/3) a; — b,/2 —2b, = 0 (93 =0), (18)
0y/24 + (2/3) @y + b,/6 + (4/3) by =0 (@, = 0),
by + by + by =1,
3sigcu

q 4a.
a1=0, ag = — Qg, bo=b,="'3l', b1="_'3—0'. (lg)

3 ymoBH (7) 3Hax0auMO dp = 1/2, TaxuM 4HHOM, CXEMa YeTBEPTOTO MOPAAKY aNpPOKCH-
'Malii mMae BHrasg

y;=y1_2+‘;— (f;+ 4f/_1+f]_2)o (20)

HMpuraad 2. Hexali m= 2, by =0, a; = 0, T06TO posrisHeMO CHCTEMY BHIIAAY

bp=0, a3 =0, g+ a,=0(p,=0), @&+ b+ bg=0(p, =0),
01/2 + bl + 2[)’ =0 ((Pz = 0).
Po3p’s13koM Li€l cHcTeMH, AKHA 3a10BO/IbHSIE TaKOX yMOBY (7), €

ay=1,a=—1, ay=0, by=0, b, =3/2, by =—1/2, (21)
TakHM 4HHOM, Ma€MO cXeMy APYIOTO NOPSAKY anpoKcHMalLil
;= !/I'_].'i‘ /2 (af,_l - f/_z)- (22)

.Bona nasuBaetsen excrmpanoasyiiinoro gopmyroro Adamca.
Mpuraad 3. Hexait m=2iay = 0. Toai cucrema ay = @y = @, == @, = @3 = 0,

) by = 1 mae posn'asok
k=0
ay=1, ay=—1, by="5/12, b, =2/3, by=—1/12
i cxemMa TpPeThOrO HOPARKY ampokcuMmalii Mae BArASL
5 <2 -

=yt (Tt T’/—l"_xz'f/-—z)' ()

abo
1 1
Y=y +1 f'j__g_Afl’—WAf/_z). (24)

Le intepnonanifina ¢opmyna Axamca.

Bnpasa I, Meronom HeBusHauenhx KoedillientiB noGyayBaTH OAHOKDOKOBY
dopMyay Ipyroro nopsaKy anpokcumauii.

. : t
Bianosiab yy=y,_+—35 (,+ /-
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Brnpaea 2. MeronoM uesnsHauennx koedpiunlentis noGyzysatu saBHY paBOKpo-
KOBY CXeMy TPeTboro nopsuu(y alpoKchMalii.
Bianosine: = —y;_y + 5y;_o + T (4f;— + 2/

3.7.2. Metoa Apamca nobynoBu GaraToxpokoBux cxeMm. PosrasHemo
npasy vactuny f (x, u) piBnsuas (1) He Ha Bcill naowmHi 3minu ii apry-
MeHTIiB, a JiMlle Ha KpHBiA u (f), MO BiAMOBiAae WIyKaHOMY pO3B’sA3Ky.

Toni f(t u(t) =F ) e ¢>ym<uielo JMHie ofHoro aprymenty {. Hexaf
Be BiZOMHHA HAONHXKeHHHt PO3B’A30K y JNEAKHX TOYKax CiTkH y,,
Yn—ly «ory Yn—m. TOAl y HRX TOUKAX BinoMmi Takox F (4;) = f(th, yh)

=~ f (t,,, u,). B okoni umx Byanis MoXHa HaGauxeHo 3aminuta F (f)
iHTepnonALiiHEM MHOrO4YNEeHOM, AKHA 3amuiiemo y ¢opmi Hbrotona:
Fymp(ts FY=F () + (—tn) F (b, ta) +
+ (t.- t") (t _ tn—l) F (tm tn—h tn—2) + (25)
F (=t — )t — o) F(t,, taoi, bneg, tas) + .

O6MexuMocs JHIlle 3anNHCanMMH wieHaMH, ski 3a6e3aneyyroTb yeTBepTHil
nopsaaok anpokckumaiii. s o6uncaendss po3s’A3Ky B HACTYNHiRk Touni
3anuuemo AudepeHliasbHe piBHAHHA B iHierpannHiii dopmi

Ing.1 Iyl
Unpy) = U, + S f, uydt =u, + S F(tydt (26)
t H

i nigcraBumMo B Hbecro iHTepnonsiuiiinufi MHorousien (25). IictaneMo eke-
TpanosAifiny dopmyay Anamca 3i 3MiHHEM KPOKOM

Ynt1 = Yn HTF (o) + 5 T F (b ) +

+ 5 T (2%, + 35 F (g, tasy tas) +

l2 T?l (31:3 + STnTn—l + 4TnT’1—-? + 61'-'21 +

+ 6T iTas) F (£, trsy ta_a), 27

ne T, = tpy — ¢,. Lla dopmyna mae yeTBepTHH MOPANOK aANpOKCHMALIL.
Ko BiIKHHYTH OCTaHHIfi 10AaHOK, TO NicTaHeMo GOPMYJY TPeTboro
NOPSAKY anpokcumauii i T. 1. Popmyna nepworo nopsAKy abiraerbcs
3i cxemoto Eitnepa.

Yacriwe KOpHCTYIOTHCA GopMynow (27) nasi CTatoro Kpoky 7T. 3a-
MHCYIOYH 3aMicTbh PO3AiJeHHX pi3HHubL cKiHueHHi pisHuui 3a dopmy.oo

A°F, = p! F (t,, tazs, ..., ta—p), MaeMO
ynrs = yn + W + 5 AF, + DA, + 3 wAF,.  (29)

-+
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3anuwkosuii unen uiei dopmyau nopisvioe (251/750) T F® (&) (samuw-
KOBUH ujieH GopMysH Ajamca BHDaXKaeTbCAl uepe3 3aJjHIIKOBHH ujeH
iHTepnoAsiiHOrO MHOrOYJIEHa).

Binpisok iHTerpyBaHHsl BUXiZHOro piBHAAHHA Ta TOYKH iHTepHOMALIl
MOXHa BuGHpaTH i B Ginblwl 3araibHOMY BHIVISIAL.

InTerpyioun andepenitiancne pisuauua o’ (¢) = f (¢, u (f)), maemo

figr
wl)=ul—) + { fe u@)d, j>0.
timi
3aminumo f (f, u (¢)) iHTepnoNALIfAHIM MHOTOU/IEHOM p-TO CTENeHs, No0y-

nosanum  3a Toukamu (t, f (4, yo)) ..-s (Gicp, [ (ticps Y1—p))s B€ Yy —
RabamkeHH Aaa 4 (4;). B pesyabrari nicraemo sBHHE Meton

fi! " {—t
Y=y + Z [ Cimts Yis) S i _“tt' —dt,
k=0 i laek

B fAKOMY iHTerpaan
It _
-1
§ T dr=fusan
{—1

’t_ll

MOXHa OBYHCAMTH TOUHO. [Tlpu p = j = 0 maemo Bizomu#i Bke Merox
Eiinepa — Kowi. [as nosinbHoro p ta j = 0 gicraemo meroni, ski Hasu-
BaloTbcs Metonamu Anamca — Bamdopra. Iaa piBHomipHOl CiTKH &4y —
— t; == 1 KoepinieHTd T B0, Merony Anamca — Bagopra BusHaua-
IOTbCA 33 TaKow Tabunero:

k Mopsnok
\ 0 1 ' 2 I 3 anpokcHManii
S~

0 1 1
1 3/2 —1/2 2
2 23/12 —16/12 5/12 3
3 55/24 —59/24 37/24 —9/24 - 4

Mpu j = 1 gicraemo metogn Hicrproma, HallnpocTimil 3- AKUX Mde BH-
rasg,

Yitr = Y—1 + 2vf (4, vy

i HasuBaetbCa ABHUM Memodom (npaeu/lOM) cepednboi mouku (MOpAL-
Ky 2).
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Axkmo npu intepnonsauii f (¢, u (f)) BUKOpHCTAaTH LOAATKOBO M€ By-
sont (tiy1y, f (tig1s Yit1)), TO AiCTaHEMO HeagHi memoOu BHUISALY

byl
{—1
Yit+1 = Yi—j + 2 f(tl-—k, y[—k) S l‘l 7_—1t_ldt’
h=—1 4 l_l;zkl —k {1

B SIKHX, K HEBAXKKO TOMITHTH, y;1, Tpe6a 3HAXOAHTH AK PO3B’A30K He-

JdiHiliHoro (akmo f (¢, &) HeaiHiilHa Mo «) piBHAHHA.
Ipu j = 0 micranemo metoqn  Anamca — Myarona, koediuieHTn

A t—t;_

Buios = | Tl —tat
‘ Je—1 Lk =l
=1 e

SIKHX Ans piBHOMipHOi CiTKH mMoZaHO y HacTymHifi TaGauui:

13
N o | ]
—1 1 1
0 1/2 172 2
1 5/12 8/12 —1/12 3
2 9/24 19/24 —5/24 1/24 4
Ilpu p = —1 maemo HesiBHHII MeTox Eiinepa

Yirr =y + o (Ce1s Yit1),
npn p = 0 — Metox Tpanemiii -

Yitr =Y + —;— (f tay y1) + [ Gigry Yig1))-

HesnBui Metonu cami mo co6i BHKOpHCTOBYIOTECA JMIIE B chelliaJbHHX
BHNAJKaX, OCKIIbKH AJS BilIUYKaHHA y;y; Tpeba po3B’A3yBaTH Hedi-
Hifine piBHAHHA. fIxuo Bdopmynax Anamca — MyaTona 3aMiHuTH BesId-

unHy f (fi41, §i41) HaGMHKeHOO BesHaHHOW [ (fiy, Yir1), Ie y:+|
37100yTe 32 JOMOMOTrOI0 A€SKOr0 SBHOTO MeTOoY (K MPaBHJIO, METOLY
Anamca — Bawgopta), To AiCTaZHEMO METOLH MPEAHKTOP-KOPEKTOP, AKI
YacTo BHKODHCTOBYIOTbCA Ha mpaktuui. Hanpuknan, kom6iHanis TpH-
KpoKoBoro merony Anamca — MyJTOHa ueTBEpPTOro MOPSAKY (KOPEKTOp)
Ta TPHKPOKOBOrO MeTOAy Apnamca — Bauipopra Tperboro nopsaixky (mpe-
ZHKTOD) Nae sIBHHI TPHKPOKOBHA METOL YETBEPTOro MOPSAKY, UIO BHMA-
rae Jume JBoxX oGUHCTeHb GYHKUIl [ Ha KOXHOMY KpOILi

!;r+1 =y; + 1L2 (33f (tiy yi) — 16f (it Y1) + Sf (ti—2, Yi—2)),
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yert = g1+ 5 OF Givry yops) + 19F Uiy 93) — 5F (fimsy ginr) +
+ -2 yi—2))
(za1s1 MoOpiBHAHHSA: OXHOKPOKOBHH KJjacuuHuit meroy Pynre — Kyrra uer-
BepTOro MOpAAKY NoTpebye 4OTHPLOX obuucaedb ¢yHkuii f). Kombina-
uis p-KpokoBoro Mmerony Ajamca — Myarona ta (p -+ 1)-kpokoBoro Me-
toay Anamca — Baumidopra (npeaukTop) Aae aABHuil (p -+ 1)-KpoKOBHI

MeToq
. P *+1op
Y1 =1 +Zf(tt—ln Yi—t) S I - "t" at, iz=p,
£=0 % l;k =k~ ti—l

et

- {—1
!/f+l=yi+f(tl+hyl+l)5 ﬂ__%—l dt 4
: pot= e T

t
T - Lpr—t
-+ Z fErgt—ry Yig1—2) 5 dt.

Y =0 e — Lot
L
He# meton mae mopsitok p + 1 BigHocHO T = max T; AJst AOBiMbHOI
nocaimoBHocTi kpokiB  {1;}. / _

‘3a3HaunMO, WO 6araToOKPOKOBI METOAM NPEAHKTOP-KOPEKTOp MaloTh
BUIAAA, BiaMinHudl Bif (2), i e HesinifiHuMu BigHOCHO 3HaYeHb dyHK-

wif fz
I puxaad 1. 3uaftn exctpanoasinifiny dopmyay Anamca APyroro Hopsaky am-

POKCHMALT MITAXOM 3aMilm byHKUiT f (¢, &) iBTeproasiuifitumM MHOrouneHoM, no6yzno-
BaHHM 3a TOUKaMH ! ¢, o (metogom Anamca).

Po3p’'saa H’;I s;’ IHTerpyioun nudepenuiasibHe piBHAHHA, MaeMo
tn ’n
tn = tp_; + S F(t u () dl=up + S F () dt. (29)
tn—1 tn—1
To6Gynyemo intepnoasuifnnit MHoTOWIEH AAA QyHKILT F ({) saToukamu f,_,, £, _, (Boun

poamileni 30Bii Biapiska iuterpyanns [£,_,, £ |, TOMY MOXHa [OBODHTH PO €KCTPaNo-
Jasuio)

pts Fy=F lt,_ 1+ —t,_)Flt,_y, £,

F F F(t, ) —F(t e
Flp_)=fU_p ult,_)), Flt,_,, fyal = - r;n 22 o |

— f(tn._zr u (tn_2)) —f (ln--l' u (tn—l))
— t ‘

Dani maemo
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Ham nesinomi rouni snavenrus u (f,_,), u (f,_,), ToMy nincrapumo samicte Hux HaGin-
weHi: y,_; i y,_q. Toxi

F (tn—l). = f-(tn—l’ Yn—t) Efn-;l'
f(tn—‘z’ yn—2)_ f (tn—l' yn—l) = fn-l —,n—2 s (30)

Fltp_ys ty_ol=

—7T T
" fn—Z_fn;l
p(tv F)=f,|_]+(t—tn_|) -——_T—' .

Niacrasasioun p (t; F) aamictp F (f) B (29), nicranemo HaGauxeRy dopMyany

t
Yn="Yp1+ Sp [fn..l F -1, fat _Tfn—z‘. ]dt.

tn—|

Bukouytoun iHTerpyBsanus, MaeMo ekcrpanonsuifiny ¢opmyay Ajamca Apyroro nopsaxy
anpoxcuMaii

T
Ynt1=Yn + 9 (3fn_.1 —fu_o)s

sika 36iraerecs 3 gopMyolo (22), 3uafiieHolo 3a MeTOJIOM HeBH3HaueHHX KoediuieHris,
I puraad 2. 3naiith intepnoanniiiny dopmyay AgaMca TpeTbOro MOPSAKY alpoK-
cuManil wasixom 3aminu gynkuii f (¢, u) inTepnoasuifinuM MHOTOUJIEHOM, siKHI noGyjo-
BaHO 33 TauKaMmH (to6ro Meronom Anamca) ! ne bn_pr tn—ge
Poas’saayBannaqa [lobynyemo inrepnonsuiinuf msorouwnen pna oyHkuii
F (¢) 3a Touxamm ¢, ¢ |, 1, o

pit; FY=F (L) + (¢ — tn) Fltns by 1+ € — ta) (€ — by Fltns £,y byl
BBegeMo saminu '
Fty) =f(ln, ). % f (tn, ¥n) =Fn=F (1),

~ Uy u (N — g, ull
F[tn, tn_l]=f 1 u’ 1 n» 4 "))ﬁ

n;-l'-tn
fn—f__|
~ __T" =Fltn 1,)
- Flly oot ol—Fltn t,_1
Flln, tyyy fpg] = — =g 2
n— n

~ (Fn=TalT — Cpey —Fogd/T _ To =20y Ffaey
27 212

p Fy=fpo+(t—1tp) .f"_—_Tf";' +—=t)t—t,_)

=F[t,, byts lnoli

fn— 2fn—14-f,_y (31
212 )

TincraBasioun aamicte F (f) B (29) nabnuikene snaveHHs i1 inrepnonsui iHoro Muorouae-
Ha, fiKe 06uHCIHMO 3a dopmyaoto (31), i inTerpyioun, gicraeMo HacTylHy iHTepnoaauifiny
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dopmyay Axamca, 3HafifeHy MeToNOM HeBu3HaueHHX Koediulenris (aus. (23)):
5 2 1
Yn=1Yn1 +T(—]§—fn + 3 fa—1— an—2) .
Iin dopmyna mae TpeTifi mopaaoK anpoxcumatii.

3.7.3. Metoan noGynoBH 6araTOKPOKOBHX CXeM, LI0 FPYHTYIOTbCA
Ha ¢opmyJax yYuceabHoro audepeHuiwBanud. B UHX MeTOdaX BHXOAATHb

3 piBHoOCTI
u' Gigr) = f (Gigrs 1 (xi41)) (32)

i noxigny B siBiit yacTHHi 3aminfAOTE NoxiaHolo iHTEpRoOAAUiliHOrO MHO-
rousieda, obymciaesoro B Touui f#;y. Ilo6yayemo, nanpukaap, inrepno-
AALIAHAA MHorouneH (k -+ l)-ro creneHs p (f) 3a .toukamu  ({y1,

Yi+1)s oo (fick, Yi—r) i BU3HAUMMO HeBinOMi Yiyi, ..., Yi—ke 3 PiBHAH-
H, fIKe € aHajmoroM (32):
dp (¢ 4 ‘
pdf ) t=tiy) = [ttt yit)- (33)

Muorounner p (f) moxxHa, Hanpuksaaj, 3anucatd B ¢opmi HeloToHa
Yy
P(t)—yt+1+'r_‘,ji(t—h+n)+yll + L4 i—1]@—tp1) X

X{E—t)-+ - +y[1+l, ey l—k](t—tH.[)(t-—ti)X
X (t—tit1—-8),

e yli+1, .., i —jl—moninena pisunusa j+1-ro nopsaaky. CnissigHo-
weHHa (33) MoXHA 3amUcaTH y BUTAAAI

kR . ~
Yirr = Y o iyi—; + Bf (Xo1, g141)
=0

8 BiINOBiAHHMH CTAUMH ak,, ﬁ a y BHMNAAKY piBHOBiALa/JeHHX TOYOK
Xy Xy — X, =T i) y Buraani

Y1 = 2 i~y + F (X0 1, Yii1)- (34)

Koebiuienrn az;, P Hesa)mco O6GUHC/TUTH, [IPH p13Hux k BOHU BH3Haua-
10TBCA 32 TAKOIO TaGMHLE:

k 8 4,0 e, 1 %, 2 %, 3 ®p. 4 @5
0 1 1

1 213 4/3 —1/3

2 6/11 18/11 —9/11 2/11

3 - 12 48/25 —36/26 16/25 —3/26

4 60/137 3007137 ~300/137  200/137 —75/137 12/137

b 607147 3607147 —450/147  400/147 —225/147 72/147 —10/147
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(Hepaxxo noMitutu, mo npn k2 = 0 maeMo HesBHY cxemy Efnepa. ®op-
Myan (34) izomi Takox fik dopmyau [ipa, a6o metrox BDF (backward
differentiation formula). Ina 2 > 5 ui GopMyu He BHKOPHCTOBYIOTHCSH,
60 115 HHX MOPYHIYETHCA YMOBA KopeHiB (qus. m. 8).

3.8. 36buuicTsy i TounicT
GararoxpokoBux mertogis

3.8.1. ¥YmoBa kKopenis. CrifikicTs ainifinux pisHHLeBUX pPiBHAHD.
PosrasiHemo ymoBH 36iXHOCTi i moxuGKy poss’ssypanns 3ajadi Kowi
6araToXpoKOBHM MeTonoM (ZHB. n1. 3.7). 3actocyeMo uefi MéTox A0 3apaut

d

=0 =0 u(0)=u, (Iy

Jicranemo pekypeHtHe cmiBBigHoweHHsn  (pisHHueBe piBHSAHHA)
Yn + GYn—1+ <o+ FaAnyn-m=0, , )
n=mm+41, ....

[Ilo6 BUKOHYBaTH po3paxyHkH 3a dopmyJow (2), Tpe6a MaTH movar-
KOBi 3HAYeHHA Yo, Y1 -.-» Ym—1, AKi BBaKaeMo BinomumH. Heo6xiznHo,
106 po3B’sA30K PiBHAHHA (2) BiZoGpa)kaB MOBENiHKY TOYHOro PO3B’A3KY
sanaui (1), skudl € cranum: u () = u,, ToMy npupoaHo BBaxkartu y, 06-
MEXEHHMH NPH 1 — oo. OCKiNbKKH PO3B’SI30K piBHAHHA (2) 3i cTannMu
KoebillieHTaMH BHUPAXKAETbCS uepe3 KopeHi XapaKkTepHCTHYHOro piBHAH-
HA

p@)=aw™ +ag™'+ .-+ +am=0, 6))

TO Ui KopeHi MaloTb 6yTH poaMmiuleHi B oquuHudoMy Kpy3i | ¢ | << | Kom-
NIEKCHO! TI/JIOUIMHH, PHUOMY HA TPAHHUI KPyra HeMae KparHHX KOpeHiB.
s ymoBa Ha KopeHi piBHAHHA (3) Ha3WBAETLCA YMOBOI0 KOpenig. BusB-
JIAEThCS, L0 YMOBA KOpeHiB 3afesneuye He jnuiue OOMEKEHICTb po3B’fi3-
Ky piBHAHHA (2) npu n — oo, aje Mae CyTTeBe 3HAYEHHA AAA 361XKHOCTi
po3B’s3Ky Metony (2) 3 n. 3.7 Ao TouHoro po3s’s3Ky 3agagi (1) 3 m. 3.7
npu T — 0. Posrafnemo nani nutaHHA 36ixHocTi 6araToKpoOKOBHX Me-
TOJiB. )

Osnauennal. PiBuaHua (2) crifike mono MHOYaTKOBHX YMOB,
SIKWIO icHye He3asiexkHa BiJ n crana M Ttaka, o 3a 6yAb-SIKHX 0OYaTKO-

BUX JaHHX Yo, Yy, ---, Ym—1 BUKOHYETbCH OLIHKA
|y | <M max \y;|, n=mm+1, .... 3"
J=20,m~1

Otxe, cTifikicTb HIOZO MOYATKOBHMX NaHUX O3Hayae piBHOMipHY 0O #
oOMexeHiCTb PO3B’A3KY piBHAHHA (2).
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PiBuanna (2) moxHa 3anucaty y BurJifai exBiBaneHTHOI CHCTeMA
piBHAHB

Yn—m+1 = Yn—m+1s +++y Yn—1 = Yn—1,

Yn = — Z—':yn—m - ’2_1 Yn—mp1— <+ '——yn—l
a6o y BexTopHifi opmi
Y,=8Yp, n=m, m+1,..., 4)
Ae 4
Yn = (!/n—m+ly Yn—m+2y v+, yn)t
- 0 1 0 0
0 0 1 . 0
S = e e e e e e e e I 5
0 0 0 ces 1 ©)
am "% T Om —a
- a Q a 4y _
[ouarkoBuil BeKTOP YVam—t = (Yo Y1, ..., Ym—1) € 337aHHM.

MHoxHHa BaacHHX uyHcen marpuui S 361raeTbC$1 3 MHOXHHOIO Kope-
HiB XapakTepucTHYHOrO piBHAHHA (3).

Jdema 1. SAxwo suxoryemscs ymosa Koperie, mo icaye sexmopHa Hopma
|+ |« maxa, wo Oas yseodacenoi Hopmu mampuyi S 6yde cnpasediusa He-
pissicms |} S |, << 1.

Hosenennasa [lepu 3a Bce naragaemo, mo Aias Gyab-AKol KBaji-
parHoi marpuui S mopsiAKy m i, 30KpeMa, Ada marpuui (5), icHye He-

BHpOIKeHa MaTpuusa P Taka, 1110 MaTpHUILs S = P7!SP mae MOPAAHOBY
KaHOHIUHY ¢opMy

5=/ 0 § ... o0

0 0 ... §

ze S, — alo BiacHe 3HaueHHs MarTpuili S, abo XopJaHoBa KJ/iTHHA,
TO0TO MaTpHUA BHLAALY

a s, — BJAacHe 3HaYeHHA Marpuui S.
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Marpmmro S moxkna 3sectd i 10 MoaudikoBaHOi XKopaaHOBOI GopmH.
Jlns uboro mo matpuili S 33CTOCOBY€TbCH NEPETBOPEHHS MOXiGHOCTI
D~'SD 3 piaronanbroio Matpuueio D = diag [I, e "] ne 8 —
6ynb-sike foatHe yncjo. Hepaxko nepexkonarucd, o marpuus

S=D"'SD

Mae TaKy camy G6JIOUHO-HiaroHanbHY CTPYKTYpY, WMo # MaTpHus S, ane
8 XKUDAAHOBMMH KJ/ITHHaMHM BHIALY

s, e 0 0...0

b4

Marpuui S ta S nos’asani pisuicrio

=Q'sQ, Q=pPD. . (6)
To3navatoun Q yepes 22", piBHicTb (6) MOXHA 3aMHCATH TaKOX
y BHIAAAI
S=0807". (6
OuinumMo HopMy Matprui S s matpuui S Burasgy (5):
|S]e = max Y} ‘lgi,‘l = Im;l}(l;u |+ l-;t.r+1\).
i=|m |=1 i=lm

" ~

Jle uepes S;; HO3HAYeHO eJeMEeHTH Matpuui S, MPHYOMY B KOXHOMY PAAKY

~ ~ ~
AMIIE eNeMeHTH Sy Ta §; .41 BiOMiHHi Big Hyas, s;; 36iraeTbcsi 3 OIHHM
i3 BaacHHX uuces marpuuni S (To6TO KOpeHeM XapaKTEPHCTHYHOrO piB-
HauHA  (3)),

’s‘l 1= {0 NSl MPOCTOrO KOPEH: Sy,

e MJIsi KpaTHOTO KOPeRs S;;.

ﬂkuzo s, a1 =0 s AESIKOTO £, TO 32 YMOBOIO JIeMH ls” | < I

Akuo s[ +1 = &, TO su — KpaTHHH KOpiHb i 332 yMOBOI ISu |< L.
Toai npu RoCHTL MaJjoMy €

Isel 4 1Stepr < 1.
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TakuM yuAOM, BHOHPAIOUH € NOCHThH MAaJHM, MaeMo

"Sll°° ~= '
BpegeMoO HOpMY BeKTOopa 3a (OpMYJIO

Toni Lyl =1Qyl
[0):8
. = ~ ==l
— 1Syl _ @Sy, - 1QSQ™ x|, .

wo i Tpe6a 6yJ/i0 HOBECTH.

Teopema 1. 1106 pisnanna (2) 6yro cmidkum wodo nowamxosux Oa-
Hux, Heobxi0HO [ Oocmamnbo, W06 BUKOHYEANACH YMOBQA KOPEHIE.

HNoBenenHsn Heobxionicms. Hexait piBusinna (2) e crifikum
1100 MOYAaTKOBHX YMOB. JloBeaeMo, 10 BHKOHYETbCSI yMOBa KOpeHiB.
Ilpunyctumo Bia cynporusHoro, mo piBHsiHHA (3) Mae NpocTHil KOpiHb
q, nas fiKoro | g| > 1, a6o KpatHuii KopiHb ¢, Takuii, wo | ¢, | > 1.
SIkwo | g| > 1, To, BHGHpalouH MouYaTKOBi JaHi y BHUMAAL y; = ¢/,
j =0, m — 1, nicranemo po3B’30K y, = ¢", n > m, aKufi HeobMexeHO
spoctae npH n — oo. Ile o3Hayae, 110 He MOXKe BHKOHYBaTHChL HepiBHICTh
(8'). A ue cynepeynTh NPHOYUIEHHIO NIPO CTilKicTh piBHAHHS (12). SAxkuio

g1 € r;-KpaTHUM KopeHeM piBHsHHA p(q) =0, i =1,1, ¥ r, =m,
. i=1
TO 3araJbHH#l Po3B’s130K piBHAHHA (2) Mae BHrAsK

Yn=1c{'q} +cnqt + -+- +c® nnlgt + oo g} +
. —1
+ePngy + --o 4 mnTgh,

ae ¢ — xoBinbHi crani. Hexai, Hanpukaag, ri>1, |q| =1,
T06T0 KOpiHb ¢; Ma€e KparHicTh, Ginbmwy Bin OAMHHLLI.
[loyatkoBi paHi y,, ¥y, ..., Ym—1 MONKHA BHOPATH TaK, WO

Yn = nq}

(ans 1bOro AOCHTH B3ATH Y, == iql, j =0, m —1)ily,| > oo npu n—
— 00, INO TAKOXK CYNIEPEYHTh NPHUNYINEHHIO NPO cTifikicTh piBHAHHA (2).
L cynepeyHocti ROBOAATb HEOOXiZHiCTb YMOBH KOpEHIB.
Hocmamnicmy. Hexali BHKOHyeTbcsi yMoBa KopehiB. [loBezemo, mio
piBHAHHA (2) crifike 3a MOYAaTKOBHMH YMOBaMH.
I3 piBusHHg (4), Bpaxosyioun jgemy |, nicraemo

“ yn “t =z 'S “t “ Yﬂ—l “* “ Y’l—,l “.1
10610 AnAA Belx n =m, m + 1,

llYnL l|Y—l @)
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3a osHaueHHAM HopmH | - |, MaeMo

1Y f =1 QY o <1QUeo} ¥ teoe
Kpim Tor0,

1 lo=[Q""Q¥ e <10 " 1| Q¥ o =1 Q" leak Y -

TakuM uHHOM,

B )™ Y 1 IV 1 <[ QLo 1Y Moo 8)
3 (7) i (8) nicraemo
“ Yn ii“ < Ml “ Ym—l !l»oev (9)

re M; =]Q 'le]Qle = condQ — cTana, ska sanexum Big m,
ane He Bix n. 3 (9) BunIHBae HepiBHiCTB
|y <M, max_ [y,
j=o0,m—1
fiKa i 03Hauae crifikicTe piBHAHHA (2) mOXO MOYATKOBHX AAHMX. Teope-
My | josenexo.
Posrassemo 3anauy Kowi an1s HEOQHOPiAHOTO Pi3HHLEBOFO PiBHAHHA

QoY + QYyn— + -+ + AuYn-m = T8n—m,
n=m m+1,..., (10)
A& Yoy s Ym—1 — 33JaHI BeAMynHH, g,, k =0, 1, ...,— 3anana ¢>yHK-
Uisi AMCKPETHOrO apryMeHty. 3asHauuMo, WO NpH @5~ 0 Ppo3B’s30K
sagaui Kowi (10) icuye, exmuunit i Mmoxe 6yTH 3Haﬁ11eﬂuu PeKypeHTHO
3a (opMyJI00

~ |
Yn—m — _ao- Ya—m+1 —

yn= - Zm - Z: yl—l+.

LT .
+—Zo—'", n=m m+1, ...,

BUXOAAYH i3 3a0aHUX Yo, ..., Ym—1 T L.
O3nanennsn 2 Pipuauaa (10) HasuBaeTbca cmidkum, SAKIIO

I Gylb-IKMX NMOYATKOBHX HAHHMX Yo, ..., Ym—1 1 AnA GyAb-AKOl NpaBoi
YacTHHH g, Mae Micie oniHka
1yl < M|yl + Ma g (11)

ne crani M,, M, ne sanexats Bin y, ¥, &, ¥ = Ym, Ym+t1, --.), YO =

= (Yos s Ym—1), & = (Co» &1» ++-)s | - hy» £ = 0, 3 — pmesaxi dyHkuio-
HaJli 3 BJACTHBOCTAMH HOPMH.

3a3nauumo, wo HepiBHicTb (11) BHpaxkae crifikicTe wWoOA0 HOuaTko-
BHX YMOB i mpaBoi 4aCTHHH.
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Teopema 2. Sxuwpo odnopidne pisuanna (2) e cmidxum wjodo noyamyo-
éux danux, mo Heodnopidne pisnanna (10) € cmidkum, a came Mmae mic-
Ye oyinka

lgn | <M, max |ys] + M, z | gyl (12)

=0,m—1

HosegxeHHd. 3a teopeMolo | crifikicTh mOAO MOYATKOBHX [a-
HUX 03HAuYac BHKOHAHHSA YMOBH KOpEHIB.
[Topamo piBusinaa (10) y BekTOpHOMY BHTrAsAAi

Yo=8Yn 1 +1Gy, n=m m+1, ..., (13)

ze
Yn = (y,,_,,H_l, Yning2y ooy yn)v Gn_l = (O, 0, ... . 0, g,,_m/ao),
marpuust S mae Buraag (5). 3asemoo 1| S|, << 1,i Tomy 3 (13) azi-
CTaEMO
Wil <<IYe—tly + ) Gemily, &=m, m+1,
[TincymoByrouu 1i HepiBHocTi no & Big m o n, mMaemo
YL <IYailo+ 3 <16,

Bukopucrosytoun ekpiBajieHTHiCTs HopM ! - [, Ta |- ",, (auB. (8)), Maemo

(R I ANSI (uY et S -cuchn;),. (13)
k=m—1
Hepaxxko nomitutd, mo | Gy e = | Get+1—m |/ | @5 |, a8 TOMY
n—1 n—m '

2 NGl = 1o B wlanl.
==z 0 k=l

3sincn i 3 (13’) nicraemo mepisnicte (12), ze My = [ Qoo X| Q hoos
M, = M, | a, |~!. Teéopemy mosesieHo.

3.8.2. Ouinka moxubku 6araToKpoxoBoro MeTofy po3B’d3yBAHHA He-
ainidinoi 3apaui Kowi. Posrnsaneme mmoxuGKy m-KPOKOBOro MeTOAY

ao.‘/.n + alyn—] + te + amyn-—m

T = bof (tm yn) + blf (t'l—i’ yn—l) + . " +

+ bmf(tf‘l—Mt yn—-m)v n=m, m-+ l, veey (14)

Jie 3HAYeHHS Yo, Yy, .-+, Ym—) BBAXKAIOTLCSA 3aJaHHMH, IPH PO3B’A3yBaHH|
3 fioro xonomoroio 3aaaui Koni

A~ w10, u(0) =, (15)

Tligcrapasiour B aiBy uactHHy (14) samictb y; Bupasn u (f;) + 25, j =
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=nn—1, ... n—m, ne 2; =y;— u(l;) — noxubka, ¢ =},
Maemo
UgZn + alza—[ + s + amzn—m _ aOun + alun—l + s +'amun—m
T T
+ bof (tn.l, yn) + blf (tn-—h !/n—l) + cee + bmf (tn—M) yn—m)-
Jonaswy i BigHsiBiuyu B npasift yacTuHi uiel piBHOCTI BHpa3
bof (tny ) + 0if bnety tn—)) + <+ +bpf (tn-—m;v Un—m),

llicTaHeMO HacTynHe piBHAHHA A NOXHOKH;

._I.

agzp + a2, 'I; ver 4 Am2pyem = Qnm + q)n—rm n=m, m + 1’ ey
. , (16)
Jie uepe3 Y,_, MO3HAYEHA MOXHOKA ampokcumarii
n+a“n_+"'+a un_m
Prom = — ot T T T bof (fa 4a) +
+ blf (tn—1, un—l) + e A+ bmf (tn—m, un—m), (17)

a uepes @, — BHPaA3
Cn—m = bo [i (fn’ yn)_f(tnl up)] + bl [f(tn—lv .’/fl—l)"'

- f(tn—h lln—l)] + o4 bm [f (tn—m, yn—m) —f(tn—m, un—m)]- ”8)
IToxu6ka anpokcumatiii VP, oninena B m. 7.1, ae 6yJyo 3HafineHo ymo-
BH, 32 AKHX Yn_m = O (1?), p > 0, TOOTO Yp—p, — 0 mpu T — 0. [Haai
BBa)K2€MO BHKoOHaHolo yMoBy Jlimuuusa aasa ¢yHkuii f (£, u) no apyromy
aprymenty, To6T0

W w) —F it u) | <SL1uy — ug)

aas Beix £, uy, 4, 3 obaacri BusnauenHs oyHkuii f (f, ).
Tomi 3 (18) maemo

I(Pn—ml<bL(|2 |+|2n—l|+ M +|én—m+ll+|z¢—ml): (19)

Ae b=max ([by], | byl .oy | bm]).

Hesaxkko nomiTuTH, mo KOJIH ¢byukuis f (¢, u) ainiiina no &, To6ro f (¢,
W) =u 4+ f, (f), 1o piBHAHHA ANA noxubku (16) MOKHA 3anucaTH y
BUrAaai g '

CoZntCi2p_1t o0 tlmzym
T

Ae ¢y = ayg — bgt, ¢, = ay — by, ..., ¢, = @, — b,7T. KopHcTylouuch
AaJli TeopeMolo 2, MOXHA ofpa3y AiCTaTH OuiHKy MOXHOKM 2 uyepe3 Io-
XHOKY anpokcumauii ¥ i a6m<mcn> z,>0mpn 1~ 0.

ﬂlcraﬂemo OUiHKY Aad po3B’ ﬂBKy 3aAaq1 (16) y saranbHomy BHMaZ-
Ky HeaiHifiHol mo u ¢yHKUii f (¢, u).

= Pnm, n=m, m+1, ..., (20
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Teopema 3. Hexadlaadaua (15) po32andacmsca RA CKIKYEHHOMY NPOME¥C-
xy [0, Tl, npusomy | fu (¢, )| << L 022 ecix t€10, Tl, uc (— o0, ).
Todi AKWwo GuKOHYEMbCR Yymo8a KOpeHis 0a pieHAHAA (2 (2), a piBHAHHA
(16) posensdasmecs na cimyi @, =f§t, =it:i=0, M; v= T/M},
axa noxpusae 6iopisox [0, T1, npuqomy

T _ _ lao|
M> ==, = T+ ebIL
M=0, 1= o0, npu b,=0), @n

e &> 0 — JdosinvHe ixcosarne wucao, mo 04 pose 3Ky pisnanna (16)
Mae Micye oyinka

|2, | < My m_x|_z,|+M,"§'z\q;,;|, h=mom1, ..., M, (22

J=0,m—1 =0

Oe
=101l QM Nwy M, = (1 + &) Mi/(|g,]e),
¢y =M,Lv, v=( +e)§:‘ll(|ao||bh|+|ak||bol)/(a§e).

Hosenenns 3a dopmynoio Jlarpanka npo ckinuenni npupo-
CTH MaeMo ‘ -

f (tn—s, yn—k) — [ (ta—r, Un—k) = ln—k2n—t,
Je

ln—k = fl’l (tﬂ—k» l:’l—k)) l‘;n-k = Yn—t — eZn,_lz, 0< e < 1'
h =0, m. Tomy ¢yHKUiO @,_n 3 (18) MOXKHA NOAATH Y BATAALIL
m :
Pn—m = bolnzn + k§—-:'—l bhln—kzn—k-

Iincrapasioun ueli Bupas y piBuanusa (16), micraemo

m
(ao - bolpT) &L= 2 (_ ay + Tbhln—k) Zn—xt+ T’ll?n_m. (23)
k=]
8 ymoBu (21) MaeMo T << T,, 3BiAKM BHIIHBaE HepiBHicTB
@y — byl | > 12212 >0, @3)
a ToMy piBHAHHR (23) MOXHa pO3B’A3aTH BiAHOCHO 2,
m .
_ —a, +thyl, , Yym
= gl ag — Thyl, Zn—t T T ay — ol * (24)
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Honamo i BigniMeMo B mpaBifi wactuni (24) Bupas
m
a t
2 ah Zn_k.
k=1 °
Toai (24) moxHa 3anucatd y BHrasani

B m a, m T'q’,l_m
z, = — kgl 2 ot + kgl UntZn—t + a0 — tholy (25)
zie
_ agb 1, _p —a,bolpn
| Unk = =y (ag — T04l) (26)
Sanuwemo (25) y BekTOpHil (opMi
Z,= SZ, + WoiZo1 4+ ¥y, (27)
ze
Zn = (Zn_m+1, 2n—m+2y <.+ zn)Ty
lyn—l = (0’ Ov see g 0! \Pn—_m/(ao—,'tboln»r'
0 ... 0 010 0
Voer=| o . o |, S=| 0o 0 0 .. 1
Upm +o+ Un —m %t T2 —ay
—~ Qo G Q G
B cuay semn 1 maemo | S|, << 1. Tomy 3 (27) gicraemo
I Z < Zn_y e + T Vo Il Za—1fle + <1 Yn s lee (28)

Josenemo, mo || Vg [, OOMekeHa 4HCIOM, SIKe He 3a/eXHTh Bif n
i v. Hificuo, srigno 3 (23"), (26)

PP l—:e (Iao\lbhl+|zah\|bol)°l-’ k=T
3Bincn "
“Vn—lHoo=i Ivnkl<UL9
26 - k=1

=122 (laol1bul +1 ).
k=1

2
&a,

Jaa 6yAb-siKOro BekTopa x clpasefjuBi HepiBHoCTI
WVl = QVnoixhe = 1@Va1Q7) @1 bo <

< n QVn—lé_l ﬂw “ Qx “oo < M1 ﬂ Va-i “oo “ X u.n
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re M;=[Qlo1Q" | Orxe,

V1% s
I«
[lincraBasioun wo oninky B (28), micraemo

1Z 4 <O+ 1)l Zomfs + o W e < o0 <1 4 )"~ | Zn—i by +

n

+1 Y Wiy <N Znily F 1 k;.m I Wee1lys (29)

k=m

IVaale= 5-1% KM | Vioilo = ML =c¢,.

re lhm=1(n—m<T. ‘BanOBlelm paai (8) ra (23), Maemo
12,0 = (1Q o) ' 1 2t =
(107 ) max (|2t b |zamizh - s 120])3>
=17 ) 2 b 1Znmi b <UQfiof Zinmt o =
=[Qle max |zl 1¥emthe <IQleol Wemiloo=

j=0,m—1
Qe 1 V! _ (1400 |
T ap— byl | T el agl I'\Pk—m-

TMigcrasnsioun i HepiBHOCTi B (29), 3n06yAemo ouinky (22), mo 1 tTpeba
Gys0 HOBECTH. . i
Hacaipnok. 3a ymoB Teopemn 3 Mae micue HepiBHicTh

lzle <MpessT f2l + Myjble,

2y = max |2/, lz}= max_|z],
i=mM J=0,;m—1

Ae

M—m

1ol = ¥ sl
=0
“Teopema 4. Hexadl suxonyiomoca ymosu meopemu 3, m-xpoxosut me-
mod (14) mae p-ti nopadox anpoxcumayii i |z |- = O (v9). Todi nput —
— 0 posg’sizox 3adaui (14) 3bieacmbes 0o mounozo poss’asky sadaqi (15),
npudomy mas micye oytHka wsudkocmi 36EHCHOCME _

Izl < evr,

@e r = min (p, q), ¢ — HesanrexHa 6i0 T cmaaq.

Teopema 4 BHIVIMBae 3 momepeHLOr0 HACHAiAKY Ta O3HaueHHA OGara-
TOKPOKOBOTO METOAY p-ro MOPSAJAKY ampoKcHMAaILii.

3 pe3yJ braTiB LBOro NYHKTY BHIAMBaE, WO GaraTokKpokoBi Meroad,
AJs AKHX He BHKOHYETbCR YMOBA KopeHiB, MOBHHHi OyTH ¢3alpakoBaii»,
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Orxe, cxeMa TPETBOTO MOPALKY anpoKcHmauii i3 BnpasH 2, n. 7 He Opw-
JaTHa /1A APAKTHYHOrO 3acTOCyBaHHA, 60 KBajpaTHHH TpHUJEH

p(@)=q+49—5

Mae KopeHi z; =1, |2,| = 5 > 1. JloBeaeHo, wo npn p>m 4 2 (p —
NOPALOK alpoOKCHMAalii r-KPOKOBOTO METOAY) Y BHNAAKY BHOI CXeMH
i npy p>m y BUNAAKy HesABHO{ CXeMH cepe]l KOpeHiB XxapakTepuc-
THYHOrO DiBHSIHHS € KODiHb, AKMH 3a MoayJjeM GinblUHi 33 OZHHHIIO.
Touniwe, A1 HeABHOro MeTOAy Mae Miclle TaKe TBEpAKEHHHA.

Teopema 5 (Ianvksicra). MakcumarsHum nopadkom anpoxcumayii
HesBHo20 M-KpoKosozo memody, Oaf AK020 BUKOHYEMbCA YMOBA KOPEH(8, &

p= {m + 1, m — nenapne,
m -+ 2, m— napHe.

Ilsa Teopema cmpaBemiBa He JHue s JiHiHHHX 6araToKpokoBHUX
MeTofiiB, aje # AJIA METOAIB 3ara/bHOro BHTIAAY
L Y
a
h/n—k . .
2‘—T"=F(tmv Yoo +++ s Yn—m; [)
k=0
3 ¢yHkuieto F, siKa 3a0BoAbHAE YMOBY Jlinummus no y;.

IMopagoxk m 4 1 Mae m-KpOKOBHH MeToj NPEAUKTOP-KOPEKTOp,
no6ynosanuii 3a dopMyamu Ajamca — bawgopra — Myarona. Tlpukaa-
JIoM IBOKPOKOBOI'O METOJly YeTBepTOro nopaiky (m = 2) e meron Minna —
Cimncona

Yt = Yoo + =5 ( Crprs go) + 4 Ui ) + [ limrs ga)),

AKHA Majao MPUAATHHA /A MPAKTHYHOTO 3aCTOCYBaHHS (AMB. HHXKUYE).
Moxua nosecru, mo ¢opmyau (7.33) npu k> 6 He 3af0BOJBHSAIOTH
YMOBY KOpeHiB- i TOMy He BHKODHCTOBYIOTbCSl Ha MpaKTHIL.

[Ipore, AIKIIO BUKOHYIOTBCA YMOBA KOpeHiB Ta iHmi ymoBu 36ixkHocCTI
MeTony, TO lLie le He 03Hauae, IO BiH NpUAATHUH ANS NPAKTHYHOro 3a-
crocyBaHHs. Tak, HEBaXKKO MOMITHTH, IO 3rajasuii Buie metoln MinHa —
Cimncona 3aJI0BOJIbHSE YMOBY KOpeHIB. SIKIIO 3acTocyBaTH HOro Ao Mo-
JeNBHOro piBHAHHSA

=Au, u(0)=1, A<O,

3 TOYHMM po3B’A3KoM « (f) = exp (Af), To ZicraeMo aiHiifiHe pizHMIeBe
piBHSIHHSA

0=y —45—(1+@pi1=0, gp=1, g=703. (30
XapakrepHcTHYHE PIBHAHHA

(1—98—4E—(1+¢q) =
B 4-2174 129



Mae kopeni

E = 20+ VT+3¢ _ —2|¢ +VTE3@
! I—q I+]ql ’
E = 20—VT+32 _ —2|q|—VTI3p
2 l—gq I+1qi !
ToMy 3ajaua (30) Mae ogHOnmapameTpuUuHY ciM’i0 po3B’A3KiB
y;=ctl 4 (1 —c) & @31)

Bu6pabmu y, Tak, mwoe g, — exp (At) = O (r*), marumemo
&+ —0)& =y,

3BigkH
= (y — ey i—E) (1 +]q1)
c= (yl gz)/(gl §2) 2'/‘1—_'_—37’5 ==
=) (1 +1q9)+ (1 +191) ¥+ VTF3¢ + 24|
= - 2V 1+ 3q° .

PospunyBmn €% 3a gopmyaoio Tefiopa, aicraemo

e = e =1—3|q|+—|gP—5191+ 5 [91' +O(1qP),
(A+1g1)e =1—2[q]+ gl —51ql +0(IgP,
VTFag=1+51qF—4lat+ 01919,
(A+1ghev+21g! =VTT3E+0Ug1), G3rr =1—lal+

+ gl ..
3Bigcn
=140(lgY=1+0("9,
eV = El '+‘ O(Tb)l
Ei=14+3¢4+0()=1—r1|A|+0(?,

3
—_ —_1— | g\? 4 — 2
e = =V IFR—2lql_ 2 19+ 00— 214l
T+ [q] TFTal
3
—1—1q1—1 91 {1+ 5 gl +0( )

1+]q]

(32)
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——1—ql14+ 3 |q|+0<r='))(1—-lql+ o +0(]919) =
).

ko y, BUOpaHO Tak, WO ¢ 7% l (a opu pospaxyHkax Ha EOM BHa-
cnifok noxuGOK 3a0KPYTJEHHS MOXKHA 3aBXKAH BBaXatTu ¢ = 1), To Ha-
6anKeHHH pO3B’30K MICTHTH OCLHM/MOIOYHA €KCIOHeHU{aJbHO 3pocTa-
iounit 3i apocranuam ¢ = jt unen (1 — ¢) &. lNopisnsieMo TouHHil pos-
B'30K u ({) Ta naGnanxkenuit y, =y ({,; ) = y (¢, 1) npu PikcoBanomy
t, t =nt,t=1tn n=tM,t—>0, n—> oco. Maemo

2 Ly -% In 37 — O(ze))
=t =e’ =e .
Ockinbku 39 = A, €% = O (1) npy T — 0, TO
] ¢
— In {e3%, 1—O(T8) — [3¢+ In (1-0 (19))]
E? =e v nie ( ™) = @ T =
!
— lo(l-0(7®) At
=eMe® =e (1 +0(),
¢ t ¢ ¢ Al
L L Ll L —ln(1+ +0(x-))
n T T T -y € T
2=8 =(—1)"e =(—1)"e =
t ot (|TAl t M
_—— +0(v) _— == =0
=(—-1)'et( : )=(—1)tea , 33)
l—c=0(@",

i, TakKHM YHHOM,
YOy —ul@)=yp,—u@®) =cit + 1 —c)&n —eM =0(t

NpH JOCHTb MaJHX T, TOOTO METOJ Ma€ ueTBepTHiH MOPSAJOK HIBHAKOCTi
a6ixHocri. [Ipore npu npakTHuHux pospaxyHkax Ha EOM T He Moxe
6yTH BHGpaHO NOBiJIbHO MajuM i BIMB ocuH/OOYOro unena (1 —c) &3
cTae NOPiBHAHO 3 EKCMOHEHUiaNbHO CMafHHM TOYHHM PO3B’A3KOM ILyXe

nomitiuM. Hanpukiag, mpu 7 =5 . 1072, 4, = eM A = —4 3pocra-

104i 3a aMIJIITYAOK KO/KBaHHs HAaGIHKEHOrO PO3B’'A3KY MOYHHAIOTHCA

3 MomeHTy t =7,1, xoua npy A = —3 BOHH He CIOCTEpPilralOThcsl 10
= 10. .

Omlcaﬂﬂﬁ ebeKT 3poCTalOYHX MNAapasHTHYHHAX OCUHAALIfl nposBIg-
€TbCsl i AAA {HIMX JiHIAHKX (M0 .f) m-KPOKOBHX MeTOAiB MOPAAKY m +
~+ 2. Biu mae micoe i 14 npaBusia cepeIHBOl TOYKH (APYroro HOpsiky
anpokcHmalii)

Yor1 = Yi1 + 27 i y1)-
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Bnpasa. JloBectH, umo Aas Ha6auxeHoro po3p’sasky 3afaui Kowl
== u@=1 s@)= e,
sHafileHOTO 3a NPaBUJIOM cepelHbOl TOYKH
Yit1 + 21.’/;'_ Yy = 0,
M fg=0, yp=1, y = | — 1 i dikcoBanoro { = n1 mae wmicue dopmyna
o0
—_ 3 —1 !
yn=e""+ 12 Y (fy, () + (— 1) efu, ) T2,
k=1
ne up, vy — ananitauni pyrkuii. TakuM YHHOM, MeTOX cepeiHbBOI TOYKH BHACTIZOK Ha-
ABHOCTI OCIIHJIIOIONOTO i eKCHOHeHIjalbHO 3POCTAloUuoTo ujleHa He 3abe3neuye go6py aln-
POKCHMAILiIO LISl eKCTOHeHUiaJIbHO CNagHHX pPO3B’SA3KiB.
Jlns npaBuia cepeiHbOl TOUKH Y BHUIVIAAI
Yipr=ygi1+27f (¢, y), i=1,
Yo = Uo, Y1 = g+ Tf (fo, 1)

i ana ¢ikcoBaHoro ¢ = nv — £, MOXKHA HOBECTH TaKe 300parKeHH:
yE o =ul) + X v [0 () + (— D O] +0 (@), (34)
. =1

ze u(f) — TOYHHMA po3B’a30K 3afadi Kouui %”I— = [, u), u(ty) = uy
feCmtL(t,, 1] X R®. Ona dyHruii
St V=5t D+yt—m5 1+ gt )

Mae Micle HoBe PO3BHHEHHSA, B AIKOMY OCIIHJIIOIOYA CKJI3aA0Ba Mae MeHmu A
BIIVIHB:

S V)= u(t) +7 (vl O+ " (t)) 43 o )+
k=2
t—1,
+(—1 ° wt)+ o,

Ha ocHoBl nporo 6yayeTrscss AOCHTDH eq)exmsuuﬁ meror GBS I'pera —
Byaipma — roepa (Gragg, Bulirsch, Stoer). Buxogauu 3 x, i BuGpae-
WM Jesike HeBeauke T, moknajawors ! = f, + T. Jlaa kpokiB 7; =
=TIn;,, i{=0, 1,...;n, —napni, Hanpukaag, n; € {2, 4, 6, 8, 12,
16, ...} n; = 2n,,, i >3, 06YHCTIOOTL BEJHYHHH

S;=8S@{ ), i=0,..., M, Mm
i 6yayioTb inTepnionsuifHKil MHOTOW/IEH 3a TouKamu (17, S;), i = 0, M.
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Horo snauenus s Touni O 6epyrb 3a Ha6J]H)KeHHﬂ s u (f), 10610

2
y(t’T) Zsi 9 9 ¢

=0 #=0 T T
bkl

npHyoMy MoxHa gxosectd, mo y (f; T) — u () = O (T*™*?). Hdani no-
KaanawTtb f, = { i npoliec NOBTOPIOIOTb 3HOBY AOTH, IOKH He JiCTaloTh
pO3B’5130K Ha HesKOMY EeauKoMy iHTepBani (nopiBHakite 3 MeTonOM
Pynre — Pom6epra). [lepeBaroio uboro MeTcay € # Te, 110 3a JOINOMOIrOI0
NOAiAbHUX Pi3HHIL MOXKHA RICTAaTH anocTepiopHY OLiHKy NoXHUOKH i 3a
i1 monomoroio aBTromaTtHuHo BuGupaty T ta M. lleli MeTon 3acTocoBylOTH
JJ51 HeXOPCTKHX Ju(epeHliaibHHX piBHSAHb MPH BHCOKHX BHMOrax ToYy-
HocTi. AcUMNTOTHYHI pO3BHHEHHS BUrJAsay (34) MaloTh Micue i aas 3a-
raibHHX JiHifiHKX 6araToKpoKOBHX MeToAiB. 3okpeMa, ominka (22)
nokasye, o koau L, T BesHKi, TO 338 PaXyHOK BEIHKHX CTa/JHX MHOXHH-
KiB (He 3a/1eXHHX Bill T) NOXHOKa MOxe 6yTH 3HayHOIO, a8 KPOK T JJIsl BH-
KoHaHHA (21) misepHuii.

Tomy, kpiM 36ixkHocTi, MeTol po3B’s3yBaHHs 3agaqi Kowi mae 3a-
JOBOJIbHATH Il HesKi yMOBH, fiKi 6 3a6e3neyyBa/y NpPaBH/bHICTb po3pa-
XYHKiB NPH peanbHHX BelHYMHAX T i peajibHOMy uaci pO3paxyHKiB.
[Ipo ue mize MoBa B HacTymHoMy maparpadi.

3.9. Neski ocobnuBocTi no6y0BKM Ta BUKOPMCTAHHS
MmertofiB uucenoHoro inrerpysaHis 3agaui Kowi.
Wopctki 3apaui

[Ticas nobymoBu merony mepex foro nporpamyBaHHsM ansi EOM no-
NiJbHO BU3HAUNTH, IK CITKOBHH# PO3B’s30K Nepefae OCHOBHi BaacTHBOCTI
TOYHOTO PO3B’AI3KY AEAKHX MPOCTUX MOJEJbHHX 3ahay. SIKWo 15 TakuX
3ajay Ha peaibHHX ciTKax (TOOTO MpH PO3YMHHX BeJIHYHHAX T) METOJR
Jlae He3aNoBiJbHHI Pé3y/bTaT, TO Bij HOro 3acToCyBaHHA JOLIJBHO Bij-
MoBHTHCS. Takufl miAxix uvacrilne BHKOPHCTOBYETbCS Ha NMPaKTHIi, Hix
JetanpHufl 3arajbHUfl TEOPETHYHHH aHaJai3, 60 Nae BeJMKUH BHrpam
Yy BHTpaTax uacy.

Hanpukaapn, nas pose A3Ky MmojienbHol 3ajaui (m. 1)

2 4+a=0, A>0, >0,
u@=u . ()
10 (t) 1< | |V >0, @

Tomy Tpe6a, mo6 HabaHXeHHH PO3B’A30K y, 3agaui (1), AKHi 3HalAeHO
3a JONOMOrOI0 JEeSIKOrO YHCEJBHOTO METORY (CXeMH), 33JA0BOJILHAB YMOBY

|yn|<|y0|r n=ls 21"'7 (2’)
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Taxu#t Meron iHoAi HA3WBAIOTL ACUMNTOTHYHO CTIfAKMM, MPHYOMY SKLUIO

(2’) BHKOHYETbCS 32 AOAATKOBHX YMOB Ha KPOK CiTKH T, TO BiH Ha3uBa-

€TbCS1 YMOBHO CTiiKUM i 6e3yMOBHO CTifiKHM B iHILIOMY  pasi.
PoarnisHeMo NpHKJAazy AociifkKeHHA Ha CTiHKiCTb.

M puxaad 1. Hocnigutd Ha acuMnToTHYHY cTifikicTb ABHY cxeMy Efuepa

_!/L.H‘;——!/n =[(tns Un) (3
Y 3anaHo. ‘
Posp'saaanna 3ammemo cxeMy Efnepa 1 moNenbHOTO piBHAHHA

y,,_HT—.‘/n +Mln=0’ yn+l= (1_1;\1) Yn.

3Bincu BRNANBae, WO YMOBA CTIRKOCTI | ¥, | << | Yo | BHROHYETBCA mpH | 1 — TA| < 1,
a0 —1 < 1 — 1A 1, 10610 NpH
<2, 4

Takum unHOM, cxema Eiiiepa yMoBHO crifixa mpu 1< 2/A, A > 0.
IT puxaad 2. JocnignTe Ha acHMNTOTHuHY crifikicTe cxemy Pynre — Kyrra (25)
s n. 3.3, 10610

k
!/,,+1=!/n+7f(tn+—;— ’ yn+_1:2L)v ky=f{tn, yn). (5)

Posp'a3a HH A [MincTasasioun B (5) f = —Ay, aAicTaemo
1
Ynpr1=09%n 4= l—+ 5 TIAR,

CxeMa crifika, axwo | g| = l I —tA+ ; 12A2{ < 1, wo BHKOHYETbCA MpH

n<e, ©)

706710 cxeMa Pyure — KyTra ymoBHo crifika 3a Tiei camoi ymoBn, mo fi cxema Eiuepa.
Il puraad 3. Jocaigdtd Ha acHMATOTHYHY crifikicTb cxemy Pynre — Kyrra uersep-
TOro nopAzky (B o3HaueHHi m. 3)

— 1 .
A 70 o (ks () + 2 (00) + 285 () + kg W],

k
ky={f(tn, ya)s kz=f(tn+—;"t Yn +_TTL)' @)

T Tk
ko= (tnt s o+ 550 A= Cn ks, yn ot Th),
Po3sp a3 auna I[lincrabasioun B (7) f = —Ay, nicraemo
1 1 1
Yng1 = Yns §=1—Th+ — 12—~ TN + -7 viAL

HepiBuictb | ¢ | <C | BHKOHYEThCA NpH
A L 2,78, ®

70610 yMOBa crifikocti cxemu (7) memo cnalkiima, Hix ymoBa (6) ans cxemn (5).
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Lli npUKIazH MOKAa3yloTb, WO ABHI OXHOK POKOBi cXeMM YMOBHO CTiii-
ki. ko A > 0 i Besqinke, 10 KpoK T B cuy (4), (6), (8) rpeba BuGupa-
TH JOCTATHBO MAa/HM, IO YCKJAJHIOE NPaKTHYHY peanisauilo Metony.
Onnak e i 6e3yMOBHO CTifiKi CXeMH YHCe/bHOro PO3B’A3YBaHHS 3ajaui
Kowi, nmpuk/i1agn fKMX HaBeJeHO y HACTYNHHX BMpaBax.

Bnpasa 1. [oBectn, wo HesBHa cxema Eiinepa
Yn41— Yn
T

ACHMIITOTHYHO Ge3yMOBHO cTifika.
Bnpasa 2. [losectH, w0 cxeMa 3 BarosHMH koedilienTamn

=f (tn+l' yn-l-l)

Yny1— Yn
T

aCHMITOTHYHO Ge3yMOBHO cTifika (To6TO cTifika nis Beix T) npu 0 > 1/2 i ymoBsHo crifika
apu 0 << 1/2, skwo 1< 1/((1/2 — o) A).

=of (tn+l' Yny1) + (1 —0) [ (lns yn)

Jns 6araToKpoKOBUX METOAIB, fIK i A15 OJHOKPOKOBHX, Ma€ BHKOHY-
BaTHCh YMOBa acHMNTOTHYHO! ctiitkocti (2'). PosrasineMmo crifikicTb KoH-
KPETHHX 6araTOKPOKOBHX METOLIB.

[Mepennwemo siBHY ABOKpOKOBY cxeMy Ajamca (auB. (22) 3 n. 3.7) y
BUTAAAI

Y;— Y1 3 1
—— =5 h-i—5 [

3acToCOBYIOUH [0 CXEMY IO MojedabHoro piBHAHHA «' (f) + Au (f) =

== (, Maemo
Y;i— 4 3 1
—— T+ ('2— Yi—t _Tyf"?) =0.

IlincraBasioun cloaM y; = ¢/, AJAA g OicTaeMo xapaKTepHCTHYHe piB-
HAHHA

3 1 ’
JuckpuMiHauT HbOro KBaZpaTHOroO piBHAHHA D =1 —p +-f:— pE>0

V U, ToMy KopeHi g, i ¢, aificHi i pisni. CrifikicTb o3Ha4ae, mo | y; | <<
< const, a me Gyae Toai, Kosu lg | <1, | g,] < |. Besnocepennso
MOXHa MepeBipUTH, WO KOpeHi KBajpaTHOro pPiBHAHHA ¢* + bg + ¢ =
= 0 He mepeBHILYIOTb 33 MoayJ/eM OiuHHINo, AKmO | b || + ¢, ¢ <
< |. das piBuanus (7°) 3a uux ymoB Maemo
3 n - .
|1—-7p~<1——2—, -2 <1
HeBaxxko nepesiputH, mo o6uiBi HepiBHOCTi BHKOHYIOTbC TpH p <
< | a6o A < 1, To6T0 cxema (22) 3 n. 3.7 yMOBHO crifika, NpHYOMY

KPOK Ty Hel Mae GyTH y [Ba pa3u MeHUIHM JOMYCTHMOrO KPOKy B MeToAl
Einepa. ‘
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HesBuy nokpoxoBy cxemy Aznamca (nuB. (23) 3 n. 3.7) nepenuiuemo y Bu-
rasgi

Yy — Y11 1
—L =L = 5 (6fy + 8f -1 — [1-a).
Juaa MopenbHol 3agaul BoHa Mae BHIVIAL
Y~ 41—

A
- + -1 (5y; + 8yj—1 — yj—2) =0
a 11 xapakTepHcTHUHe piBHAHHA 3aMHUIUEMO TAKHM YHHOM:
agt+bg+c=0,a=14 - th b=-th—1, c=— .

AnasoriyHo 3HaxoAuMo, IO CXeMa aCHMMTOTHYHO cTifika npu A < 6.
YmoBHa CTiIHKiCTh € HEJOJiKOM METORY, OCKiAbKH NpH BEAHKHX A >0
BHMYLIYE 3aCTOCYBaTH 3aHaiTO MaJHH KPOK T, WO MNPH3BOAWTb JO
36isbweHHA 06cAry oOYHCMIOBAIBbHOI pofoTH | 36iAblLEHHA BNAMBY NO-
Xu60K 3aokpyraeHb. BesyMoBHO cTifiki MeToan no36aBjeHi ubOro Hexo-
.niKy, aje OCKiJbKM BOHH HesiBHi, TO Ha KOXHOMY Kpoui HOBOAHTBCSH
PO3B’A3yBaTH He/iHiliHe PiBHAHHSA.

3HauHi TpyAHOUli BHHUKAIOTh NPH lmcem:Homy posB’A3yBaHH Tak
8BaHHX xopcTKHX 3anay Kowi. Taki 3agaai gocHTb pisHoMaHiTHi 3a
NPHYHHAMH, AKi MOPOLKYIOTb JKOPCTKiCTb, i TOMY JaTH CTpore MarteMa-
THYHE O3HAuUeHHs 1bOTO fIBHUIA NyXKe He mpocto. CyTh XKopcTKocTi noas-
ra: B ToMy, wo Tpe6a OOGUYHCJHTH MOBOJI 3MiHHHA PO3B’'A30K, Ha fAKH
HaKJaAaloThCA LIBHAKO3MiHHI 36ypeHHs. BusBnserbcs, mo Oararto uu-
CeJIbHHX MeTofiB He3AaTHi MOoZaBJAATH BIIHB HHUX 36ypeHb, | ToMy Heol-
XiaHO po3po6asATH cnenianbHi Metoau. [TosiCHHMO sBHIIE KOPCTKOCTi
Ha TaKoMYy IIpHKJIaAi.

Po3B’s13koM 3azxaqi

—r =M@+ —AF (), t=0, (9)

um=%,x<o (10)

e dyukuis u (f) = F () + e¥ [u, — F (0)], ne F (f) — dbyHkuis sig
t, ska noBoJi 3MiHIOoeTbeA (TO6TO Mae Many moxinny). Ockinbku A K 0,
TO 3pO3YMif0, W0 BXKe Mic/sA JOCHTb HEBEJHKOTO IPOMIXKKY 4acy LIBHAKO
sMiHHa (mepexiaHa) uyacTHHa po3B’sA3KY (a6o HOro XKOpPCTKa KOMIOHEHTa)
e [u, — F (0)] mafixke He Bn/MBae Ha ToyHHA PO3B’A30K u (f), TOGTO
Ha JOCHUTb BeJHKOMY mpoMikKy [0, T uefi po3B’si30K MOBHICTIO BH3Ha-
YaeThCA MOBOJI 3MIHHOW (HemepexilHoW) KoMmnoHeHTow F (f). 3acroco-
Byloun Jo 3ajaui (9) sBHUH

Yni1 = Yo +Tf (s Yn) °

dF (1)

Ta HesBHUR
Ynt1 = Yn + T Gnt1r Ynt1)
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metond Efsepa, BignosigHo nicraemo

Ynt1 = I+ T?»)[_l/,, —F(tn)] + F(tn) + TF’ (tn)v
Yop1 =1 =) [ys — F ()14 (1 — M)~ F (tp) + tF' (bngr) —
— TAF (ta)] = (1 =) g — F )]+ (| — )1 [(1 — ) F () +
+ o (tagr) — AF (§)),
E€ [ty tayi]

[NopisHiooun 1i GOpMy/IH 3 TOYHUM PO3B’A3KOM
U (fnyr) = € (g — F Q)] + F (tap1) = €[4 (ty) — F (¢a)] + F (tay),

nomivyaemo, Wo HesBHuil Meron Efinepa jpocuth 3an0BinbHO BiZ6HBae no-
BelliHKY TOUHOrO PO3B'f3KY i «3MeHIye» pisHuwio y, — F (), AKy MOX-
Ha po3rasaiaTd AK 30ypeHHs, IO 3aBXKAHW NPHCYTHE B pealbHHX OGUHC-
JEeHHSX BHaCAifNOK 3aokpyrseHb. B aBHomy Mmetormi Eifinepa pisHuUA
ly, — F (£,)) «amenmye» e upn —2 < 1A << 0. Ll ymoBa uyncenbHo’
cTifiKocTi Haknajae cepiiosHe oOMexeHHs Ha Kpok T mpH A & 0 HasiTh
Koau BeauunHa y, — F ({,) ayxe mana. Taka cuTyanis € TMOOBOIO npH
3aCTOCYBaHH{ ABHMX METOMIB IO MOPCTKHX DiBHSIHbB.

HonatkoBi TpyaHolti MOXYTb BMHHUKATH NpH PO3B’'A3yBaHHi 3ajaui
Kouwi ana cucreMn piBHAHB, Xoua 6araTo 3 pO3rJSIHYTHX BHIllEe METORIB
nepeHocATbCA 63 3MiH HAa CHCTeMH piBHSIHbD.

Posrasinemo 3amauy Kowi aaa Jginifidoi cHcreMH 3BHuaiHuX RHbe-
peHilianbHU X piaum—xb

du, (t) —_
-|—2 aOui@) =0, t>t, yt)=ul, (=1, N,

j=at
a6o y BekTOpHiA c¢opmi

Lt au=1O, A= @h=w (11)

Ha npakruui gyacto 3ycTpivyaloThcsi CHCTEMH PiBHAHD, SIKi Ha3HBAIOTh
opctkumu. YncesnbHe po3B’AI3yBaHHA TAaKHX CHCTEM MOPOMXKYE 3HauHI
Tpyauomi. Hexait A, — BaacHi yucna marpuui A (akmo A Hecumer-
pHYHa, TO A, MOXKYTb 6yTH KoMmnaekcHuMH). CHctemy pinsiHb (11) Ha3uBa-
10Tb  aopcmkolo, sKmo Rer, >0, k=1, N, i BigHoweHHa § =
= mazx | Re A | /mkin | Re A, | Bennke. fIkmo-matpuns A cumeTpHuHa,

To Bei i1 Bachi 3HaueHHs AificHi i x)opcTkicTb cucreMu (3) osHavae, WO
Mmarpuust A AOAATHO O3HAayeHa i nmoraHo o6yMOBJ/EH3, TOOGTO

ma xA

b= —mr— mmA > 1L

&
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3a3HauHMMO, L0 NOHATTA KOPCTKOCTI € YMOBHHM, 60 B O3HaueHHi He
BKa3aHO 4iTKO, IO 03Hauae «BeqHke &». Bnaus seauunnu § 3anemurts
Bix runy EOM, nporpam po3p’sisyaHns 3apayi Kowi i T. 1., To6T0 OXHa
it Ta cava 3azaya Kouwli Moxe 6yTH »KOPCTKOIO, HAaNpHKJaL, PH Po3B’d-

Hoi cucremu (40) 3 n. 3.5 3anuuiemo if B okoJi po3B’sA3Ky «* y BuraaAi
W=t w)+ fult, @ —ut+o(lu—u*l). (12)

[le 306paxeHHs moka3ye, WO B OKOJMIi PO3B’A3KY cCHCTeMa piBHAHb
(40) 3 n. 3.3.5 nobpe anpoOKCHMYEThCS JiHiAHOIO CHCTEMOIO

L =t wu+ o), (13)

, of, (2, u)
i ’

e fu.(t, u)y= {——au—'} _
J {,j=LN
uu, f (§) = f (¢, u*)— [, (t, u*) u*. dxwo maTpnus fu (¢, u*) mae [WHpo-
KHH nianasoH 3MiHM Bia'eMHHMX AIACHUX YacTHH BJACHUX 3HAayeHb, TO
cucrema (40) 3 m. 3.3.5 TakoK Ha3HBaeTbcs KopcTkowo. [1lo6 BHCBiT/IH-
TH TMOHSITTA KOPCTKOCTI Wle 3 oaHoro Goky, po3srasHemo cucremy (11)
3i crastolo MaTpHlelo A, mo Mae pi3Hi BaacHi 3HaueHHa A, Reh; > 0, aki
BiANOBiAAIOTb JIIHIHHO He3a/JeXHUM BJACHHM BekTOpaM W;, (i = 1, N,
= (R ooy une)’. Toni matpumio A moxHa nonatd y purasai A =
= MAM™, ne M = (u,, ..., ny) — MaTpHUSA, CKIAJEHA i3 BAACHHX BEK-
Topis, M~ — il obepnena marpuua, A = diag (A, ..., Ay) — AiaronanbHa
MaTpuis BjacHux yucen. Cucremy (11) sanuwemo y Buraspi

L MAMT = [ ().

11 saranbHuf po3B’s130K 6yle CYMOIO 3arafibHOrO pPo3B’A3KY ORHOpid-
HOI CHCTeMH

— wMatpuusa fko6i npasoi wacTu-

Lbo L MAM™'4y=0

Ta YaCTHHHOTO pO3B’AI3KY HeoAHOPiZHOI cHcTeMH. [TOMHOXHMO oCTaHHE

. . — , _1 ~
piBHsIHHA 31iBa HAa M ! cnpasa Ha M,, i nokaagemo M~ uM = u (f).
B pesyabrati RicTaemo cucremy

d ~
'du—,+Au=O,

sAKa posnanaetbes Ha N pisuaus u; (£) + A, () = 0 3 po3s’a3kamu

- —at
) =ce °,
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e ¢; — feaki crani. BHKOHABIUH 3BOPOTHe NEPETBOPEHHA, HNiCTAaHEMO
. —Ast —
U, (t) = M diag (¢,e ™),z M~

Beaukunii «po3Max» y BeJHYUH AifCHUX YaCTHH BJaCHHX 3HaueHb O3HA-
yae, 1o cepe/l po3B’A3KIiB CHCTEMH € JykKe MOBOJI i AyXKe WBHAKO 3MiHHI
KOMIIOHEHTH, a He, AK i y BHOALKY DO3rJSHYTOro BHILE ONHOTO piBHAH-
Hfl, 03HAYae XKOPCTKicTb cHCTeMH. SIBHiI MeTOAM BHUABJSIOTHCS HENpPH-
JaTHUMH [Jfi YHCEJIbHOrO DO3B’A3YBAHHA JKOPCTKHX cuCTeM, GO BOHH
TIPH3BOAATE 0 3HAYHMX OOMEXeHb Ha KPOK yepe3 BUMOTH crifikocTi, a
Mandii KpPOK 3 YpaxyBaHHAM NOXHOOK 3aOKpYIVIEHHS CIPHUYMHSIE 3MEH-
IIEHHS] TOYHOCTI | HENONMYCTHMO BEJHKHHA uac pospaxyHKis. [Tokamemo
Ile Ha OpPHKAAAi CHCTEMH

4 du=o0, “(14)

a O .

ae u = (u; uy)’, A =(01 ), ay > a; > 0. HeBaxxo nomitutH, WO
\ ag

Il CHCTEMAa DO3MAajJaeThCsd HA IBAa He3aJeXXHUX DiBHAHHA, a PO3B’S3KOM

ii e BekTOp ‘4

u(t) = (uy(0)e=¢, u,(0) e—2+)T,

KOMIOHEHTH #KOrO C€NajaloTh 3i 3pocTaHHAM !, npHuoMy | u, (f) | &
& | u (f)| npu mocuTb BEAHKHX L.
Posransnemo aBHy cxemy E#nepa

yrll+l —

n n+t1 n
A Yo' —Yy
N fagr=0,

T

+ayz =0 n=0,1,, ...,

yi =y, (4,), i =1, 2. Ili 1Ba piBHSHHA MOXHa pO3B’3aTH OKpPEMO,
ajie BOHH NoB’si3aHi BHGOPOM cHinbHOrO KPOKY T. Cxema crifika, AKmio
ofHouacHo a;T < 2§ agv << 2. OcKinbkH a, 3> a;, TOo 06UIBiI yMOBH BH-

. 2 ..
KOHYIOTbCA, fAKINO T < -, TOOTO NPHNYCTHUMHA KPOK BH3HAYAETbCS
2

MAKCHMaJbHHM BJACHHM uyucaoM MaTpuui A a6o Tielo KOMIOHEHTD'o
U, (£) po3B’A3KY, AKA WBHALIE 3MiHIOETbCA (CRAaE).

Bnpaea 2. [lokasatu, wo HeABHA cXeMa
St =4 -4
——— it =0, S payit =0

cTifika npu Gyap-AkHX ¥ i @y = 0, a; > 0. -

Anagoriuni yckaagHeHHsi BHHHKaOTh i mpu po3B’aA3yBaHHi Oynb-
sIkoi cucteMHu 3BHualiHUX AudepeHuiaabHUX piBHAHDb. Lle HeBaxkKo moKa-
3aTH Ha NPUKJIAAi CHCTEMH

2+ Au=0, (15)

139



re u = (u, (D, ..., uy ()7, A — maTpuus posmiprocti N X N, ary
nepetBopenaaM nogi6Hocti M T'AM = A MoXKHa 3BeCTH 10 AiaroHalb-
Horo BUrasAny. Toxi samina u = Mv neperBopioe cucremy (15) Ha cH-
cTeMy He3a/leXHHX piBHSIHB

2 4 o=, (16)

MaTpuusa A sikoi Mae Ti cami BaacHi 3HaueHHs, wo i Matpuua A. Ockias-
KM, B3araJji KaKyuu, MaTpHLs MOXe MaTH KOMIJIEKCHI BJAcHi 3HaueHHs,
TO YHCeAbHHH METON, OpielTOBaHMA Ha pO3B’A3YBaHHA CHCTEM PiBHAHD;
JouinbHO BUMpOOYBaTH Ha piBHAHHI

A ) (17)

Ie A — noBiJIbHE KOMILJIEKCHE YHCJIO.
SIkmo 6aratoKpokoBHuii MeToA (2) 3 m. 3.7 3acTocyBaTH A0 PIBHSIHHA
(17), 1o

kzo(a;,-—ubh)yn_k-—-o, n=m, m-+1, ..., (18)

Je W = ThA — KoMmJekcHul napametp. ByieMo wykati po3m’si3ok pis-
HsiHus (18) y Buraani y, = ¢*, ne g — neska craaa. [liacraBaswuu
uelt Bupas y (18), Ansa BiAUIYKaHHA ¢ RiCTAEMO XapaKTEPHCTHUHe PiB-
HAAHHSA

Y. (@, — pby) gm—* =0. (19)
k=0

SIkmo A = Ag + iAj, me i =)/ —1, 10 po3B’a30K piBHAHRA (17) MOX-
Ha MOJATH Yy BHIAsALI

— - — it —_ . .
=e Mo M ¢ "R'(cos}»,t—tsm?qt).

Omxe, npu Az = Re A >> 0 po3p’a3ok piBHsHHA (17) 3aaumaeTshes
obMexeHHM Tpi  f —» oo a00 € acHMNTOTHYHO cTifikuM. B ubomy pasi
KaxyTb, Wo pisHaHHA (17) acumnrotHuHo crifike. [ouinbHo BuMararH,
mob i pisauueBufl po3B’A30K BiAOHMBAB B/ACTHBICTb ACHMITOTHYHOI CTiil-
KocTi ToyHOro po3m’3Ky. Lle Gyne toni, koau sci kopeHi pisHsaHHa (19)
He TEPEBHINYIOTh 33 MOAYJEM ORHHHUIIO, NPHUOMY HeMae KpaTHUX Kope-
HiB 3 moayJeM, w0 fopiBHIOe omuHHIi. Obaacrmio cmitikocmi metony (2)
3 0. 3.7 Ha3UBAEThCH MHOXKHHA BCiX TOYOK KOMIJIEKCHOI MJIOHIMHH P ==
= TA, ANl AKMX BUKOHYETbCS TaKa yMOBa.

Poarnsnemo, nanpukaaln, siBHu# Meron Eisiepa

M = f(tm yn)‘ (20)

T
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BacrocyBasmy #ioro a0 pisusuua (17), nicranemo

npr=0+p)y, n=rA

Orxe, ymosa crifikocri |14 p|<C | oas KomnjekcHoro p = pg 4
+ ips oanauae, mo (ug + 1 +pf<< 1. Takum umaom, obmacmio crifi
KocTi Mmeroay (20) € Kpyr oAuHHUHOrO pafiyca 3 teutpoM y Touui (—1, 0}

Bnpasa 3. [Josectu, wo mis HesBHOro Metofy Ednepa
Ing1 —
3
o6aactio cTifikocTi € 30BHiIURICTb Kpyra OAHHHYHOrO paziyca 3 ueHTpoM y Touni (1, 0)

= f (tn+l’ Yn {—l)

Yacro surasa obaacti crifikocri €epyrs 3a ocHoBy Kiaacubikauii uu-
ceJlbHHUX MeTOHIB.

UuceapHuti MeTon po3p’ f3yBaHKs 3ajlaui Kouwi HasuBatore A-crmid-
Kum, AKWo obaacte #oro crifikocri mictute /iy HamiBnaomuny Rep <
< 0. Metoa HasusaloTb A (@)-cmibdxum, akio 061acTb Horo CTlHKOCTl
MiCTHTD KyT

larg (—p)| <o, p=1A
n
3okpema, A (7 -ctifikicTy 36iraethest 3 A-criiikicTio.

Hesaxko nomitutu, wmo sBHuél merox Eiltepa une € A-crifikuMm, 2
Hesisaull meros Efiepa e A-ctifikum.

Ockinbku npy Re A <C 0 piBHsAHHA (17) € acHMMITOTHYHO CTiHKHM,
TO CYTb MOHATTA A-cTilKOCTi MeTORYy moJsirae B TOMY, uio BiH € abco-
JIIOTHO (6@3yMOBHO) ACHMOTOTHYHO CTifikiuM, AKkimo piBHaRHa  (17) e
acHMIITOTHYHO CTiHKHM.

Bnpasa 4. [oBectd, U0 OZHOKPOKOBHA MeTOX
Y —Yy
— T = 05(f Uy Yagt) +1 (b)) @1
e A-crifixum,

Ockinoku A-cTifiki MeTogH He HaK/IafaloThb OOMEXEHHS Ha KPOK T,
TO iX JOUI/NBHO 3aCTOCOBYBATH IJIA pO3B’A3YBaHHA JKOPCTKHX CHCTEM
plBHﬂHb Mpore knac A-crifikux mertonie Burasny (2) 3 n. 3.7 (robto
AiHiAHUX BIAHOCHO f;) BUABHBCS JOCHTb BY3bKHM, MpO IO CBil4aTh Ha-
CTYIHi JBa TBepHXeHHA Ilanbxalcra a) cepesi METOAIB BHIVIALY (2) 3
n. 3.7 He icHye ABHUX A-CTIfKHX MeToLiB; 6) cepex HesBHHX JiHiHHHX
6araTOKpOKOBHX MeTOAiB HeMae -A-cTifiKMX MeTOAiB, MOPANOK TOYHOCTi
AKHX Giabwni - Hix aABa. [IpukaagoM A-crifikoro meTofy Apyroro nopsa-
Ky TOUHOCTi € cuMeTpuuHa cxema (21). MoxHa aoBectd, IO A-crifikum
e Meron ['aycca — PyHre — Kyrra. Knac A (a)-criikux Metoais e femio
wupwiuM. MoxkHa JOBeCTH, L0 AJIfl KOAHOrO o He icHye siBHOro A (ot)-
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crifikoro ninifiHoro 6aratokpokoBoro Metony surasxy (2) 3 n. 3.7. Tlo-
6ynosani HesiBHi A (@)-cTiliki MeToH TpeTbOro i ueTBepPTOro MOPAIKIB
TouHocri. [lo HHX, 30KpeMa, HajneXaTb TaK 3BaHi UYMCTO HEABHI METOAM

puraagy (2)3n. 3.7 mpu by =1, by = by = ...= b, = 0, TO6TO
Y awyn—r ="f(tn, y5)- (22)
k=0

Hanpuknaa, cxeMa

254y, — 48y, + 36y, _o — 164, 3+ 34,4
2% = [(tas Yan)

Mae vyerBepTHH mMoOpsAAOK ToyHocTi i € A (a)-cTifikoio, 1e a =
= arctg V' 6 ~ 68°.

Meton ipa (2) 3 n. 3.7 ¢ A (o)-ctifixum ajas KyTiB o Ta KiJbKOCTI
KpokiB kR, AKi AaloTbes TabJIHIEO;

R 1 2 3 4 5 6

o2 90° 90° 88°C2’ 73°21’ 51°507 17°50’

O6nacti crifikoeri  k-kpokoBux MeroniB Anamca — Myartona (k > 2),
Anamca — Bamdopra (2 > 1), MeTOAIB NPEAUKTOp-KOPEKTOp i SIRHUX
metoliis Pynre — Kyrra e nocuts Byspbkumu. IlificHi inTepBavin criiikoc-
1i (7, 0) g ABHUX m-cTyneHeBux meToRiB Pyunre — Kyrra m-ro mopsan-
Ky (30kpeMa, AJjsi KaacuuyHoro metoay Pyure— Kyrra uerseproro mo-
PAAKY) RaloTbe TabJaHIero:

m 1 2 3 4
Y —2 —2  —9251 —2,78

Iasi k-kpokoBuX MeroniB Anamca — Myarona ta Apavca — Bawgopra
BOHH NAOThCA BiAMNOBiAHO TaGAULAMHU:

k 1 2 3 4 5
¥y —oo —6 -3 —90/49 —45/38
k 1 2 3 4 5
Y -2 —1 —6/11 —3/10 —90/551

Yepes Bysbky obsiacte crifikocti Metoan Ajamca — Bamdopra B unctomy
BUIMISIAl 3aCTOCOBYIOTBCA PillKO.

ﬂ.)'lﬂ KOPCTKHX CHCTEM nmbepLHulabeHux piBHSIHb OCTaHHIM acom
Haiuacrille 3acTOCOBYIOTb MeTOX Tpaneiift (ABOKporoBHEl Metox Ajpam-
ca— MyJaToHa)

Yit1=4; + —12:' (fi + Fit1)s
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HeABHUH METOZL CepeRHBOT TOUKH

T é+y :
Yit1 = Y +Tif(ti+—2[—, —i-T‘il—)

a6o meronu [ipa ana k < 6. o6pi pe3ynbTaTn masd MOPCTKHX CHCTEM
JaloTh TakoxX metonn PosenGpoka, soxkpema A- 1a A (a)-crifiki Merozn
BHIIHX TIOPAAKIB, I/A SIKUX € TaKoX Bjani mporpamu. EdeKTHBHHUMH
IJ/171 KOPCTKHX CHCTEM € TaKOX TaK 3BaHi Apo6GOBO-palioHafbHI MeTomM.

3a3naynMo, 1o Teopid crifiKocTi, BUK/MAaNeHa BHIIE, K3 OPi€HTYETbCS

d .
Ha MOAe/bHY 3ajaqy Tl; + Au = 0, He 3aBXIM Ade MpaBHJAbHI BHCHOB-

KH CTOCOBHO YMCEJILHUX METOAIB AJst PiBHAHL 31 3MiHHMMH KoedilieHTa-
MH, a8 TAKOX /15 HeNiH{AHUX Ta KOPCTKHX PiBHAHL. JIK NpUKAAL MOXKHa
poarasHyTH 3ajauy Koui

LA Ou, w0 =1,

3 ¢yukuieto A () <0, A (f) € C* [0, ool, i Meronn Tpaneuisi, Efinepa
(HesiBHUI) Ta HeswHUR METOA cepefHboi ToykKu. Hesaxko nepekoHarwcs,
mo merog Eiisepa
I
€ 6e3yMoBHO CTiAKUM, TOOTO | yiy1 | << |y; |V i Ge3 o6MexeHp Ha T.
Meron Tpaneuifi 1ae yip1=y; + - (Ft 4) + Fllitrs Yiga))

24 A
Yo+t —T_‘T(,H_T!/i-

i 3sa ymosu sup A’ (f) = p > O nicraemo Hep iBHicTb cTifiKocTi | iy | <<
-$€(0,00)

< 2/VB.
HesaBHuli MeTon cepenHbol TOUKH

ti +t yi +yl )
Yyr1=y; + Tf( 2t+l , 'H? )

€ eKBiBaJIeHTHHM MeTOJy Tpaneniit aas AiHiHHHX cHCTeM 3i CTaJIMMH Koe-
¢iujentamu, ajse B JaHOMY BHNAAKY Jae ¢GopMy.ay

2+ ﬂ(’i_‘g’i)
y. o .
o 2— (Lt ) .

i na Bigminy Bix metoay Tpamenii e 6esymMoBHO CTifikuM. ToMy aKTHBHO
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BEAYTLCA HOCAIIKEHHSA, CNpAMOBaHi Ha MOWIYK BiANOBiZHHX O3HaueHb
cTifiKocTi HeqiHiiHMX cHcTeM DiBHAHD | Ha KOHCTPYHOBAaHHA BiAMOBifHMX
cTifikuX MeTofliB, AKI NPHCTOCOBaHi J0 BNACTHBOCTEl IIYKAHOrO pO3B’A3-
Ky. PosriifnHeMo OiH 3 TaKuX MiAXOAIB LJIA cHCTEM

dr
= =, u), u(0)=u, (23)
ze dyukuia [ :[0, o) X R" - R" 3a10Bo/ibHsIE YMOBY

F¢, wy—f@, v), u—vy<mu—v, u—v)yI€el0, =), u, vER".
(24)

Taki cucremu npu m < 0 HasuBaoThcA OucunamusHumu. Sk 6auumo,
i . . (7]
B O3HauyeHHA AMCHNATHBHOCTI He BXOAHTb Matpuua HAkobi J (f) = 3—5— R
i ToMy B Lell KJac MOTPanJisioTh JOBiJIbHI XKOPCTKi 3afaui.
Beenemo Take o3HaueHHA.
O3nauenn a Jeakul uucenvHuli meton aas 3agaui (23) Hasm-
Ba€eTbCS orumumarvhio B-36ischum 3 NMOPAJKOM p Ha KJaci Bcix adcuna-

THBHHX 3ajay, AKIIO
“u(tz)_yt|i<c(ti)"p\7"‘<%v vi

ne c(4) sanexute gquwe Big max {fu? |16, << 1 K7L
< p} nas neskoro p Ta Biln m, u (f) — po3B’A30K 3afaui (23), npasa
yacTHHa AKkoi 3agoBoabHse (24) 3 m < 0.

IepeBaroio ontHmasibio B-36ixkHHX MeTolliB € Te, M0 OOMeXeHH Ha
KPORK CiTKH, a8 TaKOX NOXHOKa MeTOoNy He 3a/eXaTb Bill KOPCTKOCTi 3a-
naui. Aje, Hanpukaaz, sisHi Metoan Pyrre — Kyrra p-ro nopsaaky maioors
roJIOBHHI uJjeH noxu6brY tPc (1), ne ¢ (¢;) 3anexuTe Big HOpMH MaTpHUI
flko6i J (f). ¥ poGori LllHaitna noBeneHo Taky Teopemy.

Teopemn. Heasnuil memod Einepa 6 onmumanasHo B-35ixcnum 3
nopadkom 1. Memod mpaneyidi ma Hesasnuill memod cepednboi mourxu
€ onmumaabio B-36ixcHum 3 nopsadkom 2 na Kaaci JucunamusHux 3a0ay
Kouwit.

MoxHa TakoX AOBecTH, WO m-cTyneHesuii Metop 'aycca — PyHre —
KyTra va ®gaaci pucunaTHBHHX 3ajau € A-crifikuM Ta onrumanbHo B-
300KHHM 3 MOPAAKOM m.

3.10. 3agaua Kowi ann pisHaHHA Apyroro nopagxy.
Merogu Witbopmepa

PosrnsineMo 3anauy Koui

d?u

T =1 u) >0, 4O =t~ O =4 )
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Ha#i6isbw nowupenumu e Meronu lltbopmepa, aKi MaioTb BHIVMIAL

Ynp1— 2Yn + Yy
T2

= 2 buf Cr—ky Yn—r), m =0,
k=1

n=1, 2, ..., yo=t y1=zl(a6o yl_—ty"=al). 2

3naueHHs u; (a6o ;) BUGHPAEeTbCA TaK, OO MOXHOKA ampokcHMauii
1
. 1 -
Ipyroi 3 NOYAaTKOBHX YMOB v == ?(u (*) — u (0)] — 4, mana Burasg

v =0 (), ze p — nopsgox anpokcumauii. Hanpuknag, npn p =2
3HaXOAHMO

u(®)=u() 4w 0) + -;— 24" (0) + O (z8),
V=1 (0) + 5w O+ 0 —ay = uy + 54" (0)—u, +

+0 @) =—F0, u0)+u,—u + 0@,

i AKIMO MOKJacTH

- T - -~
m=u+—5F 0 u) u=u+"u, 3)

0 v = 0 (12).
Axmo b_, = 0, 10 cxema (2) Gyme siBHOO, 60 KO MNPaBOl YacCTHHH
OyAyTb BXOIHMTH JHIU€ BiAOMi 3HAYEHHA Y., Yn—i, -y Yn—m- SAKHIO

b_y #= 0, To cxema (2) € HeABHOW i AJIf BU3HAUEHHA Ynyy TPEHA PO3B’A-
3yBaTH pPiBHAHHA BULJALY

Ynt1 — b—lf (tn+l, yn+l) = F(ym Yn—1s e v ey yn—m)-

Jna eigwykadHs KoedilieHTiB pisHHUEBOT cxemH (2) MOXKHA 3acToCyBa-
TH METOJ HeBH3HaueHHX KoediuieHtiB abo meton tTMny Amamca. MoxkHa
TAKOXK CKOpHCTaTHCA TakMM cnocoboM. [lomHoxumo piBHAHHA (1) Ha
dyHkuio v (f), AKy HasuBaTHMeMo Npo6Holo pyHKIielo, 1 npoiHTErpyeMo
Bil fny DO lntit

Ing1 1

{ wooma= | je. utyooa. (4)

In—1 tn—1
Bubepemo pyukuio v (f) y Burasai (puc. 3)

vit)= {1 — =] el i,
0, L ltn—1, th 1)
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1
'T [] tE [tn—l, tn]’
Toni, BpaxoByioun, mwo v’ (f) = | i inTerpyloun
-7

’ tE[tm tn+l]’

YacTHHAMH, AiCTaeMo

Iyt nt1
S u (v (f)dt = S u"vdt - S uodt =
1 th—1
t, fn+|
= a'yfn — S u'v'dt—l—u’vl:""'l— S uv'dt =
=l . " ',
I ) Int1
= u'vl,=,n — —_l?- S w'dt — u’v|;=;n + -%— S udl=ruy .
n—1 . i
[ligcraBagioun octaHHift BUpa3 B (4), 3HAXOAHUMO
1 ’n+l
Upn =~ ,S ft, u@)o@dr.
n—|

[Toxu6ka anpoxkcumattii cxemn (2) Ha po3B ﬂsxy u (t) (a6o HeB'sA3Ka cxe-
MH (2)) BH3HAYaeTbcA PopMYy.JI0I0

S buf (s tins) — iz 5)

h=—1

i B cuay (5) Moxe 6YTH 3amucaHa y BUTAALI
. +1

Eb,.f(tn_k, k) — = § T u@) ==t 1dt. ()

k=—1 th—1

IMepwuii nonavok B (6) MOXHa pPO3rAANATH AK KBaAPATYPHY dopMyay
ol Ins inTerpany Bin o&yHkuii F (f) =
= f(¢t, u(f))3Baroov (f) == 0, i moxubka
anpokcHmauii cxemMu (2) BH3HAYAETbCH
noxubkoto uiei KBampaTypHOi (opMy-
JM. 3acTocyemo, HampHKJAal, GopMmyay
intepnosasauifinoro THNy, 3aMiHHBUIN
F (f) iutepnonsuiiHuM MHOrOY/EHOM
HY/1bOBOTO CTeMeHs, MOKJ/aBilIu

0 to-y t.ﬂ Thet t
Puc. 3 Fty=pyt; F)+Ry(t; P),
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ne

Polli Fy=F(to); Rolts F) =" (1 —1),

E€[Yn Bl y=min(, &), y,= max(t, t,).
Toai, spaxosyiouH, 110

’n+l
f v(t)dt =,
Ih—1
MAaTHMEMO
tnt1
v(®) F (¢) dt = tF (t,) + R (F), @
th—1
ae
Int1
R(F)= | o) F E@) (¢ —ta)dt.
th—1

Hesaxko nomitutd, wo npu obMekenocti noximHux Bix dyekuii f (4,
wyno t i u(f) 6yae R (F) = O (v?). Tomy, akuo nokaact b_; =0,
m=201i

k—-—z—l bkf (tnty Un—r)= F (tp) = f (tn’ Uy),

T0 3 (7) 3HaXOAHMO
tu+l
Yo==—TIR(F) = [ty a)— 7 | 0@O)F () dt = 0.
th—1
Takum uunom, cxema

—2
yn+l -512” * L = f(tm yn)

Mae nepuidfl OOPANOK anpokcumaii.
[lle6 nocrizuTh 10 cxeMy Ha cTifikicTb, 3anumemMo ii AaA MopgeabHOT
sagaui ' () +Au =0, >0, u©) =0, « (0) = uy

Y1en + Ay, =0.

TlincTaBastoun ciomn y, = g", 3Haxomumo ¢ — 2 (1 —*\/2) g + 1 = 0.
Hesaxko nokasati, wo |g| <1, akmo T VA< 2, 106T0 32 miei
ymMoBH cxema Gyjae CTiiKOIO B TOMYy pO3yMiHHi, o y, — 0 npu n— oo,
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3.11. 3aranbHi 3ayBa)KeHHA NPO MeTOAH
po3s’'sayBaHHs 3agavi Howi

Bu6ip 4HCeqbHOro METOAY 3aJieXKHTb Bij 6araThboxX OGCTaBHH: 06CATY
o6uucaeHb, HeobXifHoro 06’emy onepatusHoi nam’sati EOM, nopsaaky Tou-
HOCTI, CTiHKOCTi 10 NOXHGOK 330KpYyTJeHHs i T. 1, IKHii XKe 3 pO3rIAHYTHX
BULIle METOAIB po3B’s3yBaHHA 3afaui Kowi caip subparu? Llo6 siamnosic-
TH Ha L 3anuTaHHs, Tpeba 6Gpartn 10 yBard i ocoOiHMBOCTI 3ajaui, ska
pO3B’A3yeThCs, i 0COOMHBOCTI KOMXHOTO 3 METOAIB, ajle HaBiTh 3 ypaxyBaH-
HAM LAX OGCTAaBHH NiCTAaTH TOUHY BiANOBiAb 4acTo He BAaeTbcst. Toai Kpu-
TepieM iCTHHH Ma€ cTaTH NpaKTHKa. 3poOUMO Ki/lbKa 3ayBaKeHb 3 IPHBOAY
PO3TJIAHYTHX MeTOliB.

1. HocroincrBamy Garatbox MetofiiB Pynre — Kytra € raki: a) Bouu
siBHi, TOGTO 3HAYEHHA Yni) OOUHC/IOETHCS 33 paHille 3HAHAEHHUM 3HAUeH-
HAM CKiHYeHOIo KisbkicTio it 3a Bigomumu dopmyaamu; 6) Bei cxemu 10-
NYyCKalOTh PO3PaxYHOK 3i 3MiHHHM KPOKOM, i TOMY HEBAaKKO 3MeHILHTH
KPOK TaM, e pO3B’A30K IIBHAKO 3MiHIOEThCS, 1 36GiIbLUMTH TaM, Ae BiH
3MiHIOETBCH FOBOJI; B) J/I1Sl 10YaTKy PO3PaxyHKiB JOCHTb BHOpATH CiTKY
i sajarn 3HaueHHA Y, (BOHO BijoMe 3 MOCTRHOBKH 3ajaui), a jJaJji obumuc-
JIeHH sl 3A1HCHIOIOTECA LMKAIUHO 32 ORHHMH i THMH caMHMH (OpMYJamH;
r) meroan Pydare — Kyrra maloTb «BHCOKY» TOUHicTb. OCTaHHE NMOACHUMO
6isibil jeranbHO. Buile BCTaHOBJIEHO JHLUe aCUMIITOTHUHY MOBERIHKY 3a-
JIMLIKOBUX u/eH{B KOHKpeTHHX ¢opmya Pynre — Kyrra i nokasaso, uo
BOHU € JOCHTb TPOMi3AKHMH i CKJIafHO 3a/exaTb BiJi MaKCUMYyMiB MOAYJIiB
BiANOBiZHUX MOXimHHX Bik npaBoi uactuHH [ (x, u). Haoune ysiBaeHHA
Npo BeJUYUHY [HUX 3aJHIUKOBHX WleHiB MOXXHA AiCTaTH B OKpEeMOMY BHNaj-
Ky f (¢, u) = [ (£). Tlpu ubomy po3s’sizaHHs AudepeHUiaJbHOrO piBHAHHSA
3BOAMTBCS 0 KBaApaTypH, a BCi CXeMH YMCEJBLHOTO po3B’si3yBaHHsA 3ajaui
Kouii nepexoasth y kBaaparypHi ¢opmyaun. Hanpuknan, cxema yersepro-
ro NOpsiAKY TOYHOCTi HabyBae BUIVISILY

Yot = ¥a+ 5 [Fl) +4F (b + )+ o]

To6GTO 36iraerbcsi 3i cxemoio, fiKa yTBOPIOETHCA, AKLIO B PiBHOCTI #py =
inyy
= u, + | f(f)dt sacrocyatu Ans OGUHC/]eHHs iHTerpana dopmysry

t
CiMricoHa. 3aJHLUKOBHA /IeH B UbOMY pa3i Mae BUI/IAL (QHUB, 3a1HIIKOBHI
o R by —1
unen KBagparypHoi dopmyau Cimncona) R =%t‘ max |f* ],
To6TO 4yuc/OBHi KoedillieHT y 3aJHIIKOBOMY WieHi JOCHTb Maju#i, i ue
€ O/IHi€l0 3 MPUUHH BHCOKOI TOUHOCTI cxeM Pynre — Kyrra.
TakuM UHHOM, fIKULO NMpaBa yacTHHA AudepeHIiaNbHOrO PiBHAHHSA He-
nepepBHa i o6MekeHa pa3oM 3i CBOTMH ueTBepPTHMH NOXiAHKMH (Ki He Ayxe
Besiuki), To dopmyau Pynre — Kyrra uerBeproro nopsasky TOYHOCTI MO-
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BHUHHI AaBaTW Xopoul pe3yabTaTH, i TOuHicTh TX MPH 3MeHIIeHHi KPOKy
IIBHAKO 3pocTae. fKWO mpaBa yacTHHA He Mae BKa3aHHX BJACTHBOCTEH,
TO FpaHHYHUH NOPSAOK TOYHOCTI LHX cXeM He MOMe GYTH AOCATHYTHH.
Toai ne ripui (ane i He Kpaulli) pe3yJbTaTH MOXXHA AiCTAaTH 3a JOTNOMOTOO
6isbll OPOCTHX CXEM MEHHIOro UODPSAKY.

2. Hocsarty Heo6XiAHOT TOYHOCTI MOXKHA 32 PaXYHOK 3MEHLUEHHS Kpo-
Ky B dopmynax Pynre — Kyrra. OckinbkH BHpa3sH A 3a/HIIKOBHX uje-
HiB 3aHAATO TPOMi3fKi, TO anpiOpHUMH OLIHKAMH TOYHOCTI AnA BHOOpY
KPOKY B MPaKTHUHHX PO3PaXYHKAx He KOPHCTYIOThCA. 3pyuHille poGuTu
pPO3paxYHKH HA MOOCAIAOBHOCTAX CiTOK, AKi YILiJIBHIOIOTbCA, i AaBaTH
anocrepiopHy OLIHKY TOYHOCTi, HanpHKJAaA 3a MetolaoM Pynre. Pan edek-
THBHHX [IPOrpaM BHKOPHUCTOBYIOTb AJIf LbOT0 BHKNAjaeHi meToau Pynre —
Kyrra.

3. V¥ neaxkux 3agauax ¢pyHKUIl € AOCHTb TIAAKHMH, aje LBHIAKO 3MiHIO-
1otbest. Toni cxemn Pydre — KyTra ik HH3bKOrO, Tak i BHCOKOro mopsiji-
Ky TOYHOCTi BUMArawoTh 3aHAATO MaJoro Kpoky AJs 3HaXOLKeHHS Ao6poro
pesyabraty. Taki 3aaaui € KOPCTKHMH i BUMaraloTb po3poGKH cneliabHHX
metolliB, AKi opieHTOBaHi Ha Aanuil By3bkH#i Ksac 3ajad. Hamnpukaag,
posrasiHeMo 3ajavy

——a(l)u, u(0) = uy,

npe o (f) — cuibHO 3MiHIOETbCS, HaGHpaiouW AK AOJATHHX, TakK i Bil'e-
HUX 3laYeHb (Taki 3ajaui 3ycTpiyalTbes B XiMiuHil KlHeTHLll) Po3s’si-
80K

4
u(f) = uy exp Sa(s)ds
0

€ HeBia'eMHol0 (yHKiielo npu 6ynb-sikux f. Skimo a (f) > 0, 10 MoXHa
KopHcTyBaTHCcR cxemoo Edsepa yap1 =y, + @y, = (1 +wa,) y,.
Akmo a (f) < 0, To Moxe BHSBHTHCA, IO 1 4 1o, << O npu fesikomy
n = n,, i Toai qHCeNbHHHA pO3B’f30K BTpayae 3MiCT. y LbOMY pa3i MoXHa
KODHCTYBAaTUCH HEABHOIO CXEMOIO Ynii =Y, -+ T, Ynt1, 360 Yny1 =
=y, /(1 —\,), | —1a, > |, 1Ka e crifikolo npu 6yab-aKoMy T. 3BiacH
BHILIHBAE, IO AJA PO3B’A3yBaHHA MOCTaBJEHO! 3ajaui MOXHa 3acTOCYBa-
TH KOMOGiHOBaHHH MeTOA: B THX By3aax, fe a (f) > 0, Tpe6a BHKOpHCTO-
ByBaTH SIBHY cXeMy, a B Bya.aax, e a (f) < 0,— mesBny.

4. Ulo6 nouatn po3paxyHKH 6araTOKpOKOBHMH METOAAMH, HaNpHK/AL
MmetooM Afamca p-ro NOpsAKY TOYHOCTi, Tpeba 3HATH PO3B’S30K B p TOY-
Kax, IKHH OO4YHC/TIOEThCH AKHM-HEOYAb iHIIMM MerojoMm. Lla ob6craBuHa
86inbinye 06’em nporpamu. Kpim toro, dopmyau mMerony Anamca ajs amiu-
HOTO KPOKY AOCHTH rpomiszki, a 6isibu npocti ¢opMyJIH A/1s1 CTAIOr0 KpoO-
Ky notpe6yioTh HecTaHAapTHHX Aifi npH 3MiHi Kpoky. lle poburb MetOn
Apnamca He3pyuHHM A5 po3paxyHkiB Ha EOM. [locroinctBom iioro e e,
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10, HanNpHKJAA, B METOAI UeTBEPTOro MOPAAKY TCUHOCTI 3a OAUH KPOK
JOBOJHTLCS JIHLIE OAUH pa3 o6uHcaoBaTH [ (X, u), B TOM yac, fK y dopmydai
Pynre — Kytra Toro camoro nopsixy ToyHOCTi f (x, &) OGUHCTIOETHCA HA
KoxHOMY Kpoui uorHpd pasu. Ilpore koedinieHT y 3anuwikoBomy uieHi
cxemu PyHre — Kyrra vuverseproro mnopsigky TouHocTi (R = t°® max

[ /| /2880) npu f (s, u)=f () B 960 pasip mewwmit, Hix y siano-
Binnik opmy.i Anamca 3i cranum kpokom (R = (251/750) t° max | fY|).
Orke, Nipn oaHakoBifl TouHocti cxema Pynre — Kyrra posBoJisne Gpatu

KpOK Y v 960 ~ 5,7 pasiB 6inbunii. Lle npuBOAHTE 10 TOrO, WO GaKTHY-
He yucJo obuuchaens f (x, u) y meroni Pynre — Kyrra Moxe BusiBUTHCSA
HaBiTb MeHwHM, HDX B Merodi Anamca. Tomy meropn Apamca Ta iHwi
ZHAJIOTiYHi METORH 3aCTOCOBYIOThCcs pidine, Hix merona Pynre — Kytra,
Yacto BHKOPHCTOBYIOTECA Nporpamu 3 kombinauieto Merosis Pynre — Kyr-
Ta i Ajamca 3 aBTOMaTHYHUM BHGOPOM KPOKY. 3a JONOMOrow Metofy PyH-
re — Kyrra o6udcaol0TbCc NOYaTKOBi 3HAYEHHA AAs BianoBigHoro 6araro-
KPOKOBOTO METOLY.

Bisbw eneraHTHHM € 3acTOCYBaHHA METOLIB 3POCTAOUOr0 MOPAAKY
TouHocTi. Tak, 3a nonoMoroi merony Efinepa — Kowi nepinoro nopsiaky
OGUHCJIIOIOTE Y, TOTiM, MalOYH Y, ,, 3@ AOTIOMOTOIO ABHOTO ABOKPOKOBOTO
MeTOAY AIiCTaloTh Y/, i T. A. SIK npaBu.JI0, NpH o64UHCAEHH] MOYATKOBHX (cTap-
-TOBHMX) 3HaueHb KPOK T BHOMPAETbCS 3HAYHO MEHIUNM, HiXK NPH HACTYMHO-
My o6uHcseHHi 32 6araToKpOKOBHMH (opMyJaMH,

5. 11Llo6 mary MOXJ/IUBiCTb aBTOMAaTHUHOrO BHOOPY KPOKY NPH BHKODH-
cTaHHi 6araToKpoKOBUX MeToliB, TpeGa MaTu anoctepiopHi OLiHKK 10XUG-
KH Ha KOXHOMY Kpoui. [l ubOro MoxKHa BHKOPUCTATH, Hanpukiaaa, Taki
IBi MOMJIMBOCTI, .

[lepiuia 3 HUX FPYHTYETHCA Ha TOMY, IO JIOKanbHa NOXHOKa METO/iB
Tipa (BDF), meropy Anamca — MyJsiToHa, METOAY NPefHKTOP-KOPEKTOP,
1O CKJIAafaeThCs 3 p-KPOKOBOI ¢opmyan Apamca — Myarona (kopexrop)
i (p + 1)-kpokoBoi ¢opmynu Anamca — Bawdopra (npeaukrop), Mae u-
Tasn

Tp+le+|u(p+2) (t) + 0 (TD+2)’

i moxigHa u®+? (f) B rosoBHOMY useHi MoxKe GyTH oOlliHeHa uepe3 Biano-
BigHy nopineny pisHuwio BennuuH f (f;, y;), OOUHCAEHHX Ha NONEpeRHix
KpOKax.

Jlpyra MOXJIHBiCTb TPYHTY€EThLCA Ha TOMY, LIO 3HAYEHHS

yi+| — Yi+1

he Yiy1 obumcamoerbca 3a dopmysoio Anamca — Bambopra (npenukrop),
a Y141 — 3a dopmyaoic Anamca — MyaTona (KOPEKTOp), Aae anocTepiopHy
OLIHKY BiAMOBIAHOTO MOPSAAKY TOYHOCTI.

Bkasani BHue anocrepiopHi ouinku Aicraemo (Ha BiaMiHy Bif BkJaage-
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HUX ¢opmys Pynre — Kyrra) 6e3 nonaTkoBoro oGuncieHHs NpaBol YaCTHHR
f(w.

6. SIKwo 3aCTOCOBYETHCA YHCTO HEABHUI MeToA (HesBHME meron Eiine-
pa, HeABHHIl METOA cepeAHbOl ToukH, MeroaH 'ipa, Meron Tpaneuiit

Y=y + 'T—Qi' Gt g+ [l yer))s

TO Ha KOXHOMY Kpoui Tpe6a po3B’siayBaTi ue HeaiHifiHe BiHOCHO ¥y,
piBHAHHA. g nporo, 3maBajdoca 6, MOXHA 3aCTOCYBaTH iTepauifiHuis
npouec

T
YD =g+ (G g) + Fltr 90) k=0, 1,...,
¥ =g+l y),

. . = . T
ans 36ixHOCTI sIKOrO HeoOXxiiHe BHKOHAHHA YMOBH T‘L <1, ne L —

crana Jlimunus aas oyukuii f (¢, u) no u. fkulo HaBiTL HEe BpaxoByBaTh
HeoOXifHY NpH LLOMY BeJHUKY KiJlbKicTb o6uncaenb dyHKuUil f (£, u), TO ueh
npouec He3pyuHHUii i 3 Ti€l ToukH 30py, wo L moxe 6yTH BeNHKHM (415
*KopcTKuX piBHAHb L ~ 10°—102), i My MaeMO Ay:Ke CH/IbHE OGMEKEHHH
Ha 1. Tomy uacTo 3acTocoByi0Tb CpolLeHu# MeToA HbloToHa

(1= = J (o 4 850 — 90 = — o8, + 4 +
= (g + Fn g80),

ze uepes J (f) nosHaueHo marpuwo 1ko6i BekTop-pyHKuiT f( —g% B CKaslfp-

HOMY BHNaaKy). SIKio HaBiTh uacTuHHi noxiaui B J (f) saminutu Bigno-
BiAHMMH CKiHUEHHHMH Di3HHLSMH, TO AOCHTb He3HauyHOl KiaAbKOCTi iTepa-
niii (ak npaBuno, 3—>5), wWob AicTaTh Po3B’A30K i3 62MAHOK TOUHICTIO.

7. OckinbKH aNrOpHUTMH 3 BHKOPHUCTAHHAM GaraTOKPOKOBHX METOIB
y nopiBHAHHI 3 THMH, L0 BUKOPHCTOBYIOTh OJHOKPOKOBI METOAH, € CKnai-
HilWKAMH, TO TX ROUINBHO 3acTocyBaTH ToAl, KoJu Tpeba MaTH po3B’A30K
3 BUCOKOIO TOYHIiCTIO. 3a3HAUHMO, 10 GAraTOKPOKOBI METONM € 4yTJHBi-
HIUMH A0 CHJBHHX 3MiH pO3B’s3KY (60 B HHX BUKOPHUCTOBYIOTb sHaUeHH:
¢byHKuil f Ha Gisbw BeTHKOMY iHTepBaai 3miHH £), TOMY iX AouiibHO 3acTo-
cyBaTH, KoaH ¢yHKuin f (2, u) B ycii o6nacti iHTerpyBaHHuA € AIOCUTH Miaf-
Kot0. -

8. Teopisn 6aratoKpoKOBHX METOLiB 3i 3MiHHHM KPOKOM, 30Kpema Teo-
pis 36ixHocTi, ynpaBaiHHR KPOKOM i T. 0., lle Na/leKa 10 3aBeplieHHS.
Hesi pesyabrari MicTaTbesi y HaBeJeHiH B KiHLI KHUIY JitepaTypi.
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TNABA 4

YUCENIbHE PO3B'A3YBAHHA
KPAHOBUX 3AAAY ANA 3BUHAHWHUX
AUDEPEHLIANBHMX PIBHAHD -

4.1. NocTaHOBKA KPAHOBMX 3afa4 AN IBMHANHMX
Andepenuiansuux pisHaHb. Knacudikawin metogis
pO38'A3yBaHHA KPAHOBMX 3a4a4y AN 3BMUAMHMX
prdepeHuianbHux pPiBHAHL

SIk Bigomo 3 Teopii AHdepeHuianbHUX piBHSIHB, 3arafbHHi PO3B’A30K
cHcreMH audepeHiianbHHX PiBHAHbB NEPLIOro NOPAAKY

Y'(x)=Fx Yx)
Y (X) = (yl (X) RS ] yn (x))T' F(x' Y (X)) = (fl (X, W (X), cee yn (x))’

Loy, ooy gn (X)) ooy Faltagn (), oo oy g DT n

3aJeXHTh Bia n poBinbHHX cTadaux. OTxKe, 1006 BHAINUTH AKUACH OAHH
po3B’A30K, Tpeba 3ajard n JONAaTKOBUX yMOB. ¥ 3ajaui Kowi ui # ymoB
Gysu 3ajaHi B fesikili ofHi# Touwi.

KpaiioBa 3apaua — e 3ajaua BiIlIyKaHHS €AHHOrO PO3B’A3KY CHCTe-
Mu (1) Ha Bigpisky a << x < b, B AKkill 104aTKOBI YMOBH HaKJ/IAJAOTLCA
Ha 3HaueHHA ¢yHKui#l y, (¥) Giabw HiXK B oHiM Touui uboOro Biapiska.
OueBHAHO, WO KPaHOBi 3ajaui MaloTb 3MICT AJs CHCTEM He HHXKYe APYroro
TnopsAKY.

Tpukaad 1. 3nafiTe craTHuHBA nporuH u (x) HawaHTaxenoi CTpyHH i3 3akpinne-
HHMH KIHUAMH, AKIO

Wxy=—[), a<x<b, ul@dy=u(b)=0,

nie f (x) — 30BHiIHE BUFHHAIOUE HABAHTaXKeHHS HA OJMHHINO JOBXMHH CTPYHH, Noninene
Ha OpyXHicTh cTpyHH. Llg 3amaua HasexuTb 10 Ksaacy KpaHOBHX 3agay, B SKHX OfiHA
YacTHHa JOJATKOBHX YMOB 3aXaHa Ha ONHOMY KiHui Binpiska (x = a), a iHwa — ua apy-
roMy (npa x = b). 3BincH i Ha3Ba — Kpafiosi (rpanuuHi) 3ajgaui.

B repmina x (1) many 3azayy MOXKHa 3anucartd y BHIVISAI

1 (1) l s (%)

Yo (1) —f(x)

re gy (x) = u (x), g5 (x) = u' (x).
T purxaad 2. CraTHuHHfl DPOTHH HABAHTaXEHOTO NMPYXHOTO 6pycka 3aA0BOJbHAS

PiBHAHHA 4eTBEPTOro MOpPAAKY

() =f(x), a<<s<bh,

ko uet GPYCOK JEXUTb B TOuKax x;, { = |, 4, Ha omopax, To gomaTkoBi (kpafiosi)
yMGBH MaThb BHIAAL

u(x,)=0, i=lT4—, B a <X <<X<<XSb,

1. X€(a, b), g (a) =4y (6) =0,
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Jlany 3anauy MoXHa 3BecTH 10 Buraany (1) s Binnosinnumu -Kpaitosu-
MM yMoBaMH. Lis xpafioBa 3ajaua Ha3HBaeTbca 6azamomoukosoro. Hapepe-
MO 3arajibHMH BHIVIAA 6araTOTOYKOBHX KpaiiOBHX YMOB:

Y (1), Yix), ..., Y(xp) =4, 2
e
Y (xy), voos YR = (9 (xy, 41 (x1)s «ovy Yn(x)s -« Xpo

Yy () o Yn ()1, d = (d}),_i7 — 3alannuii BeKTOP.
3 GaratotroukoBux 3anay Buraansy (1), (2) okpemo moxHa BHAinHTH
rpyny ABOTOYKOBHX JiHIHHHX 3apau:

V'~ A(x)Y = F(x), 3)
B,Y (a)+ B,Y (b) = d, (4)
ze Y, F, d — n-BaMipHi BektopH; A (x) = (ay; (x))ij=Tm B, == (b}}’)il:m;
B, = (b?),,_i> — matpuui posmipHocti n X n.
Byab-siky ABOTOUKOBY KpafOBYy 3ajauy Ans JiHifiHOro pudepenuiap-
HOro piBHAHHSA N-TO TOPAAKY

g (x) =¥ py () y5=0 (x) + F (x),
i=I
— 6

S; = Yi i = y N,

ze s; =Y, (o;yt="(a) + Bs;y—" (b)), moxkna sanucatd y Burasai (3),

j=1
(4). Lle cTae oueBHAHMM, fIKUIO BBECTH MO3HAYEHHSA

Y(0)=(y(x), 4 (%) ..o, gD (x))7
Fy=(@, ..., 0, f(¥), d= ()7,
0 1 0...01
0 o 1 0
A={ .. .. ........ '

{Pn Pn—t Pn-2... D1}
B iz B By

Kpa#ioBy 3apauy (3), (4) Moxua 3Bectd 1O ofHOpinHO! niHifiHOT cucre-
MH AudepeHLianbHUX PiBHAHD 3 HEONHOPIAHHMH KPafOBHMH YMOBaMH BH-

TJIARY
Z'(x) = M(x)Z(x), (6)

BZ(a) + BZ (b) =4, (7)
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fiKulo BBeCTH nosHauenHs: Z(x) = (Y (x), 1)7, d= d, N — (n + 1)-Bu-
L A(x) F(x) - B, 0\ . B, 0
MipHi BeKkTOpH; M (x) = 0 0 ), B, = 0o 0/’ B, =(0 O)——-
maTpuni poamipHocTi (n + 1) X (n + 1).
IcHyIOTh 3a7a4i 3 AOAaTKOBHMH YMOBAMH HEJOKAJBHOTO THIY (TOOTO
3aJlaHUMH 3a JONOMOrol0 JesiKUX iHIMX (yHKUioHaNiB Bix po3B’A3KY),

HaanK.nau,:
b
{Rwar=1, k=T n
a

Taki ymoBH HOpMYyBaHHA 3ycTpiualoThCsl B KBaHTOBii MexaHiui.
Ilurannna, nos'43aHi 3 icHyBaHHsM po3B’ 13Ky, i N06yn0Ba HaGAHMKEHHX
MEeTOAIB A5 KpaHOBHX 3anau, siK npaBu.Jo, ckJapHimi, Hi’K BiAnOBiAHi
auTaHHs Ana 3afaui Kowi. Meroan poss’ssysaHHs KpadoBHX 3anay
(puc. 4) MoXHa KaacubikyBaTH TaK: METOAM 3BeIEHHs KPaHOBOI 3ajaui
20 3anaui Kouwi, 1o IKHX Ha/exaTb MeTOL CTPiibGH, METOM OPTOroHanisa-
iii, MeToA cnpsiKeHUX PiBHsIHb, METOA JiHeapu3salii 3 HACTYNHUM 3BeJleH-
HAM 10 3anadi Komi, MeTop nponoBxeHHs poO3B’si3Ky 32 NapaMmeTpoMm;
CiTKOBi MeTOAH, N0 AKHX Ha/lemaTb METOA CKIHUEHHUX €JIeMEHTiB, MeTOx
CKiHYEHHHX Pi3HHUb Ta NpOeKuifHO-Bapiaiiini METOAH, PO3IVISAHYTI HAMU

paniwe,

Memodu posbasybanns xpaiobux
saday dnm 3P

/\\

Memodu posbasybarms Memodu po3lasybanna
RiNldHux 3aday Hemuidnux Salay

Sbedenns . & &8
sadavi an‘ol Clmxodi memodu X, Sa g. =
=3 = is EQ
o 8 ol &€
[ T (B8] |88 ] |5
@ S 8
s JOES)ES
3, ' + 3+ /
25| |3 Is | [E%
S8 | |98 T3 & e
5 S a u§ Sn o 5
=% | |88 s - Memod cxiwven- | | Memod crinven-
EcEe | IS3 §3 S~ wux plswugs Hux eaemenmis
Puc. 4 -
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3a3HaynMO, IO B HaBeJIeHHX BHIlE MOCTAHOBKaX KPafOBHX 3ajad BHe
Maraertbes, 106 HeBijloMa dyHKIiA Maja NOXiAHi, AKi BXOAATb A0 PiBHAH-
Ha. Ili andepenuianbHi piBHAHHS Ha DpaKTHI 4acTO YTBOPIOIOTbCA 3 Aes-
KHX iHTerpa/bHHX 3aKOHIB, [0 sIKUX BXOAATH NOXiAHi Bix HeBifomoi HyHK-
Wit Hik4yux nopsaakis. Ilpu npoMy uacto 6yBae Tak, 10 BHili noxiaHi BiA
PosB’A3Kky MOXKyTb He icHyBard. Toai kpafioBa 3agaua po3rasiaeTbes
B y3aranbHeHifi nocraHosui. Posrnisnemo, Hanmpukaan, nepuy KpaioBy
3ajayy /s 3BHuUafiHOro AudepeHuiaNbHOro piBHAHHA APYroro nopsiaky

-Lu=——£—(k(x)—ﬁ—)+q(x)u=f(x), O<x<L, 8

WO =py u(l)=py kW>k>0, g0  (9)

Taka 3anava onucye cramioHapHHi (To6TO TaKHi, 10 He 3MiHIOETHCA 3 Ya-
COM) po3MmOAia TeMmeparypH y crepxui noBxHHOI0 | a60 KouuenTpauii
PEUOBHHH Y J€SIKOMY PO3UMHi. ¥ mepluoMmy BHNaAKy 4 = u (x) — Temmnepa-

Typa, W (x) = —k (x)—j—t; — TenyoBHil noTik, k (x) — koebiuient Temio-

npoBifHocTi, a came audepeHuianbHe PiBHAHHS HA3WBAETLCA cmayionap-
HUM PIBHARHAM menaonpoeiOnocmi. ¥ LpYroMy BHNAJAKY u (x) — KOHUEH-
Tpauis peyoBHHH, w (x) — NOTiK peuoBHHH, B (x) — KoedinieHt nudyaii,
a piBHSIHHf Ha3HBAETbCS CMAYIOHAPHUM DiBHAHHAM Ougysii. Moxnusi
H inwi kpafiosi ymoBu npu x = 01 x == 1. Hanpuknag, ku' = o4 — p,
npux =01 —ku' = cu — pynpux = 1 (6, > 0, 0, > 0). Slkwo o, >
> 0, To ymoBa ku' = o,u — |, HA3UBAETbCS YMOBOIO TPETHOTO POAY, a
npu oy = 0 — ppyroro pony. Mox/uBi Takox KoOMOGiHauii pisHHX yMOB
npu x = 01 x = 1. Hexa#t p, = p, = 0, D (L) — MHOKHHA YHKIIH 3
HopmoBanoro npocropy Wa (0, 1), sxi nopisuioloTs Hymo npu x = 0 Ta
x = 1. Lllo MHOXWHY no3HauawTb TakoX Way (0, 1), To6r0 D (L) =
= W3, (0, 1). Hexait £ (x) mae o6mexeny noxiaHy, GyHKmis ¢ (x) obmexe-
Ha, a GyHKuia [ (x) Haaexkutb npocropy R (L) = L; (0, 1). Toni sanauy
(8), (9) sanuiemo y BHIVIAAI OnepaTopHOro piBHAHHS

Lu=f, (10)
Ze oneparop L BH3HayaeTbesa GopMyaoi
d d
Lu=— - (kW) g ) +e@u

i Mae obnacts BuaHayenHsa D (L) ta o6nactb 3HaueHb R (L). Ockinbku

Wg_o © N Wy, )= L, 0, 1), T0 onepaTdép MOXHAa pO3rAsJaTH fAK
onepartop, Akuil Aie y npocropi 3i ckanspuum fo6yTkom L, (0, 1). Byne-
sIKMii HOPMOBaHUH npoctin abo npocTip 3i CKaJApHHUM JAOOYTKOM MOMXHA
NONoBHHTH (TOGTO 3po6GHTH ioro BiAnoBiAHO 6aHAXOBHM 4H rinbGEpTOBHM),
a BAACTHBICTH NOBHOTH BUKOPHCTOBYETHLCS, $IK IPABUJIO, JIHILIE NPH 00T PYH-
TyBaHHi 36ikHOCTI MeTOAIB. 3BepHeMO AaJjli OCHOBHY yBary Ha aJaropuTMiy-
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Hi acnekrH, Bincrynaioun iHoai B HesHauHi# Mipi Bin maTemarHuHOi cTpO-
TOCTI.

3anHiueMo Aas oneparopa L ¢yHkuionan eHepri'l' (zuB. n. 1.2)

J (@) = (Lo, 0)—2(], v)=§[ 5 0 ) +

0

1
+q(x)v(x)]v(x)dx —2§ f(x)v(x)dx.
0

Bnpasa 1. INepexonatncs, mwo (L o, v)> p| v|? Iuterpyioun uacTHHaMH,
MaeMo

1
d 2
10 = (e (g7 |+ 0
) ,

1
dx—QSf(x)v(x)dx. (11)
0

3a JesaKHX AOJATKOBUX YMOB, Ha §IKi 3apa3 He 3BepTaeMO YyBary, B
n. 1.2 6yno poBeneHo, mo 3afaava minimisauii dyukuionana (11) va D (L)
i 3amaua (10) ekBiBaJIeHTH].

Te came MOkHa noBecTH i iHIuUM crioco6oM. JilicHo, 3aminioioun B (11)
$yHkuilo v Ha u + (v — u), nepenumeno (11) y Burnazi
J () =J () + g [k (x)(—"ﬂ——)er q(x) (v—u)2] dx +
g[k< ) e — 1) — [ () 0 — )] dx =
= Ju + S lk(x)(—dﬂ———) +q(x)(v— u)zldx +
0

+25[—%—(“::)—%—)-I-q(x)u—f](v—u)~dx=

=7 (W) + S[k(x)( ) + 90 0 —up]dx.

Toni

J (0> () yvewh,
TO6TO po3B’ 30K 3aaaui (8), (9) minimisye pynkuionan (11). Hexait, v (x) €

€ WN (0, 1) minimisye pyHkuionan (11). Ilokakemo, mo Toai us pyHkuis
€ po3B’a3KkoM 3ajaui (8), (9). das usoro B (11) migcrasumo (byHKuuo v (x) +

+ a¢ {x), Ze @ — napamerp, a ¢ (x) — ZoBinibHA QyHKLis 3 Wg ©, 1).
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Gynkuia J (v + au) Ak Gyskuis Big o Mae MiniMym npu & = 0, Tomy
27 (0 + ag)lao = 0. (12)

Bupas y niBifi yactuni uiei piBHOCTi HasuBaeTbesa mepiolo Bapiauieo
¢dbynxnionana i nosHavaerncs 6J. HeBaxko nokasaru, mo

6 =2 S[k(x)% & ta0me — /(e W]ds
0

Is (12) micraemo
1 .
[le0 & & +9@o@e@]ds =

0

1
=0Sf(x>cp(x) dxv.o ()WL, 1), (13)

IHTerpyloul YacTHHAMH, NPUXOLHMO A0 piBHOCTI

1
[[= 2 (e 0752 + a0 — (9| e (9 de=0,

0

i B cuay JOBisbHOCTI ¢ pOGUMO BHCHOBOK, IO U 3a10BOJIbHSIE piBHsAHHA (8),
To6TO € pO3B’s13KOM 3ajaui (8), (9).
Takum unHoOM, 3agaua miHimisauii ¢pyHkuioHana (11) ekBiBaneHTHa 3a-

Jaui Bimmyxawus ¢ynxuii v € Wi(0, 1), Aka 3aK0BOJIbHSE TOTOXHICTh

(13) npu acpineHif dyrkuii ¢ (x) € W (0, 1). Omxe, Bei ui Tpu 3ajaui ex-
BiBaseHTHi. 3a3Hauumo, wio piBHaHHA (13) MOXKHa gicratH 3 piBHOCTI

(Lu—f, 9) =0y oW}, 1)

(8 cuay (10)), inTerpyroun yacTHEamu.

3a3HauuMo, 1O BHMOTH JO TMafKocTi wykaHoi ¢yHkuii i dyHKuif
k, q y 3anauax (13) ta minimisauii gyHkuionana (11) MomyTb 6yt Gibi
cnaém Hix y 3azaui (8), (9) (8 (13) (11) nocutn icHyBaHHs nepuHx noxm—
HUX Big 4, a B (9), (8) Tpe6a, w06 icHyBanu apyri noxuml) Tomy posB’s-

30k piBHAHHA (13), AKHE HaJNeXHTb NPOCTOPY WQ (0, 1), mae Ha3By y3a-
rajibHeHOro po3B’s3ky KpaiioBoi 3agaui (8), (9) mpu p; = py = 0. SAxkmpo

KpaiioBa 3asaua (8), (9) Mae poss’si30k B Wag (0, 1), To Bin 6yae i ysaraan-
HeHHM po3B’si3KoM. Bin dyHkuii k, Hanpuknaz, B (13) nocratHbo BuMaratu
obmexxeHocti. Takum ynHOM, mocraHoBKa 3anaui y Burasai (13) nossouse
MOLIKPHTH MOHATTS PO3B’A3KY Kpafiopoi 3azaui (8), (9), Aka y naHomy
BHIQJKY € JIHLIe CUMBOJIYHHM 3amucoM G6ijblu 3aranpHoi 3ajaui (13).
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Harapaemo me onun dakrt. Xoua po3B’s3ok 3anaui (8), (9) wykaersca
y npocropi Wi, (0, 1), npu no6ynosi HabaHKeHOTO PO3B’A3KY 3a AOMO-
Moromw ToToxHocTi (13) fioro MoxHa WyKaTH B GilblI LIHPOKOMY NpocTOpi
W), wo 6yBae 3pyuHO Ha NPaKTHIUi. Y UBOMY BHNAAKY FOBOPATH NPO 30B-
HilHIO anpokCHMaNilo Ha BiamiHy BiA BHYTpilIHBOI anpokcuMauii, Kousu
Hab/uKeHHS i TOUHHH pPO3B’A30K MICTATbCA B OAHOMY MPOCTOPI.
Sk BXKe 3a3HAyaTOCHA, HA NMPAKTHLI MacTO 3yCTPi4alOTBCA TPaHHUuHi
YMOBH APYTOTO pony
W@ =0 u()=0, (14)

a6o ymoBu Hejiimana. Toni sagaua (8), (9) HasuBaeTncs APyroo rpaHuy-
HOIO 3ajaueio. Y3arajJbHeHHM po3B’si3koM 3apaui (8), (9) HasuBaTHMeMO
¢yukuio u (x) € W (0, 1) (na BiaMiHy Bin W (0, 1)), sixa 3a010BOJIBHSAE
TOTOKHICTh

1 1
S[k (x)—z—l;-—%? + q(x)ucp]ldx=§fq>dxvqaeWé(0, n. (149

6
Ty, Ha BiaMiHy Bix nepuioi rpanuyHoi 3a7aui, po3B’s30K IIYKaOTh cepex,
dbyHKuil, «BinbHUX» Ha KiHUAX Bixpiska, To6T0 y mpocropi W3 (0, 1), a
He B W, (0, 1), Takoto camoio € GpyHKUIf .

Bnpasa 2. [lokasatw, WO KOJMM y3aradbHeHHH poO3B’A30K Apyroi rpaHuunoi
3amaui HaJleXKMThb Wg (0, 1), To Bin 3agoBoJibHsE rpaHuuHi yMoBu (14).

I'panuuni ymoBu (l4) HasWBalOTh TAaKOX NPUPOJHHMH, a TpaHHuHi
ymosH (9) ronosaumu. Takum 4YHHOM, NPHPOAHI T'PaHHYHi YMOBH BHIJIH-
BalOTh 3 y3ara/jbHeHO1 NOCTaHOBKH 3aadi, a FoJI0BHI YMOBH MH «HaB’f3y-
€MO» po3B’A3KY.

4.1, 3sepeHHs KpaKoBoi 3apaui
A0 nocnigosKocTi 3aau Kowi

4.2.1. Metog crpiabbu Ta MeTox opToroHaJisauii anf po3s’'s3ysaHns
Jaidifinux cuctem. Hafinpocrime neit merox peasnisyerbes aas JiHifiHOL
Kpa#oBoi 3agaui Burasny (6), (7) 3 o. 4.1. ¥ nbomy pasi po3s’a3ok 3agaui
Kotwi aas piBusuug (6) 3 m. 4.1 3 aesiKMMU TIOYaTKOBUM 3HaueHHAM Z ()
MOXHA NOAATH Yy BHIVIAAL

Z(x)=T(x)Z(a), 1

ge T (x) — dynnameHnTanbHA MaTpHua (To6TO MaTpHlUs GYHAAMEHTAJNbHHX
po3B’si3kiB) cucremu (6) 3 n. 4.1. IlincraBasiioun (1) B xpailoBy ymoBy
(7) 3 n. 4.1, picraHemo TaKy cHcTeMy JiHiHHUX anrebpaiuHuX. piBHAHD Bifl-
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HocHo Z (a):
B, + B, (0)) Z(a) = d, @)

BHU3HAUHHK SIKOT Y BUIIAAKY €AHHOCTI po3B’ 3Ky 3aaaui (6), (7) 3 m. 4.1 sia-
MiHHUH Big Hy/s (NPHUIYCTHBILM NPOTHJIEXKHE, MOXKHA JIETKO NepeKoHa-
THCH, U0 OAHOpiJHA KpaHOBa 3afauya Mae HeHYJbOBHH PO3B’s30K). SIKiI0
Z (@) — po3B’sa30K cucremu (2), To BekTop-pyHKuis (1) 3aKoBOBHATHME
cucreMy (6) i kpaiioBi ymoBu (7) 3 . 4.1. Y ubomy i monsrae ines merony
cTpinbbu. OGuHCAIOBaNbHA CXeMa LBOTO METOLY CKJALAETbCsl 3 TaKUX
eraniB: 1) 6yayemo marpuito I' (x), uucenbHUM iHTErpyBaHHAM pO3B’ -
ayoun s x € [a, b] sanaui Komi z; () =M (x) 2; (x), 2 (4) = ¢; =
= (8:));_ygy» 0:/ — cumBoa Kporekepa; roni I' (6) = (2 (0), ..., 2041 (0));
2) po3B’sa3yroun cucremy (2), snaxonumo Z (a); 3)sa I’ (x)iZ (@) snaxonu-
Mo Z (x) 3a dhopmyaoio (1).

Meron crpinbbu cnpoliyerbes, AKio KpaiioBi ymoBu B (7) 3 1. 4. 1 pos-
LineHi. Po3risiHeMo HacTyHY KpafoBy 3ajauy 3 pO3jiJleHHMH KpaloBu-
MU YMOBaMmH

Y =AY () +F () G)
PY (a) = @y, (4)
QY (b)) = o, ()

ne P = (pi)/=r2, Q = (g:)/Z2=, — sanani npamoxyrui matpuui Bin-
noBigHO nopsaakiB k& X nta(n — k) X n (k < n); F (x) — 3anana BeKktop-
¢dynkuis poamipHocti n; ®,, ©, — 3aj4aHi BeKTOpH po3MmipHocri k Ta n —
— kBinnoigHo; A (x) — 3agaHa KBajpaTHa MaTpHLsA NOPAIKY 71X n, NpH-
yomy paHr P nopiBHIoe k, panr Q nopiBhioe n — k. Togi aaropurm meropy
cTpiib6u HabyBae TaKOro BATAAAY.

1. 3Haxoaumo JiHifiHO He3ajexHi DO3B’A3KH . OAHOPiAHOI cHCTeMH
JigifiHuX anreGpaiuHux pPiBHSHb

PY® = 0. (6)

Hexait e 6ynys Bektopu Y, i = I, n — E(ix n — k, 6o paur marpuui
P nopisnioe k). 3naxogumo okpeMuil (41acTHHHHII) po3B’ 230K CHCTEMH

PY = o, (7)

o —k
AKuA nosHauumo Y TFTD, .
2. 3a IONOMOTOI0 YHCeJIBHOTO iHTErpyBaHHs PO3B’A3YeMO n — k 3ajau

Kouli ans omxopianoro pisHsiHHA (3)
Yi()=A(x)Y;(x»
Yi@=YY i=1n—¢, 8
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Ta 3apauy Komi gaa HeomsopiaHoro piBusiHHA (3)
Yoot (%) = A(x) Vi1 (x) + F (x),
Yn—k+l (a) = Y(n—k-H). (9)

3a pomomoroo Y, (x), i = 1, n — k 4 1, 6ynp-axkuil po3B’a30K cucremn
(3), wo 3agoBosbHAE KpaloBY yMOBYy (4), MOXHA NOAATH Y BHIsA]

Y0 ="S 6¥, (1) + Yoss1 (4 (10)

=1

ae ¢; — poBinmHi crani. IMiacrasasioun (10) B kpafiosi ymoBu (5), gicraemo
cHcTeMy JiHifiHHX anreGpaiuHuX piBHAHD AJsl BH3HAYEHHA C;}

Re =1, (1)

ae R = QV’ V= (Yl (b): seey Yn—k+l (b)),0= (01: veey cn—k)rt t= @y —
—w, @0 = QYn—tp

3. Po3B’si3yeMo cuc'remy (ll) BIIHOCHO C;, | = 1, n — k, i 3a popmy.oio
(10) sHaxoxumo po3B’si30K Kpaiiosoi 3afaui (3) — (5)

SIk 3a3HavaJocs BHUiE y NpUNYILeHH], (10 3aava (3) — (5) Mae caunuil
Po3B’A30K, BU3HAUHHK cHcTeMH (11) BiaMiHHuUE Big Ryas. ko 36epiratu
BCi npoMixkHi 3HaueHHs Y; (x), i = 1, n — k& 4 1, yrBopeni Ha kpoui 2,
HEMOX/IHBO uepe3 oOmexeHicThb mam’ati EOM, To MoOXHA HifTH Takum
uyuHoM. BHacnifok BHKoHaHHS Kpoky 2 3Haditu Y; (0),i = 1, n — k 4 1
(«3abyBatoun» npoMiHi 3HaueHHs), noTiM po3B’'s3ard cucremy (11)i3a
topumy.oio (10) sHaiiti po3B’sizok Y (a) 3amaui (3) — (5) B Touui a.

[Micnsa uporo tTpeGa e pa3 po3s’asari 3ajauy Kowi ans piBHAHHSA
(3) 3 nouarkoBuM 3HaueHHsaM Y (a).

BnpaBa 1. 3anucatd po3paxyHkoBi ¢dopMyan po3B’s3yBaHHA 3ajaui
u® (x) = atu (x) + b, '
U@ =u (0)=0, u()=u'(l)=0
METOJOM CTPiNL6H,

¥V nesikux BHIIaAKax PO3IVIAHYTHH aJArOPHTM METORY CTPiJibOH Hempu-
AaTHHH AJ15 NPaKTHYHOFO BUKOPHUCTaHHS, 60 B HbOMY MOXKe JlyKe LIBHAKO
spocrtaTH obuucJaioBasbHa noxH6Kka. Take Tpan/sierbcs, HaNpUKJIaL, AKLULO
cepej po3B’A3KiB cucTeMH Y’ (x) = A (x) Y e Taki, IO LIBHAKO 3MiHIOIOTb-
ca 3i 3pocraHHAM x. CXeMaTHYHO He MOXKHAa MOSCHHTH TaKHM YHHOM,
Hexaii A — crana marpuus, WO Mae AicHI pisHi BaacHi 3HaueHHs A,
j= 1, n, AKi BiANOBiNAIOTL BJACHHM BEKTOpaM e;, 0 <M <<..<<A,

NPHYOMY A, 3HAUHO Gisblue 3a A,.;. Hexail BEKTOpH Y, 3naiineni na kpo-
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ui 1, MaloTh Taki po3BUHEHHS!

n
)
Y 2 OLikCpe.
k=]

Tonl

Yib)= 2 ok ey eXp (Ayh),

IpHUOMY; OCKiNbKH exp (A,b) smauno Ginbwe, Hik exp (A,—ib), T0 Aan
Beix i =1, &

yi (b) ~ Qin€y €XP (A'nb)'
Le o3Hauae, WO BCi psAKH BUsHAuHHKa cucreMmH (11) npubausHo npomnop-
UiOHaNbHI BEKTOpPY e,, i ToMy po3B’s30K cHcreMu (11) MoxHa 3HafiTH 3
BeJHKOIO quHc.moBabeHom noxH6Kol0.

o6 poss’sasatu cucremy (11), Tpe6a B ainifinomy muoroBuai L (x),
1KMHA MIiCTHTb BEKTOPH BHIVIARY

n—k

Yot () + Y ealilx), (12)
=}

npu x = b, 3HaliTH BeKTOp, WO 3aJ0BOJIbHAE TPaHHYHY yMOBY (5). Tyt
Yn_#41 (x) — po3B’snsok HeopHopianoro piBHsHHA (3), Y; (x), =
= 1,n — k — ninifiHo He3anexHi po3B’sA3KH ofHOpiAHOro piBHsHHS (3).
‘Po3B’s3anns niei 3agaui MeTonoM cTpisib6H MOKE NPU3BECTH 10 HE3a40BiJIb-
HHUX pe3y.bTaTiB, 60 6a3uc 3 BeKTopiB Y (x) mix uac npocyBaHH$ A0 TOYKH
b «cnmomyetbeay. Tomy BuHHKae ifesi: no mipi -TpocyBaHHA A0 TOYKH
b nepioau4HO nepexoiHTH RO iHwoOro 6asucy, To6To Ko iHWoOro cnocoly 3a-
AanHA mHoroBuay (12). Ha uif inei rpyHTyerbcs no6ynoBa MeToay opro-
roHanisanii, A0 posrasly SKOTO MH i HepexoiAuMo.

Muorosun L (x) Burnany. (12) moxHa 3apaBaru 6ym> AAIKHM HaGopom
6a3ucHUX BEKTOpPiB, HanpuKJaj, Ha6opoM Y, (x), i = 1, n — k 4 1, a6o
‘Habopom BektopiB g; (x), { = 1, n — k 4 1, 3p06yTHX opTOroHa’isauieio
Yi(), i=1,n—k -+ 1. Ii sabopu yTBOpIOIOTH NPAMOKYTHIi MaTpHui
Gy (x) Ta Gy (x) Bignosigno. IHmuMK cioBamu, MHOroBHA L (x) MOXKHa 3a-
nasatu marpuueio Gy (x), abo Gy (x), abo Gynb-fiKOIO iHIIOIO MAaTpHUEIO,
fiKa CKJajeHa 3 JiHifHO He3aJeXHHX BeKTOpiB LbOro MHOroBuay. Ilepe-
TBOpeHHH saxe .nepesoantb Gy (x) B Gy (x), mosHaunumo uepes U, 106TO
Gy (1) = U (Gy (x)).

Po3i6’eMo Biapisok [a, 6] Ha yacTuny ToukaMH ¢ = X; < X, < ... <
<X,=bi BBeIleMO HACTynHe neperBopenHs MY ans Aeskoi Marpuumi
G, (X)) = (p. (X)), ..., p,,_.k (Xs), Pa—rt1 (X,)) posmiprocti n X (n —
— k -+ 1). drito qepea pi (), j=1,n—k, nosHauntH pO3B’A30K
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cucremu Y’ (x) = A (x) Y (x) 3a mouatkoBux ymoB Y (X,) = p; {X,), a
uepes p; ., (x) — posB’sasok cucremn Y’ (x) = A (x) Y (x) + f (x) 3a
noyaTKoBHX YMOB Y (X,) = pn_,q1 (X9, x € [X,, X;1], 10, 32 o3Ha-
YEHH AIM,

M3 Gy (X)) = (B} (%), + vy Pk () Pt (8)),

My (ps (X)) = pi(Xsr)y j=T, n—k +1.
Moxnanemo M, = MXs+1. ko Meron cTpinbGH 3CTOCOBYEThCA TaK,

10 32 JONOMOTOI0 YHCENBLHOTO iHTEFpyBaHHs cnoyaTky 3a Y = V; (a),
i=1,n—=Fk+ 1, BusHauaersca Y, (X,), i =1, n — k + 1, norim 32
Y; (X,) BusHavaetben Y, (Xg), i =1, n — k + 1, i T. A. 5OTH, NOKH He
nicranemo Y; (b), i =1, n— k + 1, To B TepmiHax neperBopenHs M,
ueit npouec («npsamufi xig» MeToRy cTpinp6u) MOKHA 3amucaTH Tak:

Gy (Xy) = M, (Gy (Xy), Gy (X)) =My (Gr (Xp)), ... -
Gy (X)) = Mpu—1 (Gy (Xm—1))s

TOGTO MOCAiIOBHO BH3Hauaemo MmuoroBuad L (X,), ..., L (X,) = L (b),
npuuomy L (X,) € MHoroBuzom Becix BektopiB Y (X,), siki BH3HayaloThCH
po3B’askamu cucteMu Y’ (x) = A (x) Y (x) + f (x), 1o 3a10BO/IbHSAIOTD
JiBy rpanuuHy ymoBy PY (a) = w,. PosrasineMo NHTaHHSA: O CTaHEeThCH,
AKIO B uboMy npoueci marpHui Gy (X;), i = 1, m — 1, axi BusHauaioTh
NiHifidi maoroBuad L (x;), i = 1, m — 1, samiHuTH iHIIMMH MaTpHIAMY,
10 BH3HAWAIOTL Ti CaMi MHOTOBMAM, HampHkAan Marpuuamu Gy (X;) =
= U (Gy (X3)),i =1, m — 1, ge U no3nauae onepauiio oproronaJisa-
uii croBnyukiB matpuui Gy (X;) i HopMyBanna nepuinux n — k3 Hux. Toai
npouec oGUHC/IeHHA GOPMa/IbHO MOXKHO MORATH TAK: CNOYATKY 3 MaTPHLEIO
Gy (X,) = Gy (a) BukoHyemo neperBopeHHss U, B pe3yabrarti AKoro jicra-
emo Marpuio Gy (X,) = G, (X,), norim 1o G, (X,) 3acrocoByemo mepe-
TBOpeHHS M,, B pe3yarTati yoro maemo marpuigo G, (X,) = M, (G, (X))
(croBmuukn B G (X,;) He oGop’siskoBo optoroHanabni). Ilicas wuboro
sHaxopumo G, (X,) = U (G, (X)) i T. A., TOKH He 3HaHAEMO MaTpHui
Gm—l (Xm) = Mm—l (Gm—l (Xﬂl—l))» Gm (Xm) = {j (Gm—-l (Xm» Man puus
G (X,) Buspauac gesikudl Jinifinu#i MuoroBup L (X).

Jdema 1. JTinitini nrnozosudu L (X,) i L (X,) 36ieatomocs, mobmo muozo-
6ud L (X,) € mro206udom ecix anavers Y (X s) po3s’ asKie cucmemu Y (x) =
=A x) Y (x) + f (x), ujo 3adosoarbusroms riey apanulmy ymosy PY (a) =
= o,

HoBenennsq. Ilpus = | ue rBeprxenns ouebuane. Hexa# Boro mae
micue ana s = r. Ilokaxkemo, o ToAi BOHO cnpasepiuBe i npu s = r + 1.

abo
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Koxen Bekrop MHoroBuay L (X,) moxkHa nonatu y BUraani
n—Rk+1 -

Y(Xr) = lgl c!!/ X,)=G, (X)) - ¢, (13)

ne ¢ = (¢) \~TA=FFi — BEKTOp JIOBi/IBHHX CTAJHX,

(g; (Xr): ceey g;L—k-I-l (Xr)) = G,(X,) =UG —1 (Xr) =
= U (Mr—l (Gr—-l (Xr—l)))-

Snificuioloun onepaniio M,, nepexoaumo BiA mHoroBuay L (X,) Bcix
sHauenb Y (X,) po3p’aA3kiB cucremn Y' (x) = A (x) Y (x) + fF (x), sxi
3a/10BONIBHSAIOT JIiBY TPaHHYHY yMOBY, A0 MHOrosAay L (X,;i) 3HaueHb
Takux po3p’a3KiB B touui X,yy, TOGTO

Y (Xr41) =G, (Xr1) - c. (14)
3anuwemo G, (X,4,) uepe3 Gryy (X, +1), npuranasuy, mwo
Gr1 (Xr1) = @),z = U G, (Xrp)s
G, (Xr41) = (@ (Xr11)s +- -5 Gret (Xr4)), grotsr (Xrpr)).

Ipouec oproronanisauii llIMiara 3 HopMyBanHAM 3aificHIoeTBCA Op-
MyJIaMH

r =1 r
2y =g; (Xry1)— Y, (@ (Xr+1), 94) a4,
i=1

q] = z.i/V(zjv z))v j= ]» n _kv

n—k
Gn—rt1 = Gttt (Xrp) — ¥ (gf.—k+1(X,+1), 9:)9:

=1
(BeKTOD gn—r+1 HE HOpMyeThbes). [lepenumemo ui cniBBigHOLMeHHH Y BH-
rasai

=1 . —_—
Vienzdai+ L (€1 (Xre) 4) 9= g (X j=T,n—k,

-

(@r—t41(Xrm1), 1) @4 + Gnost1 = Groipt (Xr+1)-'

n—k

X
=
Cucremy cniBBiJHOIWIEHD MOXXHA 3aITHCATH y MaTpHuHiil dopwmi

G, (Xr41) = Grp1 (Xr 1) Qs (15)
6 ) ’ ' 163

1



ae

ofi ofit" ... ofdh o |
0 %™ .. efi ot
gf+l = " e 8 o e o & o e e s s . s e ¢ o+ e 8 s o ’
0 0 "o mg:—'-kl,)n—k (l)gj-_kl,)n-k+l
0 0o ... 0 1
0, i>j, -
—1
ay=| VErm =}/ 16X b= oly, 1] (16)
=1
(g;(X’-H)' qi)o l<]<n—'k+ 1.

TaxkuM uusoMm, 3 (14) micraemo
Y (Xet1) = Gra1 (Xr41) Qr e

loknanemo Q,,ic = c, NPHYOMY B CHIY TOTO, MO ®4YTali iyt = I,

OCTaHHA KOMIOHeHTa BekTopa ¢ fopiBHioe 1. IlepenosHavaioun ¢ = c,
MaeMo Takuil camuii, Ak i (13), sanuc enementiB Muorosuny L (X,), Wmo
B CHJIY NPHHUMIY MaTeMaTHYHOI iHAYKUIT i 3aBepliye NOBeJEHHs JeMH.
Ha xoxHomy 3 BiapiskiB [X,, X,11] po3p’ssok 3agaui (3) — (5) mox-
Ha 3aNKcaTH Y BUIVIAAI
n—k+-1
Yx)= Y
j=1
ze g} (x) — enementu marpuni G, (x) = M) (G, (X,)), Cr—psr1 = 1, 260
inakue

cg} (%),

Y (x) = G, (x) ¢, (17)

= (", ..., 7%, DT, Toknasum B (17) x = X,4, r = ¢, AicTaemo
Y Xo) = Go(Xgre®, -
a npu x = Xy, 7= ¢ + 1 Maemo (micns oproronanisanii g7 (Xs41),
j=1, n—k+1
Y (Xo41) = Goy1 (Xga) - c9HD,
3 ocraHHix 1BOX piBHOCTeH jicTaeMo
Y =[Gt Ko™ Gg (Xe1),

a6o 3 ypaxyeauuaMm (15)

cOth = Qg 10@, (18)
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3uaueHHs c™=D 3HaxonsaTh i3 cHcTeMH JiHifiHUX aare6GpaiuHHx pis-
HAHb, AKa YTBOPIOETHCA miacranoBkowo (17) npu r = m — 1 (nicas opro-
ronagmisauii G,.—; (X,,)) B npaBy rpaHHuYHy YMOBY

QY (Xm) = QUGm—l (Xm) c(m—l) = QGm (Xm) cm—= = ®,.

Janizacm1 3(18) nocmu.om—xo BH3HauyaeMmo &m—2, .., ¢, Ilicas uporo
AAst BillUyKaHHS PO3B’A3KY Ha BinpisKy [X,, Xr41] moxHa 6yn0 6 CKOpH-
cratucst dopmyJoro (7). Onnak TaKHil cnoci6 BHMarae BesIHKOI Nam’aTi
EOM B cuny neoGxinsocti 3anam’ STOBYBATH 3HauYeHH3 marpuui G, (x) y
BeAHKi# Kijbkocti Touok. s ekoHoMil mam’aAti gouinbHimwe 3Hafit 3Ha-
yenHs Y (X,), a norim Ha KoxHoMmy 3 BiapiskiB [X,, X ;] poss’ssysaru
sanaui Kouui. -

[loxo peanizauii uvoro aJrOPHTMY Ha EOM 3poGumo me TaKi 3ayBa-
weHHs: 1) ana exoxomii nam’ati i yacy po3paxyHKiB 3a NOUATKOBY TOUKY
inTerpysanns Tpe6Ga Bubparu Toil kieub npomixky la, bl, Ha axomy 3aza-
Ha 6isblia KiAbKicTh IPaHHYHHX YMOB; 2) 3 Ti€l0 XK METOIO cepel TOYOK
opToroHanisauii BHAiNAIOTbCS TOYKH Xsp, B IKHX BHJAIOThCS pe3yJ/bTaTH,
'r011i marpuui G, (X)) s6epiraioTees auwe Ms 7+ 1 =35, X, <

< X; , < X .., a 3amictb MaTpuub Q, B Toukax X, << X, , < X, 36epira-
IOfrbCﬂ MaTpHui TPHKYTHOrO Bm‘nﬂny A=Q.Q, , ...QS+1 i BexkTOpHM
¢} BH3HAualOThCA uvepes ¢V, s << s" <Cm, 3a dopmynoo Ac® = ¢,
3) KinbKicTb TOYOK oproronanisauii B 3OHi CH/IbHOI 3MiHH pO3B’A3KY CJIif
36i/IbLINTH.

He ananisyioun o6uncsioBajibHY CTifiKiCTh aJropuTMy OpTOTOHAJi3a-
uii, 3a3HauuMo, L0 BiH Maslo YYTJHBHH 1O MOXHGOK 3a0KPYIVIEHb, AKHUIO
Bigpisku [X,, X,41] He nyxe Benuki.

4.2.2. Merop cnpAkeHHX piBHAHb JJS PO3B’A3yBaHHA JAiHiHHMX
cucreM. Lleli meron 3acTocoByeTbcs npu posB’A3yBaHHI KpaHOBHX 3anau
Burasany (3), (4) 3 n. 4.1 aas pisuux croBnuis BiabHHUX uneHiB F (x;.
Ias uboro cnovuatky sapaua (3), (4) 3 n. 4.1 3Boautsca Ao Burasny (6

(7) 3n. 4.1. Ilam OPUNYCTHMO, IO MaTpHIA Bz € 3HAUEHHSM JAefiKOl 3MiH-

HOI MarpHui B2 (x) mpu x = b.
PosrasiieMo cniBBiZHOWeEHHS

B,Z(a) + B,(x) Z (x) = d. (19)

”»
Bu3nauuBiH akuM-He6y b cocoboM B, (a), aBiacu sHaitieMo Z (a), i TuM
camMuM 3BeleMo KpaitoBy 3apauy (6), (7) 3 n. 4.1 no sapaui Kouwi 3 mouar-
KoBUMH 3HaueHHaMH Z (g). [lna simuykands Z (a) Tpe6a po3B’A3aTH CHCTe-
My NiHiAHUX anrebpaiuyHuX piBHAHB

(B, + B, (a)] Z (a) = d. (20)
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I'Iponmpepeﬂuiloaaamn (19), maemo
B0 709 4 By L0 o0,
BpaxysaBuu (6) 3 n. 4.1, 3Haxonnmo
(B 1 B M) 2 =

OcKiABKH Lie CMiBBifHOLIEHHS Mae BHKOHYBarHca B 6yAb-aKifl Touui npo-
Mixky [a, b1, To

“32 25l B (M) =0,
a6o -
dB; (x) ~, A*(x) 0
jx = — M*(x) B; (x), M*(x)= (F*(x) K
OcranHIio piBHICTb MOXXHA 3aMHCATH Y BULIAA
dB - —
LD M Bue, i=T, aF1, (1)

ze §2¢ — {-# psfok marpuui 32 (x). Cucrema (21) Ha3UBAETBCA CNPANECHON
Zo piBHsHHA (6) 3 0. 4.1. I3 nopiBasHHA (7) 3 n. 4.1 i (19) BunaKBaE, WO

Bu(®) =By, i=T, n—+1, (22)

ae BQ, — I-ii panok marpuui Bz O'rme, AJis BH3HAU€HHs MaTPHILi B, (@)
TpeGa po3B’A3aTH n+ 1 3anavy Komi (21), (22). Ilicaa uworo 3 (20) 3ua-
xoaumo Z (a) i noTim po3B’a3yeMo 3ajauy Komwi 3 uuM nouatkoBum 3Ha-
YEHHSM A5l CHCTEMH (6) 3n 4.1.

SIKWO TpeGa PO3B’sI3aTH Pl 3a1a4 BHIVIAAY (3), (4) 3 n. 4.1, aki Bigpis-
HATbCS auwe F (x), To 1n1s nepioi 3 HUX AoBefleTbCs po3p’s3ath n - 1
sanauy Ko (21), (22), a ana KOXHO1 HacTyNHOI — JiHille JOAATKOBO OX-
Hy 3anayy Komwri

iQZ—jl(ﬁ —(F* (%), 0) - Ba, (%), Boni () = 0 0, 1),

ne (F* (x) 0) — (n + 1)-BuMipruit BeKTOp-pANOK, Bg{ ) — (@41
BHMipHHH BEKTOP-CTOBIELb.

4.2.3. Metoa nineapusauii pas posa 'AsyBanHA HeaiHifimMX kpafioBnx
3apa4. PosrisiHemo NBOTOYKOBY KpaHOBY 3ajauy

Y'(x) = F(x, Y (x)); (23)
e(Y(a), Y(b)=d. 29
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Meroa aiHeapusauii MoXkHa 3actocyBatd aGo zo 3agaui (23), (24), a6o o
CHCTEMH HeNiHiIfIHHX anre6paiuHux PiBHAHb
oY (a), @(b,Y (a)) =4, (25)

Ie o (x, Y (a)) — po3p’s30k 3amaui Kowli ans piBHsHHA (23) 3 nouarko-
BOIO ymoBow Y (a).
Y nepmomy BuNalKy pO3B’fI30K MOAAEThCH y BUIVISAL

Y (x) = Y™ () + U (x),
ze Y™ (x) meske BigoMe HaGNIHXKEHHH A0 WYKAHOrO pO3B’A3KY, a

U™ (x) — HeBinoma nonpasxa. [Ipunyckalouu focTaTHiO rankictb QyHK-
nid F ra @ i BAKODHCTOBYIOUH (DOpPMYyaY CKiHUeHHHX npupocrip Jlarpau-
XKa, jicraemo

(m) L ~
a(y (x)d'i‘ U™ (x) = F (x, Y™ (x)) + Dr (x, Z(’"‘ - Zg")) U™ (x),

¢(Y " @+ U™ (@), Y™ (b) + U™ 1) =
=oY@, Y™ 0) + O (0i” @), ..., of” (),

o ®), ..., o™ G)U™ @ + O, @™ @), ...,

o™ (a), w{"’ ®) ..., o (b)) U™ (), (26)
oF (x.zl,....z)
ne Or (x, Z§", ..., Z8) =< ! la ‘n \) __ — maTpHua Sko6i
Yy tj=1n

BeKTOP-dY HKLT ‘
F, Y(x)) =F(x, (), <., ya (1)),

ZP =@, ..., A, O (e @, ..., oy (a), 0" (), ..., of (b)) =

=(- 09, (4P (@), ..., &P (a), &P (), ... "")(b)) )

dyy (a) ie=Tn
@, (0" @), ..., 0f” (@), o ®), ..., o5 (b)) =
_( 3 (P (@), ..., 0P (a), & (), ..., &' (B)
- a.’/k (b) jh=1n

— marpuui JAxo6i Bekrop-pyukuii ¢ (Y (a), Y- (b)), npuuomy
12 (0) — Y™ (<A U™ (1)1,
e @ — Y™ @I<IU™ @),
fof? (0) — " OI<iO™ )1, k=T, 7.
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SIkmo npunyerard, wo | U™ ()4, 1 O™ @] i [U™ )} mani,

TO OCTaHHi HepiBHOCTi 03HAYaI0Th 6/U3bKICTh HEBiAOMUX BEKTOPiB ZSZ {(x),
of"(a), of” (b) no Binomux Bektopis Y™ (x), Y (@) i Y™ (b) siamo-
BlllHO Tomy, 3aMiHHBIIM B sikoGianax 3 (26) HeBifOMi BEKTOpPH BijOMHMH,
ficTaHeMo niHifiHy kpalioBy 3ajauy Ais Bu3sHaueHHs Bektopa U™ (x),

sikuit Gyae Habmuxaru U™ (x):

- (m)
-dya——x @ — @ (x, Y™ () U™ (x) + F (x, Y () — id—('l' ;

Dy (Y™ (@), Y™ (b)) U™ (@) + D, (Y™ (@), Y™ (b)) U™ (b) =
=d—oe (Y™ @, Y™ ©)). (28)

Po3s’asok niniitHol 3amaui (27), (28) moxkHa 3HafiTH, HanpHKJIaj,
BHKJIaJICHHMH BHILE METOJaMH 3BefleHHs i 10 po3B’a3yBaHHs 3ajaui Ko-
wi. Ilicas ubOro MoxkHa 3HalTH HacTynHe HaOJIMKEHHs O PO3B’ 3Ky 3a-
naui (23) i (24) 3a dopmysioo Y (x) = Y (x) + U™ (x), norim 3
(27) i (28), 3aminmBmwn Y™ wa Y™ snapru U i 1. 4., mDotH, AoKH
He 31006yaemMo po3B’si30K BHXiAHOI 3ayaui 3 norpi6Hoto Toudictio. ITutan-
HA MPO 36GiXKHICTb UBOTO METOLY MH He PO3I/IAAAEMO.

27)

Bnpasa 2. 3anucath o6uuc/ioBaibHi GOPMYIH METOAY JiHeapu3sauii ana poas’a-
3yBaHHA Kpa#oBoi 3ajaui

( dc 2
1

& =0, ¢(0) = ¢, ¢(8) =0,

dx® ' T2
X 1

0}

K2 OMHCYe 3MiHY KOHLeHTpauii peyoBHHU B npoleci xiMiuHol peakuii 3 geAKuM Kataal-
3aTOpOM.

AnanoriyHo moxHa JiHeapusyBaTH i cHCTeMY HeNiHIHHHX pPiBHAHB
(25). Hexa#t BizoMe gesike Habmmkents Y™ (a) pas Y (a), a U™ (@) —
HeBizioMa monpaeka, 10610 Y (a) = Y (a) + U™ (a). Toxi, sikuio Hopua
|- U™ (a) | nocHTE Mana, MOXKHA NMOKIacTH

YY@)=9 (@ oY @)=
~ ¥ (V™ (@) + Dw (V'™ (@) U™ (@), (29)
Ie (f)w =<_‘7‘EW) __—Marpuus S1ko6i Bektop-pynkuii ¥ (¥ (a).
J k ]=l n

¥ BUKJIaneHOMy BHIlie METOA{ yTBOpIOBa nach MaTpHus SIKoGi Bii HeBiAO-
Mux Bextop-dyHKIiA F (x, Y (x)) i ¢ (Y (@), Y (b)). A npu nineaphusauii
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piBHaHHA (25) enemeHTH Marpuui @y BHABIAIOTHCA HeBifioMHMH, GO HeBi-
AOMOIO € 3aMeXHicTh » (b, Y (a)). ¥ ubomy pasi MOXKHa RifiTH TaKUM UH-
HoM. Tloxinuy 3sMiHIOEMO DiSHHUEBHMH BMpa3amu -
an (Y™ (@) Ve (Y™ (a) + hey)) —a (V™ (a))
oy, (@ h ’
ne e; = (8;),_> — j-# KoopaMHaTHHA OpT; h — JOCHTH Majle YHCIO.
11106 3uaiiT , (Y('")_(a))i Ppp (Y™ (@) + he;), poss’asyemo sasaui Komi

(30)

d—ydo;(:i =F (X, yo (x))’ YO (a) = Y(m) (a)’
'd—‘yj:fn =F(x,Y;(x), Yi@=Y"@)+ he;, j=T,n,

B pesy/bTaTi YOro 3HAXOAHMO (b, Y™ (a)) = Y, (6), o (b, Y™ (a) +
+ hej) =Y ;(b), j = 1, n. Tum camMum BH3HAUaEMO BEJIHYHHH

¥ P @)= (Y7 @, 00, Y7 @), k=T n;
ba (V7 (@) + he)) = 9 (V" (@) +hej (b, Y (a) + hey)),
j» k=1,n,
i norim o6uncaoemo marpuwo @y (Y™ (a)) 3 eementamn Buraspy (30):

vy he ) — by (V™
Dy (Y™ (a))=-.( Y (Y77 (a) + e,:) P ( (a))> B
kj=ln

Lia mMaTpHus € HaGJIHXKEHHAM AJas MaTpHLi (ﬁw (Y™ (a)). Ilicts wuporo

MoxHa BusHaunTH HaGmmxkenna UY" (a) nin U™ (a), poss’ssyioun cu-
cTeMy piBHfIHb

Dy (Y* @) U™ (@) = d — o (Y™ (@), Y, (D)),

aka B cuny (29) e «uaGamxenHam» cucremu (25). Cyma Y™ (o) +
+ U™ (@) = Y™ (@) ¢ HOoBe Habammennss aaa Y (@), micas uboro
BEeChb MpOUEC MOXHA NOBTOPHTH 10 YTBOPEHHS 3a/l0BiJILHOIO HaG/HKEeHHS.

4.2.4. MeTton npojoBxeHHS Po3s’a3Ky HediHiiiHOl kpaitoBoi 3apadvi
3a napametpoM. Lleli MeTos 103BOJ/IsI€ 3BECTH*PO3B'sI3yBaHHA HeJiHifHOT
Kpaiiosoi 3anaui (23), (24) no po3B’a3yBaHHs NOCJiJOBHOCTI JiHIHHUX 3a-
zau Kowi. Criouarky BHOHparoTh [0BiibHUH BekTOop Y, i pO3B’sI3yI0Th
sagauy Kouri pa piBHAHHES (23) 3 ouaTkoBUM 3HaueHHAM Y. [losHavyumo

ii po3B’'s130K uepes );(x). 3a uum po3B’ A3KOM MOKHA 3HAHTH dy = @ (1? (@),
Y () = ¢ (Yy Y (b). SAxwo pas koxuoro A € 10,1} icuye poss’asok
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3ajgaui
Y'(x, ) = F(x, V) ) 3l)
@ (¥ (@A), Vb, A) =2r(d—dy) + do, (32)

KMl HenepepBHO 3a/IeXXHTh Bif A, TO 1% (x, 1) =Y (x), ne Y (x) — poss’s-
30Kk 3apaui (23), (24), a Y (x, 0) = Y (x). Takum uunoM, BuxinHa 3apnaua

(23), (24) spomuTbes A0 BU3HAUeHHA Y (x, 1).
Huoepenuiooun (31), (32) no A; maemo

d [ d¥ 5 OF 9y,
W(ﬁ)= ) 5n. 0A (33)
j=1 %9y
> dy, (a, A n 8y, (by A
Z ~0<P y;;: ) 2 ) y,((n ) —d—d, (34)
=1 ayj (ar A') J=1 ay,(b. M

BseaeMO MO3HaueHHS:

FEW _yan), Ula=Usy UGN =Uy0;

A
aF oF
(DF = (—.,— ) o200y o ),
ay, Oy,

(Da:( ...aq) 3 ey ..atp )’
9y, (a, ) 9yn (a, A)

m,,=(_i_,...,_L).
dyy (b, A) 3yn (5, A)

Toxi cniBBigHOmeKHs (33), (34) sanuueMoO TAaKHM UHHOM]

w_((;;.;.)_ = ®r (x, ¥ (x, MU (x, A); (35)
@, (V@A) Yo, MU, A+ O (¥ (2, 4), Yo, )U,(}) = (36)
=d—d,

3apnava (35), (36) ana U (x, A) e ninifinolo xpakioBoio 3apaveio. [as Bu-
sHaueHus Y (x, A) maemo 3apauy Kowi -

dy (x, M)

SH —UmA), Y60 =V (37)
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Slk npaBHno, ANf anpokcHMauii 3anaui (37) sacrocoByioTh Meron Efitepa:
Y (x, A+ AA) = Y (x, A) + AAU (x, M),
);(x, 0) = 1% (x).

PoapaxyHKH BHKOHYIOTb TaKHM 4HHOM: 1) 3a Y {x, 0) 3 (35), (36) BH3Haua-
tb U (x, 0); 2) 3a Y (x, 0), U (x, 0) 3 aBHuX dopMya (38) sHaxomaThb

Y (x, AA); 3) 3a Y (x, AMA) i3 (35), (36) Busnauaioth U (x, AL)i T. A.

Bci po3rasHyTi MeToAH npHBOASATBH A0 6araTtopasoBOTO PO3B’'A3yBaHHA
3aaay Kowi, ToMy iXHf TOUHiCTL B OCHOBHOMY BH3HAYa€ThCS TOUHICTIO
posB’a3yBanHsa 3agau Kowi. Kinbkicte oGuucmoBanbHoi poGoTH npH 3a-
CTOCYBaHHi X MeTOAiB AOCHTb 3HauyHa. TOMy Ha NMpPAKTHIi YacTO BHKODH-
CTOBYIOTb CiTKOBi MeTOAH, fIKi 3BOAATH JiHifiHy a60 HeaiHiAHY KpalioBY
3afayy 10 PO3B’si3yBaHHA BiANMOBiAHO eHcTeMH MNiHiHUX uM HeaiHilHHX
anreGpaiyHux piBHAHD, AKi MH pO3ryisHeMO Jani.

(38)

Bnpasa 3. 3amucath o64yHcAIOBaNbHi GOPMYJIH MeTOLYy MPOAOBMEHH® PO3B’f3-
Ky 3a napaMeTpoM AJis HeainifiHol KpafioBoi 3anavi
14 () 4uu"=0, x€(0, 1),
u(0) =u w2 (0)+u(h)=1u
(4g, 4, — 3ajani uMcaa), AKa 3ycTpivaeTbcss B HeniHifmif onTHui..

4.3. Merof CiToK po3B'A3yBaHHA KPAHOBKMX 3ajau
ANR 3BMMARHMX AnepenLianbHUX PiBHAHD

Ictiye Garato ciTKOBHX cxeM, fIKi anpOKCHMYIOTb OJHY i Ty camy AH-
¢epennianpHy 3anauy. Cepex Takux cxeM HaMm TpeGa BUOpaTH Ty, fIKa Ha
nopiBHsHO rpy6Hx ciTkax (a He TinbKH NpH KOCTATHBO MAJHX KpOKax
CiTKH, KO/IH PO3MipHiCTb 3aaui MOXke G6YTH LyKe BEJTHKOIO) rapaHTyBaa 6
6aykaHy TOYHICTb AJIS 3HAHJIEHOTO HaGJaMXKeHHS po3B’sA3Ky. [lis uporo cit-
KOBa cXema Mae BiZ6UBaTH OCHOBHi BJIAaCTHBOCTi NMOYaTKOBOrO OlepaTop-
HOTO PiBHSIHHA: CAMOCNPSXKEHicTb, JOAATHY BH3HAuCHIiCTD, ciTKOBI aHaJso-
M THOOBHX anpiopHHUX OUiHOK Ads AudepeHiiajJbHOro oneparopa TOLLO.
Ockinbky ui BJaacTuBocTi gudepennianbHol 3asaui B mareMaTHuHill isnui
€ HacJiikaMH MeBHUX (pi3HYHMX 3aKOHiB, TO MOMKHA CKa3aTH, IO CiTKOBa
cxema Mae 6yTH Takow, o6 s i1 po3B’A3yBaHHA Ha CiTLi BUKOHYBAaAHCh
ocHOBHI (siki BH3HAuyaloTh 3ajauy) i3uuHi 3aKOHH.

PosrssiHemo MeTou To6GyA0BH CiITKOBUX CXeM, fiKi HaiuacTilie 3acToco-
BYIOTbCS HA NPAKTHIi i anpoKCHMYyIOTh KpaioBi 3ajadi AnA 3BHYAHHHX
aupepenianbHHX piBHARD. OCKi/NIbKH Li CXeMH 4YacTO BHPaX<aloTbCsl ye-
pe3 pisHHLi WYKAHUX QYHKIIH, TO TpaAALifHO TX HA3UBAIOTb Pi3HUYeSUMU
cxemamu.
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4.3.1. Meron dopmanbroi 3aminn MOXiAHRX CKiHYEHHOPi3HUUEBHMH
BiJHOWEHHAMH. ¥ LIbOMY METOAL MOXiAHi, AKi BXOAATb A0 AudepeHuianb-
HOro piBHSIHHA, i FpaHHYHI YMOBH 3aMiHIOIOTBHCSI BUKODHCTAHHAM (opmy.a
YHCeNbHOTo AudepeHuiloBadHsa (auB. n. 2.9 3 4. 1).

Sxmo u € C® [a, bl, T0 B ycix BHYTpilHiX By3nax citkn o, = {x; =
=(h; i =0, N; h = (b — a)/N} (to6ro B TOUKax CiTKH m,, {x; =
=ik i=T1, N—1; h= (b —a)/N}) nepury noxigHy ' (x) moxHa
anpOKCHMYBaTH npaaono pi3HHLEBOIO NOXimHO0

Uy = ul+lh~u = uuH_l)n ) . i=1, N—1 (1

(y 6esmnexcunx nosHauyeHHAX u, (x) = (u (x + h) — u (x))/h, x E ©g),

JIiBOIO p131-mne301o noXiaHow N

g = = TN T (g (1) = () —u (x — BY/A), - (2)
X €Wy
a60, BAKOPHCTOBYIOUH JiHiHHY koMGinauiwo (1), (2),— Bupasom

uSh = oty +(1 —0) gy, i=1, N—1

U (x) = oty (x) + (1 — o) u; (x>, x € @y),

ne 0 — Gynb-aike Aificie yucno. Ilpu o = 2 Licraemo anpoxcnmauno,
fika Ha3MBAETHCA LEHTPAJBHOIO Pi3HHIEBOIO MOXiAHOIO

ul/? = uy = (epr — w2 (g (1) = (@ (x+ h)—
—u(x —h)/(2h), x¢€oy) (4)
®opmyan (27), (28) 0. 2.9 3 4.1 pawTh TaKOX i anpoKCHMALil:

3

—3uy b U,

3u,—4u, _; +u_
ux_ —0 = t 2hl 2 ’ (6)

npHYOMy HaBefleHi BHilie GOPMYJIH [aJeKO He BHUEPNYIOTb MHOXHHY MOX-
JIHBUX anpoKCHMaLill nepiuoi noxiaxoi.

Bupasa 1. 3a monomoroio poasuHenHa dyHxuii u (¢) B pax Tefiropa B oxoni
TOYKM X = x; jgicraty Taki GOPMYAH AL JNOKaJbHOT MOXMOKM anpoxcuMauii ¥j (x):

Pn (x1) = 4y —u’ (x;) = (0_ %) hu" (£1) + O (h?);
he
Y (i) =u, —a (1) =51 (x;) + 0 (b) =0 (h%);
x,0
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hl
Wi () =, o—u (x1) = ——5u® (xy) + 0 (h%) = 0 (n2); n

. B2 v
Y (xn) =, _o—u (x1) = —5-u® (x)) + 0 (h®) = 0 (3,
Tpn sxii rnankocti dyHkaii BoHn MawoTe Micue?

B n. 2.9 3 4.1 nokasaHO TakoX, fIK AicTaTH ciTKOBi anpokcumauii ais
NOXiHMX BHILHX NOPSAKIB T3 HABENEHO NOPSANOK NOXHOKH LHX anpoxcy-
Maniii, axui Moxe GYTH BHULHM JISi PiBHOMIPHHX CiTOK Ta cnemiajbHOro
pO3MilieHHs BY3JiB i HHXYMM A8 HepiBHOMIpHHX CiTOK.

Hanpukaan, ans anpokcumanii 4pyroi noxiauoi uy: (x), u € C* la, 6],
Ha HepiBHOMipHi# ciTui MOXHa BHKOpHCTOBYBaTH GopMyIH:

O T i Bl 1
u;;.l - r_'i-H l hH—‘ hi ! ,ﬁ‘+l = 9 (hi + hH‘l)’ (8)
0 B g B2~ Wi_yp0
Ui = [ P 3 ’ 9
i
Ae Uigyp=uU\Xy=——|/, hy = x; — X1,

Bnpasa 2. 3a gonomoroio possuenHs B pan Tefiopa yTBOPHTH HacTymHi BH-
pas# AIs NOKaJNbHOI NMOXHOKH anmpoKcHMalil:

hy y—h
P (o) = gy, — o o) = —EELT 4 () + O (0%, a9
hyy—2n h .
Ph (x) =uzp — & (1) = L 4h:+ =)+ 0k, ()

ne h = max h;.

slgwmo citka piBHoMipHa i u € C* la, bl, To 3a gonomoroio dopmyau Teiiao-
pPa HEBaXXKO MEPEKOHATHCA, WO

U = = (e — 20y + u /R = 1" (x,) + (u(‘” &+

PZA

+u® &) =u" (x,) + 2 u‘ (),

ne ToukH &, &;, v} posmimeni Ha Bl)lplBKy lx,. h, x; + 4l I3 CmBBl)lHO-
wenHs (11) BUnANBae, 110 A0KaAbHA allpOKCHMallis B TOYli X; HA HEpiBHO-
MipHif ciTui Biucymﬂ, TOMY IO
C; = (hi+l —2h‘ + hi—l)/(4hi) =0 (1)
Tomy iHoxi HepiBHOMipHY ciTKy BHGHpawTb Tak, W6 ¢; Oyau Hee-
auknMu. H{BOro MOXKHA IOCHTTH, AKLIO, HANPHKJAAA, HepiBHOMIpHY CiTKY
6yayBatH Tak, mob h;y, = gh;, ge ¢ — crana, 6ausbka 1o, 1. Toai ¢; =
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= (¢ — 2+ l/g)/4 = (g — 1)*(49) - 0 npu g — 1. Buxonsuu 3 dop-
mya (1) — (11), mMoxna 6yayBatu ciTkoBi anpokcumauii i aas Ginbii
CKJAaAHUX AHQepeHlianbHHUX BHpasiB. PosrnsHeMo, HanpHKAaj, TakHi
AudepeHuianbHUl BHpas:

Lu= 2 (k) G5) = ¥ 0 & (9 + k()" (1) (12)

ne u € C* 10, 1). BubpaBiun A1a HaGNHIKEHHs NepPUIMX NOXiAHMX Biano-
Biniy dopmyay, Ha citui o, ={x =ihii=1,N-=1, h = 1/N},
MOXKHA PO3TJSIHYTH TaKy alpoKcHMaliio: \

—1 . -1
L,,u,, = (au;)x_l = h (a1+|u;_‘+| — a,u;_,) =h (a{+1ux‘( —-a,u;‘,).

BpaxoBytoun (7) i (12), anna nokanbHOT NOXHOKH anpoKcHMauii aicraemo

— + ,
Lytty — (L) = =220 g7 (o) 4 2T 47 (1) 0 (1) —

— K (e (e — () () = (BT ) (x) +

(R )t ) + 2T 0 () + 0 (49,
ne (Lu), — 3HaueHHs Bupa3y (12) B Touui x; ciTkH. 3BiACH BHILIHBAE,

11O /I YTBOPEHHs APYroro nopsiaKy anpoxcumauii 3a ymosH u € C® [0, 1]
tTpeba BHOGpaTH a, Tak, 100

2T r) = 0 (49,
ST K (x) = O (),
w hu® (x,) = O (h?).

Jl/is BHKOHAHHSA WHX CNiBBijHOWeHb AOCTaTHBO, WO6 & (x) € C* [0, 1] Ta
a; =k (x; — 0,5h), abo a, = (k, + k_1)/2, abo a; = (k7' + ki)™
(nepepiprte Le 3a JoNOMOTOIO po3BHHeHHsI 3a ¢opmyJioio Teilaopa).
Il puraad 1. Merozom 3aMinn noxigunx pisHHIEBUMH BiIHOMEHHAMH NOGYLYEMO
pi3HHLEBY cXeMy And Takoi rpanuuHoi 3agaui: i
—u' (x) + g (x) u (x) = @ (x),
—u' (a) + agu (@) = ¥y, (13)
u' (b) + oyt (b) = 1,
e >0,0>0g(x)>0Vvx€E [a, b). Beenemo citky &y, = {x;: 5 = a4 + ih, =
=0, N, h= (b — a)/N} = on ) {a, b). Buxopucrosyiouu dopuyas (8) na pisHomip-

il cirui ana anpoxcumauii apyroi noximmoi, (5) — aas anpokcumauii nepwoi moxinnof
B rpaHuuniit yMoBi B Touui a ta (6) — AnA anpokcuMaiwii mepuwoi moximHol B rpanuuHii
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ymoni B Touni b, alcraemo cxemy
— Vi it&@m=01 i=1,N—1

—3Y+4n—y
0+2h~l 2y = Yo (14)

Syy — 4yn—y + Un—2
2h

Onst anpokcHManii 8 ApyruM NOPSAKOM FPAHHYHHX YMOB MOXHA BHKODHCTAaTH QOpMYyan
(7) ta pisusrna (13). Toxi

+ awyy ="

h A
—u (@) =—t, 9+ W @+OMB)=—u o+ 7 (€@ yla—9(a)+

h
+OM®) =—uyy + 5 (@t — Po) + O (h?).
Ananoriuno A
u' (b)) =uz v+ -5 (@yy — 9p) + 0 (BY),
i nicraemo cxemy

— Yzpu ‘eivi=q1 i=1, N—1,

h
—¥y0 + 5 (&oto — Do) T+ Relts = Yoo (19)

h
yznv+ 7 @yyny— Py) + %y =71
460 B GeslnAeKCBHX NO3HAYEHHAX

— Y () + (D) y(x) =g (x), x€wp

h
—4x (@) + 5 (2 (a) ¥ (a) — ¢ (a) + @y (a) = Yo, (16)
h
)+ 5 @)y () — ) + ay (0) = .

I3 nonepeanboro BHK/AaAy BHNJIHBae, o y BUnaaky u € C* [a, b] cxe-
mu (14) i (16) matoTb ApPYTHil MOPAAOK JOKaAbHOI anpokcuMalii (B Touwi).
Jdns anpokcuManii moXifHHX, W0 BXOAATb N0 TPAHHUHHX YMOB, A{IOTb
ananoriuHo. BBoasTh citky

6’('1)={xi=xo+ih’ i=(T,—N,' x0=a—_g-'
h=(b—a(N—D)=al’ U{a— 5, b+5],

rpaHuuHi Byanu @ — % Tab + % SIKO1 He HanexaTb BiApisky (a, 6], ua

AKOMY LIYKAIOTh PO3B’A30K novarkoBoi 3ajauvi (13). Ili By3an Hasusaioth
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hixmusnumu. 3a gonomoroio ¢opmyau Tefisopa nictaeMo, L0 y BHOAAKY,

KoaH 4 (x) € C® la, bl i 11 moxkHA nNponOBXKHUTH 3a Mexi Bigpiska [a, b] i3
36epeeHHAM KJacy IVIaaKoCTi, TO Ha ciTui ol

- A u(a+—g—)'—u(a——g—) At
u(a) = uro——5 u® §) = —— — 549 @),

I .k h
Je § — Jesika ToYKa 3 Bijpiska |a — =, a+—2—].

kK’piM TOrO, AKWO U € C? [a— %. a-i-—gj, TO

i ula A v .
o= u(a— 2)‘: (.+ 2) —hT’u"(E). EE‘[a——';—.a-i-—g—]-

TakuM uuHoM, 3a mpunymenrHs u (x)€C* [a— % , a+ -%] MaEMO

{le OJHy CXeMy APYroro NopsiKy JOKaJbHOT anpoKCHMauii Ha ciTii wf’
~ YT Y=, i=1, N—1,

—'!/x,‘O'*‘ao yo-;yl = Yo» (17)
Yy + Yn—
Yin t+ “1-N—2-‘£'1— = Y1

PisHuuesi cxemn (14) — (17) aBasi0Th COGOI0 CHCTEMH JMiHifHHX aare6pa-

iuHHX piBHAHB DOpAAKY N + 1 3 Hesinomumu y;, i = 0, N. Ix moxua 3a-
MUCaTH y BUT/AAL

AY = F, (18)
ae Y = (¢, ..., Yyn)T — ueBinomuii Bektop; F — 3ananufi Bekrop; A —
BigomMa matpuus. ns cxemu (14) F Ta A MaloTh BHIVIAA,

2 2 T
F= ('—%L r P1» Pgy o: oy PN~1, %) ’ (19)
l B
A= Ty X
“3+2xh —4 1 0 0 0 6 -
-1 24+ g0 —1 0... 0 0 0
% 0 —1 24 gh? —1 0 0 0 ’
0 0 0 0 —1 24 gy_ht —1
| 0 0 0 0... 1 —4 3+ 204




wia cxemH (15)
P
Fe(t oo oo o4 1) @0

14 P g -1 0 0...
i —1 2 4-g,h? — 1 0..,.
A= 0 . —1  24gh —1...
0 0 0 0..
_ 0 0 0 0...
0 0 0 -
0 0 0
.0 0 0
—1 24 gyih? —1
h%gy
0 -1 1+ 3 +etsh

I, napewri, aaa cxemu (17)

2 2
F =( X° » P1s Pgy - ory PN, Zl )1

1
A=TX
—1 24gh —1 0 0 0 0
< 0 —1 24grr—1 0 .0 0
0 0 0 eee —1 2+gN_|h2 -1 .
0 0 0 LY 0 -"2+ha] 2+ha]_

(21)

TakuM YHHOM, 3a LOMOMOTOK MEeTOAY CiTOK rpaHuuHa 3anava (13) 3BoaHTh-
cA A0 pO3B'siI3yBaHHA cHCTeMM JiHiAHUX  anre6paiyHux piBHAHbL BHAY
(18), npuuoMy Aan noGyaoBH marpuui A i Bekropa F GyJ0 BHKOPHCTaHO
MEeTOA 3aMiHH MNOXiAuuX pisHUneBUMHM BijHomeHHAMH. OCKinbKH ANA
anpokcumauii oaHiel # tiel camoi moxiaHoi icHye 6araro pisHux dopmy.d,
TO 3a [JONOMOTOIQ IbOTO METOAY MOXKHA AiCTaTd # iHWI cxemH, AKi He 36i-
raoTbes 3i cxemamu (14) — (17). fkiit ke cxemi Bignatu nepeBary?

BianoBifb Ha 1e 3aMTaHHA HE OJHO3HAYHA | 3a/1eXKHUTD Bill TOTO, AKHX
BJIACTHBOCTEH Pi3HHIEBO] CXeMH MU XoueMmo INOGHTHCS. '

3ayBaxkumo, WO onepaTop rpaHuuHoi 3apaui (13) y sBimnopigHo Bu3Ha-
ueHoMY npocTopi 3i CKanApPHUM LOOYTKOM € CUMETPUYHHUM i KOAaTHO BH3HA-
uenuM. Jlificho, 3apauy (13) MoxxHA 3anuMCaTH y BUIVIAAI ONEPaTOPHOro

177



piBHAHHA

Lu=f, (22)
ae v
—u” (x) + g (x) u (X), x € (a, b)l
Lu=‘—u'(a)-|—a0u(a), x=a,
u' (b) -+ agu (b), x=b,

p(x), x€(a,b),
Vo' X =aq,
?l' X = b

f=F) =

npuyoMy obsactio BusHaueHHs D (L) onepam{)a L e npocrip C?a, 8], a
obaactb 3Hauenb R (L) aexurs y npocropi Q° [a, b) KYCKOBO HEMIeDEPBHHX
Ha [a, b] dpyukuisi. Akwo y Q° [a, b] BBecTH cKansipHuii KO6YTOK 3a dop-
MYJI010

b
(4, ) = S u(x)v(x)dx + u(@ v(a) + u(d)v(b),
TO 33 AONIOMOroI iHTel‘pyBaHHﬂ YacTHHAMH HEBAXKKO 3Haﬁ'l‘l»{, ulo

b
(Lu, v) =au (b) v (b) + agu (@) v(a) + S u (X)v (x)dx +

b
+ {g@Wu v dr =, Lv),

3BiAKH BUN/AHBae CaMOCTIPSXKeHiCTb Ta A0AAaTHA BH3HaueHicTb L. [IpupoaHo
cnoAiBaTHcs, 10 MaTpuus (onepartop) pxsunuesm CXeMH, AIKa alpOKCHMYE
3anavy (13), TAaKOX € CHMeTpHuHOW. I3 uux MipKyBaHbcaif 3ynHHUTHCSA
Ha cxemi (15).

Y n. 2.2.3 goBefeHo, WO OpH Gy, &, > 0 MaTpuus (oneparop) pisHHue-
Boi cxemn (15) € noaaTHO BH3HAUEHOW Y NPOCcTOpi CiTKOBHX PyHKUiM 3i cKa-
JAPHHM N06YTKOM

. N
(y, v) =(y, 0)6 = 2 hy,v,.
Ockisbku Matpuus A TpuAiaroHaibHa, TO A5 PO3B’A3yBaHHA 3ajaui
(15)'MOXHa 3aCTOCYBATH METOA, [IPOTOHKH.
4.3.2. Metopn Hesu3Hauenux koediuienTis. 3a LHM METONOM AHCKpeT-

HKil aHanor aHdepeHuiaapHOro onepatopa Lu y koxHifl Touni x, peaxoi
CiTKH IIYKaeMO y BHraani

Lyup 3=z, = 24 aptt (Xp)s (23)
k=0
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Ie a, — TOKH WO HeBH3HaveH{ koediuieHTH. MHOXHRA TOWOK X, kK = 0, ¢
Ha3UBAETbCA WADAOHOM, a TOUKA X, — yenmpom wabarona. HeBuaHaueHi
KoedillieHTH 3HaXOASTh 3 YMOBH HAlBHILOTO Bi IHOCHO h nopajaxy anpoKcH-
Manii B Toulli X, AH(epeHLiaIbHOrO onepartopa PisHHLEBUM GNepaTOpoM
(23). Lle exBiBaneHTHO TOMY, L0 3HAueHHs AudepeHuianbHOro i pisHHUE-
BOTO oneparopiB MaioTh 36iratHcs Ha MHOTOWJIE€HaX A0 MAaKCHMAaJIbHO
BHCOKOro crefiens m. [1pa ubomy A5 KoediuieHTiB a, yTBOPIOETLCS CHCTE-
Ma piBHSHD i SIKILO BOHA Mae PO3B’A30K, TO

Luthy s, — (LutYy \ems, = 3" @2t (1) — Lt () = O (A,
k=0

PosrasiHemo, Hanpukaan, audeperuiaibHHfl onepatop 7-ro NOpPAAKY BH-
raaay '

Lu(x) =Y py (1) u® (1),
k=0
ne pp(x) — 3anani nenepepBri ¢ynkuii. Ilpunycrumo, mo u (x) €
€ C™**! (Q) i BuGepemo wabaon BHrAALY

Xw=1x;+azh, k=1g,

8 DEHTPOM y TOUli X;, AKHA CKJAajaeTbcs 3 ¢ pisHHX TOUOK. Poarasnemo
pi3HnueBHii omepaTop BHIMISAY

q

Lyu, = 2 aptt (% + ayh) 4)

i nokaxemo, mo npuqg=n +m -I- 1 i pisHux o, (3agaHHX) MOXKHa 3Ha-
iiTh @, Taki, Wo

Lut— (Ludy = 3! ayu (v, + anh) — Lu () = O (4™, (25)
k=0 -

a TouHime
Lyuy — (Lu), = R (un+m+0 (x, + 0,a,h), a1, Gy <oy Qg Qgy +oey O)

, man | ylmtnt+h (01
ne Q; — Bigpisok, aKui MiCTHTb BCi TOUKH ma6noua % + ahh P, h —

k=lg
MHOTOUYJIeH BiJl /i He BHILIE 1-TO CTeneHs, 1o He 3aJIeXKHTh BiJ u.

" Hi#icro, posBuneMo u (x; + a,h) i3 (25) y pan Teitnopa B okosi TOY-
KM x; i3 3a/MHILIKOBHM WwieHOM Yy dopMi Jlarpanxai
n+mn

h | mntmt
Lyus (%)) = a, L ( al) = U (%)) + &, (i:z—_ll_);,;——_i_l),

untmED (x, 4 8,04h) +

179



ntm 1 n+m-+-1
+ a2 Z (h?lg) u(/’) (xl) + a2 ﬂ)— u(’l+'n+l) (x‘ + esazh) +
j=0

(n+ m ¥ DI

q - . 7
=u(x,) y ap+ L (x) }, onap + +++ +
. Il

k=1 k=1

hn+m

e 4 +m (x,) Z an+n'ak + R, 0,¢(0, 1),/ k=1, q; (27)

k=1
hm+l

R= (n4m+ 1!

2 R et Pt (o + 0,00h).

Cnissignomenns (25), OUeBHJHO, CNPaBeMJIHBE, SKIIO a, 3a]I0BOTBHAIOTH
TaKy CHCTeMY pPiBHSHb!

hl
T
q

Ikak=pl (1), l=o—v—’iv
! ' (28)
=0, l=n+1,n+m.

v'~ ?{Me

k=l

Cuctema piBHAHD (28) 3aBKAH Mae po3B’A30K, 60 i1 BU3HAUHHK (BU3HAUYHHK
Bangepmonpa) siaminuufl Big Hyas.

Meron HeBH3HayeHUX KoedillieHTIB BUKOPHCTOBYETLCH IS TOTO, W06
cepel anpoKCHMalili JaHOro NOpAAKY 3HAHTH Ty, U0 3al0BOJIbHSIE MeBHi
yMoBH. llefi meron Takoxk BHKODHCTOBYETbCA IS NOOGYNOBH pi3sHHUEBHX
CX€M NiABHLIEHOTO NOPAXKY TOYHOCTI.

4.3.8. Interpo-inTepnoasuifinnit werojn. Ileit meron rpyHryerscs Ha
iHTerpaibHHX TOTOXKHOCTAX, AKi BUNHBAIOTh 3 THX CAMHX (Pi3HUHHX 3aKO-
HiB, Wo i BianosiaHe AHdepenniasbHe PiBHAHHA, HAOPHK/AA, 3aKOHIiB
36epexkeHHs KiJAbKOCTi TEeNJIOTH, PyXy, MacH, iMnyabcy, eHeprii. Lli in-
TerpajbHi TOTOMXKHOCTI MOXKYTb BH3HAUaTH y3arajibHeHu#l poO3B’si30K Au-
(hepeHuianbHOrO PiBHAHHA aG0 MOXYTh GyTd lloﬁynosaHi 3a AONOMOrOI0
inTerpyBaHHs IH@epeHUiaqbHOTO PiBHAHHA 32 KiNbKOMA €/leMEHTaPHHMH
Biapi3kamy ciTkH i 1. A.

[px no6ynoBi ciTkoBHX CXeM 1HTerpo-mfrepnonaumHHM MeTojioM 3a-
CTOCOBYIOTh iHTepnoasnilo nmigiHrerpajsbHHX BHpasiB. Tomy, amiHiolOuH
BHIVIAA iHTEpNOJALIAHNX MHOTOUNEHiB, MOXHA AicraBaTH pi3Hi cxemu,
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CitkoBi cxemu, aki Ha citui Bino6paxaoTe 3aKOHH 306epekeHHA, Ha-
3HBAIOTb KOHCepeamusnumu cxemamu. Hasenemo npukaan no6yioBH KOH-
cepBaTHBHOI Di3HHUEBOI CXeMH, B fIKOMY BHKOPHCTOBYETbCH 3aKOH 306e-
PEeXEeHHSA KiJIbKOCTI TEIJIOTH.

/) pun)taa 2. lnrerpo-iHTepnionAuifinkiM MeTooM NoGYAYBATH PiSHHLEBY cCXeMy mis
cTanioHapHOT 3ajaui TemonpoBiaHocTi (s cama MaTeMaTHuHa MOJeNE ONHCYe cTailionap-
HY Audy3ito)

d d
—r (p )+ ewu=rta. xe0 a, @)

u(Q) =u(a)=0, (30)
Ie
' P®=p>0 g(x=0 f(x)EQIO, a].
Poap’'s3anHs. Bn6epen;|o HepiBHOMipHY ciTKy

n4l
mh={x‘:x,+,=x; +hip %o=0, i=0, n, 2 hy a}
i=l
isanumemo pieusnna Oanancy TemvioTH Ha BIAPIIKY [t;_yp, %4yl Be Xy )9 =

{ .. Lo
= x,+-2—h, 10 Akmo p {x) — koedirieAT rennonposizHocti, a u (x) — TeMneparypa,
T0, OYEBHAHO, Yepe3 TOUKY X; |, Ha Biapizox [x, 4 /20 X141 /2] HaAXOIHTh NOTIK TEMAOTH

du
U1r2= (_ i 7’7) =ty 10’
a uepes TOUKY X,y BHALIAETLCS KiMbKicTh TemyioTH
du
~ Qpip = (p —d}—) e=xpp1p0
flxwo Bigpisok [x;_, 9, %, 1/p) MicTHTE Ikepena Bupinenns remnoTw, siki posnoagitesi
3 minbricio f (x), TO 33 ixHil PaxyHOK BMLIMHTLCA KiAbKiCTb TEMNOTH
: *i41/2
[ (x)dx.
£t—1/2

Beanunua
*i4-1/2
qudx,
*—1/2
ae g (x) — xoedinient trennoBignaui; qu — MOTYXKHicTk NOTOKIB TeNNOTH, XapaKTepH3ye
TemoBianauy 8 6iusof nosepxui. Orxe, pisnguns GanaHcy TenoTH Ha Bigpisky [x,_, /20
L7 /2] BignoBigHO 10 3aKOHY 306eperKeHHS
Xiy1/2 *i+1/2
Uopt | f@dr=Qup+ | quax. (31)

Xi—1/2 *—1/2

-
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Lle interpannue énissigHowenns i € ocHOBOK0O A1a MOGYAOBH pisHuueBol cxemu. Bupasu-
MO 3HaueHHS Q. 172 Hepea IWYKaHH i1 po3B’A30K 3aAaui ¥ i wepes 3agaui pyukuii. Ind nwo-

di _ —Q

ro npoiHTerpyemMo piBHiCTB v Ha iurepBani (x,_,, %) i saminamo Q 3a no-

p(x)
noMorolo- Hadnpoctimoi inTeproaguiiHoi GopMy/sH MHOrOWIEHOM HYJBOBOIO CTeneHd.
Marumemo '

X xl
L@ Ax
Ug—ty _=— S 2 (%) dem—~ Q19 FIC
X1 Xi—1 (32)
X4l *{41
Y B dx
Yp—m=— VT ¥ ) -
xi xi

Migcrasnsiour BHpasn AAs Quy s, sHafizeni 3 (32), a TaKox saMiniOlOYH
X412 ¥i1172

qudx ~ uy S q (xydx B (31), nicranemo Taky pi3HHUeBy cXeMy:
*—1/2 *—1/2

1 Yi41— 4t Yi— Y1 —
Lpy= 5—]|a} —a; — b =0, i=1,n
Lny [y [t+1 i 1 F ] i +ihi=0 (=1,
33)
Yo = !l};.*.] =0,
Ze y; — HaGamKeH| sHa%eHHA AR 4y}
X, -1 ""l+1/2
. —1 dx . -1
o =\M P | ¢ Y =ha q(x) dx,
-1 X—1/2 (34)
*i41/2 |
f; = h_-lll 5 f(x) dxv h‘+,l =T (h[+l + h[),
*1—1/2

Ilo6 yuukHyTH OGUHCJEHHA iHTerpanis npyu BuaHavenHi koedinilentis pisHHIeBOT cxemu
(33) 3a dopMyaamu (34), MoHa 3HOBY 3acrocyBaTd Halnpocrimy inTepmoasuiio 1

NOKJ&cTH N

. -1
0] = Pi_1yp =P (¥_y)s b} = hiiqt Cppyg— Xy p0) = a1,

» —1
fi = hifi Fip1yp— %10 = fa

(HeBaXXKO BIeBRHTHCA, WO Lii GOPMYNH MalOTh anpokcumaniio sa ymoB p (x) €.C3 [0, a],
q (x) € C2[0, a]). Toai cxema (33) mae BuTJISAS

Loy =(eyz)p—aqigi+ /1 =0, i=1,nm" yo=yp =0 (35)

Yi — Yy

; i miacymyBatH piBHicTD (35)‘ oo (=
¢

Slkwo no3rauHTH Qy_; 0 =—a;
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, 1, TO HeBaXKo 3HaliTu cnisBi AHoWeHHS

n n
Ql/g - Qn+1/2 + iEl h1+1‘71yi - tEl hH.]fl =0, (36)
fike € Pi3HMIEBUM aHANOTOM iHTErpasbHOTO 3aKOHY 36eperkeHHA eHeprii.

[Mpn no6ynoBi pi3HHUEBUX cXeM /15 OPAKTHYHHX 3ajau CJAif 3aBXKAH
CTEXHUTH 32 THM, 1106 BHKOHYBAJ/IMCh He JIHIIe pi3HHLeBi aHaJIOTH OCHOBHHX
3aKoHiB 306epemeHHs, ane d iHwi cHiBBiAHOWeEHHA, AKI COPHYHHIOIOTHCA
¢i3HuHuMH 3aKoHaMK AaHoi 3afdaui. Taki cxeMH Ha3HBalOTbCA nOSHicMIO
KoMcepeamusrumu 1 1aloTb 3MOTY BECTH PO3paxyHKH Ha FpyOHX CiTKAX.

[nTerpanpHe cniBBilHOIEHH 1, HA OCHOBI AKOTO MOXHA GYylyBaTH pis-
HULEBY CXeMy, MOXHa JicTaTH i TakuM uuHOM. [IpoiHTerpyemo piBHsRHS
(29) na inrepBani (x;—i2, x)!

Qi-112 —P— + S (gu—fds=
LTaRY)

OcranHe cniBBiHOIIEHHs MoAinuMo Ha p (x) i npoinTerpyemo Ha iHTepBa-
i (X1, X1
X

L7} x
) 1
Ql—l/2 S % —ut+u+ j. W S (qu —_ f)dsdx =0.

*1—1 *i—1 *H~if2

3Hafigemo 3BifcH Qq_;;y uepes Bisomi yHKLIT Ta WYyKaHHA PO3B’A30K:
1/2 4ep y

Xy -1 x4 x
Qiwijz = S %)— u,—ug_l—'s Tt—x-)— S (qu—f)dsdx |.
*i—1 *j—1 *i—1/2 .
@7
Awnajoriyno
%141 -1 x{4q £
Q12 = S % Upp) — Uy — S #x)' Sl (qu — P dsdx
x x; *i1/2
- (38)

Miacrasusiu (37), (38) B (31), micTanemo OCHOBHY iHTETrpaJbHY TOTOKHICTD
LIERY))
Qi1 (tept — ) — @y (i — thi—t) — ( (qu — ds=
Xi—1/2
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X4

X
= dsyq S S M“_S)dsdx_

p(x)
X3 Xil1/2
¢ E qeue—f
~ y qg(syu(s)y—/f(s
—a S | L dsdx, (39)
*i—1%{—1/2

Ae

x; i -1
a, = _dx
i —< S p(x)) :
X{—1

InterpanbHe cnieignoments (39) Takox Moxe GYTH OCHOBOIO A1 Bif-
IYKaHHs pisHHueBol cxeMH. Hanpuknaj, sKIO 3HEXTYBaTd NpaBolo ya-
criHoo (39), a B JiBill 3acrocyBaTH KBajpaTypHY (QopMyJy cepeanix
NPAMOKYTHHKIB (a6o, U0 Te came, 3aMicTb u (S) BUKOpHCTAaTH ii iHTEpmno-
JAUiAHHA NOJiHOM HYJBOBOrO crenens u (x;)), To AicTaHemo cxemy (33).

4.3.4. Meron anpokcumanii kagpaTuuHoro ¢yHxuionana. 3HOBY pos-
rAsHEeMO NOGYAOBY CXeMH A1 3ajaui

Lu=— (Du’)/ + qu = f(x), x€(, 1) (40)
u0)=0, u(l)=0, p(x)>0; g(x)=0,
fAKa, AK MH Gauuau y n. 1.4.1 (aus. Takox ra. 1, meron Pitna), eksiBanent-

Ha 3ajaui npo BiAwykaHHsA MiHIMyMy KBajpaTHuHOro yHKUiOHana
1
J ()= {(p @)+ qu* — 2fu) dx (41)
N 0

Ha MHOXUHI QyHKUIH 4 (x), 3ananux Ha (0, 1), iTaKHx, o « (0) =_u(l) =
= 0. Beenemo Ha Binpisky [0, 1] citky 0, = {x; = ih: i =0, N, h
= 1/N} i 306pasumo

Il

*i

v _
Jw=Y Jiw, Ji@w= S (o (') + qu* — 2fu) dx.

=1 P
Hani J; (1) anpoxcumyemo 3a JONOMOTOI0 fKOi-HeGyAb KBafpaTypHOi dop-
MyJlH, HaNpHKAAj,

xi xi
o pwydema g Ph ay=hH" S p (x)dx,
Xi1 xy_1

[ (qut—2fu) dx ~ - [(gu* — 2fu), + (gut — 2fuhia)
X1

e
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(ocTanne cmiBBifHOWIEHHS AaNpPOKCHMOBaHO 3a (OPMYJACK Tpanenii).
Y pesyabrari AicTaHeMO TakHH RHCKpeTHHH aHaJor ¢QyHkuioHana (41)

N N
Ju(y) =Y, hap(y5, )+ Y h (Grye — 2fnyn),
=1 ~

k= k=1
fe y; = y (x;) — ciTKoBa QyHKLiA, U0 NEPeTBOPIOETHCA HA HYJAb NpPH [ =

=0, N. .
®ynkuionan J, (y) MoxkHa poarasgary ak oyHkuito (N — 1) amiHHEX

Yis ooy Yn—1. 3aNHIIEMO HEOOXITIHY YMOBY MiHiMyMy
dJ » .
dy:' = 20!‘.‘/}_1 - 2ai+1y;_1+1'+ (QQi!/i - 2fi) h=0. (42)

HeBaXKO NOMITHTH, 110 BHKOHY€ETbCSA TAKOXK JOCTaTHA yMOBa MiHiMyMmy:

aty 2a, 2a; 4

Orxe, 3 yMOBH (42) MaeMo, O eleMeHT § = y (x), x € @,y (0) = y () =
= 0, akuii MiHiMi3ye dyHkuioHan J, (), € pO3B'AI3KOM pi3HHULIEBOI CXeMH

—(ay;)x', '1‘,‘7i!/i'=fi’ i=1, N—1 y=yn=0. (43)

®axkTUYHO pO3rANAaEMO BHCKpeTHHH aHajor Meropy Pitua (aus. ri. 1),
3TiJIHO 3 AKHM piBHSIHHSA

N
Ay=q>(a60 ¥ a;,y,=cpi), A=A*>0

=

Mae po3B’'sI30K, WO MiHiMi3ye QyHKUiOHaN

: N N
Iap)=Ay, ) —2@, 9= Y ay9:—2 Y ouy:.
N i=l1

i,j=1
o
SIxmio BBectH npoctip H, (yHKUifi AUCKpETHOro aprymesty, 3ajaHHX
Ha CiTlli @, i TAKHX, WO ¥, = yy = 0 3i ckanapauM 10GYyTKOM

(B 0)= X hy(x) o),
‘ xeo)h
i B IBOMY NMPOCTOPi BBECTH ONEpaTop
Ay ={—@y3),, + 91y}, tm=p

TO 32 AOTNOMOTrol0 GOPMYJIH NiACYMyBaHHSA YacPUHAMH HEBAaXKKO AiCTaTH

L=y D—2( )= T b= @3, + v v —

N—1 N N
—2 2_,‘1 fiyih = :):i hiai(y; )+ 9w} —2 ¥ fiyi=Ja(y).

i=1
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Tomy 3a merojoMm Pitua enemenr, uio M1H1M13y€ oyukuionan J, (y), €
po3B’A3KoM cxemu (43).

Lieit Meron no6ynoBH pisHHLEBUX CXeM OCOGJIHBO 3PYYHO 3aCTOCOBYBa-
TH TOAi, KOJIM BUXiZHa 3alaua NocTaBJieHa fiK 3aj1a4a Minimisauii ¢pynkuio-
Hana.

4.3.5. MeTon anpokcumauii inTerpaabioi ToToXHoCcTi (MeTOR CymaTop-
HHX ToToxHocTeif). PosrnsiHeMo 3HOBY 3ajauy (40). KO NOMHOXHTH
pleuanus (40) Ha noBiNbHY AudepeHuifioBHy oyHKLio v (x), v (0) =
=y (1) = 0 i npoinrerpyBatu no x Bia 0 g0 1, TO AicraHeMO TOTOXHICTb

. -
I(u, v)y= S (pu'v’ + quv — fv)dx =0, VvEH1 ©, D, (44)
0
Ie

151(0, ) ={v(x):veC*[0, 1], v(0) = v(l)=0}.

3 n. 4.1 3posyMino, mo (44) e ysaraasHeHHs M 3agaui (40), B akifi ao wy-
KaHoi ¢yHKuii u (x) craBasaTbes ciabkimi Bumory raaakoceri. [lo aranorii
3 n. 4.3 saminumo B (44) iHterpanu i noxigHi gesKkuMu ixHiMH IOUCKpETHH-
MH anpoKcHMauinMu (Ha cirui @), Hanpukaaj, noxiui samiHKuMo JAiBHMH
pisHHUEBHMH NOXilHHMH, a iHTerpanH samiHuMo 3a (OpMYJIOI0 MpaBHX
npamoKyTHHKIB. Toai AicTanemo Takuit anajor (44), AKHA Ha3HBATHMEMO
CYMaropHOIO TOTOXHICTIO:

N1
Iy(y, v) = 2 aiyz vz b+ Y (i —F)oh =0,
=i o

VoeH, (45)
e
Ay = {v(x): x€ay, v(0) =0v(l) =0},
*i
a=h" S' p(x)dx abo a, = p,.
*1—1 .
. 1, i=i
[loxnapatoun tenep B (45) v; =8;;, ={ ' 0 i Bpa-
oaapato enep ® (33) ! '[0, ii, O<iy<N P

XoByloud, Wo vz, =0 npn i<<iy; Ta npu i>i+1, a vy, =
= —1/h, vz, =1/, picraemo

1 .
—h ( Ay 1Yri — 5 ai!/;'t) +@yi—f)h=0, i=i,
TakuM uMHOM, MaEMO pisHHUIEBY CXeMY
— @y +qy =1, x€ws y0) =y(l)=0.
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Ie#t meTron nobynoBy pisHHIEBHX cXeM OCOGIHBO 3pYUHHH, KOJH BHXigHa
33/]aya Mae BHIVIAA iHTErpaJabHOT TOTOXKHOCTI, HANPHKJIAA, AJS y3arajbHe-
HYUX po3B’A3KiB AudepeHuianbHux piBHAHB. Llelt Meton 3acrocoByeThes i
Ins HeaiHiRHUWX 3aau.

4.3.6. Metopn Pitua ta By6rHosa — laabopkina (sapiauifino-piznnuesi
metoau). 3rajgaemo, uo merol Pirua (aus. ra. 1) rpyHTyeThcs HAa ekBiBa-
JIEHTHOCTi 3ajaui po3B’s13yBaHHSA ONEPATOPHOro PiBHAHHA

Au =],

Ae A — camocnpskeHuni, J0JaTHO BU3HAYEHHH AiHiAHHMI onepaTop y npo-
cropi V 3i ckansipuuM fo6yTKoM (,), Ta 3ajaui 3HAXOAKEHHS MiHIMyMy
¢pyHKLUiOHaNa .

I () = (Au, u) — 2(f, u).

Hani BBOAMMO MOCAiAOBHICTL CKiHUEHHOBHMipHuX npocropiB V, 3 6a3n-
com {@{"}, i | WYKAEMO eleMeHT

n
u, = Y y9;€V, (y; —nepisomi Koediuienrn), (46)
=1 ,
axkuil Minimisye I (1) He Ha Bcbomy V, a smie Ha V. HeBakko nomiTuru,

ajo
Iu) = ¥ ouyiy;—2 Y By,

Lj=| i=1

o= au = (A9;, 9;), Bi =, ¢,

to6ro I (4,) — dynkuis Bin y,, ..., ¥,. 3 Heo6XigHO1 yMOBH MiHiMyMy Ai-
CTaEMO CHCTeMy n piBHAHB :

ol n o

—a—gj—")— =2 /;l aiy;—20; =0, i= 'y 47

8 sIKoi BH3HAYaeMo y;, i = 1, n.

Bnpasa 1. 3anucary cucteMy pieHanb (47) maaa sapaui (40), BuGpasmm

; 0, s<—1, s>1,
X = X
¢i(x)=ﬂ(——h—l)=m(x),n(s)={l+s, —l1<s<0, (48)
=5, O0<s<]|,

MpH. x; € —(;Jh.

Y meroai By6roBa — [anbopkina po3s’s30K u, TAKOXK IUYKAEMO Y BH-
raaai (46), ane xoediuienTH i; 3HaXOAUMO 3 YMOBH OPTOFOHAJbHOCTi HEB fA-
aku Au, — f po 6a3ucHux byHKUi# @; (x):-

(Aun_—fv (Pi)=07 i=l,—ﬂ,
NpHYOMY TYT He norpebyeMo camocnpsikeHocti oneparopa A (us. ra. 1).
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Bnpasa 2. [dna sanaui (40) no6yayBaTd CHCTEMY DiBHAHB IS BH3HAYEHHA I}
merogom By6nosa — lanbopkina, BnGpaBum @; 3a ¢opmynamu (48) i BneBHuTHCH, WO
BOHa 36iractocs 3 cucrteMoio Metoay Pirtua.

Meronn Pitua'i By6HoBa — lanbopkina npu cneujanbHomy BuGopi
KOOpAHHATHUX GYyHKLiA (Haupukaan, (48)) npuBoAATL N0 MeTOAY, AKHI
Mae crienianbHy HasBy i B 0CTaHHI POKH LIHPOKO BHKOPHCTOBYeThesi. Lle
Memod CKIN4YeHRUX eAeMEHMI6, AKHA MH PO3TJIAHEMO nani.

4.3.7. Meron ycepepuiotounx onepatopis. PosrisHemo cnoanKy yce-
penniotoui oneparopn CreknoBa, siKi € oneparopamu i3 npocropy L, ()

BL,Q), p>=1,2c R". Onnosumipui onepatopn’ ycepesHeHss, ski pis
¢yHxuii 6araTboX 3MiHHHX Ail0Tb Y KOXHOMY Hanpsami x;, i = 1, n, BusHa-
YAIOTLCA TaK:

| x, 40,5k,
S,-u(x) =3 u{xy, oo., Xi—p, Xidly eooy xn)d§=
"oy
05
= S U(Xpy +vuy Xiet, X3+ SRy Xig1y «v oy %) ds,
0.5
| xi-}-hi
Stu(x) = I S Uty ooy X E Xitty ooy X)dE = (49)
*1
= S u(xy, ooy Xi—ty X; +Shy, Xeg1y ... X,)ds,
ey
S‘—u(x)=_hi_ S u(xlv eomy Xi—1y E- xH—l’ ey xn)d§=
x—hy
0
= Su (et - oy Xi—ty Xp FSAY, Xpgty -uey Xp)dS.
=1

Mpu n = 1 ui oneparopn nosnauatumemo siznosiano S, S, $~. Onepa-
TOp yeepenneHHs no CTek/10BY B R" BU3HAuaeThCA K JOGYTOK OAHOBHMIp-
HUX YCEPeJHIOOuHX onepatopis S; no BCix £, T06T0 § = §,S, ... S,,. He-
Ba);;n;o NePEKOHATHCS, 110 YCePeAHIOioui ONepaTopH MaioTh TaKi BJIACTH-
BOC

+ Ou (x) au (x)

S e x, = Uy, (x ) Si = u}i (x), i
S, BE L (030 )y (), i=Th, 60)
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e
U050 (x) == u(xy, +.0oy Xi—1, X3 0,50, Xe41y 00y X5
ﬂmuo BBECTH PO ycepezmenﬂﬂ

[x) _ ], |S|<0’5
xh(lx‘)—‘[—l—l hi ( hi )o u(s)_lo' ‘S|>0’5'

TO MOXHA 3alHCATH

1 x,+0,5, x,+0.5h,
Su(x)= Su(y)x,,(|x—y|)dy=-hl—h S S u(y) dy,
An : TR wosm, x,bsm,

i ocKiNbKM AApPO ycepenHEHHs HaNeXHTb mpocTopy L. (R"), To BHpas
Su (x) mae neBHe 3HAYEHHS I/ KOXKHOI TOUKH x € R") aARwo u (x) CyMOBHa
B KOXHii1 nigo6racti R".

Po3risineMo TakoX onepaTopH NOBTOPHOTO yCepeaHEeHHs

T,=8 (i=T,n). (51)

Hebaxxko nomituti, mo T; = SFS7 = S7S7. 3uaitzemo ABHUA BHUIVIAL
oneparopa T, == T B ojHoBuMmipHOMy BHmapky. [HTerpyioun yacTuHawm,
MaeMo

+o—  ; 1 ko8
Tu(x)=8'S"u(x) =5 S su(n)dnd§=

t—h

'

(x -I—h—n)u(n)dn}-

&

*I

x4
{g (n+h—Dumdn+ |
x—h x
Touy

Tiu (X) =5 S (E'I' h - x;)u(xlv ey Xi—ly ga Xitly ooey xn)dE +
E xy~hy
xyth;
S g F+h—8ulxy, ooy Xi—1, 8 X1, .05 X)dE= (52)

xy+hy ' .
=h—‘ { u—1t—xbuln s xn & xy oy K)dE =
x‘-—h‘

-

l —
= S(l—’lsl)u(xlv oo oy Xi—]y xi+8hb x¢+1,....xn)ds, i=1,n.
=1 :
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3a3HauuMO TaKy BaXJIHBY BJIaCTHBiCTb onepaTtopiB MOBTOPHOro ycepend-
HeHHsl, AKa BHIVIUBAe 3 1XHBLOTO O3HaueHHs i BaactuBocrell (50);

%u (x) + q— 9% (x) — e I
T, —~~*- 6x2 = S7 87 ax2 uxixi'(x), i=1,n. (563)

IHoai BHKOPHCTOBYIOTH ROGYTKH OAHOBHMiDHHX ONepaTtopiB MOBTOPHOTO
ycepelHenHs!

n ~ n
T=1T, T;,=11T,.
k=1 k=1
kskt
HeBaxko 3poaymith, mo T = S%, SIKio BBeCTH siApO ycepeaHeHHs

. SR EPNAT] _ (=l <y,
an(IxD—_E ,,i q>( oy ) 9 () { o =L

TO MOXXHA 3amucaTH
Tu( = {ul)on(x—yDdy.
Rfl

3acrocyBaHHs 0ONepaTopiB ycepelHeHHs AJs NOOGYHOBH CiTKOBHX cxeM
(pisHHLEBHX cXeM) ApOiMIOCTPyeMO HA 3amaui

— (k'Y Fqx)ux)=f(x), x€0, 1), u@=u(l)=0  (54)
Tokpuemo Binpisox [0, 1] piBHoMipHOIO ciTkOI0O 0, = {x; = ih: i = 0, N,
h = 1IN}, o, = 0, \ {0, 1}. IIpunycrumo, mo f(x) € L, (0, 1), g€
€L (0, 1), ke WL (0, 1), u(x) € W; (0, 1). 3acrocoByioun oneparop S
mo piBHauHs (54), nicraemo

S{—(ku")Y + q(x) u(x)] = Sf (x), xel—g-, 1_%l,

ToOTO 1LIe CNiBBiAHOLIEHHA BHKOHYETbCH s BCiX x € w,. BpaxoByiouu
nani (50), ans Beix x € @, Aicraemo

—:—:'—[k (++ %)u (x’-{-%)‘—k(x—%)u'(x-—, —’2‘—)]+

x+0,5h
+ [ a®u®dt =i, x€o (54')

x—0,5h

Ocranne cniBBiJHOLIEHHs] aHANOTiYHO TOMY, K ue POGH/IOCH B iHTerpo-
iHTEpnIOASIiAHOMY METOMli, MOKHA BHKOPHCTOBYBATH sIK OCHOBY AJIAt NO-
6ynoBH pisnuueBux cxem. Hanpukaaa, nokJaBuiu

u (x+ —Q-)zu}(x +h, (.x—- —g—)zu;(x),
u()~ u(x), E€lx—0,5h, x+ 0,5h],
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8 (64’) micraemo pisHuUeBY cxemy Ans 3ajaui (54)
— () +d)yx) =9 (), x€o, y0)=y(1)=0, (54)

e
A 1 x+-0,5h
a=k(x—5), d@= [ q@dE=51(,
. x—0,5h
1 x+0,5h
oW =Sf()=— [ f@Ed.
x—0,5h

Ilo piBHARHA (54) MOXHA 3aCTOCYBaTH i onepaTop MOBTOPHOTO ycepel-
HeHHs T
T(—(ku) +9Wu) =Tf(x), x¢clh, 1—h).
Lle cniBBiHOIUEHHSI CNPABIXKYETHCA AJf KOXKHOTO x € w,. I3 (63) npm
k (x) = 1 picraemo
—uz, () +T(qu(x)) =T (x), x€wy (65)

IO TAKOXK € OCHOBOIO A/ NOGYAOBH Pi3HHIIEBHX CXEM.

Hanpuxanazn, sikmo 3amictb 4 (§) B3atH i1 iHTepnonsauiinuél noainom
HYJbOBOTO cTeneHs u (x;), To Ans 3ajaui (54) mpu k (x) == | gicraemo
pisHuLEBY cxeMmy

— Y5t Tq(x)-yx) =Tf(x), x€op y(©O) =y(l)=0. (56)
SIKILO 2K B3ATH IHTEPNOJIALIAHKA MHOrOUJEH MO TOYKAaX Xx;TA Xiyi Y BH-
rasai
u(x;) + (€ — %)) ux (),

TO JiCTaHEMO cXeMy A
— Y5+ TaW -y @ +T @) & —x) - g2 (%) =T/ (), 67)

x€aop y0) =y(l)=0.
dxmo & (x) = 1, g (x) = 0, to (55) HaGupae BHrIARY

—uz, (%) =Tf(x), x€wy (58)

OcranHe cniBBiJHOLIEHHA 3aJ0BOJIbHAE TOUHUE po3B’sA30K 3ajaui (54), a
pasoM 3 KpaloBHMH yMoBamH u (0) = u (1) = O cniBBigHOLIEHHS (58) €
3aMKHEHOI0 CHCTeMOI0 AiHiAHUX anre6paivauX piBHSAHB BiHOCHO HeBmo-
MHX 3HaueHb PO3B'A3KY 4 (x) B TOUKaX ciTku. OCKiJTbKH TOYHHE PO3B’A30K
,u,mpepeﬂma.nbﬂm 3ajaui € po3B’s13KoM ciTKoOBOI 3apaui, To cxema (58) pa-
30M 3 KpalHOBHMH yMOBaMH Ha3HBAa€TbCA IMOYHOK CXemow. ¥ CBOIO 4Yepry
onepatop T HAa3HBAIOTbL YCEPEIHIOIUUM ONEParmopom MOYHOI Pi3HULesol
cxemu.

191



ko @ (x) € W} (0, 1), To, noMuoxusmu (54) Ha ¢ (x) i npoinTerpy-
BaBIDH YaCTHHAMH, HicTaHeMO

1
aw, = [ @0 +9@ua@eoK)dr =
¢

1 .
= (foewdr=1@) voEW:(0 1.
0 -

Lla ToTOXHicTh MOXKe GyTH O3HAYEHHSIM y3araJbHEHOr0 Po3B's3Ky 3apaui
(54) 3 npoctopy Wj (0, 1). HeBaxko nomiTuti, mo i BHrsA aidifiHoro
dynkuionana [ (p), ¢ € Wi (0, 1) MOMHA y3araJbHHTH TAKHM UMHOM:

1 1
l@ = (fo o dx— [ f1() 0" (dr=(f, o),
0 0

ze fo, f1 € Ly (0, 1). Cumsoniuno (ockinbki f, & C* [0, 1]) ue Moxua sanu-
caTH TaK:

) .
zef=fo0) + 208 1 peL, 0.
ub0My Bupasy MOXHa HajzaTtH l CTpOI‘OI‘O MareMaTH4yHoro 3M1CTy, BBlBluld
npocnp W2 , ajle He BHXO}J.HTb 3a paM.KH Hamm KHHUTH. BleMGMO 34 Oo3Ha-

YeHHs] y3araJbHEHOTO 3 W5 posB’s3ky sajaui (54) npuf€ W' toTox-
HiCTb

)

a(u,v)={(f,v) YoeWi(, 1. (59)

IlepekoHaBIIHCh, WO AAPO YCepeAHEHHS @, € W) O, 1), i noknasu B
(59) v = @, micraHemo

i ' 1
— [ @00 —EDdE+ [a @ u@®n(r—51)dE =
' 0

1 1
=6§foaz)cph(lx—gl)da—gmaq»i.(lx—endg. x€ oy
0

BpaxoByiouu BHraAAn yHKuii @, MaeMo
—u5, () +TE@WsE) =9, €0y, 0y
@ (1) = Tf, (0) — (STH (0);.
CnisBignomenHs (60) € ocHOBOIO /191 NOGYNOBH Pi3SHHUEBHX CXeM.
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Oneparopu ycepelHeHHs1 BHKOPUCTOBYIOTb /il NOGYAOBH pi3HHULEBHX
CXeM JVia 3ajay 3 Yy3araJdbHEHHWMH pO3B'si3KaMH, TOMY [0 BOHH
Ra0Th 3MOTY MOAATH MOXUGKY ampoKCHMaUil B 3pYYHOMY S NOCHJKEH D
Burasai (ous. u. 8). '

4.3.8. 36iknicTo i oninkn nmoxuGku metopy citok. 3rigHo 3 Teope-
moto Jlakca — ®ininoBa (auB. n. 2.1) 36ikHicTb i OUiHKY NOXUOKH ciTKO-
BHX cXeM MPOBORMTHMEMO 33 TAKOIO CXEMOIO: 3aMHCaBLIM 3afady Aad
noxH6Kwu, no-nepue, 3HaXOAUMO anpiopHy OWiHKY i, No-Apyre, OLIHIOEMO
nox16Ky anpokcHmauii.

M pukaad 3 (nocnizsxenns 36iKHOCTI i OMiHKH MOXHOKH B HOpMi Ly (@)).

Hocainath 36iXnicTb i BCTAHOBHTH OUIHKY NOXHOGKH pi3HMLEBOT CXeMH (RHB..
n. 4.3.1) i

h h
— Yo T 5 Gt + %bo =" + F 0
—y;x,i+glyi=(?i. i=1 N—1, 61y

h h
Yin T3 EnIN T UIN=T1+ 5 O

s 3apaui
—u () +gux)=¢q(x), x€(a, b), —u' (a)+ agu(a) =1,
u’ (b) + aqu (b) = v, (62)
ae @ (x), g (x) ~ sanani dywxuif, %o, %, Yo, ¥ — 32laHi uncina, g(x) =20, ay>0,
>0, op={xy=a4ih:i=0, N, h= (b— a)/N}.

Posp' d3anunsd. a) 3annweMo ciTKOBY 3ajawy WIa MOXHOKH 2 (x) = y (x) —
— u (x), x € wy. Jna nroro Ha citkoBy GYHKILilO Z IOKiEMO oneparopoM CiTKOBOL cxeMu
i Bpaxyemo (61). Il;a Toukwy. x, MaeMo
h
— 2g 0 + "5 &%+ %020 = ¥y,
ae )
h h
Yo = 5" Qo + Yo+ %y 0— "5 Qoo — Coldo.

AnanoriyHO IR TOUKH Xy

h
Nt o BNy T zy = Yy
ne
h h
YN = "3 Py T V1 — 45§y — "5 Eyliy— %ly.

-

Ilns Touok citkE @p = @ \\ {a, b) Maemo
—z;x'i+gizf=\pip [=lr N—l'
— giy. TakuM unHOM, 3anada ansi MOXHOKH 2 Mae BHIVIAR

xe 1= @ + U

h
= 230+ 3 820+ %2 = Yo
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- xx.["‘gizi:‘pi’ i=1, N—'l' (6)

h
N+ 3 8nen - zy =Yy

ae P; = ¢ (x;) — noxubka ampokcHManii.
0) 3anuweMo HepiBnicTb cTiftkocTi citkoBoOi cxemu (nepiBHicTb kopekTHocti). Has

citkoBoi nopmu L, (0p) Mu 1T Bke aﬂaﬁuqu B 1. 2.2.3:
1/2
nzusuzuL,@f\z ) <ol 0

fe = 2 (b — a) max {ao , “1 » 2 (b — a)} (aayna)KuMo. uo BHGIp HOPMH B pyKax
xocaigunka i nepiBuicTb KopekTHOCTI MOXe 6yTH sanucana i B iHIIHX HOpMaXx).

B) 3a/HIIWIOCA JOCT{RHTH MOPAAOK BeMNHUHMHH ([ | (HOPMB MOXHOKH anpoKcHMalil)
Ax byuxuii Bin h.

TNpunyctavo, wo u € Wy (a, b).
Posrnsnemo noxn6Ky anpokcuMauii P (x). [pu-dikcoBanomy x ¢ (x) e ninifinum pysxk-
wionanom Bia u. [TepetBopumMo ¢ (x) 3 ypaxyBanusm pisHoctelt (62):

h .
Yo =5 (9o — Gokte) + Vo — Golho T2, 0 =
h
= ——-u"(a) —u’ (a) + ux (a),
Y =it Uz, — @i =— W () +uz, (xg), i=1, N—1,

h h
Yy = 5 (@ — Epliy) + V1 — ity — Uz y =5 4" (b) + 4’ (8) — uz (b).

{Ilo6 crani B HepiBHOCTAX, fIKi MM BHKODHCTOBYBaTHMeMO Xafi, He 3aneXkanu Bix h, BH-
KoHaeMo Taki 3aMinn: x = a + sh, s€ [0, 1} ana ¢yukuionanis r, x = x; - sh, s¢€

€ [—1, 1] ana dpysxuionanis P;, {= 1, N —1 i, 3pemroro, x= b — sh, s€ [0, 1]
}Mﬂ dyuxuionana P,. Ilps upOMy BHKOPHCTAEMO NO3HAYERHA

u(x)=u(a+sh)y=u(s), x€la, at+h), s€lo, 1],
u(x) =u(xi+3h)=;(s)! xE[x[__l) x[.i.]]» SE[;I, l]r

u(x)=u(b—sh)=17(s). x€[b—nh, b], s€lo0, 1],
Y voBux sMiHHuX QYHKIiOHaNH NOXHUOGKH amMpOKcHMallii HabupaioTh BUTIALY

Vo= o (8 4=y (8) = ¥ (@) = h™" | — 5~ UL, (O — 1, O) + 4 (H— & (0| ,

Yi=h2 =g O +u()—2% O +a(—1), i=T, N—1,
1 ~, ~, - ~
b=~ g OB = )+ 1= B

3aynaxumo, 1o KOMH U (x) € W; (2,b), 101 u (s) € W,f, signosigro Ha intepBanax (0, 1)
au_(—1, 1). Mokaxeno, mo Pynkuionarn y;, i = 0, N obmexeni B npocropi Wj. Ha-
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npukJIan, s \po MaeMmo
Ipo | << 4R ) co.

1 pani srigno s Teopemoio BrNafenna C* < Wg c W; sanuineMo

%ol <4MA™) | uwa(0 = aMA™ Jully o 0.1 (65}

2 .
ze crana M ne 3anexutb Bia A 1 u, [Npononyemo udTaveBi BNEeBHHTHCA, MO

< AME il s 0 1o
Ly i< lub3.2,0.1 (66)

VO | <BME™2 uly g gy =T, N—1
(yepes M mosnauaTHMeMo pi3ni cTali, wo He 3ajexaTh Bin A Ta u).

®ynkuionan 1, MePeTBOPIOETLCA HA HYJAb Ha MHOTOWIEHAX A0 APYTOTO cTenens
Bkatoang.. Hificho,

\Po (const)= 0,
Yol =h"' [—0—141—0]=0,

P, (s?) = h~! l— © 2 \ip— 28, + 8 gy — §* ls—O} =0

P, (57) = [— R P =3 g+ gy — & |s=0] =10,
Tomy 3a semoio Bpembna — TinpGepra

1P| < 4MMr™! |u |3,2_(o.1)- (67)
Ze crana M ne sanexuts Bia h Ta Bix u. Jani nepexomumo o amiuHOT x: '

1 _~ 1/2
_ - d3u (s) \2
lu\a.z.(o.nEl"‘W%w.n=(S ( ds? )ds) B
0

ath d’ 172
=.h5/2(S ( ") dx) =h5/2|u\w,3(e°). ev=1(a, a-t+h), (67')

a

Toai .
1ol < ME22 Vulys, (68)
AsuanoriyHo 3HaX0AHMO OLiHKY

PoN < MBY2 Y hy 3y en = —h, B). (69)

Hesaxxxko nepexoua‘mcn o KOMXeH 3 PyHKUiOHaNB Py, { = 1, N — ] neperBopioeThcs
Ba HYJb Ha MHOTOWI(eHaxX [0 TPETLOTO CTEeNeH: BKJIIOYHO. Tomy 3 BHpa3y (66) i emn
Bpem6ira — Tinbbepra BHIVIHBAE, IO
. -

L | < SMME™ |u lwhenn
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i pani ananoriuno nonepeaHsoMy

o < MEE e (70)
= (%_p %54y =L N
3 TeopeMu BkJIajeHHs i 3a ymos (68), (69), (70), oueBHAHO, BHIUIHBAIOTE OLiHKH
Vo | S MEY2 [y < MBY2 s
Lo\ S MEPule, (1)
1ot | SME Julgs, =T N—1,

ne M — wafiGinbmia i3 Bcix cTanux, WO BHKOPHCTOBYBANHCH padille, npuuomy M ue 3a-
JexHuThb Bin h Ta u. BpaxoByloun ouninku (71), ans Beanunuu || P | sHaRaeMo OUiHKY

[N 172
1el=1e), 5, ={ X mpf) <

1/2
2 —
<M n MW.;( sl ew T lel ote, )> =
d! () ¢ dlu@) \*
u(x ulx
=Mh’(5 2( ) x 1+ S Z(T)dx-l-
bk i=0
1/2
du(x)
L (et )"
=1 iy =0
Not By . \2
= Mh? 22 s Z(d—d’;f”—))dx =
=0, J20
7b o4 ; s \ 172
_ i
=Mh%V2(§Z(—d-%-)dx) 2Mh’ﬂuuW; " 72)

Orxe, 3 nepiBHOCTi KopextHocTi (64) I ominkn (72) 3HAXOLUMO OLiHKY NOXHOKH
pisunuesoi cxemu (61)

Tzl =ly—ul < MR2|u| 73)

Whia,t)
3a yMOBH, IO po3B’s30K audeperuianvHol 3agaui (62) HaneXHTH MpoCTOPY W; (a, b).

3 oniukyu (73) BUMJAHBaE, WO 32 YMOBH 4 € W; (a2, b) po3B'A30K pi3HULEBOT cxeMH NpH
4 — 0 36iraeTses 10 TOYHOTO POSB’A3KY B HOpMi L, (®3) 3 wsnakictio 0 (k).

ChopMyJII0eMO JiCTaHH# pe3yJIbTaT y BHIVIALL TaKOI TEOpeMH.
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Teope.ua 1. SIkup poae’;zaorc sadaui (62) narescums kaacy Wi (a, b),
mo poaé’ asok pisnuyesoi cxenu (61) sbieacmocs npu h — 0 0o mo4ro20 pos-
6’ 3Ky 3adaui (62) & cimkositi Hopmi Ly (w),), npukomy Mae Micye OYinKa
waudxkocmi 36ixcrocmi (73).

ko u (x) € C* la, b] (To610 po3B’A30K AHUDepeHLiaNbHOI 324aui Mae
Giably raagkicTs), To 3aMicTs (67°) mu Maau 6

1 ~ 1/2 a+h 172
~ d*u (s) \ 5/2 PBu (x) \2
it =(J (2 "= (T (5] @) "<
0 a .
a+t+h

12
<h5/2 -~ |ux,(x)‘< S‘ dx) < h3 | ueoa,py) << k3| lcaa.ny
x€la,a+h]}

i samictb (68) —

. Lo | < ME2 | tficopa,e)-
Anajsoriuno

VoIS MIE | afcdasy [0l <SMBjufeuaey, §=1,N—1,
i nns BeuunHy || P | MaH 6 OLiKHKY

NP2 o 5 \/2
1wl =( 3 mp;) < Mhzllullc‘[a.w( Y ”) <
= ) {=0

<M (b —a+ bR ulca.
Toni 3 (64) mpu h < h, nicranu 6
l2|<M(b—a+hy)"” h*|ufcua,n- (74)

3aysaxumo, wo 3a ymoBH « (x) € C* la, bl ouinky Bupy (74) (ToGro
no nopsAKy h) MoxHa Jiictatd i 6es BUKOpHCTaHHA JieMu Bpembia — [ijib-
Gepra. Kopucrywouucs dpopmynoio Teilnopa, maemo

Yo=— U @—u@+h @+ —u@) =

I
l

L@ —u @+ 5 u@ + b @ + B ut @)+

+ 2 @ —u@| =w@), te@ath.

3Biacn _ -
2
bl <A max (u” ()< Vulonas. (75)
: . xela,a+h)
Ananoriyuo
hi
Vvl < 5l 4 feota, o (76)
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Has éynkuionanis ¢, 3a nonomorow dopmyan Teftnopa npu u (x) €
€ C* {a, b] 3naxopumo

b= — " (0) F une () = — ' () + B e (xigr) —

— 20 (x) + u ()l = — " (1) + h° [ (u (x) + hat' (1) +
) e () 0 (8)) — 20 () +
(o000 — ) + B " ) — S (1) + w0 )| =

— WO @) U E)) B E(Hon 1) B (X X,

Ockiapkn u® € C la, b], 10
@)+ uO @+ - +uO ) gy

n

Ze m = min 4¥(x), M = max u®(x), i B cuny HenepepsBHOCTi 4 (x)
x€[a.b]_ x€lab)
icaye Touka € [a, b] Taka, mo

WE 4 +u ) g ®.

n

m<

Tomy ickye &, € [¥;—1, Xi4.1] TaKa, mo
Y = ’hT;‘u“’(-Et), i=T,N=—1,
3BiAKH
19| < B fudonan, (=T N—1. (77)

Bpaxosyloun Bupasu (75) — (77), ans BeanuuHH | ¢ | Maemo (npy A <
< ho)

N 2
bl =-( ¥ mﬁ)‘” <b—a+h)" B fuloe

=0
i 3 ymoBH (64) 3HaX0AMMO OLIHKY TOUHOCTi

o
bzl =1y —ul<% (0 —a+h)"” A fuloron. (78)

Ouinku (74) i (78) opHakoBi 3a mopsaxkoM A, ane.B (78) Touniwmit cranun
MHOXHHK fpH h?. Taknii camuit nopanok A Mae i ouinka {73), snailnena

npY MEHLIHX BHMOrax O LIYKaHOrO po3B’si3Ky, a came 4 € Wi (a, b).
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I purad 4 (nocnikenns 36inwocri i oninkn noxu6xu B opMi C (w4)). docarigurn
s6ixaticTh i BCTAHOBHTH ONIHKY MOXHOKH. Pi3RHUEBOT CXeMn

(ay—)x—d(x)y —9(x), x€op
y (0 =p;, y()=1pn,

(79)

aas 3anaui
(ku,)l—q(x)u=—f(x)v xE(ov 1): (80)
u (0) = p'lv u (]) = P'zl

s h()=>C>0, 9(x) >0, k, ¢, f— 3anani dyuknii, p,, py — 3anani uncna, q
fectlo, 1L u (x) e C4]0, 1] keCo, 1}, wp = {x,=1ih:t=1,N—1, h=1/N},
a = ky_ 12 di=qi, =

Po3B'A3aHH4A. a) 3anumeuo pisHHueBY 3afgauy AasA NOXMOKH z (x) = y (x) —
—u (X), X E ('Y

(az;)x —d(x)z=1% (x)y x€op, 2z 0)=0, z(1)=0,

ze ¢ = (ku"); — (au,\x'i.
6) Hocaigpmo moxinOky ampokcumanii. IToxamo ; y Burasai

e
1 - =1
10 = (ka'), e — kyyygttz = Ry

O =uy_yp— itz P = (k') — (k') g o

";
Bemwrma— ! npu ¢ikcobanomy /, oueBHaHO, € MinifinaM dynKiioHATOM BiA 4, To6T0

'n‘” = n‘“ (u) JocainuMo Aoro cTaHXapTHAM IUISXOM 3a JonoMororo Jemn Bpem6ra —
1‘1:11;6ep'ra Bukonabmn saminy x= x;,_, + sh, s€ 0,11, x€ [x,_y, %, u (x) =

=u(x;_; +sh)= u (s), micraemo
M= @ = (& (5) —im+a0),
3BiJIKH 3a TeOPeMOIO BKJafeHHA (32 YMOBH 4 € Wg 0, 1))
10 ) | < 367" [ lergo, 1y < 367 MUu Ry g0, < 3MA™ fulyso 6D
Zie ctana M He 3anexuTh Bix 4 Ta h. HeBakko NepexoHaTHCs, MmO
W) =" O—1+1)=0,
W)= A1 — 140 =0, 7P () =" 2sls=tz— 1+ 0) =0,

N (%) = K" (3% sy jp— 1 + 0) 0.
ToMmy, BpaxoByloun (81), 3a semoio Bpem6aa — linbGepra, Maemo

T )| < SMME! a3
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3BiakyM nicas mepexony 20 KOOPAWHATH x nicTaHeMo

1 @) < 3MMh3/2|ulW3(” e1=(x_p 1), I=T1 N—1,

Ockinbk & (x) € W3 (0, 1), 0

I\ << MRV R By (82)

o 1)‘“‘\1'/3(, )
ne ctana M ne sanexwuts Bia &, A, u.
Bennunna 'q(f’ npH pixcoBaHOMY i € dyuruioHanom Big v == ke'. Ixmo u € W; o,n,

ke Wi (0,1), o ve Wg (0, 1), i ananoriuno morepesnsoMy 3a ormomorowo Jemu Bpewm-
6nra — TI'irpbepta nicraemo

(2) 3/2 ’ 3/2
l "l: I < Mh l ku le(e!) < Mh " k “Wa‘,(o.l) " u"W;(ej). (83)
3aypaxHmo, mo noxHOKY anpoKcHMauil MoXKRa MOJaTH y BHIAARI
’q’i = p’x FAd (84)
—1 Vd

ze pi = {4 Z r$, npruomy ocramHa cyma RopiBHIOe Hymo mpu { = I,
=1

B) 1llo6 snafitn anpiopny ouinky, sannmemo sagauy (79) B inmekcHomy Burasal
i Bpaxyemo (84): .
Az, —Cizy 4 Bizl+1 =hAp;, i=1,N—1, z,= zy=0,
e
Ay =py —pi, At=ay, By=uayy, Co=di+a; |+ a.

HeBaxko nomituty, mo a; > ¢; > 0,d; > 0,atomy Ay > 0,8, >0, C; — A; — B; >
> 0% 506’;9 BHKOHYIOTbCH Bcl yMOBH, 3a fIKHX cIpaBefHBHA HacJaiZoK 6 3 Teopemu 4
(m. 7.2). Tomy

||z||c<—2 hlnuus—npu“w” (85)

BpaxoByioun BHMVIAR [y, a TaKox oninku (832), (83), aaxi maemo

N N " N | k=L @
= k) k| "k h :
Iel l?-::l Pkl<§=l 1+ k2=l El ) l-s
N 12 N . 1/2
< ( Y (ng")*) +<2 h(n?’)’) <
k=1 /=1
SMB ks o, (18 'wg(o.n Flelpg ) (86)
Is (85), (86) snaxoaumo WYKaHY OUIHKY _
Izl =y —ul. < MH2|k "W““(o.l) (lu 'Wg(?.l) Ju) vio, 1) (87)

3ayBaxumo, WO ANS BHKOHAHHA YMOBH # € W; (0, 1), oueBHAKO, AOCHTH, WOG ¢ §
€ W2, (0, 1), fEWE(0, 1), kE W3, 0, 1),
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ChopMynioeMo cKasaHe BHULE Y BHIJIAAL HaCTynHo'l' TEOpeMH. .
Teopema 2. Slxwo 6 3ada4i (80) f € W2 o1, gq¢ W% (0,1, k€
cwWLO1),u € W3 (0, 1), mo pose’asox pisnuyesoi cxemu (79) 36izacmocn
ao mounozo poss’asky 8 cimkoeid Hopmi C (®,), npudomry mae micye oyinka
wsudxocmi 36ixcrocmi (87).

. 3a ponomoroio ¢opmynu Tefnopa poecTn, W0 32 YMOBH ¢, f€
€C? [0 l],k E 6‘3 [0, 1}, u € C* [0, 1] nan cxemn (79) mae micue oninka
ly —ulc=0(h?.
3ayBaxumo, 0 BHCOKi BHMOrHM rvIajKocTi Janux 3apadi (80) 3ymoB-
JleHi CTPYKTYpOIO NOXHOKH anpokcuMmalii, Kyay BXOAATb BiANOBiAHI noxin:
Hi. Orxe, 106 3MEHUIUTH BHMOTH A0 IMIaJKOCTi, Tpeba OyAyBaTH CXeMH,
B 0XH6KH anpokchMmauii sIKMX BXOAATH MOXiAHi BiA myKaHol dyHKuii

(Bk/ioualoud pisHUMUEBi) SIKOMOFa MeHWIOro MOpPsAKY i AKi JONyCKalThb
anpiopHi ouiHk#, Ae ui NoXiAHi NEBHHUM YHHOM «OTVIHHAIOTHCAY.

I puraad 5 (nocnipmenns 36ixkuocTi i ominka MOXHOKH B ‘eHepreTHyHift HopMi).
Jns sapaui

— (k'Y + g u@) =f(x), €0 1), u(0)=u(l)=0 (88)
PO3TAAHYTH pi3HuLleBY cxemy (zuB, n. 4.3.6)
- (ay;)x + d (X) Y (x) =Q (x)r x€ @p,

@ =y()=0, (69

Ie
RDEWL (0 1), q(0)€L,(0, 1), a(n)EW]O, 1),
k(x) 2ea>0, q(x)=0, [(0€Ly (0, ),op={xy=ih:i=1, N—1,
h
h=UN}, am=k(x—g). d0=S10d, ()=S0,

i nocaimurd if 36ikuicTe T2 OLiHHTH MOXHOKY B eHepreTHuHift Hopmi.
"Po3p’ A3aHH4A a)3anHwemMo 3afauy Mg NOXHOKH 2 = y (x) — u (x), ¥ € .
Maewmo

Az —(az)s+d (D2 () =V (1), x€op 2(O)=2z(1)=0, (90

ae ¢ (x) = ¢ (x) — = Sf(x) — Au. ¥ cuny pisnocti (54') noxubry ampokcuMa-
uif ¢ (x) moxkua nepemopn'ru TakK:

¥ () = 10 () +1Pq),
ae

1 (1) = au; () —k (x—%) w ("— ’%) k (" - '2_) ),
1 (1) = %) —u'( )
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. x+q,5h
N () =S () () —S@ WuW=t" | q@uE &

x—0,5h
x+0,54 x-+0,54
—u(yh é 1@d=r" [ @@ —u@a.
x—0,5h x—0,54

6) AnpiopHy OmiHKY AJIf cXeMH, W0 XOCHiZKYeTbcsl, MH BXKe (aKTHYHO BCTAHOBHJIH
B n. 3.2.4. Ane ockiibku Noxu6Ka ampokcHMailii Mae neBHy CTPYKTYPY, TO AOLITbHO
U0 OiHKY «NigMpaBHTH» TaK, WOG «IOIVIMAYTH» Pi3HHIEBY NOoXIAHY, WO B Hifi MicTHTBCS.
VY nasoMy pasi Lie MOXK/IHBO 3pOGHTH, WO, OUEBHAHO, Mae NPHBECTH X0 OcNaGleHHA BHMOT
10 raajxocTi mykaHoro po3s’ssky. OTXe, IOBTOPHMO MeTO[ eHepreTHYHHX OLiHOK AJA
sanaui (90). BmeaeMo ckaaspuulr 06yTOK
N—1

@ =Y hyp,
i=1
i moMHOXHMO cKanstpHO piBHAHHRA (90) Ha z: _
— ((620)x, 2 +(dz, 2) = (", 2) + (0@, 2.

JliBy wactuny ulei piBHocti mepersopumo i ouinuMo Tak camo, ik y m. 3.3.4, a B mep-
IIOMY JOAaHKY ClipaBa NiACyMYyeMO 3a 4acTHHAMM i 3acTocyemo HepiBHicTs Komri —
ByHsAKOBCBKOIO: ’

S izB<a® 1+ 6% 9 <10 iz N+ in®P 12
Tyr
. N-—1 N 172
)=(uzu"+uz;n')'/2'=(t§l hz} + ,‘2 hzf?.,) ,

=]

. fzly =12 "Wé(o)h

N
(4, v} = ;gl hyz;, V2 )l=lz oy ™ E3

BpaxoByioun, mo |z, = (jz)2 + {2 lf)'/z, Raai 3HaxoaHMo
¢
=5 Iz < ™)+ WD Uz

3BifikKH AicTaeMo WYKaHy OWiHKY
Izl < 267 (PPN 4 1@ . 91)

B) Ouinumo seanunnn | O || ra n'? |, Poarnaneno dynkuionan sin u (npn Pix-
COBaHOMY X): ‘

D@ =10 =1 w=u(n—w (x - —’2‘—) ) X € oy,

BukonaBum saminn § = x+ (s — 1) h, E€lc—h, x],s€[0, 1), a () = u(x+
+{(s—1)h = u (s), nepetBopuMO ¢yHKUiIOHAA 7]‘” Tak:

10 @ =7 @ =" 1 (1) —u(0) — " (1/2),
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3acTocyBaBLIM TEOpeMH BKJAaleHHA, MepPeKOHAEMOcs, o dYyHKIioHaN T obmexennt
y npocropi W§ o, 1): '

170 @)\ < 3K | e, [ <3Mh! u by 2oy

LleA dynkuionat nepeTBOPIOETLCA HA HY/b Ha MHOTOWIEHAX IO APYTOT0 CTeleHA BKIIOYHO
W=l —1—=0=0 nVE=a"'1—0—1]=0,
10 () =A™ [1 — 0= 2],y ) =0,
T () = A~ [1 =0 —3s3 |, ] 5% 0.
Tomy 3a aemoio Bpem6aa — I'innbepra

=) (g -1
1 W () | << 3MMA lulwz(on

3BiANW MicA Nepexojy AO CTapHX 3MiHHHX MaeMo

MY W< Mhl/2|u| o X€wy e (x)={(x—h, x), (92)
ex

®yuxuionant n@ x) = 'n(z) (x; u) ouinumo TaK:

x-+-0,5h
P @i=r" | q® k@ —uwid|=
- £—0,5h
x+0,6h x+0,5k ou _ -
=l q@)j s dhdt| < [ g flwldﬁ %<
x—0,5k x—0,58 X
x+q,5h x+40,5h on
gh—l i q“[_“(().l) \ ( g dfdt =
x—0,5h x—0,6k .
x-40,54 x+40,5k 12
I Ou ' d 2
=“q|'»L°,(0,l) ot dt < Q12 ||q\.\L°°(o'1)( \ ( alg) dE) =
x-0,5h x—b,sh
= p2 nqll,_w(o,,l IW;(:“». e(xy= (x— 0,58, x-}0,5h), (93)
Ia mpaaus (92), (93) aicraemo
lln“’l|=( ) h(n"’(x’))'” <Mn|u|w,2«,1) (94)
xemh
@ = B (M@ )\ V2 Mh . 95
10 )= (xe“#‘),, (M (x))) lul%(o ) (95)

ae o),',“ =@ U (1}); M — crana, mwo He 3afexuTH Big 4 T2 h.
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) Tenep 3 ypaxysauuam (91), (94), (95) MoxkHa 3anncartu (npu h << hy, hy — bikcosa-
HO

Lzh =1y —ul < Mh (Juiyg o+ 16l 1, ) < MLl (96)

Wg(o,x)‘
ChopMmyJiroeMo NoBeAeHe y MpHKAaAi 3 y BHUIVIALI TEOpPEMH.
Teopema 3. Hexall pose’asox sadaui (88) nasemums npocmopy

W0, 1), k(EWL O, 1), g) €L (0, 1), k(¥) >c,>0, q(x) >

>0. Tooi po3s’asok pianuyesoi cxemu (88) npu h — 0 a6izaemocs 0o mou-

Ho20 036’ a3ky sadaui (88) 6 cimnositi Hopmi W (©,), nputomy mae micye

oyinka mounocmi (96).

OuiHKH TOYHOCTI pi3HUUEBUX CXEM BUIISAY

1y — #lyboy S M iulysqg, s>k, 97

ne y (x), x € w, — po3B’A30K pisHHLEBOI cxeMH, u (x), x € Q — posB’s-
30K HHdepeHLialbHOI 38Aaui, HA3HBAIOTLCS Y3200MeHUMI 3 2AAOKICIIO LLYy-
Kano2o poss’asky. IligcraBoio ANs Takoro o3HaueHHR € TOH ¢akr, Wo B
JesKHX 3ajavax Taki OHiHKM MaioTbh Micie AJs CXeM METOdy CKiH4eHHHX
eneMeHTiB (1uB. 1. 4.4), NpUYOMY B AeAKHX BHNAAKaX AOBEJEHO, IO BOHH
He MOXYTh GYyTH MOKpalleHi 3a nopaakoM A.

M puraad 6 (nobeneHHR Y3roMeHOT OLiHKH A1A HOPMH La (wg)). Hocaizuru 36im-
HicTh i BcTaHOBHTH ORiHKY TOWHOCT (ONiHKY WBHAKOCTI 36ixHOCTi) B Ly () piskuuesol
cxemd (auB, u, 4.3.6)

Ay=—y +d Dy @)+ Dy (x) =@ ®),. (98)
x€wp y(O) =y()=0

Ins 3agaui
—w () +q@u®=F(x), x€@© 1, u(©=u(l)=0, (99)
ne
IS Lo (0, 1), 0<q<aW<aq, FMELO, 1,
w() EWE(0, 1), op={x;=th:i=1, N—1, h=1/N},
d(0)=Tq@®), @@ =TF®, x€wp di (x)=T(G@® E— )
) x+h
TTE=H2 { h—1t—x/®d. xcan
x=h

Po3B’a3anHsa a) 3anuweMo sagaiy ais noxubku z = y — u. Bpaxosyioun
pisrictb (65) 3 n. 4.3.6, maemo

—z_ +dWz()+d (N2 (D=P (@), xEop (100)
2(0)=2(1) =0,
B(x) =@ (x) — Aux) =T §) — Au (1) = — (1) +
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+T () +u, —TeE) u(®) —T (@) E—x) ux (1) =
=T (qu) =T (g E) @ (x) + E— x) ux (1)),

ne & — aminHa, mo AKifi BUKOHyeThcAA iHTerpyBawns B omepatopi T.

Ak 6aunMO, 3aCTOCYBaHHA YycepeRHIowuoro ofieparopa T pago 3Mory moabyrucs
BCSIKMX MOXIAHHX Y MOXHOLi anpokcHMaNii (Ha u, (x) MOXKHA He 3BaxkaTH, 6O nepes HHM
€ MHoxHUuK (§ — x), akuil mae mopsgox O ().

3anuwemo piBHicTs y BHMVIAAI

V() =T () —T(q() (4 (¥) + E— 1) uy (1)) =
x-+h
=h? | =1t —x D@ @ — s —E—nus (]G (10)

x—h
6) Bcranosumo anpiopuy ouwinky B HOpMi Ly (@p). JL1g 1BOTO CKOPHCTaEMOCA TAKHM
npufiomoM (y Metoal cKiHYeHHHX eneMeHTiB #OFO aHanor iHOAi HasHBAIOTL MPUIOMOM
Himuwe). Posrasuemo ponoMixny 3agauy
A =2(x), x€Ewy
w(0)=w(l)=0; A°w=—w;x + d (x) w (x).

BBaxaTuMeMo A, onepatopoM, mo gie B npocropl cirkosux ¢yukuift, axi neperso-
PIOIOTbCA Ha HYJAb Y Toukax citku 0 Ta 1, si craaspuum noGyTkoM

W, )= X hy(»)v(x).
xecoh
[MizcymoBylous uacTHHAMH, Z&icTaeMo '

(Agv, ) =l v )1” + (@v, v) 200 ]|+ ol 01, d(x) >4,

4 nh
Bpaxosytoun, mo v, JI2=(—v,,, ) 2|02, ne A= w sin? -5 - MiniManbue

BJIacHe 3HadeHHst oneparopa Av == v a0 ©0=0v(1)=0 (ams. n. 1.4.43 4, 1) i oc-
KinbkH Ay > 8, To Maemo
1o Ji*>810l,
TOMY
(Apv, 1) > (84 gg)ii vl
Hesaxko nomituty, wo (Ag, @) = (v, Aow),‘-ro(S-ro A= A;. Tomy oneparop Ay~ ! ra.

Kox camocnpsxenui | (qms. n. 7.2.4) | Ay <@+ qo)". Ouinumo Bennunny dy (x).
Maemo ,

x+h -
HW=T@OE—N=H_[ t—1t—x)e®E—nE<
x=h
<h| q"Lw(O,l) < hgy, (102)

ockinbkn | h—1E—xi<h, |[E—xi<h 1@<l gy <da To-

MHOXUMO piBuAnusa (100) ckaaspHo Ha dyHkuilo @ i BpaxyeMo, wo w = Ao_"z.
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Marumemo (Ag2, @) + (dy2,, w) = (P, w) 1 gani
Moz, Ay '2) +(dize, AT'2) = (b, AT <UPIIATZAIHNB + g7 | 20,
@ AAT'2) + @izz AT < B+ a0 I WUL2Y,
hzI2+ (dyze, AT'D < 8+ ) 1V 2 (103)

Hpyruit ZozaHoK y JiBifi yacTuni ocrannboi HepiBHOCTI OUiHHMMO 3a JomMOMOrOM Hepis-
socreft (102) Ta Kowi — ByHskoBcbkoro:

A .
| izs 8572 | < Gkl 2285 20 < g D2 b2l

Bpaxosyloun HepiBHicTb (@ £ b)® < 2 (a® 4 b2), MaeMo
N1 _ 2,172
Bzl = (h’ T a2 <opan
=t \ J

2
Tomy | (dyz;, A;':)|<T£l‘ruzuz | Axmo g, <4+ —%-, 10 is (103) Aictaemo

29, 84 4q, .
(l— 31 q, )||21|2<“¢“||2“o “z"<——8+qo—2q'1- (R0 (104

B) Ouinumo Bemuuuny [ |. Posrasnemo dynkuionan M (u) = u (§) — u (x) —
— (§ — x) u, (x) npu ¢ixcopanux x, §. HeBakko nepekoHaTtHcst, W0 BiH oOMexeHuf

y npocropi Wg (0, 1) i mepeTBOpIOETHCA HA HYJb Y MHOrowJeHax [0 MEpIIOrO cTeneHsf

8K104n0. TOMY cTanapTHHM LLIAXOM 3a JONMOMOrow Jemu Bpem6aa — linbGepra Mox-
Ha 3HaliTH OLiHKY

b () | < MAY? [u)

Wg(e(x)) v e{x)=(x—h, x+h),

a 3 Bupasy (101) matumemo | P (x) | << M2 | uIW2 ze M — crana, mo He 3a-

Ztete)

JeXuTb Bif h Ta u. Tomy
bbl= ( 2 e (x))‘” SMBH a9 0 (105)
x€oy, 2
Je cTana M TaKoX He 3aJeXuTh Bif A Ta u,

I3 Bupasis (104), (105) Bun/HBae Taka TeopeMa.

Teopema 4. Hexail poss’asox 3adaui (99) nasexcums npocmopy W3 (0, 1),
U EL (0, 1), 0K qp<q0)<q,f(x) €Ly (0, .1), npusony ¢, <
< 4 -l——g—°. To0i po3s’asox pisnuyesol cxemu (98) sbizaemeca npu h — 0
do mounoeo poss’ssKy 6 cimrosit Hopmi Ly (©,), npusomy mae micye yazo-
Ooena oyinka wieudxkocmi 36iscrocmi. |y — u “L-("’n) < MR u 'Wg(o W
de cmana M He 3aaescums 6id h ma u. _ '

3a3HauuMo, L0 NPaKTHUHE 3aCTOCYBAHHSI CXEM, PO3TJISHYTHX B OCTaH-

HiX JIBOX NPHUKJIANaX, YCKIANHIOETbCA, 60 LIS 3HAXOKEHHA 1XHiX Koedi-
nienTiB notpi6Ho oGuHcIHTH iHTErpany. Lle MoXJaHBO 37€6i/bIIOro Jinie
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3a 0NIOMOroK KBaapaTypHuX dopmys. OctaHHs o6cTaBUHA NPHBOAUTH 10O
3HAYHOTO 36i/bilieHH s O6YHC/IOBANBHOL pOGOTH, TOMY Lii CXEMH MalOTh Ie-
PEBAXKHO TEOpeTHUYHE 3HAUEHH .

3a3HaunuMOo TaKOX, L0 HaBeJeH] MPUKJIafH JOCAiJMKEHHS CITKOBHX CXeM
JlaJIeKo He BHYEPNYIOTh BCixX 3aiau i meroaiB. YacTo BpaxyBaHHA iHAMBI-
AyanbHUX 0COGJMBOCTEH 3ajaui Jae 3MOry AictaTH edeKTHBHIiIi ‘cxeMH
i 3acTocyBaTH METOAU 1XHBOTO LOC/IJXKEHHS.

4.3.9. MipsHIEHH TOYHOCTI MeTOAY CiTOK Ta amnocrepiopHi OWiHKH
noxu6ku. OGymosJeHicTh pidHuuesux cxeM. SIK BHIJIMBaEe 3 MomepeiHix
OLiHOK, MiABHLIUTH TOYHiCcTb pi3HUUEBOI cXxeMu {3a ymoBH ii 36ixKHOCTI)
3aBMAN MOXKHa sMeHlleHHAM h. [lpore npu ubomy 36inbliyeTbes Kisb-
KicTb pi3HuueBHX piBHAHb. Takuit MeTol He 3aBXKAM BidNoBigae BUMO3i
€KOHOMHOCTi, TO6TO eKOHOMIT uacy BijlIyKaHHs pO3B’A3KY i3 3a/laHOI0 TOY-
Hictio. ToMy Ha apakTHLi 4acTO 3aCTOCOBYIOTb TAKOX iHWi Meroau, Ha-
npyuK/aaj pisHULeBi cxeMH Ha HepiBHOMipHHX CiTKaXx, CXeMH IiABHIIEHOIO
NOPSAKY TOYHOCTi, PO3PaxyHOK Ha MOCJiJIOBHOCTi CiTOK i3 3acTocyBaHHAM
npudnuny Pyure (nuB. nn. 2.10 3 4. 2) ta in. Koporko posrasHeMo Jesiki
3 L[UX MeTO.iB.

O0nopidni cxemu Ha HepieHomiprux cimxax. BUKopHcTaHHS HepiBHO-
MipHHX CITOK Ja€ 3MOTY eMIipHYHOro IMiABHUIEHHS TOYHOCTI 6e3 36i/blleH-
Hf KiJIbKOCTi By3.iB (a, 3HauuTh, pi3sHHI2BHX piBHAHL). CXeMH Ha HepiB-
HOMipHUX ciTKax JOUiJTbHO 3aCTOCOBYBATH, KOJH € nonepefHs indopmauis
npo noBeAiHKY LnykKaHoro posB’si3ky. Tak, B o6aacri pi3koi 3MiHH Koe-
tinienTiB, npaBoi UaCTHHH PiBHAHD 1 TOUOK PO3PHBY PO3B’A3KY Tpeba aryc-
TATH ciTKy. [1o6/H3y TOUOK pO3pUBY KoedilieHTiB 3BHYANHO CITKY 3rymLy-
I0Th 32 3aKOHOM reomerpuuHoi nporpecii. lllo6 Aicratu nonepeaxio ingop-
MaLiio, MOXKHA MPOBECTH CNIOYATKY pospaxyﬂox Ha rpy6ii ciTui, a Bxe no-
TiM — Ha cneuiaabHiil HepiBHOMIpHI# ciTui.

Posrnisnemo 3HOBY 3apauy

(ke —qg(x)u=Fx), x€@O, 1), u()=p;, u(l)=p, (106)
Bu6epemo Ha Bigpisky [0, 1] goBinbHYy HepiBHOMIpHY CiTKY
o, ={x;:i =0,N, x,=0, xy =1}
PizuuueBy cxeMmy Ha wifl citrui MoxkHa AicraTH MeToAOM 6Ge3nocepenHboi
3amiuM MOXiZHMX pisHHueBAMH chiBBifHouleHHsMH (auB. nm. 4.3.1).
[lpote, mo6 nictaTH KOHCepBATHBHY cxeMy, sika 6 BijoOpaxana Ha
ciTii 3aKOHM 36epexeHHs, 3aCTOCYeMO IHTerpo-iHTeploNALiAHUH METOA
(auB. n. 4.3. 3) 3anuuiemo plBHHHHﬂ Ganaucy Ha Binpisky [x;—1 s, Xip1p],

1
Xitr2 = X; + —— H- i = X; — Xi—1:
. xi41/2 tit11/2
Witip— Wi-1g— S qudx = — S f(x)dx, w=kFku, (107)
X172 Xi—1/e
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1 -anpoKCHMYEMO B HbOMY iHTErpau i NOXijHi TAKUM YHHOM!

0y — ty_, Xig1/2
Wi—1jo = (kU Yi—1jo ~ a; — S [(x)dx ~ H;9,,
X_1/2
X112
qudx ~ diuzh,, h, =1/2 (hi + h;+|),
xi—1/2

e a;, d;, §; — neski ciTkoBi $yHkuii. Sk Hacaifok npicraemo pisHuueny
cXxemy

1 Yip1— Y41 Yi— Yy
Qi1 -

i=1L,N—1, go=W, yv= s
MoxxXHa BHKOPHCTaTH, HAaNpPHKJaA, Hafnpocrimi ¢opmyau ¢; = f,, d,
== ¢;, a KoepillieHT @; B3ATH TaKHM, AK HA piBHOMipHi# citui, TOG6TO 4,
=kimip + O (B) npu k(x) € C2[0, 1. 3anmmwemo pisnuuesy cxemy
y Burasai

'l

(ay); —dy=—0(x), *=x€06 o=t yn=4py (108)

Jasi noxXH6KM 2 = y — u MaeMo. piBHAHHA

(az)p —dz=—9(x), 1€0; 2z=2v=0, (109)
e
tp=Au+q>=(au;);—du+q>. (110)
Jema 1. fxuo qu € C* [0, 11, f € C* [0, 1], mo dan noxubku anpokcu-
Mayii cnpasedrusa opmyra
¥ =ns + ¥, (111)

ne n; = (auz); — (ke )i—1s2 + hi (qu — Nil8, ¥i = O (k).
J oBepeHH s 3anuwemo Toroxuicts (107) y Burasxi

*e41/2

O=wy,—4 | (u—Pdx, w=u)n
f—1/2
I Bignimemo ii Big (110):
| e ,
b= l@ug)y — (R )iplis — @iy + 0+ 5 | (qu—Pdx. (112)
x—yf2
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Tonamo iHTerpan y BUIMIAAI CyMH JABOX iHTerpa/iB no Bigpiskax

L1, x;] T2 Lx;, xi41/0) i poskaanemo dynxuioo f = qu — f B oxoai Bys-
Ja x; 3a popmyaowo Tefsopa:

e ) 0o -
Ty f(x)dx=T{ s lfi + (x—x) feldx +
*{=1/2 ) X{—1/2
®it2 -
+om) + { (fi+(—x)fldxe+0 (h?+.)] =
*1

=i+ g (W — k) T + O )

(6o K} + K311 <<(2h,)%). BuKonaBwm 3aminy h3+1f; = h?.,.lf;.,.l + O (H),
licTaHeMo
1 A2 a 1 2% 2
o | Twde=fit+ 4 @), + 0@,
*{—1/2 -

TligcraBupmy ueit Bupas B (112) i Bpaxosyloun, wo f = qu — f, nicrane-
Mo (111). Jlemy noBeseno.

Tepuw Hix OUiHUTH 1), po3rasHemo BeanunHy 0P = (auz); — (ke')i—i s,
npunyckatoun, wo &k € C? [0, 1], u ¢ C? (0, 1]. CkopucraBiuuch BHpasaMH

a; = kimip + O(RY),
= o + P12 + hiui_1/8 + O (),
Uimy = Ug1jp — hyti1of2 + Biui_172/8 + O (B3),
Uy, = (g — sy = wmip + O (H)),
JicraeMo
(atz); — (ki Yimrp2 = (kimt2 + O (D)) (112 + O (i) —
— — (kY12 = O (h)),
T06TO Ma€ Miclie OUiHKa
0 = Q (k). (113)

Ananoriyno Tomy, fiK ne poGHJIOCH AJS Pi3HUIEBOi cXeMH Ha pPiBHOMipHiM
citui (auB. 0. 4.3.8, npakaaz 3), ans 3anavi (109) 3 noxubkoio anpokcuma-

uii Buny (111) moxkHa gictrath anpiopHy olUiHKY (3a yMOB £ (x) == ¢; > 0,
g @) =0

Izl < 5= {(L [l + (1, 19" b (114)
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N.
ze(y, vl = tZ yv:h; . Bpaxosytoun (111), (113), (114), nepekonyemocs, wo
=1

ClpaBej/IMBa HacTyllHa TeopeMa. -
Teopema 5. Sikwpo k, q, fc C2(0, 1, ue C3 [0, 1], B (x) = ¢, >0,
=0, mo pisnuyesa cxena (108) dan 3ada4i (106) mae dpyeuti nopadok
mourocmi Ha 008IAbHIL NOCAIO0BHOCT HepiBHOMIDHUX CiIMOK.
SIkuo KoedilieHT k (x) Mae po3puBH nepworo poay B Toukax §; €
€lo, 1), i = 1, m, To no (106) Tpe6a nojatH yMoBH

ul, =u (i +0)—u@,—0)=0, (k') —0)=(k)E +0)=uw,.
[Mpunycruswu, wo & (x) € @2 [0, 1], ¢, f€ C* [0, 1] i BKJIIOYHBIIH TOYKH

E.i = i, m y MHOXHRY By3nis HeplBHOMlpHOI CiTKH w,, (k), anasnoriyso
MOXKHa JI0BECTH, 110 CXeMa Ha HepiBHOMipHil ciTili MaTime APYyruil nOpsAOK
TOYHOCTI i B K/1aci po3pHBHHX KoedilieHTiB.

Cxemu nidsutyenoeo nopadky mourocms. 3pasy X 3ayBaXKMMO, IO TaKi
CXeMH AOUijibHO OyAyBaTH Hacamnepen Ais PiBHSIHb 3i crajiuMH Koedi-
HieHTaMH, OCKiJIbKH 3MiHHI KoedillieHTH NPU3BOASATD A0 MEBHUX TEXHIYHHX
TPYAHOILIB i 4acTo 10 aIropuT™MiB, AKi Morpebyiots Ginbmux 3aTpar. Mu
BKe 3a3HauaJsH, IO TaKi CXeMH MOXHa GyAyBarH MeTOAOM HEBH3HAYEHUX
koediuienTiB. [Ipore BiH MOXe NpHBECTH JO PO3pOCTaHHA 1AGJIOHY i, AK
HacJ1iI0K, 10 moripiueHHs O6YHC/IIOBaTbHHX BIACTHBOCTEH MATPHILI CHCTEMH
pisHHueBHx piBHsiHb. IHOAI BmAeTbes noﬁumca MiABUIIEHHA TO!{HOCTI
IHIIHM IJIAXOM. SIK NMPHKJIAA po3r/ISHEMO PiBHAHHS

u'—qu =—f(x), g=-const>0.
Haitnpocriwa pisHuuesa cxema Ha piBHoMipHifl ciTii Mae Burasan
Ay =y5,—dy =—9 (%)
Bu6epemo d i @ Tak, mo6 nopsgok anpokcumauii 6ys O (h*) (K mu 3Hae-
MO, MOPANOK anpokcuMauii o6ymoB.toe TouHicTb). [Toxubka ampokcuma-
uii gopiBHIOE
Y=Aut+o=(Au—u)—{d—qut+o—f=
= 2w —(@d—qut+o—F+ O,

3 pisusuns maemo ) = qu’ —f" =q (qu—p — " = q'u —gf — [,
2 Tomy

¢=—(d—q—-—h'—q”)u+q>—(f+—’,%qf+—%f”) + 0 (7).
Otxe MaThMeMo Y = O (h%), sKulo mokJaacTd d = ¢ + & ¢ o=[+

+-T2—(qf+i). Takuil caMuii NOpAROK anpoxcumauil 36epe)xerbca,
KO 3aMiCThb [ BHKODHCTATH f;, 6o A" = R*f. 1 O(R').
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Touni cxemu. Ona pisusannsa (106) 3a pisHOMaHITHHX rpAHHYHHX YMOB
MOXa TTo6yAyBaTH TOYHY TPHTOUKOBY cxeMy (To6To i1 tuab/ioH MiCTUTE TPH
TOYKH), PO3B’A30K fIKOT y By3JaX J0BiJbHOI CITKH 36iraerbcs 3 TOUHHM
po3B’A3KOM KpaioBoi 3afaui Aua audepeHuianbHOro piBHAHHA. OCKiNbKY
6earnocepeAHbO BHKOPUCTOBYBATH TOYHY CXeMYy I/Ifl OOYHC/IEHHS He MOMKHA
(doMy, cTaHe 3po3yMisno mi3Hiuie), To Ha i ocHOBi GyAylOTb TaK 3BaHi
Yciueni pisHuyesi cxemu m-éo pavey, NOPAAOK TOYHOCTI SAKHX 3a/€XHThb
Bif m. Uucao m 3ajexute Bia Haworo BHGOPY, TOMY TOYHIiCTH TaKHX
CXeM MOXHA 3DOGHTH fIK 3aBrolHO BHCOKOIO. [IpoiocTpyeMo MOXKIHBICTD
no6y0BH ToYHOT cxemu Ana 3anadi (106) npu g (x) == 0. Tlpoinrerpynas-
mu piBugnds (ku')’ = —f (x) Bin x; A0 x (x; — By30J1 JOBiJIbHOI HepiB-

HOMIpHOI CiTKH- ®,), MaTHMeMO

(k') (x) — (ku'); + | [ §) dE =0, (115)
Xy
Poaninumo mio piBnicTe Ha % (x) i npointerpyeMo mo x Bix x; A0 x4t
‘ L7 X4
’ dx
u:+1—u,—-(ku ) jr E ) -+ S k(x) S'f(g)dg =0. (1 16)
* *1

Ipointerpysasy piBusHHsa (115), moainene Ha k (x), Bin x— @O x;, Hi-
CTaHeMo
X

t{g—u:—x—(ku')gs k(x,+S k(x,)Sf(E)dé—O (117)
X Xi—1

INo3nauumo
’ xt e

1 dx
“hi S k(x) .

Xl

8
~e

Iomuoxumo Bupa3 (116) Ha a,.H/h,_H i BinnimeMo Big pesysbTary piBHAH-
ns (117), noMaoxene Ha al/h,;

1 1o HYp1—H o Bt —Hy_

—_— —a =0,

Fo [a;_H h’l+l i B + Py

ao Zt x xXiLt
1

V= TFoA S k(r)j F@dt+ hH'l S:I- kd(’;',) ‘j:i(f)dt=
*

Xi—1 L7
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0

S k (xi +sh) Sf(xz + Ahy)dA +-

-1

+ hu’+lal+l

S k (xi +sh Sf(x. + Muy) di.

PasoM 3 rpaHHuHHMH yMOBaMu ue piBHSIHHA i ABJfAE cO60I0 TOUHY CXeMy,
Ky MOXKHA 3aIHCaTH y BHIVIAAI

@udp, + @ =0, uy=p, unv=0ps,

NpHYOMY Bce CKasaHe paHilie chmpaseinuBe 1as Gyab- AAKHX KYCKOBO-He-
nepepBHHX QyHKUif & (x), f (x).

[lpakTHuHO BUKOpHCTaTH Ge3nocepeiHbLO TOYHY cXeMy Baxko, 6o ii
koedilieHTH BHpaXalOThCA yepe3 iHTerpaad Bin k& Ta f i obuncseHHs ix
norpebye BHKOPHCTaHHA KBaJpaTypHux Qopmyd.

Bukopucmanna npunyuny Pynee. Jlns niABHILEHHS TOYHOCTI i anocte-
piopHOI OLIHKH MOXHOKM Ha NMPAKTHHUI 4aCTO BHKOPHUCTOBYIOTb PO3paxy-
HOK 32 OAHi€lo i Ti€lo caMOIO CXeMOI Ha MOCHiJOBHOCTI ciTOoK i moTiM 3a-
cTOCOBYIOTh NpuHuun Pyure (auB. n. 2.10 3 4., 1). Lle nae smory nigsuimu-
TH TOYHicTb 6e3 CYTTEBOro 36iJIbIICHHS Yacy PO3PaXYHKY.

Hexait ans po3B’sizaHHA pi3HULEBOI 3afauyi Ha 6y,zu>-ﬂmﬁ plBHOMlleH
citui 3 KpokoM h mae Mmicue dopmyaa

yi = uy+a () i+ 0H™, k> k>0, (118)

Ie u; — TOYHHH PO3B’SI30K, . (x;) He 3aJexHTh Bin h. 3HafineMo ciTKoBY
dyHkuio y;, 3afaHy Ha citui o,, TaKy, mo

g1 =ty + 0 (A, (119)

Haa usoro posraanemo asi cmm wp, i @4, 3 KpOKamu b,y 1h2, AKi MaoTh

MHOXHHY CIiJBHHX Byama u),,, i 1mosHayumo yepes y" Ta y, posa A3KH
pisHHLEBOl 3ajayi Ha CiTKaX s, Ta ©4, BiAMOBiAHO. YTBOPHMO JiHilHY
KoMGiHariio

g =0yt +(1—a) g, x€wop, = N o4, (120)
IMigcrasuBwn ciogu (118), nicranemo
i = 4y +a(x)) ehf + (1 —o) h§') + O (k™).
[NpupiBHioioun no Hyna KoedilieHTH NpH & (), 3HAXOZUMO
o = h/(hs* — hiY), (21)
NpHYOMY B BY3/aax c:),, mae Micue pisaictb (119).
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TakuM uHHOM, 1006 NiABHIIUTH TOYHICTE CITKOBOrO pO3B’sI3KY, HA MHO-
XHHi By3aiB g, TpeGa po3B’A3aTH 3ajady ABiui Ha CiITKaX wa, Ta @a,, i HA
wp, (| @, = @, CKJACTH iXHIO JiHikHY KomOiHauiio (108), ne ¢ BH3HaUa-
€ThCA Q)opmynoxo (121). Hanpurnan, moxHa B3std by = hy/2, by = h i
Tofi @, = @y, Jas cxemH Apyroro nopaiaky TouHocTi maemo K, = 2,
ky=41i0 = -—1/3 1 — o =4/3.

3anucaBimy Ha ©,

y’:’ =u; + aix) h’f‘ + O(hf’),
y’;‘ = U, + o (x,) hg‘ 'l" 0 (hg.)

i BuGpaBmu h, = rh;, 3HaXONUMO BHpa3 I/ TOJOBHOTO YJeHA MOXHOKH

f f

o (x;) b = + O (h}).

To6to Ha citiui ®, MaeMo'3 ToyHicTIO Ko O (hf')

'!/“l._y’;x

1

_I/?‘ —U4; ~
1[0 A3€ anocTepiopHY OLiHKY NOXHOGKU. [T MOXKHA BHKOPHCTOBYBATH B 1pO-
rpamax sik Kputepifi nocsrHeHHs HabJau:KeHMM pO3B’A3KOM 3aJaHol TO4-
HocTi. .

O6ymosrericmo pisnuyesux cxem. SIK My 6aungy, 3aCTOCYBaHHS METOLY
ciTok AJs JiHiAHUX 3amau y 3Buqaﬁﬂux AudepeHuiatbHUX  PIBHSHHAX
NPHBOAHTb 1O HeOGXiIHOCTI PO3B’A3YBAHHS CHCTEMH CITKOBUX DiBHSHB,
AIKA € CHCTEMOIO NiBIHHUX areGpaiyHHX PiBHAHb BIAHOCHO HAGJMMKEHHX
3HaveHp PO3B’A3KY AupepeHnianbHOI 3a1aui y Byasax citku. I3 peayisra-
Tis 0. 1.2 7 3 4. | BUN/IMBAE, 110 NPH YHCEJILHOMY PO3B’S13yBaHHI PiBHAHD
BaXJHMBY POJb Billirpae uuca0 0GYMOB/IEHOCT ManldLli iiel cucremu. Pos-
TSHEMO 4YHuCJ0 OOYMOBJAEHOCTI MAaTpUlli CHCTeMH JiHiIAHUX aﬂreﬁpatqnux
piBHAHB

Yea=—F) x€op={x, =ik i=1,N—1, h=1N}
y@=y()=0
sIKa € Pi3HHLEBOIO CXEMOI0 /151 KpaHoBoi 3anadi
W=—[@) xE€O 1) u#(0)=u(l)=0

Marpuusa cuacremu (110) micas BHIYyYeHHS HEBilOMHX Yo, YN M€ BHIISAA

(122)
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(poamipaicts i1 (N — 1) X (N — 1))

——2 1 0 0...0 0 07
l1 -2 1 0...0 0 0
A=-Ll 0o o -21...0 0 O

= 77 .

0 0 00..1 —2 1
0 0 0 0...0 1 —2_
PosrisiHeMo unco obymosnenocti cond, 4 = | Ay | A7 ;. Ockinbku
matpuus A cumerpuuna, 10| A; | = max | A, [ = [ Ay ], 2e A, — BaAC-
k=1N—1

Hi gucna A, Ane A € TakoX XOZaTHO BH3HAyeHO, ToMy A, >0, k =
=1, N — 1, 10610 4 |3 = Ay—. OGepHena ManHuﬂ A7 € Takox cu-
METPHYHOIO i jonatHo Bu3HaueHolO, ToMy | A |y = A7 ¥ 0. 1.4.43u.1

4 nkh
BU3HAueHO A, = —5 sin®’——, OTKe, NIPH MaNHX A

h? 2

nh 4 (nh . nadhd 2
8<"1~—'5'"2—2—=7(—2"— -+ ) ~

nh 29 2 4
8 Ay—1 = = h’ cos? —— _—(l TR “')NT'
Tomy maemo

Ay 4
cond, A = e~ T A oo,

MoxxHa noBectd, o i 414 iHmKX ZudepeHiiaNbHAX PiBHAHL APYTOro no-
PAAKY TPHTOYKOBi Di3HHIIEBi CXEMH i CXeMH METOly CKiHYEHHHX eAeMeH-

TiB MaioTh YHC/I0 06yMoBJeHocTi nopsaky O (2.
Bnpasa 3. JoBecTd, WO 4dcIO OGyMOBIeHOCT] pisHHLEBOT CXeMH

W) =fx), x€op={x,=in:i=T N—1),

xxxx
Uz k01 =0 Yleeg1=0

¢ BeanuHHO© NOPAKY O (4.

Jns piBHAHDL BUIHX NOPAAKIB YHCJIO 06YMOB/IEHOCT MATPUllb Pi3HH-
HEBHX CXeM i cxeM MeTOAy CKiHUeHHHX e/IeMEHTIB POocTe ILie WIBHJLIE 3i 3MeH-
LIeHHsIM A, HaNpHKJIAZ, AJA PiBHAHb YETBEPTOro MOPSAAKY BOHO € BeJHYH-
noto O (h™*). ToMy NpH NpaKTHUHOMY BHKOPHCTAHHi Di3HHIEBHX CXeM i
cXeM MeToly CKiHYeHHHX eJIeMeHTiB (fK, A0 peyi, i B 6araTbox iHIIMX 334a-
Yyax 4YHCeJAbHOro aHanisy) Tpeba 3aJOBOJBHUTH ABi CynepeuHBi yMOBHI
1) mo6 36iNbIMHTH TOYHICTL pi3HHUEBOI cxemu, Tpe6a 3MEHINYBATH KPOK
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citkd h; 2) o6 36inbIMTH CTIHKICTD PO3B’A3KY Pi3HHUEBOT CXEMH JI0 MOXHU-
60K 3a0KpyTJieHb, Tpe6a 3MEHIUHTH ii Y4HC/I0 OOYMOBJCHOCTI, @ 3HAYMTB,
36iabinTy A. TIpore ana 6araTboX NPaKTHYHHX 3a4a4 JOCHTb TAKOl BEJH-
YHHH KPOKY A, IO Us CyNepeuHicTh He JaeThesl B3HAKH, aJje i1 Tpe6a MaTtu
Ha yBasi.

4.4. MeTop cKiHUGHHHX €NEMEHTIB AN 3BMYANHMUX
AnpepenyianbHux pisHaHL

_ Meton ckinyenHux esnemeHTiB (MCE) KOpPOTKO MOXKHA BH3HAUHTH fIK
npoekuidHui Merol 3i chemiaJibHUMH KOOPAWHATHHMH (yHKLiAMH. Mu
6aunad, WO B ajJropuTMiyHOMy ILIaHi IpoekuifiHo-Bapiauifini Meroau
3BOAATECA A0 PO3B'SI3YBaHHsI CUCTeM JiHIAHHUX anreGpaiuHUX PiBHAHD,
MaTpyls SIKHX Yy 3arajbHOMYy BHNAjAKY nosHictio 3amoBHeHa. Kpim Toro,
s 6aratbox 3afay i cucreMu JiHiHHUX anre6paiuHuX PiBHAHL HeaOCTaT-
HbO O6YMOBJIEHI, WO NpH po3B’a3yBaHHi Ha EOM npu3soauTs 10 BeAHKOI
0o6YHCMIOBA/IBHOT MOXHOGKH. LI of6cTaBHHA yCcKAAaMHIOE 3aCTOCYBaHHA MPO-
eKuilfiHo-BapiauifiHuX MeToniB.

Y Hauw yac iHTepec 10 LIHX METOAiB 3HAYHO 3picC 32 paxyHOK CTBOpEHH#
(baKTHYHO HOBOrO METOLY — METOAY CKiHUEHHHX eJIeMEHTiB, SKHH MOXXHA
po3rnaaari AK cHHTe3 MeroAiB [anwbopkiHa Ta Meroay citok. Ilouartok
MCE 6yJ10 noknaneHo y 1943 p. P. Kypanrom, sikuii 3anpononyBas 3acto-
cyBaty y meroai Pitua cneuianpni koopanHaTHi yHKuil. BuaBuaoce, mo
3aCTOCYBAaHHsf "iX [0 rpaHHYHHX 3ajad Aja AudepeHUiaNibHHX PiBHSAHD
NPUBOAMTL NO cHCTeM JiHiAHMX anreGpaiuHux PiBHAHDL, AKi MalOThb Taki
caMi CTPYKTYpPH Ta BJACTHBOCTi, WO i CHCTEMH METOAY CKiHYEHHHX pis-
HHUb (BeJHKa po3pifxeHicTb Marpuli, Xopowi o6GuMC/IOBaJibHi BJACTH-
Bocri). 1o 1iboro camoro Metony. nisHiie npuiiuiiy iHxeHepH, AKi po3B’s-
3yBaJM 3ajaui GyniBesbHOI MeXaHiKH, i BiH IiCTaB Ha3By «MeTOJ CKiHYeH-
HHUX e/IeMEHTIB».

Creuucdika xoopaunatHux ¢yukuiii y MCE nossirae B Tomy, 110 KOXK-
Ha 3 HUX «OPTOroHa/JIbHa» Maiixe BCiM iHIIHM, KpiM AeAKOro CKiHYEHHOro
yhcsa, sike He 3aJIeXHTh BiJl IXHBOI 3arajbHOi KiJbKOCTi («OpTOrOHAaJb-
HicTb», po3ymieTbes y ToMy cMucii, wo (Ag,, ¢;) =0npui =k, e A —
AefiKMA NOAATHO BU3HayeHHH omeparop, (,) — cka/ispHHil ZOOYTOK; SIKILO
Taka «OpTOroHaNbHiCTb» Mae Micle, To CHCTEMOK piBHAHD y MeToAi Pitua e
CHCTEMa 3 «Maii2Ke» fliaroHaNbHOIO MaTpHLe0). [3 1(bOro BUIJIMBAE, IO MATP H-
ISl cHCTeMH JiHiAHMX anre6paiuHuX piBHsIHb y MeToAi PiTna, sk i Marpuusa
B MeToJi CKiHUeHHHX Pi3HHUb, pPo3pilKeHa, a le 1y¥Ke BaXK/JUBO IPH pPo3-
B’s3yBaHHi ix Ha EOM. ,

4.4.1. Merton ckiH4eHHHX ejieMeHTiB fiK MpoekuiHnii meton i3 cneui-
aabHHMH KoopauHATHHMKM dynkuismu. PosrasHemo citky o, = {x; =
= (h:i =0, N,h = 1/N}, aka nokpuae Biapisok [0, 1]. KoxHomy By3-
Jdy CiTKH x; NOCTaBHMO Y BijNOBiAHiCTb HenmepepBHY KYCKOBO-JAiHifiHy
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y tyHkuio @, (x), fKa ZopiBHIOE ofuAMLI Y
wxi~ ooy BY3A x; 1 Hyao 'y Beix iHwuXx Bysnax

(puc. 5).

®yukuii ¢; (x) 3pyyHo moiaBatH yepe3
OZHY cTaHzapTHy o¢yekiilo ¢ (f), aka 3a
JlaHa Ha Bcifl aificril oci
Xy Xy Xisfh  Xist Xy q)(t):{l—ltl’ lt|<]o
Puc. 5 0, jt|>1.

Jlerko nomituty, wo @, (x) = ¢ (x/h — i), i = 0, N. OueBnaHo, 1O BeK-
TOpH ¢; = {; (x,)}}v=o — JiHifiHo He3aJexHi i yTBOPIOIOTL Ba3uc B €BK/i-
nosomy mpocropi R poamiprocti N - 1. Tomy 6yab-Ky citkoBy
dynkuio v = iv,}fv=o, wo poarasnaeThes Ak enement RV'!, moxua no-
LaTH y BUMIALi

- ——

X

N
U= E vieyq,
i=o
a RpoeKLisl Ha CiTKy HemepepBHOI KycKoBo-/1iHiliHoT dyHKuil

~ N
v=Y vp;x) )
i=0
36iraerbes 3 v, npuuoMy OyAb-fKy KYCKOBO-JMiHiIHHY (JMiHifiHY Ha Bigpis-
Kax [x;—, x;]) dyHKUii0 MOXHa 306pasutu y Barasni (1) (xsunsacra ainis
HaJ JiTepol0 TYT i Jali 03HAaYyaTHMe KYCKOBO-JiHifiHe -MOMOBHEHHS).

B npasa 1. [lokasath, wo cucrema ¢yukuin @ (x), i = 0, N, ainifino nesa-
Aexna. [lepexonatics, MO MHOXHHA HeNepepBHHX, JIHIAHNX HAa KOXHOMY 3 jHTepBanis

[x, x‘-_H], i=0, N — |, pyuxunit yrBoproe nignpoctip npocropy W; o, 1).

Ockinbgu @, (x), { = 0, N xinifino He3anexHi, TO, B cuay (1), BonH
YTBOpIOIOTE 6a3uc y HiAnpocropi HenepepBHHX KYCKOBO-AiHIHHHX (yHK-
i, sKuii mosnaunMo uepes H. HeBa)kKo MOMITHTH TaKoX, 10 MHOXHHA
HenepepBHHX KYCKOBO-MiHifHUX ¢yHKUilA, AKi NOPiBHIOIOTb HY/MIO Ha KiH-

Q
usx sigpiska [0, 1], yrsopioe nignpocrip B W, (0, 1) 3 6asucom, siKuii cK/1a-
naerbcs 3 byHkuift ¢, (x), { =1, N — 1. llefi mignpoctip nosnauumo
o

yepes H.
3BepHeMoch 10 MeToay [anbopkiHa AJsi onepaTtopHOro PpiBHAHHA

(10) 3 m. 4. 1. Bu6papwn y npoctopi D (L) =. W2, (0, 1) = W2 (0,1) N
N W5 (0, 1) xinijino hesanexui pynkuii @; (x), i =1, N — |, Bu3Hauu-
MO THM CaMHM HOro CKiHYeHHOBHUMipHHi miAnPOCTip fAis uboMy mig-
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npecropi LnyKaeMO HaGJHXKEHUH poas A30K 3anaui (10) 3 n. 4.1 ysurasai
Yn= 2 ChPs ().

Koediuientu ¢, siznosiHo no Metony 'abopKiHa BH3HAYalOTLCA 3 YMOBH
opToronaJeHocti HeB A3ku Lyy — f 1o Bcix dynKuift nignpocropy H, To6-
TO

(Lyv—F, @)=0, i=T, N—1.

BukoOpHCTOBYIOUH ABHMI BUIMISIL omepatopa L i iHTerpyiouu 4yactuHamw,
nepenyiieMo WO CHCTEMY PiBHAIHb y BUIJAAI
1 . . 1

S[k (%) "fiy—xN % +q(x) yv () @1 (x)]dx ='Y foidx
b

0

abo ,
N—1 © - ~ ~
Y S () 432 Wldx= (o mdxr, @
k=] 0
' i=T1T, N—1. '

3a3uaunMo, 10 Y TaKOMY BHIJIAAI cucTeMa piBHAHB [anbopkina Mae cenc
He TiJIbKH st dyukuiit is npoctopy W2, (0, 1), ane Takox i ans dynkuii

3 npocTopy W2 (0, 1), wo iCTOTHO BAKOPHCTOBYETHCA B METOAI CKiHUEHHHX
eJIeMEHTIB.

Bnpasa 2 [lokasaru, wo cHcrema piswaup Metoay Pirma aam 3agaui (10)
3 m 4.1 aBiraeTbest i3 cueremoro (2).

Omxe, mwykaTnmeMo HabGamKeHud po3B’da3oK 3agaui (10)3n. 4.1 y mix-
. N—1
npocropi H,, 10610 Y BUrAsAAi v = 2 v;9; (x). Koedinientn v, BusHa-

4aTbCo SIK poas SI30K CHCTEMH (2), m(a B AaHomy pasi Habupae BHI/ALY

Yo j [+ G G+ qon] dx = (Sfcpkdx, k=T N—1 (3

{=1

HeBaxxko IIOMiTHTPI mo v; = v (x;), To6TO Heainomi KoedinierTn 36Gira-
I0TbCA 31 3HAYEHHSM INYKAHOTO HAGMHKEHOro po3B’A3KY Yy BY3/aX CiTKH.
Pipusanna (3) asasie cobowo cucreMy piBHsHb MCE.

Bunpasa 3. INokasamn, Wwo 3a ymoB & (x) > ky> 0, ¢ (x) > 0 Gininifna gop-
Ma )

1 @
e v=|ee ¥ 3 +ewemvm|a
/]
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BH3HAaYae B [& (0, 1) ckanapuult noGyrok i HopMy | @) = Va (9, ¢), AKa Mae Hassy
€HEPreTHYHOT HOPMH, rparmtmo: 3agaui (10) 3 n. 4.1. 3a AKHX YMOB U5 HOpMa eKBiBaneHT-
Ha HOpMi mpocTopy W2 O, 1)?

Cucrema (3) mae Ty 4yloBY BJaacTHBiCcTb, UIO MaTpHUs if pospimkena.
Ile € HacainkoM Toro, o cicteMa hyHRIiH ¢, (x) y po3ymiHHi ckaaspHoro
ROOYTKY a (q),, ¢,) «maii’)ke OpPTOroHa/lbHa», a caMe a (cp,, cp,,) =0 npu
[i—k|>1Taa(g;, @) 5= 0nmwe npui="k— 1,k k+ 1118 k=
=2,N—2,ap, Tagn_y HeopTorona.nbm TiJIbKH O q)yHKum P3 T2 Py—3
BilNOBiAHO. (Bammao 1IO 11e Mae Micue Aas 6yab-fKoi KiJbKoCTi Koopau-
HaTHUX yHKUifl, T06T0 Aas GyIb-AKoro h.)

Bnpapa4. HNosecrn, wo 1) a (¢, ¢p) = Onpu | i — k| > 1| 1a a (p;, pz) #*
;eOnpul—k—lkk—l—le—2 N—22)a(q>1, %)%08 (‘Pn Pp) =

xg *pt1
H [ o0 idr=ns, [ ghax=2ns.
Xh—1 Xl

[Nepenumemo cucremy (3) y BULJIAAi
Ue—18 (Pe—1, Pr) + Va2 (Pps Q)+ Ve 18 (Pet1, Pr) = (f, @),
k=1, N—1 @

| noknagemo v, = vy = 0. HeBaxxo 3Haiitu, mo

I —:T ’ xE(xl—lv xi)’
dgr _
dx — -,l‘— y XE(n Xip), )
t 0, X @ (xi—t, Xi+1), "
TOMYy cHcTeMa (4) Mae BUTAAL
*p41
Vet g [—F7% (x) -+ 9 (1) Pe—19al dx + v 5 % (x) +
Xp—1 Xp—1
. *p41
+q@eRldx + v | [—Hh(x) + 9 (5) Quaa) dr =
*n
k41 .
= S fosdx, k=1, N—1, yy=uvy=0, @)
Tpal,
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MpH UbOMY KOXHe 3 piBHAHBL cHcTeMu (4°) mpupoaHo Bianosinae Byany
CITKH Xj.
Mpu k(x) =1, g (x) = g = const piBHAHHA (4') 3anmHUIyTbCA TakK:

h—Q,[— hvg—1 + 2hv, — hvpi} 4+ g "é_ Us—t + 4 _23h- U+

+q—g—vk+l=fﬁ, k=l,N—],

LSRR
ge fr= S fondx. Tlopinueuin KoXHe 3 uux piBHAHL Ha h, RicTaeMo
*p—1
hiq —1gh T 7
— 1+ )v,x,k+qv,.=h fo, k=T, N—1, v,=oy=0, (6)
o Ayke 6AK3bKO N0 pi3HUieBOi cxemu 3 9.3.
3anaua (6) sBase cobowo cHcTeMy JNiHiHUX anreGpaiuHux piBHAHB 3

TPUAIiaroHaNbHOI MaTPHUEK i 11 MOXKHA pO3B’A3aTH METOJOM NMPOTOHKH.
Posrasnemo rpanuyuny 3agauy (8), (14) 3 n. 4.1. Ockinbku Tenep rpa-
o

HHYHi YMOBH NPHPOAHI, TO HabHKeHUH PO3IB’A30K LIYKATHMEMO He B H,,
a y MHOXHHI yHKILIH, AKi He 3aXOBOJILHAIOTH CHeHia/lbHO TPaHuyHi yMo-
N

BH, 3 Gasucom @, (x), i = 0, N. [loknanaoun v = Y, v,q, (x), Ae @, —
(=0

KYCKOBO-/IiHiiHI KoopAuHaTHi ¢yHKUii, 149 BHU3HAUYEHHA HEBiZOMMX

Uy Uy, ..., Uy RICTaEMO aHAJIOriuHO MoONepeaHboMy piBHsHHA (4) i, KpiM

Toro, npu £ = 0, N 3a yMoBH (4) 3HaXOAHUMO PiBHSAHHS

W [vo {eCode—o; | Rax ] + 00 | 900 ahdx +
0 0 0

*

1

+ 01 { 4 (x) 919z = | Fox,
0

h* [— UN—1

—

1
kWdr+ow § k@) dx] +
~1 *N—1
1 I 1
+ N S q (x) Pv—19ndx + VN S g (x) phdx = S fondx.
AN—1 XN—1 - XN~—1
Cuctemy piBusiHb (4), (7), Aika Mae TpHIiaroHaJbHy MaTpHLlio, Nticaa obuHe-

JIeHHs1 iHTerpaniB, AKi BU3HAYAIOTH il eJeMeHTH, MOXHA PO3B’A3aTH METO-
JIOM TPOTOHKH.

Bnpawsa5. 3anucaTh po3paxyHKoBi GOpMyJaH MeTORY NPOrOHKH AJAA PO3B’'A3y-
BaHHA CHCTeMH JiHifiHUX anreGpaiunux pieHsHb (4), (7).

X

2.

219



Sl

] Prio
§ v i
|
|
|
[ R S %, . 1
Api-2 XKl Xel - Kelet Xpiep Xei-t Xpl  Kaley Xoieg *
Puc. 6 Pue. 7

Hageneni Bume npuknaanu cucremu piBHsaHb MCE nokasywTs 6ausb-
Kictb gBox migxonis: MCE i Metony ckinueHHHX pisHuub. Onuak, BHGH-
paloud iHIi KoopAHHaTHI QyHKuUil, MoxkHa aictate cxemu MCE, cxomictb
SAKHX 31 CXeMaMU MeTOAY CKiHUeHHHX pi3HHLb He TaKa OYeBHIHA.

Y HaBeleHHX Bulle MPHKAaAax Ans HaOMMKEHHS PO3B’SI3KY MM 3aCTO-
CyBa/H KYCKOBO-JiHifiHi dyukuii. Llinkom 3poaymino, 1o e He o6GoB’43-
KoBO i MH Moxemo 6ynyBati cxeMH MCE Ha ocHOBi HaGauKeHb, siKi Ha
KOXKHOMY 3 iHTepBaJIiB € noJiHOMaMut BUUIOro crenens. Big Takux anpokcu-
Maniit npupoaHo crmoaiBaTHch i 6isbmoi Toudocti. [Ipy ubomy MoxHa 6y-
JAyBaTH alpoKcHMallil He TiJbKH 3 TMPOCTOPY W}, ane # 6iaplu raanki na-
6aHKEHHs, Xoya AJ/s PiBHAHBL JPYroro NOpsAKY BOHH 3aCTOCOBYIOTHCSH

He HaCTiJbKK yacTo. [IpHKIaioM KoOpAHHATHUX GyHKUiHA B W), BiaMinEHX
BiJ KYCKOBO-JIiHIAHHX, MOXYTb CJYXXHTH KYCKOBO-KBaApaTHuHi GYHKUII,
aKki 3ajaioTbes TakuM yueoMm. Citka Ha Biapisky [0, 1] 6yayetscs Tak,
o & = 1/(2N). Tozi KoopauHatHi byHKuil, AKi BiANOBiRAXOTL By3NaMm 3
NapHUMH HOMEpaMH, MaloTh BHIJSAL (pHC. 6)

3 x—xy 1 (x—xg)?
1+ + h Sl abay s y X €(Xoi—2, X21)
P (x) = 3 x—xy 1 (x—xgy)?
-2 h + 5 =g *€ (x2i, Xor42)y
0, x & (X212, Xo142),
a By3JaMH 3 HEIapHUMH HoMepaMu — BHUrasj (puc. 7)
(r—xg)*
| — ——5——, x€(x, Xo42)
Py (%) = e % € (Xar, Xor42)

0, x & (x21, Xo1+49).

TakuMm uuHOM, MOXe 6yTH 6arato pi3HUX KOODAHHATHUX OYHKUIH,
Bubip ix y KOXHOMY KOHKDETHOMY BMIaIKy BH3HAUYAE€TbCA TJIaNKiCcTIO
MOYaTKOBHX JaHMX 3a4aui, a TaKoX Ti€l0 TOYHICTIO, 3 SAKOK Heo6GXixHO
pO3B’A3yBaTH 3a4ayy.

4.4.2. Metop ckiHueHHHX enemeHTiB 8K iHXeHepHuit meton. MCE Ha-
POLUBCS TZKOX fIK iH)KeHepHHH MeTOX PO3paxXYHKY pPi3HHX KOHCTPYKIUiH.
CneundiuHi inxkeHepHi 3aco6y Ta METOANKA Hajaau HoMy oco6J/IMBOI Gop-
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MH, anroputMiyHo BiaMiHHOT BiX BuKJanenoi sume, je MCE TpakTtyBaBca
AK npoekuifino-Bapiauifinuil Meron. lllupoke sacrocyBanud B iHKeHEpPHO-
my miaxoni marpuuHoro ¢opmanisMy BHUSBHJIOCH JYyXKE KOPHCHHM AJf
KOHCTPYIOBAHHS «3PYYHHX» aJTOPUTMIB Ta NPOBEJEHHS KOHKPETHHX 00-
ynucseds Ha EOM

1106 npom}om"pyaam iHXeHepHUH miAXig, po3rasHeMo 3anayy mnpo
pO3TATYBaHHA — CTHCHEHHA CTEPXKHs CTaJoro mepepisy mif Aieio BiacHoi
Bard 3a YMOBHM, LIO KiHWi cTepXHA 3aKpinaeHo. MaTematwyna Mmojenb
nief 3anaui mae Buraazg (8), (9) 3 n. 4.1, ne u (x) — nepemileHns (IPoruH),
g{(x)=0, k(x) =E, f(x) =G, E— vonyap IOura, a G — 3pegeHa
of’emHa cuna. ExBiBaneHTHa 3ajaaua npo MiHiMym ¢yHkuioHana (11)
3n. 4.1 saBase cotoio GopMyaOBaHHA NPHHIHAY MiBIMyMY NnoTeHHianbHOL
eneprii.

Jlasi HabnukeHOro poss’ﬂsyBaHHﬂ 3anaui p03i6’eMo CTEepPIKEHb, " OfHH
KiHellb IKOro MiCTHTBCH y toyui 0, a apyru#i — y touni 1, va N ckiHueH-
HHUX eJIeMEHTIB OJHAKOBOI JOBXHHH, TOUKaMH x; = {h. BBa)KaTHMeMO o

Ha koxaomy enementi é” = [x;_;, x,] HabmuKenufi poss’s130K 306paxa-

eThca JiHifAHOW dyHKuielo. THM caMHM I/ BH3HaueHHs HaGJHKeHOro
PO3B’SA3KY Ha e/NeMeHTi IOCHTb 3HAaTH HOro 3HauYeHHS y ABOX TOUKaxX, Ha-
NpHKJAAJ Y BY3JIaX X;—i Ta ;. [TosHauuMo HabJaM>KEHHUR PO3B’SI30K uepe3

u (X) TOJi Ha ejeMeHTi e") Horo mMoxHa nona'm TaK:

u(x) = w0¥s (x) + w0 (x), x €e?, ®)

ne u; = u(x;), ¢l (¥) = (x; — 0k, ¢ (1) = (x — xi_1)/h, dynxuii
cp‘,"_. (x), ¢ (x) MalOTh HA3BY Qynkyid opmu CcKiHueHHO20 eremenma e
- Hexait

= (i1, 41, OP = 0D (x) = (021 (%), o ()],

ne pepxHift ingekc T o3nauae TpaHcnopTyBaHHA. Toai HaGaumeHuit pos-
B’a30K (8) MOXKHA 3anmHcaTH y BUMVIAAL

u(x) = O (v = 0", xee, 9)
ITincTaBuMo po3B’s130K u (x) y dyuknionan (11) 3 n. 4.1 (¢pyakuionan mo-

ZBOEHOT MoTeHIliasbHOI enepril) i mozamo Horo y BUrIsAi

~ N .
J@=Y 1@,
=l
Je
J9w = | E@u/axedx—2 | Gudx

) 0
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(3 ypaxyBauuaM toro, mo k (x) = E, g (x) = 0, f (x) = G). B cuny supa-
3iB (8), (9) moanoBxHs Aepopmais e? (x) = du/dx maTame Burasg
e® (x) = BY () o = BV,
ne
BY =B ()= L 0" () =h""[—1, 1).

HopwMaJibHe HanpyXeHHs:, siKe BH3HAuaeThess POPMYJION c"’ = Ee%, na-
6upae Burasny o) = EBPy, orxe,

I ) = S E(du/dx)*dx = S 0¥ dy = W KWy,
)

oD
e

k0= { 897E8%dx = ([ Ei—1, naae = £ 1 ]
- L1 ’ hl—1 1
f) e(f)
— mampuys scopcrmxocmi enementa e”. Uepes e mo @Pu? =TV,
MaeMo i
J§ () =2 S Gudx = 20TF®,
Re

Fo = [ 6o97ay = 6" | [" ] _[ ] Gh
e oy LX = Xt=1

i meft BEKTOp Mae Ha3By 6exmopa 6ysoeux cun esemenma. TaKUM quHOM,

MoABOEHA NOTeHIiaNbHa eHepris eemenTa ¢ Ha HaGNHKEHOMY PO3B’A3KY

BUPAXKAETLCA (HOPMYJION

Ju (ﬁ) JW (u) + g (ﬁ) = pITK D _ 9T g, (10)

To(STo € KBajpaTHyHOlO (opMmoo BY3JIOBHX 3HAYeHD. HAGIHMEHOrO po3-
B ﬂsxy Hesamxo NOMITHTH, 11O 3B’ A30K MiXK MOBHHM BEKTODOM HEBiZOMUX

= [uo, ul, vey M7 1 BEKTOpOM HeBizomux Ha eneMedTi ¢ sapgerncs
cbopmynmo

ae

o = SV, (11)

ae S — TPSMOKYTHA MaTpHLS posMmipHocti 2 X (N -+ 1), fika Mae Ha3BY
mampuyi Kinemamuunux 38’ s3xig. BoHa Mae BHrasan

0...0 10 0...0
S?=10...0 0 1.0...0

i—1 N—i
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3 ypaxyBanusaM yMoBH (11) Bupa3 (10) MaTume BHrIAL
Jo (&) — UTS(l)TK(l)S(l')U - QUTSU)TF(‘)
a dyukuionan J (;t) 3anuieTbes! Y BHIJIAAIL

o J (@) = U'KU —2U"F, (12)
Jie MaTpuus N
K= 2 S(f)TK(‘)S(f) (13)
i=]
Ha3MUBAETLCH 2400QAbHOI0 MAMPUYUEID HOpemKocmi, a BEKTOp

N
F= tgl S(i)TF(l) (14)

€ 2400QNbHUM BEKIMOPOM HABAHMANCEHHA.

3 Bupasy (12) BUILIMBAE, 1O 3HAUEHHS NMOTEHLia/IbHOI eHeprii Ha Ha-
6JHXKEeHOMY poan A3KY e¢>ym(um (N + 1) amiHHOT 4y, Uy, «ooy UN, Heo6xi,11-
HOI0 YMOBOIO MiHIMYMY SIKOI € IepeTBOPEeHHs Ha RyJIb il NepuIuX NoXifHMX.
BukoHasuy nudepenniloBaHHs, NPUPiBHSBIIA MOXiAHI 0 HYAs Ta Bpaxy-
BaBIUH CHMETpi0 MaTpulli K, mic/isi CKOPOUEHHs! HA MHOXHHEK 2 AiCTaHeMO
cHcteMy piBHSIHb

KU =F. (15)
JLjia mpocTOTH Ta OAHOPiAHOCTI aJrOPHTMY MH BBaXKaJH BCi eleMeHTH
OJHAKOBHMH, «3a6yBmu» Ha fesikuil uac, mo ¥ Ta ¢ sakpingeno na

oaHoMmy 3 KiHniB. OcraHHe o3Hayae, WO 4, = 0, uy = 0, TO6TO AKpa3 Ha
1i yMOBH Tpe6a 3aMiHUTH nepiile i ocTaHHe piBHAHHA ¥y cucteMi (15). Bu-
KJAIOYHBILH MOTIM &y T2 uy i3 cucreMu (15), nicranemo cucremy (N — 1)-ro
NOpsIKY 3HOBY i3 cHMeTpHuUHOIO MarpHueio. TakuM uHHoOM, iHXeHepHHH
BapiantT MCE 3Bog#TbCs 10 TaKol MOC/KiZOBHOCTI KPOKIB:

1) ¢opmyBanHs Matpuui xoperkocti K 3a popmydaoto (13) Ta raobans-
HOrQ BEKTOpa HaBaHTaxeHHA 32 popMy.iowo (14);

2) po3B’A3aHHA cCUCTeMH JiHiAAHUX anreGpaiuHuX piBHAHb (15).

[Tpyu uboMy Ay:Ke BaXJHBO, 1O A dopMyBaHHss K Ta £ Hemae Heol-
xiaHocTi BHKOHYBATH BiANOBiHi MaTpHYHi MHOXeHHs y BHpa3ax (14), (15)
B cHay crmeundiku maTpuub S. Cnpasai, poarsisiHeMo Bunagok N = 2,
JJ15 AKOro MOC/AiI0BHO JicTaHeMo '

K(n=_hE_l 1 _1] S(x).:[l 00
—1 ' =

1 0 1 0
10

E 1 —1 0
K(”S("=T[_l | o]’ s = 1o 11,
00

-
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ST Mg =% —1 1 01,

] 0 0
1T —1] 01 0
@o__ _E @ _
K* = h[—l 1’ S [00 l]’
0 1 —1
@ce _ _E Y
K"$" = h [0 —1 l]’
0 0
soTk®s = Elo 1 —1],
0

3 HaBeneHnx (OpMys BHMAHMBEE, WO MHOXeHHs matpuui K ma S i
ST 3p01uTHCA N0 BiANOBIIHOTO OTOYEHHs Ti HYJILOBHMH PAAKAMH i CTOBR-

yHKaMH 3i 306epekeHHsAM cuMeTpii. AHaJoriyHHX 3MiH 3a3Hae BEKTOD F®
(BHKOHaliTe MoC/1iA0BHO nepeTBopeHHs). Lle nae 3mory Ge3 BHKOHaHHsA Oa-
ratbox apupMeTHuHux onepauiii mobyayeatn K i F, wo i poGHTbCS npH
peanbHHX pospaxyHKax Ha EOM.

4.4.3. 36ixuicTp i OLiHKH NOXHOKH METORY CKiHYEHHHX eJleMEenTis.
36ixHicTh MeTolly CKiHueHHHX eJeMeHTiB npu h — 0 i #Horo TousicTe
(o h) MOXHa HOCHiIIKYBATH Y IMCKPETHHX CITKOBHX HOPMaX Ha OCHOBi
3aranbHOi METOAMKH MeTOny CiToK i TeopeMu Jlakca (auB. ra. 2), to6To
A1 CXeMH MeTORy CKiHUEHHHX eJIeMEHTIB AicTaTH anpiopHy OLiHKYy (He-
piBHiCTh KOPEKTHOCTi CXeMH) B [esKill JUCKPETHIH HOpMI, 3anHcaTH 3a4a-
yy JJf MOXHMOKH i oniHHTH MOXHOKY anpokcuMmauil, a moriM NOBTOPHUTH
BHCHOBOK TeopeMH Jlakca. OnHak, 3 iHworo 60Ky, MeTol CKiHUeHHHX eJe-
MEHTIB Ha/JeXHTb 10 MPOeKIiHHO-BapiauiiHUX MeTOAIB i BHACJiNOK Horo
3aCTOCYBaHHA SHAXOAMMO PO3B’S30K Y BHIVIALL Aesikoi GyHKui HemepepB-
Horo aprymedty. Tomy Iasi MeTOAY CKiHUEHHHX eJieMeHTIB GyJ0 pO3BHHY-
TO BIACHY METONHKY NOC/Ii/DKEHHS Ha OCHOBI TaK 3BaHHX anpoKcHMaLii-
HUX HepiBHocTeil. Buknamemo KOPOTKO CyTh Wi€i METOAMKH Ha NPHK/IaAi
3acTOCyBaHHs MeToAy A0 3aaaui (10) 3 0. 4.1. Citkosa cxema Merony CKiH-
YEHHHX €/IeMEHTIB Mae BUIJIAA cHcTeMH (4 ), HaGnuKeHHH PO3B’A30K fAKOl
18 Beix x € [0, 1] Mmoxua 3anucati y purasai (1).

Ha6auxennit poss’s30k v (x) e po3B’A3KOM. TaKoi 3afaui MiHiMiaamiii
J@=minJ @), J@)=a@, ©)—2( v),
weh
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fka exBiBanenTHa 3anaui (4'). Xsnascra ainia osHauae, mo Bianosiana
(yHKUifs € KYCKOBO- JllHll':lHOIO IHTerpyloun yacTHHaMH, HEBaXKKO BNeB-
HHTHCD, IO

/@) = S[” 0 (472 4 g0 @ — ] ax —

_Hk(x)( ) +q(x)u"‘]dx=a(u—w u—w)—au u)

e u — Tounui po3p’sa3oK 3azaui (10) 3 m. 4.1 3 npocropy Wi. Ockinsku
a (u, u) He 3a/IeXHTb Bifl W, TO U TAKOX € PO3B’I3KOM 3ajaui
alu—v, u—v)y=minalu—w, u — w).

wch (16)

Mu nictanu ayxe Baxawse cniBBinHoweHnHs. BoHo o3Hauae, wo HaGaH-

XeHuli po3B’A30K € HaRKpalolo B PO3YMiHHI eHepreTU4Hoi HOpMH (T06TO

o
HopMu (a (v, v))"/?, sika exBiBanenTHa Hopmi mpoctopy W3) anpoKcuma-
Ii€l0 TOYHOro PO3B’f3KY KYCKOBO-/iHifiHuMH dyHkuiaMu. OTxe, 3anaua
OLLiHKH MOXHOKH MeTORY CKiHYUEHHHX eNeMeHTIB (a TaKoX iHUIMX MpoeK-
IiAHUX MeTORiB) 3BOAMTbCA JO KJaacHuyHoi 3amaui anpokcumauii QyHKuii,
60 3 (16) maemo

d(u——z;.u—t?) a(u—;,u——[t)vﬂeff (17)
(u — 6y11b fIKa KYCKOBO- JdiHifiHa ©yHKUig 3 H) Ouiﬂumo BeJHYHHY
a(u—u, u— u) 3a YMOBH NpuOyleHHs, mo « € W3 W?. Hacamne-
pel 3amuileMo
. - ! =2 -
aly —u, 4—u) = Hk () (‘”“T“’) +q(x)(u—u)2] dx <
0

< max (k(x), g(x) lu—ufi =
- XE@O,D

N—1%i4) - ] ~ -
= max k() gy | | LUE 4 - e =
=0 x -
‘ N—1 -
= max (I keton D ko) F Nu— el (18)

ae

er = (x0,%041), Joh=|vlk,0n =0 &

loh,e, = jo ||Wl w0,

(')
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Ha koxHomy Binpisky {x;, x..i1 posraauemo senuuuny u (x) — u (x) ==
== F (u), AKka, oueBHIHO, NpH QikcoBaHoMy x € JiHifiHUM dyHKIioHaNIOM
Big u. JInsi Toro mob craJi B HaCTYNHHX OLLiHKAaX He 3a/ieXKa/iy Bin i, BHKO-
HaeMo 3aMiHy aMIHHHX x = x; + sh, x € [x;, xi41), s € [0, 1] 1 mo3naummo
u(x) = u(s) = u (x; + sh). Toxmi, ockinbku

Kppg—x x— x,
+ -+ U P

11(x)=u,
TO _
Flu)=u(x) —u(r)=u(s) —u(s) =ua — u(x; + sh) =

=u(@®) —u0(—s)—u(l)s=F @),
i pani maeMo OLHKY
| F ()| = | F (@) <3ulero-

3a reopeMotio BK/1afeHHa (auB. 0. 14.1)

|Fw)='F W< 3M|al.ou,
Ze crana M 3 TeopeMH BKJIAJICHHS He 3a/IeXKHTh BiL u (oTxe i Bin 4) Ta Bik
h. OctavHsi_HepiBHiCTb 03Hauae oOMexenicTb niHifiHoro QyHkuionana
F(u) = F (u) B mpocropi W3 (0, 1). Hepaxko nomituti, mo F (const) =

= F (s) = 0, 10610 niniiinuii obmexennit B W (0, 1) dyukuionan F (u)
NepeTBOPIOETECSA HA HYJAb Y MHOroYJeHax IO MepIuoro cTefeHs BKJIOYHO.
Tomy 3a jemoto Bpembaa — I'inbGepra (auB. m. 1.5 3 4. 1)

|F(u)|=|F @) <3MM |01

ne craaa M He 3amexuThb Bif # (oTXKe, i BiX u) Ta Bix A. [Tepexonsaun 1o
. . s 2y d? — .
3MiHHOI X i BpaxoBylouH, 110 % = K? de; , ds = h'dx, gicraemo
1

_ d 1/2
|F(u>|<:-stv1(0 426 V)" =

(19)
— HH g /2 3/2
= 3Mmn*?| § (dxa) d) = 3MMAY [u s (er)
xi -
PosrsisineMo aHasoriuio  QyHkmionan F, (u) == dud(xx) — d"d(:) =
= dud(:) — ty (x;). Tlicns 3saminm x == x; -+ sh maemo

Fuw =F @ =r"{ %8 —50)+30),
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inani 3 BUKOp UCTaHHSIM TEOpPEeM BKJAJCHHS
_ - _ d —_ ) _ —
Fe@i=1F @ <t (|- B2, +208loen) < B Mlal 00,

1€ cTaia M, He 3aiexuTb Bif 4 i Bin A. Hepaxko momituty, mo F; (1) ne-

PeTBoploeThCA Ha HyJb, AKIIO 4 € MHOTOYJIEHOM HYJIb0BOro abo mepuoro
crenensi. Tomy 3a aemoo Bpem6aa — I'inn6epra

[Fy()| = [Fy (@) | < ' MM uloon

i micas nepexoxy 1o crapux 3MiHHHX

cro,1

|Fy@)| = | Fy@) | < WPMM U, (20)
I3 Bupasis (19), (20) nicraemo
X141
[ (4 — ) ar < Mt uhs,
H 21)
*{41
§ (u— ayrde <3MAMHA | fe,,
*i

TOMY

7as| -
— 2 -~
| (42 ) + w— e de s M2 B,
*
MM + MM < M,,
M, He sanexuthb Bif u i Big & (pu h <C h,). 3pewmroro, MaeMo

it =5 (£ i<

i=0 x;
N—lFil .
Mhzz luhe, =M Y, (d;‘xgx’ ) dx =
=0 =0 x;
1
d? ¥ ) .
= Mzhzg ( :x(ax) | dx = Mb®|u 30, (22)
0

Je crana M, He 3aiexuTh Big h i Big u. Hepmmm‘b BHAY (22) HOCHTB Ha3By
anpoxcumayidnoi Hepignocmi i TMOKa3sye, HacKilbKH Jo6pe 32 MOPSIAKOM

h MoxHa Habau3uTH JOBiNbHY YHKIiO u € W3 (0, 1) inTepnoasuiiinoo
KycKoBo-JaiHiliHolo ¢ynkuiero. Tenep 3 (17), (18), (22) sHaxoguMo ouitky
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NMoXuOKH MeTOly CKiHUCHHUX €JIEMEHTIB
" - L2
a(u—v, u—o)< Mymax (| &lero.ns 190eto.) B [ uloon,  (23)

siIKa TaKOX CBiguuTh, mo mpH h — 0 HaGauKeHHH pO3B’A30K U MpAMye

10 TOYHOrOo u B eHeprerHuHiit Hopwmi | vf, = la (v, 0)I"? 3 wBuakictio
OM). dxkmo k(x) =k, >0;¢g>0, 10

a(v, v)>kylvl,

a ana dyHkuii v (x) € VOVL (0,1) maemo
1 1
dv \2 1/2
<= (e 1ok
] 0

S () de =v[F,0n<|vli,
0

X

lo()|=|f 9=
0

dv

dx Tx

ol << 2|v||=2]vlw(0”

Tob6to 3a ymoBu (23) Maemo oLiHKY

le— o <V2|u—oh<V2kla(u—0, u—o)"’<
)|

SMghluly, My=V 2k max(|klc, [glo)- (24)
OuinkY oXuGKH BULY

[4 —Vlppg SME ™ Julye . s>k, (25)

WQ)

€ XapaKTepPHHMH /s METOAY cKmquan €/JIEMEHTIB i HAa3HUBAIOTLCH OYiN-
Kamu, yseodxenumu 3 2nadKicmiso pose’a3ky u. SIKILO B NiBii yacTHHi NOXHG-
Ka BHMlplOGTbCH B CiTKOBifi HOpMI, TO OLliHKOIO, Y3rOIXKeHOIO 3 TJagKiCcTIo
PO3B'sI3KY u, € olliHKa

e —lyp, SME ulyeo, s>k (26)

Jlna fefikuX cXeM MeTOAY CKiHUeHHHMX eJIeMEHTIB JOBeJeHO, LIO OlliHKa
(25) 3a mopsinkoM h He MoXe OYTH NMOKpalueHa.

[Tokaxemo, fiK MOXHA RicTaTH OWiHKY BHAY (25) Ans BHmaaky k = 0
(ro6To y Hopmi | & — v Iz ©.1) = =|u— v l). Ha xymky npo MoxauBictb
Takoi OIiHKH HAaBOAMTb TOH (akT, mo ouiHka (24) (Toqmme HOPALOK A
B Hiil) BU3Haganacs NOPSLKOM anpoxcnmauu dyukuii 4 € W3 (0, 1) Kycko-
BO-TiHIHHHMH QYHKLisMH y HopMi W (O 1), a 3 nepisHocreit (21) Bunan-
Bae, 110 NOPANOK anpoxcnmaml u € W3 (0, 1) KyckoBo-AiHifiHUMH DYyHKILi-

AIMH B HOPMi || u — u |, mae 6yta € O (h?).
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3rapaemo, mo mouaTkoBa 3agaya (10) 3 m. 4.1 Moxke 6yTH 3amucaHay
dopumi

a(u, v)=(f, YVUEWS,
a HalmmxeHUA po3B’A30K v x) € 1°-1,, saznoBosibHsie piBHicTH (guB. (3))
a(o, o) =(f, PV 9€A.
Bu6pasiu v = ?p, 3 OCTaHHIX 1BOX piBHOCTEH HEBAXKO AicTaru
au—v, P=0voch. @27
BpaxoByioun mio pisricTh, MaeMo
aw—v, ®)=a@—v, O—gyOEW;(0, 1), eH. (28)
Biabmemo 3a @ po3p’s3ok 3ajaui
LO=u—v, x€0, 1; D®0O)=D(1)=0.

Hepaxxo nokasarty, mo koau f € L, (0, 1), To 1aa poss’si3ky 3agaui Lu =
=f,x€(0, 1); u(0) = u (1) = 0 Mae micue oninka

lul=1ul,z,, <clfk
Jle CTa/1a ¢ He 3a/Ie3KHTh Bif u (nokaxirte!). Tomy
|0k <clu— ol (29)
I3 y3aranbHeHOl MOCTaHOBKH 3aiaui aaa @ MaeMo
a (@, §) = (u—0v, Y)Y HEW: (O, 1).

[MigcraBasioun 3amicts ¢ y o piBHiCTh GyHKIiO 4 — v | BpaxoBylouU
cumerpuyHicts dopmu a (4, v) = a (v, u), nicraeMo

a(u —v, ®)=(u—0v, u—0)=|u—rovl.
Tenep (28) MoxkHA 3anucaTH TAKUM YHHOM:
o —vf=au—v, D—v)v @cH.
3BiacH, BHKOPHCTOBYIOUH HepiBHicTh Kollli——ByHsiIKOBCbKOro, 3HaxoauMo
~ - -
lu—ofe <clu—ovh|®— ol (30)
Iie CTaJja ¢ 3aJ€XHMTb auwe BiA &, ¢. IToknagemo Teﬁep E) = O, Toni, sk
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BHTIJIHBaE 3 anpokcuMauifinol HepiBHocTi (22), i3 (29) MaTuMeMo

|©— O < VLA PL< chju—vh
[liacraBuBuin o HepieHicth y (30), aicrademo

- ~ -
le —vlo<eshlu—vhia —vl,.

CkoporuBilH Wio HepiBHiCTb Ha | u — v || i 3acTocyBaBiuy oninky (24), octa-
TOYHO 3HahzeMo

e — Db ekt fulwy, | <ed?luk,

Je cTana ¢, He 3aJ€XKHUTb Bin u 1a h. SIK HeBaXKKo MOMITHTH, LA OLiHKA
TAaKOX € Y3TOfKeHOIO 3 TVIaAKiCTIO INYKaHOTo PO3B’'AA3KY U € w3 (0, 1).
4.5. Meroau Ge3 HacKuenns Tounocri
PO38’'A3yBaHHS KPaHOBHX 33834 AN 3BMUANHMX
autbepeHuianbHuX PiBHAHDL

PosrasinyTi B momepeaHix aBox maparpadgax cxeMH Maiu Ty 0cobiiH-
BiCTh, L0 MOPAJOK 36iXKHOCTI 1X 3aJHIIABCA OOMEXeHHM IIPH 3pOCTaHHi
IV1afIKOCT] Iy KaHOTO pO3B’AI3KY. BHHHKae 3anuTaHHsA: YH MOXHa nobyny-
BaTH TaKi CiTKOBi CXeMH, MOPSJAOK TOYHOCTi SIKHX aBTOMATHYHO pearye
Ha raaakicre po3B’sA3Ky i THM Ginbiuuil, yuM GiabIIY FAaAKICTH Ma€ IHyKa-
HUit po3B’a30K? Taki cxeMu Ha3HBaTHMEMO cXeMaMH 0e3 HacHueHHs TOou-
HocTi. ¥ 3apy6ixkmifi JiTepaTypi BKasaHi MeTOoIH (CXeMH) Ha3HBAIOTh
cnekmpasvrumu (auB., Hanpukaan, kuury C. Canuto, M. Y. Hussaini,
A. Quarteroni, T. A. Zang. Spectral methods in fluid Dynamics. Sprin-
ger — Verlag, 1988). IlpuponHo uekaru, 1o noGyayBaTH Taki CXEMH MOXK-
Ha Ha OCHOBI anmpokcuManii ¢GYHKIiH, TOYHICTD AKUX HE Mae HACHUEHHS i
SIKi MOX{HA 3AiMCHHTH KOHCTPYKTHBHO. TaKHMH ampoKcHMauisiMu €, Ha-
NpHKJaj, anpokcuMallia BiipiskoM pagy Pyp’e i anpokcumaiis iHrepro-
JAUIHHAM MHOTOU/IEHOM.

Posrnsnemo ciTkoBi cxemMu Ha oCHOBi LMX ampokcuMauifl gis 3agaui

— L qmu=f() €O 1),

u@=u()=0. N
o Takoro BUIJISILY 3aBXAH MOXHA NIPHUBECTH JOBiJbHe piBHAHHA
a (x) 4" (x) +B(x)u’ (x) + v () u(x) = ¢(x), @)
a(x) = ay>0. ’

Hificko, Bi3bMeMo u (x) = p (x) v (), Ae v (x) — HoBa HeBijoMa pyHKuis;
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p (x) BU3HauUuMo ni3eile, Toni_ piBHicTb (2) Ha6Gepe BUTARY

@ (x)p (x) V" + 20 () 0’ () + B (x) p ()] V" (x) 4-

+ [y () p (%) + B x) p’ (x) + & (x) p" (x)] v (x) = @ (). 3
3naiizeMo p (x) 3 ymOBH

2a ()" (x) +B()u(x) =0,

abo
Bx) ____ B
B (x) 20 (x) *
3Biacu
1 {
Inp@x)=— - g((t)) dt,
0

X
pix)= exp(——;- S 'ET((tT))dt) .
0
PoapinuBluy Bupa3s (3) Ha & (x) p (x), AictaneMo piBusinus Buay (1).

4.5.1. Hafikpawi ciTkoBi cxeMu 3 TouHuM cnexTpom. Iness no6Gynosu
I[UX CX€M OMHPAEThCS HA anpOKCUMaLLilo Bigpiskom psaay Pyp’e 3a BaacHu-
mu ¢yskuiamu oneparopa Lou = — u” (x), u(0) = u (1) =0. Hepaxko
NepeKoHaTHes, 10 Hi BaacHi ¢yHKuii (To6To po3s’sskH 3afaui Lgu =
= Au) MalOTh BUIIAL

u, (x) =V'2 sinknx (4)
i BiANOBiAAIOTH BJIACHHM 3HAYEHHAM
My=Fkn® k=12 3,.... ()

Buacni ¢yHkuii (4) yTBOpIOIOTH OPTOHOPMOBAHY CHCTEMY B TOMY DO3Yy-
miuni, wo

i

S uh (x) Um (x) dx = 6Izﬂh
0

0,ks£=m
e gm =l1.k=m
uilo, 3HafiileHy HenapHUM npomoBxkeHHsM OYHKuUIl f (x), f(0) = f (1) =
= 0 Ha Biapisok [—1, 0] i norim nepioaMuHHM nomHpeHHsAM 3 Bigpiska
[—1, 1] na Bcio uncoBy Bich. Uepe3 Sy_i (x) mo3HaYMMO YaCTHHHY CyMy
psiny @yp’e, T06TO i

— cumeon Kponekepa. [Tosnaunmo uepes f (x) GyHK-

N—1

Sn—1(x; f)==Sn—1(x) = kz a, V2 sinknx,

=1
1
ay= V2 | F(x)sinknxdx.
0
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Bigomo, mo KoaH fec (— oo, + o0), TO

IRv—1 (5 Pl=If () = Svmr (s Pl<<e 2L smNMLﬁw1
)

e ¢ — cTana, HesanexHa Biantaf; Ry—y (6 f) = ¥, a, V2 sin knx —
k=N
3a/IMLIOK PAAY (Dyp e. _
Hexafi ciTka @y, = {x;:i=0,N, Xy 5= X5 OpH i 5~ j, %y = 0, xy =
= 1} nokpusae sigpizok [0, 11, @y = o \ {0, 1}. [o3uaunmo
sinnx, ...sin(N —1)nx,
sinmx, ...sin(N—1)ax,

U=VT

sin xy—y o, SIN(V — 1)y
2 1
22n? 0
A = ’ .
0 (N —1)*a%j

Toal, oueBnaHO, MaTpuus
C=UAU"!

Mae BjacHi sHauyeHHs A, = k®n®, aki BignoBinaioTb BaacHUM TaCHHM BEKTOPaM

=V'2 sin /mx,),=l =i = U ()= & =T, N — 1, 1o610
BJacHi 3Hauenns Matpuli C 36iraioTes 3 nepiuMn N — | BlacH MMM 3HaveH-
HAMH onepatopa L, a ii BAacHi BEKTOpH € NpoeKilielo Ha CiTKY ©, NepuIinx
N — 1 BaacHux ¢yHKUi#i onepatopa L,. Lle nae niacrasy Ha3Batu MaTpu-
wo C Halkpawpio CiMmKoso cXemor0 3 MOYHUM cneKmpom Aas IHdepen-
uianbHoro onepatopa L, i BBaxaTH Ti  «CITKOBHM HaG.11>KeHHAMY
asa L.

L]
flkmo citka w, — piBHomMipHa, TO6TO

or=w,={xy=ih1i=T1,N=1, h=1/N)} (7)

TO HEBaXKKO nepekoHatucsi, mo U = U* (marpuus U cuMerpHuHa) i
N—1

Wnr Ym) = 121 h2 sin knxy sinmaixy = 8pm, )]
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atomy U™ = U |

B CUr _2_' . Ijn
C=PAP, P=VHRU= V N (sm N ):,/=m'
P = P* — P_l. )

TakuM uMHOM, Yy UbOMY BHNAZKy MaTpHua C Jierko o6uncioerscs. Beene-
MO MaTpHLUO

q(x) 0
Q= " (10)

0 q (xn—1)

1 Bektopr y = (Yy» +o0r Yn—1)Ty @ = (f (x0), ..., F (xw—1))7. Banavi (1) na
citui ©, nocraBumo y BiAnoBiaHicTb ciTKOBY cxemy

Cy +Qy =90, (1
J€ BEKTOp y BBaXKaTHMeMO HalnHXeHHAM AN OYyHKUil « (x) Ha cit-
l.li @y.
Hocaigumo 36ixkHicTs cxemu (11) i NOpAROK NOXHOKH 2=y — u, U =
= (4 (xy), ..., & (xx))7. 18 zZ MaeMo 3anauy
Cz +Qz=1, (12)
Ze noxubKa anpokcumauii P BU3HauaeTbes GOPMYJTaMH
1'p = (\Pi)¢=m»

Py =f(x) —UC+Q)uly = —u"(x)) + g (x) u (%) —
—lC + Qu)y = —u” (x;) — (Cu)s.
Ouinky noxu6kH anpokcumauii nae Taka JeMa.
Jdena 1, Hexad u (x) € C' (— o0, o). Todi

InN
Iyl M Nl:_g | 49 lego,17 '13)

de cmara M He sarexcums 6id N ma 6id u, | ¢ | = (, qalm.
JdoBenxeHdH a. Po3suxemo 4 (x) B pag DPyp’e

(%) = Sn_1 (5 &) + Ry—1 (%, @)y (14)
ne
N—L !

Sn—1 (x; u) =k2 a, V2 sinknx, ay=V2 S u (x) sin knxdz.
0

=l
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Pag ®yp’e pynruii «” (x) MaTHMe BHLIAL
— 1" (%) = — Sh—1 (13 11) — Ry_i(x; 0) =

= Sn—1 (6, — u")+ Ry—1 (s —a"),
Je
N—~1

Snoi(, —u") =Sy (% —u) = ¥ kn%a, V2 sinkax.

k=1
Ockiabku —u” € 20, 1], To B cuay (6)

~ =2 4w
|Ry—1(xy —uN|<M In ¥ II W) uc =
0,13

N2 d xl -2

nN

1
=M Nl—2

| 4 feto,13,
Ae crana M ne sanexuts Bia N ta u. Kpim toro,

| Ruvmi (3 6) | << M 0 ety
Bisbmemo npoekuito (14), (15) Ha ciTKy @, TORI
w(a)= X ayds (e) + Rt (x5 4),
—u"(x) = kgl ayk?nly, (x1) + Ry—1 (x;; —u*).

Ockiabku
N—1 -
(Cu); = k§l aykmty, (%) + (CRA—1)i,
ze Ri—i=(Ry=1(¥ #), «.., Ryoi (tn )7, T0

P; = Ry—y (% — 11') — (CR‘E,-I),.

(15)

(16)

(17)

(18)

(19)

Bracninok camocnpsikeHocri matpuui C ii HopMa, aKa y3rolxkeHa 3
HopMoto BekrTopa [ v [* = (v, v), nopiBHIOE MaKCHMaJbLHOMY BJIACHOMY

3HaueHHIo, To6TO
ICl= (N — 1)} a%
TOMY

ICRELISICH RIS TCHRA - g
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@1

i B cuny (18), (20)
~ InN
ICRA_ 1< M ~ =5 14 ooy
I3 Bupasis (17), (19), (21} aicraemo ouinky (13). Jlemy zoBegeno.
3uaiinemo Tenep anpiopHi ouinku Ans cxemu (12).
Jdema 2, Hexaii g (x) € C 10, 1], ¢ (x) > — n2,
Todi 0aa cxemu (12) mae micye oyinka
lzi<tat + min g ()1~ vl (22)
HdoBepneHHa. [lomHoxumo (12) ckanapHo Ha z i Bpaxyemo, IO
(Cz, 2) =z (Qz, 2) > min q (x;) | z[*. Hicranemo
(% 4+ ming (x))} 2P < (C2, 2) +(Qz, 2) = (¥, 2)<<|¥[]2].
Ockinbky ¢ (x) > — n®, T0 3BiACH 3HAXOAHMO myKaHy_ouiHKy.
Jdema 3. xuo v (x) — cimkosa pynkyis, sadana Ha ©,, aKa nepemeopto-

€MbCA 8 HYab HA epanuyi, mo
1

v =max|v(x;) | <<———=—|Cv]|.

[2lew, ; [v(x)| < 3V5 [Co|

N oBepeHH a. Po3kaagemo dyHkuio v (x) 0o cHCTeMi BAacHHX Bek-

TopiB MarpHuui Ci
N—1
v = X ap(x), 40 =V'2 sin kax.

Hesaxko uoMmiTiTH, 1O
’ N—1 N—1
Cv=n? kz apk?yy (x), |Cuff = nt kzl agk?,
=1 =
N—1
[v(x) << él‘ahlm?xlyk(xl)!v
kln |)<V2_.

m?x|yh (x))| = mfx(l/2—|sin i

I3 nepiedocti Komi — ByHsakoBcbkoro nicraeMo
Ne] 2 N—1 N—1 1
o P<2(E laul | <2( % aet)(E &) =
k=l ==} =]
N-—1
2 1
= w1k X e

OckinbkH



TO

1
lol < - 1CoP,

mo i Tpe6a 6yJ0 JOBECTH.

Jdema 4. Txup | qlcpo,1; << 3 V5 mo 045 pose’a3ysanna cxemt (12) mas
Micye oyinka

Izkwy <BVE —lglcwo)™ 19k

JdoBeaeHnH a. Besnocepennro 3 (12) maemo

1Cz|—lqlcronlzl<ICz+ Q2| ={ ¥
Kopucrytouucs sieMoio 3, fani MOXeMo 3amHcaTh
3V'5 | zlcwy —l9lconlzlcoy <I¥l,
3BiAKH 32 YMOBH J1eMH 4
Izlcwy < BVE —iglcoa)™ %1,

o i Tpe6a GyJI0 JOBECTH. »

Besnocepenubo 3 siem 1, 2, 4 BHN/IHBa€ Take TBepIXKEHH A NPOo 361kHiCTD
i nopsinok TouHocri cxemnu (11).

Teopema 1. Hexatl u (x) — posg’ssox Ougpepenyiarenoi sadaui (1),

npusony 4 (x) € C' (— o0, ), | > 3. Todi axupo q (x) € C 10, 1], ¢ (x) >
> —n2, mo cimkoéi cxemu (11) 36izaromeca npu N — oo 0o mounoeo. pos-
&’a3ky i mae micye oyinka weudkocmi 6ixnocmi

o

In N
hy — el <M== 14 Yo,

Oe crmasa M He 3arexcums 6i0 N ma 6i0 u.

Arwo x| q e,y < 3 V'5, mo mae Micye Oiabiu CUNOHA OYiHKA
In N
NI—2

Jani nocrae NHTaHHA Npo. poss SI3YBaHHA CHCTEMH JiHifHHX anreGpa-
fynux piBusHb (11). Ha BiamiHy BiA pisHHueBHX MeTOAiB, MaTpuusa wuiei
CHCTeMH e 3anoBHeHoto. [Tpore u crelianbHa CTPYKTypa Aae 3Mory noGy-
AYyBaTH eheKTHBHHA MeToj, po3B’A3yBaHHA.

PosrsisiHeMo cnoyaTky BHNafOK, ko g (x) = 0 i cucrema (11) mae BH-
rasn ’

Iy —vlewy < M 4P \co.n-

PAPy =q.

abo
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BpaxoByloun oproroHanbHicTb Matpuui P, aBincu maemo
Ay = Pg, (24)

fe y= Py. Y KoopauHaTHOMY BHIVIAAi piBHicTb (24) 3anuuIeTbCA TakK:
._.N_

kznzyh Po) = V 2 sin —~ k,n f (%3,
SBilIKH
— N—1
» 2 ;9 . kj
=V ¢ ’n 2};} sm——[{,—"-f(x,).

OckinbkH y = Py, T0 pani Maemo

N—1

2 TN S~ kjn
Yi = k§=:l sin — k 1§1 sin Tf(xj)) ’ (25)

To6TO pO3B’A30K (23) BiAmyKyeMo 3a siBHOW ¢opMmydoio (25). Hkio
CKopucTaeMoces aJll‘OpPITMOM wWBHAKOro nepetBopeHHs Oyp’e (WIID).
N—1
To BeKTOp YV = 2 sm—k—f(x,) obuuciumMo 3a O(N InN)
k=T,N—1

apudMeTHYHHX onepaum, Jani BeKTop y@ = (k‘zy‘é’)k:I =7 e 3a O (N)
onepauiﬁ i, napewri, 3HOBYy 3a -jomomoroio [III® BekTop Y@ =

AI

1 - .
( ) s.n—’—l yf’) 3a O(N InN) onepaniii. ¥ uinoMmy, Takum uu
k=1

HOM, BeKTOp y = (y;), i=1, N —1 suaiinemo 3a O(NInN) apacme:
THYHMX onepalill.

Skuio X q (x) == 0, To ana po3p’a3yBanHs (11) 3acTocyeMo ONHOKPOKO-
BHi iTepaunifinuil Merop 3i cTiiKuM ueGHIIEBCLKHM HabOpOM napamerpis
(auB. n. 1.4.73u. 1)

k1 k
c L y+Ay 9, k=0, 1, (26)
Tet1

ae A = C + Q, a nouarkoBe HaGJHXKEHHs Yy MOXKHA BUGDATH JOBIJBHO.
Hast Toro mo6 fo (26) MoxkHa GyJ/10 3aCTOCYBATH 3aTa/bHY Teopiio, AOCHTh
BCTZHOBHTH OUiKKH (1uB. n. 1.4:.7 3 4. 1)

A=A*>0, C=C*>0, wC<A<LYC, 1.>0.

Ockiapkn C = C* > 0, To ymoBa A = A* > 0, 0YeBUIHO, BUKOHYEThCH,
KOJIH

q(x)€ECIO, 1], gx)>—m2
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Skmo q (x) > 0, To B cuay HepiBHoCTi (Cy, y) > n? (y, y) maemo

Cy, <Ay, v) =Cy, v) +Qy, »<(Cy, y) +

+lglewn 0 ) < + 22| qlcro.1) Cy, y»,
T06TO Mae Micle oniHnkKa
YIC <A < 'Yzci
=1 va=14a"2|qlcp, 27)

Tenep MOXHa CKOPHCTAaTHCH 3arajbHOIO TEOpi€l0 AJISI HECTauioHapHOro
HesiBHOTO itepauifinoro meropy (26) i3 ueGumeBcbkuM cTilikum Hab6opom
napaMeTpiB, 3 K01 BHIIMBAE TaKe TBEPKEHHS.

Teopema 2. Hexail g (x) € C [0, 1], g (x) > 0. Todi dra memody (26),
Jde

- T =17 -2
= T AL =SS
_ 1—8 —h
Po— 1_‘_& ] g 72 ]

- v v v 3 »
n, € My, My, — cmidicud webumescokull Habip napamempis, V,, s BUIHA-
uaromoca opmyramu (27), docume suxonamu n () imepayiii:

mE)snle)<<n(e)+1, n(e)>=lIny(e)+1,
1 2
g (8) = m—- In - H
npu YboMYy BUKOHYEMbCA OYIHKA

149 — @loms < g | Ay — @lo—t < &1 49 — @1,

g, = 20} __ 1—Ve N
n l-l—p']' vy D1 1+V~E y T .

Ha koxuiii itepauii meroa (26) norpeGye po3B’si3yBaHHsA piBHAHHA
Buay (23), po3B’'sA30K SAKOro BillIYKaeMO 32 sBHOIO dopmysoio (25) 3a
O (N In N) apupmernunux onepauiii. OckinbKH, AK BHUMIHBaE 3 (27),
BeinunHa § = YL He sajsexutb Big N , TO i KizibKicTb iTepauif n, (§) He

. 2
3anexurb Big N. Lle o3nauae, o Mu 3HaiaeMo po3B's130K 3ajaui (11) meto-
moM (26) 3a O (N In N) apudmernunux omnepauiif, mwo auwe B In N pas
ripuie 3a OWIHKY KiJIbKOCTi omepauiii y METOAi NMPOrOHKH LJS CHCTEMH 3
TpHliaroHasabHOWw Marpuuew. llo crocyerses uncia o6ymoBJieHocTi Mat-
pHui cucremu (23), To 1 HbOTO HEBAXKKO 3HAKTH OLIHKY

cond,C = 0 (N3 = O (h™),
siKa 3a NopajkoM 36Giraerbcd 3 OLIHKOIO yucja O6YMOBJIEGHOCTI CHCTeMH
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pi3HHUEBUX piBHAHD
Y. =@ X€0p y(0)=y(1)=0.

4.5.2. InTepnoasuiituuit meton, (MeTon xoanokauii). Meron, skuit mu
pO3IVISTHEMO Y LbOMY NMYHKTi, Ha3HBAa€eTbCA lile memodom 36izy i 6yB 3anpo-
MOHOBAHHA M HaOMMMKEHOro pO3B’s3yBaHHA AHU(epeHLianbHHX piB-
Haub B 1934 p. J1. B. KantopoBuyem (auB. Takox n. 1.1).

Hexait norpi6Ho posB’si3atu kpaiioBy 3ajauy

2m, d2m—|
e R T
u(a) = u, (a) = et s = u(m—]) (a) = 0’
a(B) =o' (B) = -+ = utn0(p) =0, (29
Be Py, ++es Pom, | — 3anani ynkuii, A — sapane uncyo. Inrepnoasuifnuii

MeToll HaGMmKeHoro posB’A3yBaHHsA 3ajaui (28), (29) mossrae B Tomy, wo
HabsHKeHHH po3B’sA30K LIYKAEMO Yy BUIJIAALL

n

wx) =@Ex—ay b—xy" Y cpxt=! (30)

k=1
(omke, KpailoBi yMOBM 3all0BOJIbHAIOTHCA aBTOMATHYHO), a KoedimieHTn
¢y, -.., €, 3HAXOAHMO 332 YMOBH, 11O piBHAHHSA (28) 3210BOJILHAETLCA B fefl-

Kili cucremi BYaniB 0, = {X, ..., X,}, ¥; € la, b},

d x2m d x‘_)m—l

HeBaxko noMiTHTH, o BiAHOCHO ¢;, j = 1, n cucrema (31) e cucremowo
ainitnux anre6paiunux piBasHBb. Ulo6 pocaiauTu ueit meron, 3acrocyemo
3ara/nbHy Teopilo, BUKJaleHY B n. 2.3. Ilis uboro po3ryisiHeMo piBHAHHSA
(28) sk onepatopHi piBuanES B mpoctopi X = C*™ [a, b] 2m HenepepsHO
aupepeHniioBHUX (YHKLiH, 110 3aA0BOJNBHAIOTbL YMOBH (29) (Hopmy B
IOMY MpPOCTOpPi O3HauMMo Huxkue). 32 X BBaKAEMO MHOXMHHY (GYHKUiH
Burasay (30),3a Y — npocrip C la, b] nenepepsuux ua la, 6] dyuxuii 3

HopMolo | f| = max |f(x)| i, Hapewri, 3a Y BisbMeMO MHOXHHY
xCla,b,

{ = —}b[pl L RV +p2ma];x— =f(x), i=Ln @D
_xj

MHOrouneHiB crenes n — 1, BigoOpaxenns @1 Y — Y ossauumo, no-

kaagaoun f = P_(x;-), feY, feY, neP, (x; f) — inrepnonsuiinuit
MHOrou/eH M5t GyHKuil f 32 cHcteMoro BY3niB o, T06T0 @ (f)= P, (x; ).
Ak mu snaemo (auB. n.2.4.7,2.4.8 3 u. 1), sKWO ©, € CHCTEMOIO BY31iB
YeGuiueba, To6TO

couz{xj=c05—2i_;n_l—m i=1 n} maa=—1, b=1
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abo

©, = {x,- = [(b —a) cos x4+ b+ a)] j= m}
A9 AOBiNBHHX a, b, TO
|0)=A, = = Inn+1—8, 0<6,<-r. (32)
Bigomo Takox, mo Koam a=—1, b=1, a x; = PR j=1,n, ge
28 __ yyni muorounena Hko6i PP (x) (abo npu noBinbHEX @, b x; =

:%l(b Q)P+ +al j=1 n), 10

1
LI
cn %, AKUWO ¢ = max (c, B)>—%,

|0t=4A,< 1 | (33)
clnnp, AKIO 0K — —,.
30KpeMa, IJis HyJiB MHOrouneHa Jlexanapa (@ = 0, § = 0), axi ue Ha3u-

BaioTh By3aJamu 'aycca

Pl=A<cVn,

Je ¢ — craJja, WO He 3a/JeXHTb Bif n. FAKIWO XK x; € HYJAMH f-FO OPTOro-
Ha/IbHOIO MHOTOWIEHA 3 OGMEXKEHOI0 Barotw p (x) = p, > 0, 10

Py en. (34)
KpafioBa 3aziaua eKBiBa/leHTHAa ONepaTOPHOMY PiBHAHHIO
Ku=Gu—ATu =, (35)
xe
d®™u <
Gu=——g, Tu=2X p(x)uem9 (x). (36)
s=|

OGepHeHuM 1o G € iHTerpaJbHHil onepaTop, aapoM sKoro € pyHkuis [pina
2m
g (x, ?) nudepeHuianeHOro omeparopa 3—2;- 3a ymoB (29), To6TO AKILO
) X
Gu = f, T0

b
u()=(g@ nimd, ueX, fev.

a

Binowmo, mo dbyHkuis g (x, f) Mae RenepepBHi NoXiaHi A0 nopasky 2m — 2,
a (2m — 1) noxinHa mae ctpubok npu x = ¢, 3Bigcu

*) \ ok —_—
u (x)=S_éx_kg(x' Df@d, k=0, 2m—1,
b
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a Tomy
mxax |u® (x)| < A fley =0, 2m — 1. 37

Axmo Ayy = 1, 10 (37) MaTHMe Micue i s k = 2m. [Toknanemo

hagx =l Guly = max[u®™ (x)|.
X

Takum uuHom, onepatop G 3pificHioe i3omerpilo Mik npocropamu X Ta
Y. Ipu ubomy (37) pae 3Mory ouinuta 6yAb-sKy Noxigny ¢yHkuii 4 uepes
HOpMY efieMeHTa u B npoctopi X

max | u® (x)| < A, Vuly, k=0, 2m. (38)

3asnaunmo, mo onepatop G nepeBOAHTH €JEMEHTH IPOCTOPY X B e/leMeHTH

npoctopy Y, 10610 B nosinomu He Buule (n — 1)-ro crenens. OuinHaMo

nopmy T sk onepartopa 3 mpocropy C*™ [a, b] y npocrip C la, b]. I3
HepiBHocT] (38) nicraemo

m
<[Z B,Azm_s] Negx,
s=l

2m
1Tul = max| Y, p, (x) u®" (x)
x s=lI

ae
By=max|p,(x)|, s=1, 2m,

2m (39)
ITI< 2] B Aun—s.

Habanxkene piBHSHHSA, IKHM y JaHOMY pasi e cucrema (31), MoxH4 3aily-
cary y BUIfA]

K,u=Gu — \DTu = ®f, (40)
OCKiNbKH cHCTeMa (31) yTBOpIO€THCA NifcTaHOBKOIO B piBHAHHA (28) BHpa-

3y (30) ans ui pHPIBHIOBaHHAM 060X YaCcTHH Y BYy3Jax x;, j = 1, n, mo
piBHOCHJBHO NPHPiBHIOBaHHIO iHTEPNOAALINHHX MHOrOU/IeHiB, n06y1103a
HUX 33 3HAUEHHAMH Y LHX BYy3Jax.

Mopisuioroun (40) 3 (13), n. 2.3, 6aunmo, wo ymosa I 3 n. 2.3 Bukony-
erbest npu pu = 0. Iaa nepeBipku ymosu 11 (To6ro nepeBipKu Momnuaocri

anpokcuMatii eseMeHTIB BHIVISIAY Tu eJleMEeHTaMH 3 Y) OLiHAMO I Tu
Bpaxosyiouu (38), maemo
d @
——Tu\—-—max— x) u®" (x) | =
" dx e | dx :‘;l ps(x) (x)
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2m
= max 'Z=o (Ps (x) + psp1 () w0 (0) | < Myu s,

Po (x) = pomy1 (x) = 0.
Tomy BHacaigox teopemu Jkekcona (aus. n. 2.4.7 3 u. 1) icHye noaiHom
u Taku#, Wo

|Tu— il MLl

orxe, ymoBa Il Bukonyerhcs npu p, = 0 ( nl)

SAAKmo npasa yacTHHa [ Mae HemepepBHY MOXiAHY, TO, 3HOBY 3aCTOCO-
BywouH TeopeMy JlxkekcoHa, 6auumo, 1o icHye nosiHoM f Taku#i, wo

-0

n

tTo6r0 BHKOHYeThcsi ymoBa III mpu p, = 0(%) 3ayBaxuMo, WO KOJH

py = 0 B piBHsiHHI (28), yoro 3aBKJAH MOXHA AOCATTH 3aMiHOIO 3MiHHHX,
a inwi KoediuieHTH p, ABiui HenepepBHO RudepeHUiHOBHI, TO, MPOBOAAYH

. 2 . K
nonepeaHi MipKyBaHHs IOAO dT:,‘i, aicraemo p, = 0(—'11, ), a AKUo

fe€Cla, b, T0ip, = O(Tl,-)

Bpaxosyoun ouinkm ans pg, p,, [@, 3 Teopeml, 23 n 7.3 pobumo
BHCHOBOK, L0 MPH AOCHTb BeJHKHX 7 cucreMa (31) Mae po3B’sa30k. 3a Teo-
pemoio 3 n. 2.3 BunauBae 36ixHicTb HaGIMKEHHX PO3B’A3KiB JO TOYHOrO

y BHNAAKYy, KOAH By3IM € HyJAMH MHorounexa $SIko6i P™P (x) apu
¢ = max (a, p) € (-——;—, %), fIp HYOMY

~ 1
la* — unl =0(—n.—/z:;) ’
sokpema aaa BysJiB I'aycca
1 —=0(——
lw —aif =0 (=)
a pas Byanis UeGHineBa
1wt — il = 0%

n

Je u* — TouHuit po3s’aA30K 3amaui (28), (29), Uy — HaGIHXKeHHH po3B’fi-
30K BUAY (30), 3raigeHuit i3 cucremu (31).
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Axwo x p, = 0, f € C? la, b], To cucrema (30) mae po3B’s30K i 36ixHa
#i TORi, KOJIH BY3JH 36iraioThCsi 3 HYJISIMH 1-TO OPTOrOHA/NLHOTO MHOTOU/1e-
Ha 3 Baroio p (x) > p, > 0, npuuoMy B nbomy pasi

uu*-;;\|=o(-jr).

Tokaxewmo, mwo iHTepnonsuiAHUA METOX He Mae HACHYEHH s TOUHOCTI, TOGTO
#oro TOYHiCTh THM BHILA, YHM GiJbily IVIaKicTb Mae TOUHHA pPO3B’fA30K,
a rnaakicrb TOYHOTO PO3B’ A3KY, OUeBHAHO, THM Giabiua, yum Ginbloy raan-
KicTb MaloThb KoediuienTH p,, s = 1, 2m i npaBa uactuna f. Ilpunycrumo,
WO ps, s = 1, 2m i f nudepenuiiioBHi r pas i ixui r noxinHi 3af0Bo/ILHAIOTD
ymoBY Jlinmuuug 3 10KasHUKOM &, [HAYKLI€O NO 7 JIETKO BCTaHOBHUTH, LIO

. dPMye , .
HKL1A L Mae r NoxiJHy, fiKa 3aJ0BOJIbHSE YMOB JIIHHIHU.H 3 NNOKas3s-
dx?m

HHKOM @, OTKe, i Tu™ Mae r NoxiAHYy i BOHA TaK CaMO 3aJ0BOJILHAAE YMOBY
Jlinuuus 3 NOKasHUKOM o.

CKopHCcTaeMOCs 3ayBayK€HHAM 0 TeopeMH 2 3 H. 2.3, 3rifHO 3 AKHM
LBHAKiCTb 36i12kHOCTi BU3HAYaeTbcA piBHiCTIO

Ju* — un] = O (e} Ki'OK, |, (41)

Ae & XapaKTepuaye MOXHBiCTb aupoKcHMalii poss’A3Ky u* enemeHTOM

uc X. 3a TeopeMolo | 3 n. 2 3 HopMma K NpH JOCHTb BEJHKHX n Oyne

obmexena peauunnow | Ki' |/ (1 — 90)s 4 < o < 1, siIKa He 3aneXHurhb

Bin n. Ockinbkn u i Hopma | K, || Bia n He 3anexats, 10 | Ki™' @K, | <

<IKT' - |OI[K )< M| D, ne crana M ue 3anexuts Bia n. Tomy
lu* — un | << Me | D,

d u

e — it =16 v =l =| Lo 5] G=Guev, ap

i & BU3HAYAETBCA BEJHYHHOIO MONKJIHBOI anpoxcumaui'l' 2m noxigHoi Bin
TOYHOro po3B’A3Ky MHorouiaeHoM creneiss n — 1. Ha ocHoBi Teopemu

Jl>xekcoHa
d2my ~ M
o Y ST

). I3 pinocTeRt (41), (42) 3Haxomumo

T06TO e=0(-7_l|-_;
lu —unﬂ—O(m) c>——;,

ana By3niB, mo 36iraioTbcs 3 HyasaMH Muorouwiena SIko6i P&P (x),
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o = max (@, B);
~e inn
lo — = 0(-7%)
ans BysJyis Uebumena;
..-‘ l
[u*—un] = O(I,m-)

A/ BY3JsiB, WO 36iraioTbCs 3 KOpPEHSIMH OPTOTOHAJNBHOI0 MHOIOUJ/IEHA MO
obMexxeHili 3HH3Y Basi.

Binbui ToHKHH aHasia (fioro nposis I'. M. Bafinikko) nokasye, mo ans
BCiX mepesiiyeHHX BHINE CHCTEM BY3/iB Mae Micue CH/BHIIIA OUiHKa

. d>mu* 1
Vu*—un| = O(En—l(de)) = 0(‘,}r+—a) '

ne E,_, (u*@m) — BennynHa HafKpaworo piBHOMipHOTO HAGIHMXKEHH s
¢ysknii u*@m mporowneHoMm (n — 1)-ro cremeHsa, u*®™ Mae NOXiAHY
NOPAAKY 7, sKa 3aioBO/IbHsAE yMOBY Jlinmuuua 3 nokasuukom o€ {0, 1).

3ayBauMo, 110 A5 piBHOBiAkaJeHHX BYy3aiB 361KHICTb PO3rAsSHYTOrO
METORY He Mae Micusa HaBiTh IS HaANPOCTIWIOro piBHAHHA u®™ = f, wo
JIETKO 3PO3YMIiTH, BpaxyBaBLUH MOXJHBiCTb po3bixKHOCTI iHTepnoasAuif-
HOro npoilecy Ha piBHOBigjaneHux Byssax (aus. n. 2.7 3 4. 1). Posrasnemo
[HTAHHA NPO PO3B’SI3yBaHHS CHCTEMH JiHIAHHX aare6paiuHux piBHAHB
(31) Ha npuknapi sapaui’ '

B gWu=F(), xE(—1 D), @3
u(—1)y=u(l)=0. (44)

Bu6epemo citky o, ={x; = cos 21271 n, { = 1, nl3 HyniB MHOrouseHa

Yebnmesa T, (x) = cos n arccos x, x € (—1, 1) i no6yayemo intepnonsn-
uifinuii MHorouaen JlarpaHxa 3 ByaJaMH x;, AKHi HaOyBae B HHX 3HaYeHb

¥, i =1, n. Hexah

(x) = Tn ) = 1= =T, =
1; (x) )Ty u;(x) < ty(x), =1, n, (45)

— ¢yHnameHTa bHi MHOrOwleHH iHrepmoasuii, To6ro ¢; (x;) = &,
u;(x;) = 8y, 8, — cumBon Kponekepa, npHyoMy MHOTOuJeHH u; (x) 3a-
AOBOJIbHAIOTh TaKOXK KpaioBi ymoBH (44). IHTepnonsuifini MHOrouNEHH 32
CHCTEMOIO BY3J1iB x; i 3HaueHHAMH ¥y, { = 1, n, MalOTb BUMVIAL

n n

H g) =3 ity (), o0 g) =3 g (9,

= ’=

npuyoMy MHorouwie v (x; y) 3agoBosibHsi€ KpaHoBi ymoBu (44). HaGanxe-
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HHuii pO3B’A30K 3anaui (43), (44) wykaTrHMeMo iHTepnoNAUifHUM METOAOM
y BHIMIIAL MHOTOUEHA U (X; ¥), a HeBiAOMHIt BeKTOP 4 = (Y, ..., Yy) 3HA-
feMo 3 YMOBH, 10 piBHsaHHS (43), 3anucane ans v (x; 4), 3a10BOJIbHAETHCS
B TOUKaX CiTKH ®,, TOOTO

- ivgi_y)— +qx) vl ) =Hx), x€op i=1n  (46)

SAkuio nosHauuTy yepes A, Q Marpuui
d’uh (x,) )l=ﬁ (CTOBNWHK)

A = (— dx? k=1._n (PAROK)
Q = diag (9 (xo));mi
TO (46) MOXKHA 3aNHCATH B TAKOMY MaTPHYHOMY BUIJIsA{:
(A + Q)y = fv f‘_" (f (X0)y wees f(xn» (48)
Jdema 1. Mampuys A mae obepreny A~ , npusomy , aKuwo

A—‘n =§, N=00y -, nn)Tv E= (glv seey En)T’

, (47)

mo
n 1
=3 m | Ky du@dz, =T m, (49)
=1

de K (x, 2) — ¢ynryia I'pira onepamopa d?/dx? 3 kpatiosumu ymosamu (44).
Jopenennsa Hesaxko BneBuutuch, o ynkuis I'pina mae Bu-
rasg

(I—X)(l—l-Z)/Q, ZE[_I: x]'
(I 421 —2)y/2, 2€[x, 1]

i 3a i gonomorow po3B’s30k 3amaui — d®/dx® = f (x), x €(—1, 1),
v (—1) = v (1) = 0 so6pakaerbca Taki

K(x, 2) = { (50)

1
v(x) = Sl K(x, 2)f(2)da. (61)

n
Muorounen v (x; §) = ¥ &4y (x) € ny1, TOGTO € MHOTOUJEHOM He BHILE

j=1
(n + 1)-ro crenens, av” (x; y) € n,—y. Tomy v (x; y) OAHO3HAYHO BH3HAUA-
eTbes y Byanax xy, j = 1, n. Hexait v (x;, §) = —n;, { = 1, n. Lli pis-
HSIHHA MOXHA 3aHMCATH B MarpHuyHOMY Buriasali Af = 7.
n
3 inworo Goky, sakmo « (x; n) = Y] ny¢ (x), To Morounen v” (x; &) +
j=1 .
<+ 4 (x; ) mepeTBOpIOETbCA HA HYAb Y TOYKAXx xj;, j = 1, n, a ocKinbku
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e MHOTouJieH He BHule (n — 1)-ro creneds, To

V(x; )+ u(x n)=0.
3Biacu

1
v(x; E) = SK(x; 2)u(z; ) da.
-l

[Toknapaour TyT x = x;, j = 1, n, RiliAeMO TBepIKEHHS JIeMH,
[loBepnemoca go 3ajaui (48). I3 nonepesnboro BunnuBag, WO

hy ~ tlewp < — 7 1)

AKULO0 %' (x) Mae r HenepepBHY. NOXiAHY, sIKa 3aa0Bo/bHAE yMOBY Jlimmuuug
3 NOKa3HHKOM O.

3ayBaxumo, wo onepatop A B (48) He cumerpuuHHii, TOMy Teopif
iTepauiliHuX MeToniB, AKY MH PO3rMAHY/H paHiwe (auB. 0. 1.4.7 3 4. 1),
He MOXXe OGyTH 3acTOCOBaHaZ /s po3B'A3yBaHHA cucTeMH (48), le e B
sikifice Mipi HemosikoM, TOMy WO onepaTtop d¥/dx? 3 ymoBH (44), sikuit
Habsmkae Mmatpuus A, camocnpsikenui. [1paBra, MoXHa NOBECTH. WO MaT-
puus A B neBHOMY pO3yMiHHI «Mafi>ke CHMETpHYHAY.

3anuwemo (48) y Burasai

Gy=(+Ry=uq, (52)

pe G=1+ R, R=A""Q, ¢ = A7\, npuuomy B cuny semn 1 ui se-
JIMYHHH 06YUCJIOITBCSA 3a ABHUMH opMysamu. o6 sacrocyBatH Ko Cucte-
mu (52) Haiinpocrimmuii Meton — meron mpocroi itepauii, Tpe6a 3amucatH
ii y Burasaai

y =By + Co, (53)

ae B, C — pesxi matpuui (ue MoxxHa 3po6HTH HeoAHO3HAuHO). Toni Merog
npoctoi itepauii Mae BHrAsAK

Yrt1 =Byh+CCP, k=0, 1, .., (54)

I€e Yy, — 3ajJaHe noyaTkoBe Habamxenuns. Bizomo, mo Bin 36iraerscs ToAI
i auwe Toai, kosu Bei BaacHi sHayenHs A; (B) marpuui B 3a Mony.JeM MeH-
wi Bin onvHHLi. 3ayBaxumo, mo max |A, | < | B |, ne | B | — Gyab-sika
HopMa MaTpHili B.

Bnpasa 1. 3anucasumn (52) y surasai y = —Ry + ¢, posrasHyTd itepaitiiie

HHA npouec
yk+l=—Ryh+(Pl k=0, 1, ..., 4 (55)
Ie yo — noBinbaui BekTop. HoBectH, wo npu |]q||C[_U] EXEIT?.}i] | g (x) | Maemicue
nepisnicTb | R << p < 1, ne p He 3anexutb Bin n. Lle o3nauatume, wo irepautifinui

nponec (55) 36iraerbcs 3i WBHAKICTIO reoMeTpHYHOT mporpecii, 3HaMEHHHK P AKOT He 3a-
NEXHTL Big . '

246



Bnpasa 2. 3anucaru cucreMy (52) y surasani !
y=(1—a)y—aRy—aq, :
Je a — 6yab-fiKe yHeao0, | PO3NIAHYTH iTepauifiuuii nponec BHAy (54), skuo B = (I —
—a)l —aR, C = —a. Nosecty, wo npu g (x) > 6 > 0 napamerp o MoXHa BuGpa-
TH TaK, WO BCi BJAcHi YHCIa MaTpHLi B 3a MOAYyJIeM He NePeBHILYBaTHMYThb A€AKOTO GHC-
Aap < |, npuyoMy P He 3anexurb Big n. Lle o3Havuatime, wo Meton npoctoi itepauil (54)
36iraerbcq 3i WIBHAKICTIO MeOMETHYHOT mporpecii, 3HaMeHHHK SIKOT O, PHYOMY IIBHAKICTH
86ixHOCTi He 3atexuTh BiX n.

FNABA 5

METOAM PO3B'A3YBAHHA KPAHOBMX
3AAAY AN NIHIAHUX PIBHAHL
3 YACTUHHUMHM NOXIAHWMMMH

Xoua 6arato ijell ynceJbHUX METOLIB PO3B’A3yBaHHS KpailloBHX 3ajay
Ins 3BHYaliHHX AudepenuianbHUX piBHAHb NEpPeHOCATbCH Ha Kpaiosi
3ajaui Ana piBHSIHb 3 YACTHHHHUMM NOXiJHHMH, OCTAHHi JOLINBHO PO3raf-
HYTH caMocTifiHo. lle MOXHa NOACHUTH TaKHUMU NPHYHHAMH.

Ilo-nepute, piBHAHHA 3 YaCTHHHUMH MOXiJHHMH 3aNHCYIOTbCS MIf
¢byHkuif GaraTbox 3MiHHHX, AKi MOXYTb OyTH 3aaaHi B GaraToBumipHiii
obaacri posinbHOi dopmu. HoBinbHicTs popmu obaacri i ii GaratoBumip-
Hicrb 3HAUHO YCKJ/AJHIOE fIK caMi a/JiTOPUTMH, TaK i METOAH JOCJiJXKeH-
He iX.

[To-apyre, MHOXHHA 32424 A% PiBHSAHb 3 YACTUHHHMH NOXiAHUMH LIUP-
1a, HiXX MHOXHHA 3ajau AJs 3BHUYafHUX NHpepeHiliaqbHUX PiBHSAHD, IO
NPHBOAHTD [0 NOSIBH METOLiB, SKUM HEMAaE aHAJIOriB Y OHOBUMiDHOMY BH-
nagky. ANropuTMiUHHE acMeKT METONIB TAKOX YCK/1aZHIOETHCS.

BuHukae 1we uisiuit psaf nuTanb, NOB’A3aHUX 31 30iMBIIEHHAM pO3Mip-
HOCTi, Ki MM Ja]i po3ryiiHeMO Ha NeBHHX KJacax 3ajau.

5.1. MocraHosKa KpakoBux 3agau

Ans pisHsaHHg lyaccoHa

Hexait Q — peska 06/1acTb y MJIOWMHI 3MiHHHX X, X; 3 TPaHHLEIO
0Q,Q = 0Q | Q. Posrnsnemo Taky safauy: 3HafitH ¢yHKuilo « (x),
x = (x;, Xy), u € C? (Q) 3a ymoBH, WO

_AuE—'—";_'z_':f(x)v JCEQ, (l)

u(x)=pn(x), x€09, 2)

Ie f (x), p (x) — 3apani qyukuii.
Pisnsnnsa (1) nasuBaerbca piguanuam [lyaccona, sKe € npeacTaBHH-
KOM KJlacy eJliNTHYHHX PiBHAHD, a KpaiioBa yMoBa (2) Ha3HBAETbCS YMOBOIO
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Hipixae, abo epanuunoro (kpadosoro) ymosoio nepuwoeo pody. Y 38’43Ky 3
uum 3apaua (1), (2) B uisnoMmy HasuBaeTbes 3adawero [ipixae Oan pis-
nanus [yaccona, aGo kpaiiosow 3adawero nepuweo pody. Taka 3ana4ya BHHHU-
Kae, HanpukJaA, OpH BillIyKaHHI noJIOXeHHsi piBHOBaru u (x) npyxHol
onHopiaHOI MeMOpaHH, 3akpinienoi Ha rpanuui 0Q, ska nepeGyBae nia
Nli€lo 30BHilUHBOT CHIIH, WO XapaKTepH3yeThes dyHKuielo f (x).

3amicTb rpaHHuyHoi yMOBH (2) MOXHA CTABHTH TaK 3BaHY 2pAMUMHY
ymosy Opyeo2o pody a6o ymoay Heiinana

2wy, x€0R, 3)
6n

(7] . - - .
ge =£ — noximua no nanpamy n,n = n (x), x € 0Q — BHyTpilHA HOp-
on
Maab o rpaHuui 0. 3anaua (1), (3) HasuBaeTbca 3adauerd Heldmana ors
pienanus [Myaccona.
Mo>KHa MOCTaBHTH TaKOX FPaHHYHY YMOBY

X —gx), x€0Q, 4)

S

- -
Ie BeKTop s = s (x) 3anae aeakuii HanpsaM. Toai 3anava (1), (4) HasuBa-
€ThCA 3a0auer0 (3 HABCKICHOK NOXIGHON.

I'panuuHa ymoBa TPeThOrO POAY Ma€ BHIVISA

b (x) ‘Z—‘_‘, +au(x) =p(x), x€0Q, ©)

a 3aznaua (1), (5) HasuBaeTbcs 3ada4ei0 mpempvoeo pody 041 pzanﬂunn Hyac-
cona (iHOAi 3anauelo TperbOro poly HasHBalOTb 3aaauy (1), (5) npu s = n)
Pipusinna (1) 3 npasoio qaCTHHOlo f (x) == 0 Ha3UBAETbCA DIGHAHHAM

Jlanaaca, a onepatop A = 4+ 2

— + — HasHuBaeThca onepamopom Jlan-
7 132 pamop

aaca.
1Ho6 cnpocTuTH MipKyBaHHA, PO3rAsAaTHMEMO Hajali oAHOpiAHi rpa-
HnuHi ymoBu. Hacamnepen posrasnemo ognopiany ymosy Hipixae

u(x)=0, x€oQ. (6)

Beepemo y mpocropi asiui nudepeHiuifioBHHX B Q pyuxuif, aki sago-
BOJIbHSOTb YMOBY (6) (03Haummo ioro C3 (Q)), ckansipuuii 106yTOK

(u, v) = \ u(x)v(x)dx
Q

i momuoxuMo piBHsiHHA (1) ckansapHoO Ha JoBinbHY dyHKuilo v (x), Aka
TAKOX 3a/0BosibHs€ yMOBY (6). [IpoiHTerpyBaBiiy yaCTHHaMH, MardMemo

afu, v) =(, Y yve 3 @), )
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ae
du do ou v
afe. ")=§(a—n—ar+a;m)d"- @

Ha sigminy Bia piBusHHa (1) B (7) BXozATh Aume nepiui noxigHi Bil pyHK-
uii u (a Takox v). ToMy TOTOXHicTb

[=]
a(u, v) = (f, )V vE W2(Q) 9)
MOXKHa B3ATH 32 O3HAUYEHH y3araJbHeHoro po3Bs’sa3ky 3anau (1), (3) 3 npo-
cropy Wi (Q). ¥ n. 1.2 Mn Gayuay, 1o 3afaua po3s’A3yBaHHs ONepaToOpHO-
ro pisusiHug Au = f pas CaMOCTIPSIKEHOro IONATHO BH3HAYEHOTO Oneparo-
pa (a came TakuMm e onepartop 3agaui (1), (2)) ekBiBaseHTHa 3anaui MiHiMmi-
3auii ¢yHkuioHana eneprii
I(v) = (Av, v) —2(f, v).
Tomy ysaranbHeHHit po3B’si3ok 3aaaui (1), (2) Ta (9) mMokHa myKaTH Ta-
KOX fIK Po3B’s130K 3ajaui: 3HalTH QyHKUiO u € W2 TaKy, o
I(u) = mfl(v) I(v)=a(v, v)—2(f, v). (10)
°€W2
He Bpmalounice A0 JAeTaniell, 3ayBa)kHMO, IO MTaAKiCTb PO3B’A3KYy 3ajaui
(1), (2), a rakox (9) i (10) sanexutp BiJ riagkocti BUXigHHX AaHHX. SIKIO

=0, fEL (), o u€ Wio(Q) = Wi (@) n W} (@.

5.2. Pizunuesi cxemnu. -
36iumicTs MeTOAY CiTOK

5.2.1. Pisnnuesi cxemu pas 3agnadi Jipixne aaa pisuaunn Myaccona.
Mpu noGynoBi pi3HHLEBHX cXeM IJIs eNiNTHYHHX PiBHAHb MOXHA 3acTo-
cyBaTH Ti cami MeTozH, O i A/ 3BHUAHHHX AubepeHIiaJbHHX pPiBHAHb,
PosrisiHemo crnouaTKy Meroj 6e3focepeAHboi 3aMiHH MOXiAHHUX pi3HHue-
BHMH cniBBigHoweHHAMHA. [TokpueMo mioWHHY (X;, X,) NPAMOKYTHOIO CiT-
KOIO 3 KPOKaMH h,, hy:

H,, = {(xli; Xaj) 1 X1 = ih,, Xop = jhz, i=0 £1,..; j=0, &1, ...}

Touku citku II, Ha3sHBAOTbCA TaKOX 8y3aamu. Toni aHaJoOTiYHO OAHO-
BHMipHOMY BHNAJKy 3 BHKODHCTaHHAM dopmyan Teiisiopa MoxHa 3amuca-
TH (3a ymoBH u € C?)

U3 gt =z Oriy Xop) = (o1, — 204y + 1 )R =

A%u (x”, x2,) hl o4u (El' le)
= axf 12 ax‘} » &€ (Xl,t-h xl,t+1). (1)
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uxzxz l/ x X2 (xll x?/) = (u ST 2”1 J + u;, ;—-l)/hQ
0% (x1; %) h2 0%u (xy;, &g
= 22 + 5 U u (X X)), Ea€ (X971, X2,)41)-

Oneparop Jlanaaca Ha citui I, MoXHa anpoOKCHMyBaTH TaK:

Au (x) Au(x)+v(x), =x€Il,

Au(x) = uy, (1) + 45, (1), @)
n? 94 , K2 a4
— (x) 1 o0tu ;i} X3) + l22 u S;lg ) ] (3)

Llla6non pisHuuesoro oneparopa A s Toukd x € Il, noai6buui go xpecra

(puc. 8), i Tomy ampokcumaniio (2) iHOAI HasHBAIOTb aNpPOKCHMALIEID
«xpecr». Taky caMy anpoKCHMaUilo MOXHA AiCTaTH, HAaNPHK/IAA, METOROM
HEBU3HAUEHHX KoedillieHTiB.

ko poaraagary 3agauy (1), (2) 3 0. 5.1 B o6aacti Q poBinbHOT GopmH,
TO KOPMCTYBATHCSI anpokcHMailielo (2) MoxHa JHile Adsi THX By3aiB Il
AKi € ueHTpoM WA6JOHIB, Mo Hanexarb Q. [l1a6soH, B AKOMY BY3JH Mo
KOXHOMY KOOPAWHATHOMY HanpsAMmy piBHOBijjajeHi, Ha3HBATUMEMO pe-
2YAAPHUM. '

PosrsisiHeMo pisHHUEBY anpokcuManilo omepatopa Jlansnaca Ha Hepe-
ryaspHOMY 1na6JIoHi «Xpect», KM CKNajaeThCsl 3 N'ATH TOYOK:

(xl’ xz)’ (xl + hl-l—D x2)i (xl’ X +h2—|—)’ (xl —hl—v xz)v (xlo xg—hQ—),

e hi. >0, hyy >0, npuuomy hy. 5= he— NpHHAAMHI AN OAHOrO o

(puc. 9). Ouas 3pyuHOCTi 3aHYMEpYEMO BY3JIH LbOro WaGJIOHY BiANOBiAHO
2

uyncaamu 0,1, 2, 3, 4. Kokuuii 3 onepartopiB Lou = ax2 ,a =1, 2 anpok-

CHMYEMO MO TPBOX TouKax: (x; — A, X3), (x5, X3), (x1 + hyy, x,) (abo
toukax 3, 0, 1), Ta (x;, xp + hoy), (x1, x5), (x1, X — he_) (2602, 0, 4). Hna
HbOrO CKOpPHCTaEMOCs BHpa3aMH (AMB. Takox 1. 2.9 3 u. 1, n. 4.3.1).

L]_uNAIU————[ U(xl"l"h]_'_, xz)—u(xl, Xg) _
hy h|+

U (x4, Xg) — v (kg —hy_, x3)

— =0 ., 4

h X%,

2

hoy.

v(xil xg)""v(xit x,—hg_) =0
- hy ~ Tha
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£x,,xp40y)
[-

~

_(’l'ihxl) _ —s
(X *hy,xe)

y
(Xys Xg=hy) "
Puc. 8 Puc. 9

ae hy= 0,5 (ha— + hpy), a =1, 2. Toni anpokcumauis omeparopa
Jlaniaca Ha HeperyJasipHoMy Ina6/aoHi MaTHMe BHIVIAA

LusLu+Lu~Av=Alv+4+Av=0_  +0_ a. (5)

Xy X, XsXa

3anuc aprymeHTiB CiTKOBHX OYHKNifi Ha HeperynapHoMy maGmoHi
JIOCHTb POMi3JKUH, TOMY BBEAEMO Il TaKi NO3HAYEHHSA:

+1,) +1
AE = (%1 £ h1gy X9), PR (x1, X, :l:h2;|:),
1
v =gy (x(-'l' a))' v=0(x)=0(xy, %), o=1,2
Toai MOKHA 3aMUCaTH

AL v I v — o 6
=0T T Ty | )

Fo = 0,5 (lae + hop)y o =1, 2.

Pospunennsiv y paa Teitsiopa B Touli x = (%, X;) HEBAaXKO 3HAfTH, WO
(zuB. Takox m. 4.3.1)

Agtt— Lott =~ (hay —has) 25 1 0 (H2), %
3 oxy,

T06TO Ha HeperyspHOMY a6JIoHi pisHuueBHi onepatop A*, AKHil BU3HaA-
yaethecs opmyoio (5), anpokchmye oneparop Jlansaca 3 nepmuM nopsai-
KOM.

Ham crane y Haroai we ofnH cnoci6 anpoxcumaii oneparopa Jlania-
ca Ha HeperyjspHoMmy abnoHi, B KoMy 3aMmicTh (6) BHKOPHCTOBYETbCA

BHpa3
o] Sz i}
® by, ha+ [ i (8)
he = max (g—, hay),
TO6TO
» }"a
Aoy = T Vigh 9)
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¥ upomy pasi oneparop Ao Mae HyNbOBHE MOPSNOK NOKANBHO! ampOKCH-
Mauii. [iéicio, BpaxoByiouu (7), maemo

. h h
P, = Aau—Lmu = —(1 - %)Lau 4 3haa (h¢+ ha—) axa +

+ O = £ -2t |yt 0 (1) =0 (1) (10)

IMosicHumo Ha npHKAaai 3apaui
u'=—Ff(x), x€0,1; u@ =0 u(l)=0, (1)
K MOXKHAa BHKOpPHCTaTH anpokcumauiio (8). BuGepemo citky

g),,: (Xyixy=hyy xep1=x,+h, (=1, N—1, xnp =xn+ hy),

fiKa € HepiBHOMipHOIO Jue no6au3y rpauuni, npudomy hy < h, hy < h
hy + hy + (N — 1) h = 1. Bysau, siki € ueHTpaMu peryaspHux wma6no
HiB, Ha3HBAaTHMEMO peeyAapHUMU, 3 LEHTPH HeperyaspHUX Wa6JOHIB Hepe-
2YAAPRUMU 6Y3/aMU. 3aMIHHMO y PeryasipHux Bysnax x;, i =2,N — I

Yepr1— 2yj + oy
Uy~ y;x,i = h2 ’

a B Hepery/ApHHX BY3/aXx Xy, Xyt

- | (Ys—¥ 9—Y
UINA*!/1=T( nh 1 1h1 0 ),

” ! [ Yn41— YN YN — YN—1
i ~ A%y =4 e ),

ae y; = y (x;) — HaOauxeHHA Aas u; = u (x;). Y pesyavrari glcranemo
pisHHLEBY cxemy

Yo =—F), xi=h+(@—Dh i=2N—],

A*yy=—F(x), A*yn=—f(xn); (12)
Yo = yn4+1=0.
Jlns noxu6KH 2 = y — u MaeMo 3ajayy
Az=—Y(x), x=x, i=1, N, zy=2y41=0, (13)

ne
A*2, mpn x = x,
Az(x)=1%, Tpax=x, i=2 N—],
A*zy pu x = X,
$; =0 npui =2, N— 1,9, =0(l) npui = 1rai= N, Hessa-

252



KaouHl Ha Te, IO CxeMa HE Ma€ anpokcHMalii B l'Ile"paHHllHPlX By3Jjax

X;, Xy, BOHA Mae ADYrHil NOPAAOK TOYHOCTi B HOpMi C (o),,) 1106 1e goBec-
Ty, nepenuiemo piBHsHHA (13) npu x = Xx;, x = Xy y BArAAL

Jfza—n _za—z)_qo _L T et I k) 0
h h hy - h hy h =V,

a6o

(a—2) — AT (2 —2) = 0, h3'h(zn —2n) —
-(ZN—ZN—1)=O’ hh;1>1) a=lv 2'

1e 2, = hhy gy, z7v+| = hhypy. Toni 3apaua (13) 6yae ekBiBaneHTHa Takik
3ajaui:

z;x,t-:_'q)iv i=2 N—1, A*2; =0, A*zy=0,

29 = hhl'llJl, AN = th‘PN-

I3 naeaigky 7 3 n. 2.2 ans z Maemo OLiHKY
N+1 k=1

lzlc <max (]2, l2~+1l)+2k§{ Elh2|¢j|<
<hh1|'l’1|+hh2|\PN|+2lf<T}‘i’[‘v|‘l’j|<Mh

To6T0 cxeMma (12) nnsa 3anaui (11) mae gpyruit nopsiaok Toudocri. [ToepHe-
moch Tenep Ao 3azaui (1), (2) 3 n. 5.1. ¥ 6araroBumMipHOMY BHNIaAKy CHKJIAA-
HieTb i€l saflaui 3HauHO Mipowo 3anexHuThb BiA dopmu obaacri Q. Tomy
PO3r/isTHEMO CHOYaTKy HaHNpPOCTilIHi BHNAAOK, KOJH {2 € NPAMOKYTHHKOM:

Q= {x=1{(%, %):x0€(0, lg), a=1, 2}

3 rpanuueio 02, Q = Q |J 0Q. BuGepemo h, = lo/Ny, o = 1, 21i nokphe-
MO NJIOWHHY (X4, x,) ciTkoto I1,. Bys.rm x = (iyh,, ishy), AKi Nexarb B npA-
MOKYTHHKY Q (ro6ro i, € (0, Ny), i5 € 0, N,)), Ha3HBATHMEMO GHYMP iUt~
Mu | MHOXHHY BCiX BHYTDIlUHiX BY3JIiB MO3HAUHMO Yepes . 3araabHa
KiabKicTb By3niB y wye (Ny — 1) (N, — 1). Bys- 4,
JI, fIKi IeXaTh Ha TPaHHIL NPAMOKYTHHKA 0 (npu

=0, Ny, i =0, N,), KpiMm 4OTHpPBLOX BY3.iB
(0 0), (0, 1,), (ll, l) i (44, 0), YTBODIOIOTb MHOXHHY
V. epaHudnux e8y3ais (1a puc. 10 ix nosHaueHo
xpecrukamu)., Cykynuicts Bcix BHyTpimmHix i rpa-
HHUYHHX BY3JliB Ha3BeMO Cimkoi0 o, = o, |J) Yy, B
npaMokytHuky Q. Ilpu A, %5 h, ciTka Ha3uBaeTb- fe
cA npamoxymuoro, a npu h, = h, — xeadpamnor. 0n 4 X
Jins KOXHOro BHYTPIIIHBOTO BY3/1a X € ©; MOXHA Puc. 10

lp y
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no6ynyBaTH 0’ AITHTOYKOBHI peryaspHufi wabJaoH «XpecTs, yCi BY3/ 1 AKOTO
HaJleXXaTb MHOXHUHI ®,. ToMy B ycix BHyTpiluHix Byasnax onepatop Jlanaaca
aagaui (1), (2) 3 n. 5.1 MOKHa 3aMiHHTH 33 AONOMOTOI0 Pi3HHLEBHX GOpMYI
(2). BpaxoBywoud, 0 NOpSA0K anpokcumaitii popmy (2) aopisHioe 2, npasy
yacTHHY f AOUiNIbHO 3aMiHHTH Ha @ TaK, Wob @ (x) — f (x) = O (h?), e

= max (hy, b)), x € o, Arwo, Hanpukaag, [ (x) € C (), To MOXHa
noksacti @ (x) = f (x), x € w,. ¥ pesyasrari 3agaui (1), (2) 3 n. 5.1 no-
CTaBHMO Y BilNOBiAHicTb Taxy pisHuueBy 3anauy [ipix.e: sHakith ciTkoBy
¢yHKuilo y (x), BU3HAUEHY HA ®y, sIKa y BHYTpiluHiX Byanax (Ha w,) 3a-
NOBOJbHAE DiBHAHHA

Ay=—f[@x), x€on Ay=yz, +y;,, (14)
i Ha rpaHuui y, HaGyBae 3ajaHHX 3HayeHb
yx)y=p(x), x€7 (15)

13 dopmya (14), (15) G6aurmo, w0 3HaYeHHSI W (X) Y BEpIIHHAX MPSMOKYT-
HUKa He BHKODPHCTOBYIOTBCA, W10 i BHSHAUKMIO BUOIp V. Jaa iHWKX 3212y
(nanpukaag, AN TPeTbOi KpaioBoi 3ajayi) uM Aid iHWIKHX cxeM (Ha-
NPHKAaA, CXEMH UYeTBEPTOrO MOPSAKY anpoKCHMALil) rpaHHus Y, Moxe
CKJIaJlaTHCS 3 YCiX BY3JiB, WO Jexath Ha OS2, BKJIOYAIOYH i BepUIHHH,
MiacraBasioun y (14), (18) y = z 4+ u, ne 2 = y — u — noxubka cxemu
(14), (15), nictanemo AndA z 3afayy

Az=—1{(x), x€o, 2(x)=0, x€w, (16)

ge b = Au + f — noxu6ka anpokcumauii. Ockinvku Lu + f =0, T0
V=Au+f—Lu+Lu=Au—Lu i 3 (1), (2) Maemo (npu u€
€ C* (Q))

h2 h2 4
p= 9 (81, %o) 2 9% (x1, §) y Ea € (Xa — hay Xa + ho).

12 ox 4 12 0x?_,
Mosnaumsn M, = max|—~——|, nicranemo
xeﬁ- *a
=12
hY
|‘|’|<M4—6—', h = max (hy, hy). (17)

Y npsMoKyTHi# o6nacti Q mMoxHa BBecTH i HepiBHOMipHy ciTKy

(o—{x,—(x“‘) ), i =10, Ny, x —0 M =1y a=1, 2)

s kpokamu h{V = xff? — £{i", pfd — 40 — xﬁf’ l)
micto (14), (16) maruMemo sapauy

. ¥ uvomy pasi 3a-

Ay =—f(x), x€a, Ay= Yo T

y(x) =pn(x), x€ys (18)
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Hepaxxko 3HaiitTH, mo Xf
\IJ: = (Au+ f(x))) =
2 (holath —h ua;) e Te 2 AN
=1 — e 11,2 ’.2'\
+ O (k% = O (h), -4 ;
= v
h = max (hy, hy) 260 h= V B! + K, I 1
TOGTO CXeMa Ha HepiBHOMIipHil ciTui Iz 17§ [z ¥z
Mae nNepludd nopAROK JOKAaJbHOI 7 T" 3
anpokcumanii. !
PosrasHemo fenep BHNANOK JO- Puc. 11

BiJIbHOT 06aacti G Takoi, 0 NepeTHH

G 3 GyAb-SIKOIO NPAMOIO, MPOBEAEHO0 Yepe3 BHYTPIiLIHIO TOuKy x € G na-
panenbHo oci koopauHaT Ox,, o = 1, 2, cKnajaeTbes 3i CKiHUEHHOTO yHeaa
intepBanis. [Tokpuemo naowuHy (x,, x,) npaMokyTHoto ciTkomw II, 3 Kpoka-
MH hy, hy. Bysan x; = (i)h,, i,h,), i = (i), iy), 9Ki n1exarb BcepeanHi 06-
Jacri G, Ha3BeMO GHYMPpiuKimu i TTIO3HAUHMO MHOXHHY BCiX TaKHMX BY3JiB
uepes w,. TOUKH NEPETHHY NMPAMHUX Xa® = ighy, @ = 1, 2 3 rpaHuuei0
02 ob6sacti Q Ha3BeMO ZpanuuHumMu y HanpsiMi x, Byaaamu i NO3HAUMMO
MHOMHHY UHX BY3JiB Yhq. MHOXHHA v, = Ynt U Yr2 HA3UBAETBCA MHO-
MUHOIO epanu4nux 6y3ai8, TOGTO Lie MHOXHHA BY3JiB, siKi € TPaHHYHHUMH
xoua 6 y ORHOMY 3 HAaNPAMIB Xo. MHOXHHA BCIX TPaHMUHHX | BHYTPilHIX
BY3JIiB YTBOpIOE cm(y Op = O U B o6aacti Q (puc 11). I1poBenemo
kaacudikauilo BHyTpiwHix ByaniB. BisbmeMo sikuii-HeGyib BHYTPilUH{H
By3ol x € @, i MpoBeieMO uepes HLOrO MpsAMY, MapaiebHy OCi
Oxq. 1i neperutom 3 o6nactio Q € inTéppan (abo CKiHueHHa KiabKicTh iH-
TepBaJsiB), KiHLi AKOro € rpaHHYHHUMH y Hanpsimi Ox, By3jaamu. Posrasue-
MO BY3JIH, IO JIeXaTh HA LbOMY iHTepBani. HaliGauxkuuii 1o KiHus iHTep-
BaJly BY304 HasBeMo npucpanuunum y Hanpami Ox, (a6o y HanpaMmi xg)
ByanoMm. SIKIO BiH BiijadeHHil BiA rpaHuUi Yro HA BETHUHHY Hg = A,
TO TaKHi# By30J € HepeayARPHUM NO Xa. Hexait @; , — MHOXHHA BCiX MpH-
FPaHHYHUX 1O Xy BY3AiB, @ Ohq — MHOXHHA NPHUrPaHHYHHX HEEryJsp:

HHX mo x, ByaaiB. OueBuaHO, 1o wh « = mha [losHauuMo uepe3 o
MHOKHHY BCiX MpHrpaHHYHHX BY3JiB (T06T0 NPUrpaHHUYHUX X04a 6 y OfHO-

. LX) . . .
My Hanpsami), a uepe3 ®, —. CYKyNHiCTb BCiX HeperyJasipHHX Bys3JiB
(To6To Hepery/aspHHX xoua 6 y ogHomy Hanpami x, a6o x,). Hexaft o, —

- M 3 o
LOTIOBHEHHS @ 1O @y, TO6TO @, = @y | @, Bysau 3 MHOXHHH @, Ha-
3HBAIOTBCH CMPO20 SHYMPIHIML 8y3ramu. BBeleMO TakoX MO3HAYeHHA

@, LA CTPOrO BHYTPIlIHIX MO X, BY3JiB (TOOTO A/1A By3Ja X € Wag CY-
cinni y Hanpsmi Ox, By3Jin € BHyTpiuHimu). Ha puc. 11 erporo Buyrpimni
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K
BY3/I1 ©;, NMO3HAYCHO KPYIKEUKOM,
HeperyJsipHi JIHWIE 110 X BY3JH —
— TPHKYTHHKOM 3 OJHHM iHJIEKCOM,
F*] HeperynspHi i mo x;, i no x, By3-
JIH — TPHKYTHHKOM 3 IBOMA iHJIEeK-
camH, a peryaspHi fiK no x,, Tak
i no x, OpurpaHvudi BY3AH —
¢ : KBaJApaTOM.
Puc. 12 . -

~ [lpunycrumo, mo citka @, €

3B’ 13HOI0, TOOTO 6y Ab-SIKi B2 BHY-
TPilIHiX BY3/1H MOXKHA CMOJAYYaTH JIAMaHOI0, NAHKH AKO] napaJiesibHi ocAM
KOOpAHHAT, a BEePIUHHHM € BHYTPilUHiMH BY3/aMH CiTKH. 3ayBa)KHUMO, WO
y Bunaiaky 3ajaui Jlipix.ie ue o3HaueHHs 3B’A3HOCTI 36ira€TbCsi 3 03Ha-
yennam y n. 2.2.6. Toni npunaiiMui onun 3 yoTHpboOX By3aiB x''?, a =
= 1, 2, n’stuToukoBoro wabaoHy (x‘*lJ, x, x‘*ls) (peryaspHoro un He-
pery/aspHoro) € BHyrpiliHiM. Bumora 3B’asHocti ciTkKu Haksapae obme-
MeHHs 9K Ha BHOIp hy, hy, Tak i Ha dopmy o6aacTi i 11 poamilneHHs Big-
HOCHO CiTKH ®, NpH 3ajaHHX h,, h,. [Ipukaaan HesB's3uol (a) i 3B’ A3HOl
(6) ciTox noka3aHo Ha pHc. 12. ANpOKCHMY€EMO B KOKHOMY BHYTPIilIHBOMY

2,

By3ni X € o, Audepenuianbuuil oneparop Loy = —; , o0 =1, 2 TPHTQY-

ax?

a
KOBUM pi3HHIEBHM oneparopoM. 3aieXHO Bil BHAY By3ja MOXKJHBI Taki
anpokcHMallii.

SIKIO By30oa x € ®, pery/sipHufl Mo Xg, TO pi3HHLEBHH onepaTop Ag

il

sanucyeThca Ha peryJasipHoMy mabaoni (x'~'?, x, x @),
(+1g) ) (—lg)
= _ v —2+y
Ao = Y5 n, = ) : (19)

Koan By30os x € Why, TOGTO HEPELYASAPHHA MO Xg, TOAI Ay 3aMHCYIOTH-
¢l Ha HeperyJjspHoMmy waGJoHi (puc. 13, a)

L (Y —y gy —1g)

Aoy = 5~ ( 7 - )npﬂ X Y€V (20)
o a ha

Ze hy — BigcTawb Mix Bysnamu x ta x'¢ ago
g (~1g)
. 1 -_— — 1

Aa_l/ = - Yy - Yy — Y ’;'/ npu x(+ o) Evh.u’ (2!)

3 he, a

Ae h% — sigctanb Mix Byamamu x Ta '@ (puc. 13, 6).
—la) AN
ARWo x © €Yna i X €Yna (pHC. 13, 6), To MaeMo
Hg) —l
. 1 — —
Aoy = (y Y __ Yy—y
a

-t bg

(t1g)

)npux

E Yh,e (22)
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2 2 |
Al ’
) h \
3 J 3 ’ 1 3 e\ 1
/ p ) by [ / [ hﬁ\
j he hy N N
4 o |\ / %
a 8 [}
Puc. 13

pe hos 5= hy — Bigmame Mix x Ta xtlo, Anpokcumytoun oneparopu
2

Lou =E:2E pi3HHLEBHMH oOllepaTopaMH 3a OfHielo 3 ¢opMyn BHAY
o

(18) — (22), micraemo Aajs naGauxkeHoro posB’a3yBaHHs 3agaui (1), (2)
an. 5.1 Taky pisuuueBy 3anauy [lipixse: sHafitu citkoBy ¢yHkuito y (x),

BH3HaueHy Ha ciTli w, == ®, |J V4, IKa Y BHYTPilIHiX BY3/1aX 3a10BOJ/Ib-
Hsie piBHAHHA

Ay + [(x) =0 y peryaspuux BysJax, (23)
A'y 4 f(x) =0 y Heperyasipuux By3jax (24)

i Ha rpanuui y, HabyBae 3a1aHHX 3Ha4YeHb |
yx)=pn(x) x€vn (25)

e A=A, + Ay A* = A} + A3, 860 A* = A} + A,, a6o A* = A, + As-
PosrasiHeMo mOXu6Ky 2 = y — u. [ligcraBasioyn B (23) — (25) y =
= z + u, RicraeMo

Az = —1 y peryaspHux By3jax,
A*z = — * y HeperyaspHux ByaJjax, (26)
2(x)=0, x€¥
Jie ToxuOKa anpokcuMauii | BA3HaYaeTbes GOPMYIaMH
Y= Au-+ f= Au— Lu y peryaspHHxX Bya1ax, @

$* = A*u— Lu y Hepery.nspHHX By3Jjax.

Hexait u € C* (Q), Toxi ananoriuso dopmyai (17) ans perynsapHEX By3ni
Maemo

[P | <K MAY6, h®=h} 4R (28)
Y HeperyJsipHHX By3s/iax NMOAaMoO MOXHOKY anmpokchMarii y BHIVIAAI cymH
2
1’* = 2 ’lP;u 1|’¢;. = A-;u —Lau.
v a=]
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rf Ananoriyro dopmyani (10) nictranemo

3 o hayp—ho_ %
0 7 ‘pa - 2ha axi + 0 (ha) O (l)v
J (28")
b —
Puc. 14 to610 P* = O (1), a ue osHayae, WO y He-

peryJsipHHX By3Jax cXeMa He ampokcu-
Mye pipuanda (1) 3 n. 5.1.

3aysancennsn. SIKIO y NpurpaHUYHNX BY3/aX /A anpoKcHMauii ome-
paropa Jlannaca Ha Hepery/asipHoMmy La6/oHI BHKOPHCTATH 3aMicTb (8)
anpokcumauio (6), To nicraHemo pisHHLEBMil onepaTtop, SIKHH MoXe He
MaTH TaKMX BaXJHBUX B/iacTHBOCTeH AudepeHniaJbHOrO oneparopa siK
CaMOCTIPSI2KeHICTb | 3HaKOBH3HaueHicTh (Bif’eMHa Bu3HaueHicTh). OcTaHne,
B CBOIO Yepry, 3aTPYAHIOE 3aCTOCYBaHH: e)eKTHBHUX iTepalliliHUX MeTOZiB
N5 PO3B’ASYBAHHA CITKOBHX pPiBHSHb.

Pisnunesi piBusHHs (23), (24) MOXKHaA 3amHCcaTH B NeBHil KaHOHiuHiH
dopmi, sIKa nisHile jgacte 3Mory 3Hafith anpiopHy ouinky. Posraauemo
peryJisipHHi By30J, IKHI 3aHyMepYeMO HYyJeM, i pery/aspHHi I’ ATHTOUYKO-
BUH 1a6/oH, BY3JH SIKOrO 3aHymepyemo uuciamu 1, 2, 3, 4 (puc. 14).
BianosinHo HymepyBaTHMeMo 3HaueHHa GYHKUIT B uHX By3saax. Togi pis-
HAHHA (23) Y 1bOMY BY3/i MOXKHA 3aHCATH Y BHIVIaAi

2(h” 4+ 537) go = K" (91 + yo) + 12 (G + 49 + fo- (29)
JAns Bunaaky, sobpaxkeHoro Ha puc. 13, a, MaeMo
' A* = Al' + A‘]’
oo (=Y _ %—ys\_ ys_'2h1

1
Az!/o=—h'2" (U2 — 290 + y4)
2

me K, =05 (8, + h1). I3 pisasnEg A*y, = Aly, - Agyy = —f 3Ha-
X0AHUMO
My g 2, L ! 1
(hfh; + " )yo ¥ b+ Y ys+h; (s +yd+1F. 3

Ilnasa BHDAZKY, 1O BignoBinae puc. 13, 8, MaTumMeMo i
1

%, %hy \, _ 1
("l"n'—"f+ + hgh;)yo hyhiy ht hihi_ bt

+— h; Ys + f:va Ya+ fo (32)
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ze fy = 0,5 (hi— + hiy), B, = 0,5 (A, + h3). Posrasmysmn Takox immi
MOXJIMBi BHMaAKM, HikgeMO BHCHOBKY, WO piBHAHHA (23), (24) MoxHa
3anucarty y Takiii kKaHOH{uHi# dopMi:

Ay )= Y B By + F), x€o, (33)

e’ (x)

ze lll’ (x) — MHOXHHA YOTHPLOX BY3J1iB I’ ITHTOUKOBOTO LHAGJIORY «XPECT»,
3 HEHTPOM Yy 10uLli x 32 BUKJIOYEHHSAM caMoi TOYKH x, To6TO § 5= x, A (x),
B (x, E) — 3anani xoediuientH, F (x) — 3agana oyHKuias. MHoxHHa
I’ (x) nasuBaerbcs okosom aysaa x. 13 dopmya (29) — (32) Gauumo, uio

A@)>0, Bx, >0, ¥ B(x, ) =A(x)Vx€o, (39

telr(x
Ho piBusanHa (33) cain me npreRHaTH KpaHoBY YMOBY
Y(x) = pn(x) XEVn (35)

SIKIO BY30J1 X — TPHTPaHHYHKE, TO B OAHIM 3 TouoK &, € LI (x) Bennup-
Ha y (&) = p (§,) BinoMa. Togi (33) nabepe Burasnny-

AWy = Y B, Hy@ +F.
B’ () \{&}

ae
Fx)=F(x) + B(x, &) p &),

i Anst uboro piBHAHHA 3aMicTb OCTaHHbOI PiBHOCTI B (34) BHKOHYBaTHMETH-

cs HepiBHicTb D (x) = A (x) — Y B (x, & >0.Pisuuuenasagaua
. g (N (&} i . .
Jlipixsie € oKpeMHM BHIIaAKOM 3araJbHiLIOl 3a1aui: 3HAHTH QYHKIL{O y (X),

BH3HAueHy Ha ©, = @, |J Y,, FKa 3a00BoJbHSE PiBHICTH

A)yx)= Y Blx, y@E)+ Flx), x€aw,
tell’ 0 (36)

y(x) = plx), x€v
ze
Ax)>0, B(x, §§>0, D(x)=A()— Y Bx 5>V Vrc€o,
telll’(x)

Jlo o6rpyuTyBannsa cxemu (23), (24), a6o mwo e came, (33), (35), noegpHe-
MocA Aani, a 3apa3 3yNMHHHMOCA Ha BiAMiHHHX BiJ PO3rAAHYTOro MetTojax
anpoKcHMauii TPaHHYHHX yMOB. Y 6araToBUMipHUX 3aJla4ax 1€ € OJHHM 3
6arathbox yTpYAHEHb.

Has anpokcumanii kpaiioBoi ymoBH Jlipixae (2) 3 m. 5.1 He 060B’s13K0-
BO BBOAMTH HeperyJ/snpHi ByaJiH, K Iie po6uoca Buule. MoxHa po3rJisia-
TH JIHIIE PEryJaapHi BY3JH, a TpaHMYHe 3HAUEHHS 3 I'PaHULi <IepeHecTH»
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Ha HaAGAMXYHA By3oa peryJaspHol

CITKH, SIKHil MH BK/IIOYHMO JIO CiTKOBOT

rpaHHui y,. PosrasiHemo, HanpukJaag,
CHTyalilo, 300paxeHy Ha pHc. 15.

Bysoan X nasuBatumemo BHyTpiul-

HiM By3/IOM CiTKH ©,, fIKINO BiH BH-

X;  KODHCTOBYETbCA JiMllie NPH 3aMiHi

AxdepenuianbHoro piBHsaHHA (1) 35.1.

Puc. 15 Bei 1w Byaau HasBeMo rpaHuuHu-

MH. Lli Bys/HM cKA2jal0Th MHOXKHHY

v,- Ha puc. 15 By3an X;, { = 1,4 e rpaHuyHNMH, a BCi iHLIi BY3/IH — BHY-

TpimHimMu (npruoMy Bei peryaspHi). Hexalt X, — nedxuii rpaHuyHufi By-

3o/, a Q, — HahbaHXKYa 10 HbOTO B NMEBHOMY PO3yMiHHI (3a BilCcTaHHIO

Big Toykn X; a6o B HanpsiMi AKOICb KOOPAHHATHOI oci) Touka rpaHuui

dQ. Toni noknagaemo

Yy (X)) = n(Qy. (37)

IToxu6ka anpokcumanii npu ubomy O (h), £ = max (hy, h;), O Jerko
3HaiiTi 3 po3BuHeHHS u (X,) y pan Tefnopa B okosi Touku Q;. Hifico,

ou (Q,) 8 o%wu(Q)
u(xi)=u(Qi)i6i—af—+—2+——ax;—i e, 06, <h,

10670 4 (X;) = 1 (@) + O (h).

IIlo6 nmiABMIMTH MOPsiZOK aNpoKCHMaLii, 3HafijeMo Touky B;, Aka e
saii6mxuuM o Q (micaa X, axwmo X, € §2) BHyTpiHIM BY3/IOM CiTKH ¥
SIKOMYCb 3 KOOPAUHATHHX HanpsaMiB. 3a Toukamu B,, Q; nobyayemo aiHiii-
HHil iHTepnoasnifiHuii MHorouneH P (x) i noknazemo

y(X)=P(X), X€vyn (38)
Hanpuxkaan, Ans Touok Qs, By (puc. 15) Takuit MHOroueH Mae BHIVIAA

P(x; y)=P(x) =y (Qg + (x1 — x10,) ¥y (Q5: By),
Je
. =¥ (@) — y (By)
y (QS' BS) le._ xlB. ’
X1q,, X1, — NEpIIi KOOPAMHATH TOYOK (3, B; BianosinHo. [losHaunmo ye-
pes 8; BiacTanb Mix Toukamu Q; Ta X, roai marumemo

§(X) = PUX = (Q) — 525 (1(Q) — y (B))

a60

h Sgy (B
- y (Xa) = L (Q;;:.-.Ii__azy( 3) . (39)
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[Noxn6xa anpokcumanii Bupasy (39) Mae Buraaa

8 .
Y (X)) =u(Xy) — P (Xs 1) = 4 (Xo) —u(Q)) + 715 4 (Q) —u(By).
PossuBatoun u (Qs) Ta u (Bs) y pan Teiinopa B Touui X,, maeMo

2 2
xp(xa)—u(xs)—[u(xawa "“‘Xs> + _s at;x(zzl)]Jr

6u(X) 3 % (&,
u(Xy) + 65 R LAY ), ¢
+ 5 +6 [ o X9 +
au<x3> B owe) ] 8 amy
+h 2 ot ] 2 ot
. .Y A T S
2 +8&) o2 2(+6) a2

Ze &, — Touka Ha BiApi3Ky, mo cnoayyae X, ta Qy, E,, — TOYKa Ha Bijpis-
Ky, o cnoayuae By ta X3, Ockisnbku 83 << by, TO 3BiACH Maemo NpH u €

€C:@

) 3
l P (Xs) S a M,hz, (40)
Aae
M, = max{max M_ max _al‘(i
? xed of |’ x€Q ox} .

3a nponoMoroo 6inblol KiJbKOCTi BHYTPilIHiX By3JiB, IO J€XKaTh Ha oJl-
Hil npaMift, napasenpHiil akifi-He6yap KoopAHHATHIA JiHil, MOXHaA no6y-
JLyBaTH iHTepHOJALiIHHUA MHOrouw/eH BHIIOro MOPSAAKY, alle JACTh 3MOIY
NiABHUIUTH TMOPANOK NOXUOKH ampoKcHMallii.

PiBusHHA (1) 3 1. 5.1 y BRYTpiluRix By3nax, HanpuKaan y By, anpokcu-
MYEMO 3BHYAHHHM YHHOM:

4 (Xy) y’(‘22)+y( 2)+y( 3) !/i(lz)'l'y( 1)=—f(Bz)'
2

PosrasiveMo Temep rpaHHYHY YMOBY, fKa MiCTHTb noxmm HaNpUKJax
YMOBY TpPETHOrO PORY

-

ou (x)

lu=a(x)u®)+bx)—=—=pnx), x€oQ, (41
Ie a”—(_’f) — HaBckicHa noxizHa B Hanpsami s y Ttouni x € 0Q (BeK'rop—;
Os

HanpsMJ/eHo Bcepeauny obaacti Q). Hexait Touxa Q € Toukoio nmepetHHy
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rpaunni 0Q 3 oxniero 3 KoopanHatHuX ninil. [TpoBeneMo 3 miel Touky Mpa-
-

MY B HanpsaMi s 10 MepeTHHY 3 AKUM-HeGyAb BiZpi3KoM, IO CHOJYYaEe A8a
HaR6HK4i BY3/M CiTKOBOI o6nacTi w,. Hexa# Takoro Toukowo nepetuHy 6y-
Ie touka P. lloknagemo

ou(Q . 4P)—u(Q
as Q]
Ie rpg — BiacraHb Mix Toukamu P ta Q. Toai anpokcuManis rpaHudaHoOro
oneparopa (41) y Touui Q mMatume BUraIaAn
hu=a(Qu(Q)+b(@Q2—2Q. (42)

Touka P He Ha/leXHTh CiTui 0, (AKMO P € w,, T0 (42) Rae anpokcumauiio

(41) Ha ciTui ®,), TOMy BHpasuMo 3HaueHHs y (P) uepes 3HAUECHHS iHTEPMNO-
JALHHOro MHOroY/IeHa B Toukax B i D, To6to nmoknaneMo

uPy~u (B)

Toni (42) na citui o, HaGupae BHI‘JIHI[Y

hu=a(Qu(@ + 2 [u(B) 22

r,

r
2 —u@|
npuuoMy 3a JONOMOrolo possrHeHHs y psaA Tefinopa moxHa JOBECTH, 10
noxuOKa ampokcumaiii
Yy =l —1u(Q) = O(h), h=max(hy, hy).
¥YmoBa (41) ampokcHMyeTbcA ymosoxo
b
hy=a@y @ + 2L [ (B)=22- + 4 (D) -

’pB

] k@
(44)

SIkio BBaxatH, o Q € y,, a By3nu B, D HeperyaspHi, To AudepeHiiann-
Huit oneparop (1) 3 1. 5.1 y HEX anpokcHMyeTbcst Tak, K 6y/0 BKa3aHO
Buie. SIKuIo X BBaXaTH, o B € y,, D € v,, T0 B anpokcuMmauisx (43),
(44) u (B) Ta y (B) cnix aaminuty Ha 1 (Q) Ta y (Q) BiamosigHO (mpocre mne-
pPEeHeceHHs1 rPaHHYHOro 3HaueHHsA) a6o XK Ha 3RaYeHHs iHTeprHonsAuiiiHOro
MHoOrouJieHa, no6yJI0BaHOro 3a BHYTPiIHIMH BY3JaMH CiTKH.

Konn 0Q cknanaerscs 3 Biapi3kiB NpAMHX, TapaJjejbHUX KOOpAHHAT-

. 0 d
HHUM OCSIM, CHTYalliA cnpoutyetbes. Hanpukaan, aaa BUNagKy 3‘;- = Taxi ,
1
KOPUCTYIOYHCH ORHOCTOPOHHIMH anpoxcumaummu nepuwoi moxigHoi (AHB.
n 2.9 3 4y, 1), MOXXHA NOKJACTH
u(Xp ) —u(X))
lylx, = a (X)) u(X;) + b(X) —=F :

= ., )
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npuyoMy
(lyu — lu) (X;) = O (h)y.
Ko nokaacTd

—3u(X,)+3u(X, )—u(X;1,)
las (Xi)=a(X;)u (X)) + b (X,) g, (46)

TO MATHMEMO

2
l,,u (Xg) —lu (Xi) =0 (h[)
BHKOpUCTOBYIOUH METOJ HeBH3HA4YeHHX KoedillieHTiB, MOXHA NoOyayBaTH
anpoxcumallii i BHIIMX MOPRAAKiB, ale MPH ULOMY BHKODHCTOBYETBHCH Lie
6inpine BHYTPIilIHIX BY3JiB CiTKM i YCKJIAAHIOETbCA MaTpHLA Beiel citko-
Boi cxemH. 3rinuo 3 (45), (46), rpanuyna ymosa (41) y touni X; B ciTkoBii
cxeMmi BignoBizae piBHAHHIO
y (X)) —y (X))
a(X:)y (X)) +b(X) —F = (X))

a6o BijgmoBiaAHO

=3y (X)+ 4y (X, 1)) —y(Xppp)
a(X) y (X;) + b (X)) ——— = p(X).

TligBuIuTH MOPSAZOK anpokcHManii KpaioBHX yMOB MOXKHA BHKODPHCTaH-
HAM AJs TXHbOI ampokcumauil AucdepeHUianbHOrO piBHSIHHSA, A KOO
nocTaBjieHa KpaiioBa 3anaua. Poarasinemo, Hapelurti, BHKOPUCTAHHA ¢ik-
THBHHX BY3JiB JU1 MiABHIIEHHS MOPSAKY anpokcHManuii KpaioOBHX YMOB.
Lleli Merol 3acTOCOBYETHCH, KOJH rpanuns 02 cK/aafaerbca 3 Bigpiskis
npAMHX, NapajelbHux KoopaHHaTHHM ocsiM. CiTka 6yayerbca TaK, 1106
rpaHuus 02 MpoXoaHaa nocepeiuHi MixX JiHiAMH CiTKH.

Y citkoBilt pinaHui @, = o, U Y4 B AKil 3anucyerbcs ciTkoBa cXxe-
Ma, BY3JH, MO3HauyeHi xpectHKaMmH (Hanpukjaan, X), HalexaTb FpaHMUi
Vs, 4 BY3JH, MO3HaueHi Kpyxeukamu (Hanpukman, B), ¢ puyrpiwHimyu i
Hajexarb oy,. Bysoa X HasuBaeTwhcs gikmusHum, OCKINbKH BiH He HaJe-
XKuTbh obsacti 2, ase BUKOPHCTOBYETbCST IS 3aIHCY CITKOBOI CXeMH.
SIKHo HPUIOYCTHTH, IO PO3B’ 130K KpaiioBoi 3afaui MOXKHA NPOJOBKHTH 32

obnactb Q 3i 36epeKeHHSIM IVIaJKOCTi, TO

(@ _ ou(@ _  u(B)—u(X)
% om by, + O k),

u(@Q =X+ 4 g,
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TO MoXu6Ka ampokcumauii npyu mocratHill rapkocti u Gyne

P = Lu(Q)— lu(Q)= 0 (h).

Y citkoBift cxemi B Touui X 3anaemMo yMoBy
X B B) —y (X
a(Q)__y(_)_i?‘_y(_) +b(Q)'_y()h—ly()_ =1 (Q)

O puraad 1. Tipyxua nefopmaliia xopcTko 3akpinienoi no nepumerpy I kBajpar-
HOT MuiacTHHE NIX Rieo0 cTaoOl CHIH OMHCYeThcsl TAKOK MATEMaTHYHOIO MOAEJIIO:

=—lv (xl .‘/)EQE{(xr y):xE(O- )’ !IE(O. l)],
0%u J%u
u(x 5 =0, (x, €T, Mu=—54 + 53

3uaiti poas'ﬂsox miei 3ajaui MeTofOM ciTOK, AKIIO KPOK CiTKH h = 1/4.

Poss’ fA3anns Hacamnepen sayBamumo, 10 B ZaHOMY BHNZIKy Mae wmicue
NOBHA CHMETpis SHadeHHs LIyKaHol GyHKLI, ockinhku npaBa wactuHa pisusiHHA [Tyac-
cona Au = —1 cTana i rpaunuHi yMoBH HyaboBi. ToMy ckinueHHO-pi3nHUeBi PiBHARHS
JOCHTb 3allHCATH AJIS YBepTi KBaapaTa, To6To a1 By3niB 3 Homepamy (1, 1), (2, 1), (1, 2),
(2, 2) (By3oa (i, j) 1eXHTb Ha nepeTHH] {-1 BepTHKaABHOI i j-I ropu3oHTanbHOT JiHiM). Ma-
€MO

Uy — 2u u 1o — 2u u
21 h;n‘l‘ u o Hia h;1+ 19 _ | (uas sysma (1, 1),

Ugg — g -ty
% —

= — 1 (ana By3na (2, 1)),

— % —_
Uge h:2+uoa + Uy 2::n+"n =—1 (a9 syasa (1, 2)),

— 92 —92
Usz ::2'*' Ug + Ugs l‘:gs 4 ug —~—1 (a7 Bysaa (2, 2)).

BpaxoByIouH reoMeTpiio posB's3Ky (419 = Ug;) i TpaHMUHi yMOBH (ugy = 0, gy =
=0, u;0=0, 4y = 0), AicTaeMO cHCTEMY TPLOX PiBHAHD:

— 4uyy 4 2uy, = — 0,0625,
2uy, — 4uyy 4 uyy = — 0,0625,
4uyy — 41y = — 0,0625,
Po3p’d3aBum Wio chcteMy, HampHukaan Metogom [aycca, sHaizemo
Uy = 0,0429, u;, = uy; =0,0547, u,, = 0,0703,

PosrasiueMo cxemy anisi sajaui (1), (2) 3 n. 5.1, suafineny Merosom
ycepenﬂloloqux onepartopiB. BsaxarhnMemo, WO f(x) €EL,(Q), u(x)e

EW30(Q) Q=1{x=(x, %):0<1a<ly =1, 2} — npamokyT-
HHK 3 rpaHuueo 012. [TokpHeMO NPAMOKYTHHK Q' CITKOIO

®p = @; X Oy, 0)¢={x¢= iaha'-i¢= l, Na—l, ha=la/N¢,},a= l, 2,
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a yepes y, MO3HAYMMO PAHHIUIO CITKOBOI ofacTi:
2
W= U (e Uv-a 1-1={x=0, x): 5 =ik,

fg=1, N, — 1}, vr1={x= (I}, xp) 1 x, = ighy, iy =1, N;—1},
Y ={x=(x, Oy =4y, L=1L N —1}, ype={r=0(xq, L):x,=
_ = by, G=1,N—1}
Toknaswu y Bupasi (9)

v=q,(|E—x|), x€aw EE€Q,
Ie @, (| §|) — anpo ycepeanenns (mus. n. 4.3.6)

(BL), eo={"7" WS @

2
1
<m.(l§|)=nn_¢ " 0, lti=1,

i
(=2

IicraHeMo piBHiCTB
— (Tyu)z , — (T, =Ti(x), x€y (48)

3aminioioun B J1iBifl vactuni dyukuiio 4 (E) (mo &, mie omeparop T,) 1i iu-
TepNoNALiiHAM MHOrOUWJIEHOM HYJIbOBOTO CTeNeHsl Mo OfHil Touli x € wy,
3HaXOAMMO Pi3HULEBY CXeMY

Ay———'"' - y;,,, _y;,x, =@(x), x¢€ WOy Y (x) = 0, x€ Yoo (49)

ze @ (x) = Tf (x). Lla cxema ckaamHiwa, Hix (14), (15), ne ¢ (x) = f (x),
ase i MOXKHA BUKOPHCTOBYBATH [ HeTJIAAKMX (y3arajbHeHHX) PO3B’A3-
KiB 3agayi (1), (2) 3 n. 5.1 (y HacTymHOMYy DYHKTiI MU JOBeleMO 36iKHiCTb
cxemn (49) B eHepreTHuHiil HopMi W) (w,) npu u € Wi (Q)).

5.2.2. 36ikHicTh MeToAy ciTok. $IK i B ofHOBHMipHOMY BHOAIKYy, XO-
caifpkeHHs 361KHOCTI i OLLIHKH TOYHOCTi ONMUPAIOTLCA HA 3arajibHy TeOpeMyY
Jlakca (nus. n. 2.2). PosrnsHeMo ABa NpUKJIafH OLiBKH LIBHAKOCTI 36ixK-
HOCTi CiTKOBHX cxeM And 3aaaui [ipixse ana pisasuna Ilyaccona.

M puraad 2. Docniguta 36ikuicTe i 3nafiTH owminky TourocTi cxemn (23) — (25)
ans 3agaui (1), (2) 3 n. 5.1 B Hopmi C ().

PosB'nsanwusn a)3anava g noxubku z =y (x) — u (x), x € ® Mae BArAAR
(26), npruoMy aas NOXHGKH ampokcHMallii 3a yMoBd 4 € C* (Q) MatoTsb Micue ouinku (28),
(28’), Tounime

1P (x) | < M A2/6 Das perynsipynx Bys3Jis,
VP (x) | < 2M, aas HeperyaspHux By3ais; (50)

6) snafizeMo anpiopHy ouirKy mia 3agaui (25). Bsesemo pisnunesmit omeparop A,
siknit 36iraetbcst 3 A* y Hepery/JISpHUX Byanax i 3 A B iHmux BHyTpimmix sysnxax. Toai
3ajava (35) mA MOXHOGKH MaTHMe BHIJIAL

Az=—1V(x), x€wp 5D
z2(x) =0, X€7vp (52)
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3anuwemo (51) y suraaai (aus. (33))

A@z)= X Bix, 5z@)—Vb (), x€oy 2(x =0, x€y,
e’ (0
npuyoMy aas A (x), B (x, £) BuKOHYIOTbCH yMOBH (34),
[Togamo npaBy yacTHHY ¢ y BHrasAAi

L]
Y =P+ P*,
e 1p P, P* =0y choro BHYTpilWIHix By3Jiax x, 70610 x € m,, i tp =0, \p" =14 y npd-
rpaHHYHHX By3Jaax x € (oh 3asnaunmo, WO z = v - w, ge U, W — PO3B’A3KH 3ajay

Ro=—Hw, r€op v()=0, 1€y, (53)

Aw=—p* (x), x€wp ©W(x) =0, x€7p (54)

i oninumo KOXHY 3 GYHKLiA v i w oKpeMo.
Hns ouinky v (x) noGyayemo Maxopauthy ¢yHkuiio Y (x). Bsamarumemo, wo no-
4aTOK KOOPAMHAT JIEXHTb BCepeauni obaacti €, | MaXOpaHTY WYKaTHMEMO Y BHIVIsiA

Y () =K@R =1, rP=ri(x)=2sl4 4,

ne K — crana, aky BuGepemo misniwe, R — paniyc kpyra s UEHTPOM Y NOYaTKy KOOpAH-
HaT, WO MicTHTh ofwacTs 2
Bpaxosyioun, mo A“xg =0, Aaxg =0, npn w==P i

Mg’ = [(xg + hy)? — 2% + (x, —hy)?VHE =2,

ALs2 = b [ (g + hg )2 — 2% _ Ko — (kg —hg )? ]=

ho T

=20, 0, = (hy, + hg_)/(2h,),

3HaX0AHUMO

2 o
AY (x) = Y, ALY (0) = —4K, x€ap
a=]

A*Y (x) = — 40K, x€wf,

ze 8 = 0,5 (8, + 0,), npruomy 0, = 1, akwo sy3on x € m; € peryJsipHHM 3a HalpsMoM
X,. Taxum unnoM, Y (x) e po3p’a3koM 3anaui

AY () =—F (1), x€own

Y((#)=K@R*—r2(x))>=0, x€ys (6)
ne
o — 4K1 xe(ol)h:
Fn= { 40K, x€ oy,

Mopisuioioyn 3anaui (55) i (53), 6aunMo, wo HepiBHicTb | tp (0 | < F (x) 6yze pakony-
BaTHCb, fAKIIO noxmacm

o ° H °
K=TII1PlIc(mh>=THtPII o =7 max |y (x)],
xco,
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npHYoMy BHKOHYIOTeCR Bel yMoBu Teopemu 10, m. 2.2 (reopeMu nopisuauus). Tomy
v "C(mh) <|Y ||C((oh)'

a OCKinbKH, AK Jerko nomiraty, || V ||C(mh> < KR2, 10

R? o R .
Volowy <7 1¥lewy = T 191 (55

11106 oniHuTH @ (X), BUKAIOYHMO 3 JIiBO{ YacCTHHH DiBHAHL (54) B MPHCPAHHUUHMX Byanax
3HaueHHs OYHKNIl 3a JOMOMOTOI0 KpahoBOi yMOBH w (x) = 0, x € V;, 3aNHLIEMO TIOTIM
(54) y xanoniunili gopmi (33) i nokaxemo, uo

I .
D(x) > 2, x€wp h=maxh,, (56)
[+

D(x) =0, x€ap. (57)
Tlics uvoro MoxHa 6yjae ckopHcTaTHcsa Teopemolo 12 3 m. 2.2.
PisnicTb (57) oueBrana. PosrifiHeMo Tenep MpUrpaHUUHHIL By30a x € (o;l i piBnsAKNS
(54) y ubomy Byaai(y kaHoniuHilt copmi)
Amwm= Y B el +F(n, Fx)=19*®.
© o Eellx)

Sxmo oanu i3 Bysnis § = &, € I’ (x) e rpaununum, 1o @ (§) = 0 i ue piBHAHHT MOX-
Ha IlepenucarH y BHraagi

Aw@x = Y, B(x,Ew(®E+F (), (58)
. EEL’ (x)

ne 77 ()= (x)\{&,%. Toxi, ockinbku ans citkoBoi anpokcuMauii pisHAnHA Jlanna-
ca MaloTh Micue ymosn (34), To

D(x=A(x)— X B(x,5) =A(x)—

ted x)
_[ 2 B(X, E)—'B(xr §0)1=B(X, §0)>0'
ECU’(x)

Slxux'o BY30J X € IIPHTPAHHYHHM 32 {BOMaA HampsiMaMmu, TO6TO icHYIOTH nBi Tourn &y, £, €
€ Il' (x), axi e rpaHHYHHUMH, TO

D(.\f) = B(x) Eo)'{_B(xv §1)>0.

Mokamenmo, mo D (£) > h~2, .
Cnpasai, Hexalt By3oa x € W, — NpUrpaHHuHUfA | HeperyJApHHUN JHIe Y HanpsAMi
X,,, npuuomy &, = xiH® ¢ Var xo) ¢ o, Toai piBuauHA (54) Mae BHUrA AL

Ay + Agw = —$* (x),

e .
ABy = y;ﬁxﬂ' B = 3_ %
nwet (oY e\ 1 [ w +—————w_w(—la))
* T hg ot hy ho \ oy by, )
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IlopiBnioioun pe 3 (56), Gaunumo, WO
Aol 12
T ohghgy TR, T R
Al
Y B o=—p+ 2
sl (x) kg, hg

D (x) = ——

1
haha+ > “ht h = max he,.

a
1

flKuO x — peryAspHuR MpUrpaHHuHHi Jule 1o x, Bysoa, 10 D (x) = —hg-> l:_“
(¢

SIKWE XK Uef By3soa mPUrpaHHdHuE | 1o xg, Bp=3—a, 10 D (x) MOXKe JHIIe 36iaAblIH~

Tucst. Tomy ouinka (56) cnpaBennuBa 3aBXaH.
Kopucryrounce Temep a1s 3apaui (54) reopemoro 12 3 n. 2.2, nicraemo

10l STY* /D I ey <A1 g gy (59)

Bpaxosyioun, o 2 = v -+ @, a Takox (55'), (69) aas poss’sasyBanHs 3anaui (51), sHaxo-
MO OWIHKY :

R® o
zlowy < 51 “aéhv A" ey (60)

Tenep 3 HepiBHOcTei# (50), (60) BUN/IMBae Take TBEPAKEHHS.
Teopena 1. fdxuo poss’asox sadaui (1), (2) 3 n. 4.1 Haremums Kaacy

C* (Q), mo pisnuyesa cxena (23), (24) pisnomipro 36i2aembes, nPUMOMY Mas
Micye oyinka

R? 2
19— lowy <( g Mq + 2M5) A,

de
o*u
M, = max —|, h= maxhg.
xca | 0xfroxgs a=1.2
Oy-ag=Rk

3aysasenns. Ananoriyno nopefeHHIO ouiHok (55), (59), kopucTyiouHCch
JONATKOBO Hacainkom Tteopemn 10 3 m. 2.2 u. I, ana sapaui (23), (24)
MOXHA 3HANWTH OWIHKY

_ R?
i y"c(:.,h, <lwlewy + 7 If ||C(:o)h + 2\ f “c«o;),

fika BUpaxae crifikictb pisHuueBoi 3agaui Hipixae (23), (24) 3a kpaitoBu-
MM YMOBAaMH MPaBoOI0 YACTHHOIO.

M puxaad 3. Hocninntn Ra 36ixuicts cxemy (49) i anafith ii ouinky rtounocti ans
sanaui (1), (2) 3 m. 4.1 y Hopmi W} ().
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Poap’ a3anuia a) 3anumeMo sagauy aasa NoxuGku z (x) = y (x) — u (x),
x € wy:

Az (x) =P (x), x€wp (61)
z2(x)=0, xcy

ne Y (¥) = Ay — Au = ¢ (x) — Au = T} — Au. Bpaxosyioun pisnicts (48), mepetso-
pHMO P (x) TaKuM UHHOM:

—bW ==y =g (), (62)
ne bynkuionann six u (npn gpikcoBaHoMy x) 1), MaKTb BHIIAR
Mg (D=ny (g W=, W) =u(x)—T, ju(x), a=1,2 (63)

6) 3Hnafizemo anpiopHy omiHkKy mas 3apaui (61), BpaxoByrO4H BHIMIIA NOXHOKH am-
pokcimMallii (62), (63). Ias usoro B mpocropi ciTkoBux yHkuif 1BOX 3MiHHMX, AKi 3a-

ZaHO Ha 0 = Wy |J Y i MepeTBOpICIOTEC HA HYAb HA ¥, BBeNEMO cKaaspHHE J06YTOK

Ny—l  Ny—1
o= hhyDom= Y i L Moty 4 ga,e
xe(‘)h 1=l {g=1

Tlomnoxumo piBsnHs (61) ckansipHo Ha 2 i B 060X vacTHHax 3naineHoi pisxoct! mix-
CYMYy€MO uacThHHamu. Marthumemo

- (z;m. 2) — (z;’.x’, 2) = — (nl}m. 2)—(n

%Xy 2)

(64
(-z;fx' 2;1]1 + (z;’n z;,la = (nl;‘. z;ill + (n}’, z;,]ab

lz '%,mh =|Vz “g,o)h - ("1;,\'" z;l]l =+ (71;-" z;llz’

Re
N3_q

(9, Vg = 2 hy X by ang O, =1 2% 1ol =0, v,

ia=l l3_a—l
12l =W, 2 1o+ (o s 22 12
£ Loy, Xy X Xy X3
[
—HanisHOpMa B ciTKOBOMY TIpoCTOpi W‘z 3 HOpMOIO

1oh 0, =t0lgy = (17 6.0y, +12 110"
“”“(2)_«) = (v, v).

Xy
Bpaxosyioun 306paxkeHHa 2 (x) = 2 hlz_ (x) = 2 hzz; (x), HepaXXKo flOKa-
xy=h ¥i=h, :
3ary, u:,o B npocropi QyHKIUiA, aKi IODiBHIOOTH HYNIO Ha Yk, Hanisfopma
|z|lm |z"1m exkBiBanentHi. 3acTocoBylouy y npaBik yacTuri (64) HepiBricTs Kowi —

Byﬂaxoncbxoro, AicraeMo
12 o, <IN b2z 1 +0,5 1 2 T

12 0, < Ung a1 2 2l g,
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TakuM uHHOM, MaeMo WyKaH{ ouiHkH
|2 Il'mh <| ﬂ,;l 1 "12;’"2v

Iz "l-"’h <M (“"1},"‘ +I 712;."2)-

Je ctana M ue 3anexuth Bix h Ta Big 4. 3ayBaxHMo, WO 32 PaXyHOK 300parke HHS MOXHG-
KH anpoxcuMaiii y surasgi (62) i sacrocyBaHHA METORY €HEPTETHYHHX OLIHOK BANIOCH
y npaBiil uacturi (64) no36yTucsa oaHiel pisnuueBoi moxigHol, AKa BXOAHIA 1O NOXHOKH
4anpokcHMmattii.

B) OuinnmMo BenHuHHH | Ny, l, @ =1, 2. 3po6usummy saminy §, = x, + s, o=

= 1, 2, 5, € (—1, 1), BinoGpasnmo ereMeHTapHull NPSIMOKYTHHK e *x)=(x, — hy, x, +
= B)X (%3~ hy, Xa + hg), £ € 04 Ha kBagpaTE = (—1, 1) X(—1, I),E€e(x), sEE,
4 (§) = u (s). Toni pynxuionanu N, (x, u), x € 04, @& =1, 2, HaGepyTob BHLIARY

(65)

Ty (@) =1y (&) = 4 (0) — Tqu (8) =

1 1
=E(0)" S(l_lsnl)u(xn xg+S.h3)dS,=E(0)— S(l_lszl)u(or Sy) dsy,
-1 -1

1
Mo @) =1y @ =2 (0 — [ (1 =15 1) u(r+ syhy, %) ds; =
=1

1
=u(0) — gu—lsll)um, 0) ds,.
—1

BHKOPHCTOBYIOUH TEOPEMH BK/JIafieHHN, MaeMmo

I <2|u “C(E) S22Mfu "W%(E)'
e @)1 < 2M Ll
TO6TO PYHKIiOHANH 1), & = 1, 2, 06mexen] B mpocropi Wg (E). HeBaxxko nepekoﬁa'mcx,

IO BOHH MePETBOPIOIOThCA HA HYJb Ha MHOTOWIEHAX HYJABOBOTO Ta MEPLIOTO cTemeH iB:
1

N(l)=1— S(l—ls,l)d_s_,=l—l=0.
2

1
n ) =0— [ (1—Iss1)81),odsy =0,
—1

1
M) =0— [ (1 —Is,0) spds, =0
=1

(ocrannii interpan piBHuA HyMO AK iHTerpan Big HemapHoi QYHKuIT M0 cHMerpudHOMY
BignocHo 0 nmpoMixKy). AJe, OYeBHAHO,
1

Mish=0— | (1—1s1)shds, 0,
-1

270



Go inTerpan Mo CUMETPHUHOMY BiHOCHO HYJI NPOMiXKKY OepeTbcsl Bin HenapHoi ¢yHk-
nii.
Orxe, 3a aemoto Bpem6aa — ITinbGepra, nKmo 4 € Wg ), o

|0y () | << 2MM | u] (66)

wie’

[Mepexoasiun g0 smm-xon &, MmatuMeMo (ds = ds,ds, = (hlhz)_l dt)
~ RN < o\ on \ 172

Iu'w§(£)= ( 5 + 0_3105) + o2 sl =

s 0% 0% \2 2 0% _t 2\
(55 oot o 2 o)

o \? % \2
—1/2
<< h? (hyhy) (e_(gx) [( GE"; ) +( OE,DE, ) +

o 12 3
+( ) ]d&) = h? (hihe) Y2\ u lwg(e(x))'

6§2
XE ®p, h = max (h].: h2)~
Tenep y dopmyni (66) maemo

My () V=] (x5 0) | << 2MMAS (B hy) "2 L u) x € op, (67)

W 2etxn’
ne crani M, M He sanemats Bin A Ta 4. AHaJOTIYHO 3HAXOAHMO OLIHKY

IMa (x) | < 2MMR? (hyha) ™' 2w | o Whetan’ X € o (68)

3 ocraBHix ABOX HepiBHOCTeH

In 3 )< Mh (i)™ (1u) + 1| ),

W3e(x—hyx,)

u I ’
Wie(x) +I Wg«’(xl.x,—h,)))

Wit
Ing, (0 [<Mb (hag)™ (1)
a"romy
Ny Ny—1 12
lln,,nl—( Y X b (x,,'.xz,)) SMhlulyg o

Li=1 ;=1

Iz e < MhLa Lo

ae -M — neaxi HoBi crani, mo He 3anexarts Big A Ta Big w.

3 ouinku (67), (68) nicraemo 'TaKy TeopeMy 36iKHOCTi Ta OLIHKY TOY-
HOCTi.

Teopema 2. Txkwp poss’ asok 3ada4i (9) Harescums npocmopy Wi (Q),
mo poss’ Aok pisnuyesoi cxemu (49) npu h = max (hy, hy) — O 36i2acmbca
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do mounozo poss’asky 6 cimkositi Hopmi npocmopy Wi (wp), npusomy mas
Micye y3eo0xnceHa oyinxa weudKocmi 36ixcHocmi

ly—u Il.'»h <ly—u o, <Mh|u lmg(a)'
Jde cmaaa M ne 3arexcumv 6id b ma 80 u.

Bnpasa I. Jlobectn, mo TeopeMa cnpaBemyiuBa | JaA cXeMH
Ay=Sf(x), x€wn Yx)=0, x€%ys

ze S = 8,S, — onepatop ycepenHenhs sa CTEKJIOBHM.
Bka3iBka. 3awmicrte piBHocti (48) BHKOpHCTaTH Taky:

(+05 ) ( (~=0,5¢)
l_sa_a( Bl O i
a

) )= 8. 8sf (x), x€ o4,

=] (]

w050 — o (x, :t—h21— , x,) ,  uELS) — u(x,, xg %) .

Bnpasa 2. 3actocoByioun Takufi camuli meto, #K y nmpHkaagi m. 4.3.7, s
cxemy (49) 3HafiTH ysrojxeHy oOuiHKY

y—ullo.mthhﬁlul

a

2 .
wi@

5.3. Merop cKiHueHHMX enemenTis
Ans pisuanna Nyaccoxa

Inesn MeTony cKiHUEHHHX eJieMeHTiB AJja 3BHYahHHX AudepeHUiaNbHUX
piBHSAHD i A5 PiBHSAHB 3 YaCTUHHUMH MTOXiAHHMH OJHA & Ta caMa, X04a Tex-
HiuHi TPyAHOIL ANs GaraToBUMipPHOTO BHMAJAKY 3HAaYHO 3pocraioTb. Tomy
AesiKi eTaJli ONYCKaTHMEMO, aIPECYIOUH YHTaua JIO Clelianbrol mTepaTypu

$Ik Mu Gaunsid B OZHOBHMIpDHOMY BMIAjAKy, OfHA 3 OCHOBHHUX imefi
meTony cKiHueHHUX enemeHTiB (MCE) — ue cneuniannuuit Bubip koop-
MuHaTHUX QYHKUIA | 3acTocyBaHHs MeTony IanbopkiHna.

5.3.1. 3apaua [ipixne e ksappari. Kyckoso-ainifini xoopanuaTHi
dynkuii. Posrasnemo 3azauy (9) 3 n. 5.1 B kBagpari Q = {x = (y,,
X)) 0< xe < |, @« =1, 2}. [lo6ynoBy KOOpPAMHATHUX (YHKLiA cain,
OUeBHIHO, TMouaTH 3 nosynoan ciTkH.

Bysau CiTKH ©, — L€ TOYKH NEPETHHY (X1,i, X2,7) MPAMUX Xy = Xi; =
= ith, Xy = Xx;=jh, h=1VUN, i, j =0, N. KoxkHy KOMipKy ciTkH
Iy = (o << X << Kig1y Xo g <K Xy << X2741) PO3AINMMMO HA 1Ba TpH-
KYTHHKH JliaTOHa/Io, 5Ka CIIOJAy4ae BepUIMHH (Xii, X2;) Ta (%,i41,
Xy, :-H) Y pesyabrari RicTaHeMO POaGHTTA KBajJpara, fKe HA3HBAETHCA
mpiateyanyicio obaacmi (puc. 16). KoxHomy B3y (X1,¢, X2,;) MOCTaBHMO
y BiAmOBiAHICTH QYHKLIIO

Gl w=o(L—i, 2 —j), L j=0N, W

272



ze X
(p(s t,={0’ (S, t)ge' f

I —(Isl+ 1t 1s—2t\)V2, (s tEe,
fika JAOpiBHIOE ONMHMUI Y BY3Ji (¥, Xos), HYJHO
B iHUIMX BY3/1aX, € JiHiHOIO B KOXHOMY TPHKYT-
HHKY TpiaHryasuii i ROpiBHI0E HYJI0 3a MeXaMH
obaacti e (x), x € oy, (puc. 17). Hepaxxo nomituty,

o -’ —
wo ¢, (x) € W5 (Q). . 0 X
Hexait u (x) — nenepepsHa ¢yHKuisa, BH3HAa- Puc. 16
yena B 2. OOUHCIMBILM 3HAuYeHHS u (X) Yy TOYKax
ciTKH ©,, ZicTaHeMo ciTKOBY QYHKUIO 4, (X) = wy (X141, Xo5) = U (%11,
x2,) = w; ;. PosraaHemo dyHKuilo
N—1

@)=Y ;9 ) @

{,j=1

HeBaxko HOMITHTH wo « (21,00 %2,7) = wyy, u (x) HemepepBHa, KYCKOBO-
,umpepeﬂumosﬂa u (¥) =0, x € 0Q, TobTO u€ W2 (Q). Pyukuisa u (x)
€ KYCKOBO-/IiHiHHUM iHTepmoasHTOM ¢yHKUil # (x) (xBHaA i Hajani o3Ha-
qarume, 110 BiANoBigHa OYHKIiA € KYCKOBO-/iHIHHOW). )

MHOXHHA HenepepBHHX, JMiHIHHUX Yy KOMHOMY TPUKYTHUKY TpiaHry-
aauii obxacti Q dyHkuiil, Ak BunanBae 3 (2), yreopioe (N — 1)2-BumipHHHA
nianpocrip npocropy W3 (Q) 3 6asucom @:; (x). Lledt nipmpocrip nmosHaukmo
H,.

Ha6nuxenuii poss’s3ok 3anaui (1), (2) a6o x (9) uu (10), n. 5.1 o3-
Hauumo fAK ¢yHkuilo 3 H, BULY

- N—1
yx)= Y yi;91;(%), (3)
ig=1
fiKa 3aJ0BOJIbHSIE PiBHSIHHSA
a(y, = (f,v) VoEH, “4)
¥(s.t)
t Pi(x)
!
) M
T 0 S *g)-h /
]
] 0 l” *h

g T

Puc, 17

Xq-b X Xy

273



v Nt (ue piBHAHHS € He WO iHWe, AK piBHAHHA (1. 10.1),

4, fIKe PO3rASA4€THCA HA MiANPOCTOPI F],,). PiBuanus

4y 4 (4) exBiBasleHTHe cHcTeMi piBHOCTEH
YO 7 agoen=G e i i=TN—1,
85 4 (uncaio piHAHD B (D) AOPIBHIOE KINBKOCTi BHYT-
pilHix By3aiB, 3HAYNTL | KiJBKOCTI HeBigOMHX
SW S yi). Koxua dynruia ¢;; (x) BigMinHa Bifg Hyas
Puc. 18 JHile B LUIECTH TPUKYTHHKAX 3 Q, Aki npuasraiots

Io (X1, Xp ;) € Wy, TOMY iHTErpyBaHHA B (4) BeneThb-
¢ bakTHYHO JHIIe MO 06’eAHAHHIO HHX TPHKYTHHUKIB, fIKe NO3HAYHUMO
yepe3 ;. Buraag obnacti o;; nokasano Ha pHc. 18, e BBeneHo i iHuwi
OueBHAHI NO3HAYEHHS.

HeBakko nmoMituti, wo ¢ysKuii ¢;; (x) Ta !; (x) B @; MaloTb BUIIAX
1 —tx,—x1)h, x€A,,

1 — (g —xo7)h, X€A4,,

1+ (g — x1)/h — (xg— x2))/h, x € 4,,

14+ (xy— xu)/h, x€A4,

1 4 (X, — x2))/h, x€EAs, (6)
1 — (xy — x1))/h + (x5 — x95)/By x € A,

Y15+ Yx, (0 — x10) + (Y )E (X3 — X3), €Ay,

Y+ Wen (6 — x10) + Yx, (X3 — x27), X€ By,

Yis+ Yz, (0 — x10) + ys, (xs — X21), X €Ay,

Yis+ ¥z, O — x1) + Gx)w (xg — x2)), €A, (7
Yis + (yz))s (51— x10) + gz, (x2 — X37), X €A,

Y+ yx, 00— x10) + g3z, (X, — X, X€ A,

(%) =

y(x) =

Tyr uepes (yry)e (y;a)q, Yxgr Y5, TO3HAUEHO BignoBigHi pisHHIEBi

noxigni Bix ¢yHkuii 4 B Toukax Q 1a x = (X1, X9;). BHKOpHCTOByIOUM
(6), (7), neperBopuMo JiBi YaCTUHN cHCTeMH PiBHSAHD (5) TAKHM UHHOM:

- _ (loy 99y , oy 99y |, _ ( 1)
a(y Q’u)—m.s;/[ o ox, T Ox or dx—A,lSJA.yxl — 5 jdx+

+ A,ém vz, () dx + A,‘SJA. oo (= ) +

+ A.Su . y;'(}‘_) dx = —h* (g3, + ¥z,.)
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Tenep cucreMa piBHAHb (5) HaGupae Burangy
- h2 (y;xxx + y;r\fz) = f:l/' (x”’ X2l) E ‘Dh’ (8)
ne

t=(fmeywdy, gy =0 e
(l)i’v
Y» — BY3JIH CiTKH, fAKI JexaTb Ha 0. SIKIIO DOXINHTH KOXHe 3 PiBHSHD
Ha h?, BpaxyBaTH, o ¢ (x) > 0 i

B2 { quydx=1, (9)
mi/ .
TO Bei BigMiHHOCTI cxemH (8) Bix cxeM M. 5.2 moAralOTh y TOMY, LIO NpaBa
4yacTHHA OOYHCAIOETLCA 3a iHIOW (opMyJol (3ayBa)KHMO, WO PiBHiCTb
(9) e HOpPMYIOUOIO YMOBOIO Ha IAPO ycepeaHeHHs).

Cxema (8) 6yna no6ymoBaHa 3 BHKOPHCTAHHSIM SIBHHX 300paXKeHb
(6), (7). Ilpore B 6inbUI 3arajbHUX CHTYyaUisiX, HAaNPHKJAK, NMPH BUKO-
pHCTaHHi TpiaHryaauif, fKi CKJaAalOTbCsl 3 HEPEeryJspHHX TPUKYTHH-
KiB, MOOY10Ba #BHOTO BHIVISIAY CiTKOBOI CXE€MH CTa€ Oijbll CKAaRHOIO
i Heedek THBHOI. TOMY, fiK NPO 1ie BXKe TOBOPHJIOCS B 1. 4.4, KOHCTPYKTHB-
HimuA wasx noGyloBu Marpuli CHCTEMH DiBHAHb MeTOAYy CKiHUEHHHX
eneMeHTiB (a0o, fIK KaXyTb, M106ajbHOI Marpuui xopcTKocTi) mossirae
y dopmMyBaHHi i1 3 MAaTPHUILb >KOPCTKOCTI OKpeMUX eJieMeHTiB, fiKi o6uHC-
JO0TbCS AOCHTb NipocTo. [IpoistocTpyeMo e na npUKAani NoGyAOBH cH-
cTeMH piBHsHB (8).

Ha tpukyTHuky A; (puc. 18) BBeieMO JIOKaJAbHY HyMepalilo BY3JiB:
Hexal By3oJa (X, xy;) Mae Homep 1, By3os E — Homep 2 i Byson NE —
Homep 3. Bixmomiany Hymepaiiio BBeeMO i AJ/s 3HAuYeHb WYKaHOi QYHK-
1ji y Byanax Ta 418 3HaueHb KOOpAMHATHUX ¢yHKuik. 3 ycix koopauHat-
HUX QYHKIIA JiMe TPH MalOTb HEHYAbOBi 3HaueHHA HA A;. Bpezemo Ha
A, noKanbHY CcHCTeMy KOOpIAMHAT, MOKJaAalouH

§ == (x, — x”)/h, = (x, — XQ{)/h. (10)

Bepyuu mo yBarm (6), HeBa>kko noMiTHTH, {0 Ha A, BiaMiHHi Bix Hyaa
KOOpAHHATHi ¢yHKUil MaloTb BHIIAL

Pp=1—5 @,=s—1 @=L ()
Cxaagemo 3 Hux Matpuo-psaaok O = OV (x) = [, (x), @; (), 93 (X)),

=N
a 3i 3HaueHb HaGJIHKEHOro pO3B”il3Ky—-BeKTop-CTOBH‘lHK y(” =

= ly1» Ya» YalT. Toni HAGmmKeHUI PO3B’H30K y (X) HAa A, MATHME BUIVISIA
y (x) = 0y, (12)
3o6pasumo Gininifiny popmy a (_z}, v) y BUrAsRI cyMd iHTerpaniB no ckid-
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yeHHUX ejeMeHTax. 3 ypaxyBaHHaM (12) maTHMemo

a0 = [ (G 9 + S 9 )ax=3K, iy

dx; 04y O0xy Ox,
A,

()

ne sHak T o3Hayae TpaHCmoHYBaHHS; K — MarTpHUA XKOPCTKOCTI eJe-

MeHTa A,, .
m _ aq)(l) 60(1) 6@(1)7‘ ao(]) )
K “§ ( ox, O, o on ) 9% (14)
Bepyuwu o ysaru (10), (11), HeBaxkko nomiTuTH, 1O
oo —1 o 1
ax1 =h [—], 1, 0], Tg—_h [09 _1’ 1]!
a ToMy
1 —1 0
K® ____; -1 2 -1}
0 —1 1

OueBufiHO, L0 TAKUMH CaMHMH OYAYTb MAaTpHIL KOPCTKOCTi €/IeMEeHTIB
Ag, A,, SKIO Ha HUX BBECTH JIOKATbHY HYMepaliio BY3JiB, MOYHHAIUH
8 JIIBOr0 HHXKHBOIO BY3/1a [IPOTH XOAY FORUHHHKOBOL CTPiJKH.

BBoznsun Ha ejeMeHTi A, JIOKa/AbHY HyMepauilo BY3/iB, MOYHHAIOUH
3 JIiIBOTO HUXKHBOTO MPOTH XONY TONUHHHKOBOIL CTPiJIKH, HEBAXKKO 3HAHTH,
mo B JoKanabHif cucremi KoopauHat (10) matumemo

(P1=1—'t’ Py =5, (P3=t—s,
I mani mMaTpuusa xKopcTKocTi eseMenTa A, Mae BHIIAL

10 —I
K?=—4| 0 1 =1,
—1 —1 2

[Tokaxkemo Temep, AK mnoGyrysBaTH rJ106aJbHY MATPHLIO XOPCTKOCTI.
Ockinbky Bci piBHAHHA (4) MalOTh OJHAKOBHE BHUTJAL, TO AOCHTb SHAHUTH
OflHe piBHAHHA, NOGYAYBAaBIIN MaTPHILIO XOPCTKOCTI IS .
[TepenymMepyemMo By3JH B ®;; Y TIOPAAKY 3/1iBa HaNpaBo i 3HH3Y Bropyl
SW—1,8—-2,W—3,(,j)—4, E—5 N—6, NE—7. BcraHo-
BMMO 3B’SI3KH MiX JIOKaJbHUMH HyMepallisiMi BY3JIOBHX 3HaueHb HA eJe-

MeHTaX | Hymepauiio Ha o;;. Koau nosnauutn Y = ly,, 4, ..., y,]T. TO
matpuui S¥, i =T, 6, ki BCTAHOBJIOIOTH BiAMOBiAHI 3B A3KH 33 QopMmy-

JI0K0 Z‘” = S¥Y, mawots BUrAR
0 001 000 0001000
sv__10 0 0 0 1 0 O , S?®—=10 0 0 0 O O 1
0 00 0 0 0 1 0 0000 10O
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i r. 1. Lli maTpuui Ha3WBaOTBCH Mampuyamu KiHeMamuuHux 36°A3Ki6.
KoxHa 3 HHUX MiCTUTb TPH PAAKH (32 YHC/IOM BY3JIiB Yy ejeMeHTi) i Mo cim
CTOBIYHKIB (32 UYMCJIOM BY3JiB ¥ ;). HeBaxkKo NoMiTUTH, WO HOMEpH

HeHybOBHX cTOBNUHKiB Matpuub S s6iraioTbc 3 r0GaJbHHMH HOMe-
paMH BY3J1iB, a HOMEpPH HEHYJIBOBHX €JEMEHTIB LHX CHOBMUHKIB 36ira-
IOTbCA 3 JIOKAJBHUMH HOMEpaMH BY3/10BHX 3HaueHb.

Bnpasa 1. 3anucatn Burasn Matpuus SV, 7= 3,6.
Migcraasioun sobpakenns 4 - SMY B (12), sHaxoauMo
y=y(x) =0V, xca,. (16)
3anuwemo pisHaHHA (B) mas Bysnaa (i, §) y surasni
a(y, 9u)) = aa, (4, 9) + s, @ 1)+ -+ + a8, @ 91) = (. 917). (16)
$Ik Bunaupae 3 (13), »
as, (9 o)) = o8 KVY®,

a ockinbkn ¢f) = SV, ze ® = [(@i)yy -y @) )" =10, 0, O, 1,
0,0, 0FF, o7= ®"SYD, 10

an, (g, 91j) = DT SOTKOSDY, (17)
Ananoriyso

as, (4, @1) = DSPTKDSDY (18)
i'T. n. SIk 6aunmo, Bkaaa Matpuui xoperkocti K esemenra A, B rito-

6a/bHY MAaTpPHIUO XKOPCTKOCTI CYKYNHOCTi e/IeMeHTIiB ®;; BU3HAYAEThCS
MaTpHUE

0 0O 0 0 0 -0
0 00 Q 00 0
SOT g gh _ 1 g 8 8 0 00 0
5 ) 1 —-1 0 0
0 0 0 —1 2 0 —1
0 00 0 0 0 0
0 0 0 0 —1 0 1]
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eneMeHTa A,—maTpHilelo

QT p@do@ _ 1
ST KYSY =

[=N=NoleNo NNl
oo oo oO0CoOo
COoOOoO O OO O
C— O~ 0O CO
COOOOOCOO
- NO—~0OCO
—_—0 00O O

it n

HeBaxcko nomituri, mo Mmatpuus SOTKOSD  pysnayaethess 3 Mar-
puii K posmimeHnsM MiX ApyruM i TpeTiM psiiKami, a TAKOX Mix
NpyruM i TpeTiM CTOBMYHMKAMH HYJBOBHX psiiKa i cToBnYHKa (L€ BiAnoBi-
A€ TOMY, IO MiX APYTUM i TPETiM BY3JOBHMH 3HAYEHHSIMH HA €JEMEHTI
A, npu rsobanbrifl Hymepanii Bia6yBaeTbCH «CTPHGOK» Ha OOUH HOMep)
i HacTymHUM AONOBHEHHAM YTBOpeHoi Marpuui 3Bepxy i sjiBa TpboMa
HYJIBOBHMH PAJKaMH i CTOBMUMKAMH (Ue BigMOBifae roMy, MO MpU I[Jo-
6anpHill Hymepauil HY/JbOBHX 3HaueHb Nepej NepililiM BY3/JOBHM 3HayeH-
HAM ejeMedTa A; nponyckaeTbcs Tpu Homepu). Takuii mpocTuit 3B’A30K
MiX BKa3aHHMH MaTPHUSAMH OOYMOBJIEHUH THUM, UIO JAOKaJbHA HYyMepallis
BY3JINBHX 3HAUeHh BiJHOCHO TJI0GA/NLHOT HC Mae iHBepcill, TOOTO HAKILO
OlHe 3 JBOX BY3JIOBHX 3HaUeHb Ha esleMeHTi Mae€ GijblIMH HOMep NpH IJo-
6aabHill HyMmepauii, To e By3JoBe 3HauyeHHA Mae Gijbluit HOMep i MpH
JIOKaJabHiA Hymepauii.

Poarasanaoun enemedT A,, 6aunMo, L0 HA HBOMY JIOKaJbHa HyMepaLis
MIiCTHTb OJHY iHBepcCilo BiZHOCHO r/a00anbHOI: BY3/0BE 3HAUYEHHA Y, (NpH
raoGanpHill Hymepauii) vae HoMep 2 npu JoKaabHill Hymepauii, B Toli yac,
KOMH Yy, Mae Homep 3. | Xoua posmileHHs HYJIbOBHX PAAKIB i CTOBMYHKIB
ySPTK2S? ninkopsierbca ToMy camomy mpapuay, woi B SPTKUSY,
niicas BukpecmoBanns ix 3 ST KPS® wu ne aicranemo K@, a suwaiizemo
MaTpHLIO

I —1 0
M= ——l 2 —] ’
0 —1 1

siKka 36iraetbes 3 K. Tpore akimo mu BianosigHo 10 HasBHOCT iHBepciit

nepecrasumo micuamu B K® npyruii i Tperifi paakH, a TakoX Apyri
i Tperiii croBnuMKy, TO AicTaemo Marpuwio M, i nasi 3a 3araibHUM npaBu-

JIOM, PO SIKe FOBOPRJIOCS BHIIE; MOXeMo xictath marpuuio S®TKPSP,
Ckasane suue 1ae 3vory Qopmysatu marpuui SPTKYSY Ges aacro-
CYBaHHA onepauili MHOXEHHA.
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Brpasea 2. 3anncatu Ma'rpﬁui SOT g o0 ;=776 I3 (16), (17), (18),
a TAaKOX i3 CTPYKTYpH BEKTOPa “® Bunausae, WO PAROK [IOGAILHOI MATPHIL KOPCTROCT]

s @, ;, 9Ka Bianosinae piBuanuio (16) y Bysai (i, j), ZopiBHIOE cyMi yeTBepTHX pAnKiB
matpaup SOT | K SO, [le Bigo6paeno B macTynwiit TaGanui.
Tab auya
A Yersepaft panox matpuui SOTKOSD, o
] aianosinae 4;
A 0 0 0 /72 —1/2 0 0
Ay 0 0 0 1/2 0o —1/2 0
Ag 0 0 —=1/2 1 0o —1/2 0
Ay 0 0 —1/2 1/2 0 0 0
Ay 0 —1/2 0 /2 0 0 0
Ag 0 —1/2 © 1 =2 .0 0.
Psajok rao6aibroi marpumi xopcer-
Ko Ti ANIA wyj 0 -1 =l 4 -1 -1 0

Ha upomy 3aKiHUHMO -BHKJJ METOLY CKiHUEHHHUX €JIEMEHTIB /1R 3amayui
Jipixne y pasi piBusHas [Iyaccona. 3ayBaxkuMo JiHile, WO NPH CKAAAAHH]
nporpamu A EOM numM MetosoM BHHHKAE uie UiJaHiA PAA MHUTalb: AK aB-
TOMaTH3YBaTH (a1rOPHTMi3yBaTH) npouec TpiaHry.sinii o6aacti, ik aBTo-
MaTH3YBaTH HyMepalito HeBiIOMHX, LWOG WKHPHHA CMYTH HEHY/IbOBUX eJle-
MeHTlB Matpuui Gysia MiHIMAlbHOIO, SIK BPaxyBaTH rpaHuuHi yMOBH, sIK
po3B’A3yBaTH cucTeMH anre6paiunux piBusHp MCE i 1. n. 3 npusoay
LIMX OUTaHb 3HOBY ajJpecyemMo uWTaya Ao chenianbHOi JiTepatypu, Ha-
npukaan [Schwarz H. R. Methode der finiten Elemente. 2. Aufl. Studt-
gart; Teubner, 1984].

llle oxHe 3ayBa)KeHHA CTOCYEThCA KOOpAMHATHUX pyHKLiA. 3posymino,
U10 pO3MVISHYTUMH KYCKOBO-JTiHIAHHMH QYyHKUIisAMH BUOIp He OOMEKYEThCS .
3a3HauHMo, HanpHKJaf, MO KJIAC KYCKOBO-GiJiHiflHUX KOOPAHHATHHX
dyHkuid, gki BigmoBinawTb TpiaHryssauii obaacri Q, ck.aanaeTbes 3 Ko-
MipoK CiTKH ®,, TOOTO 3 KBaApariB. KoXHOMY BY3ay CITKM (Xy;, Xo;) B €2
CTaBUTbCA Y BIANOBiAHICTD KOOpAMHATHA QyHKUiA V;; (X), KA 3a4aeThCA
33 [ONOMOro0 OJHOBHUMiPpHHX KYCKOBO-/iHifHMX KOOPAMHATHHUX (DYHKUIM

Vij (x) = @4 (x1) 95 ().

Oynkuis P;; (x) BiIMiHHA BiA Hy/st JHIIe B KOMipKaX CiTOK, Ki npuas-
raioTh 10 By3na (xy;, Xgj), RopiBmioe | y ubomy By3ai i O B ycix iHWHX.
OcKiJbKH KOXHa KyckoBo-Gi/linifiHa QyHKLis «HEOPTOroHabHa» He 6ifb-
1le, HiX BOCBMH {HIIHM KOOPAMHATHHM (QYHKILiSIM, TO KOXHe DIBHSHHA
CHCTEMH CITKOBHUX PiBHAHDb MIiCTHTb He Gisiblie AeB’siTH HeBigoMuX. Buko-
PHCTOBYIOTb TaKOX iHIUi KOOPAMHATHI QYHKILT.
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N NE Bnpasa 3. Ona aapaul

2 —Au+tqu=Ff, g=const>0, x€f;
y 4 d (19)
4, ! a—z(x)=0. £ €0Q
’ w (*y.0) E B OJHHMYHOMY KBajpari Q B ysaranbHeHif mo-
Puc. 19 CTaHOBL

b(u, vy =(f, 0), (20)

ue a 0 7] dv

u v u .
bu,v)= S [ x;  0x, + dx, 0xg + quv] dx,
Q

(ho)={ fedr, FEL @, weW}(@),
Q

n — 30BHiWMS HOpManb g0 OR (3ayBakumo, o TYT piBHAHHA (20) poarasiiaeTbes Ha
MHOXHH i QyHKUiA, AKi «6l1blu BiNbHI» B cBOTA noBexiHLi Ha 0Q; e NOB’A3aHO 3 THM, WO
xpafiosa yMosa B (19) npuponua, 10610 GyHKLis, w0 3a70BONBHAE (20), BKe B CHAY lBO-
ro 3afoBoJblisi€ KpaioBy ymoBy 3 (19)) moGylyBaru cxeMy MeTOLY CKiHUeNHUX eJleMEHTIB
(MCE), BuGpaBuik KyckoBo-aiHifinl KoopauHatui pynkuii. SIk 6yae BinpisnsTacs MaTpH-
LA KOPCTKOCTi, Wwo Bianosigae Gininifuir dopmi b (1, v), Bix MaTpuLi KopcTKoeTi, WO
BinnoBinae dopmi a (4, v)?

Bka3siska HaGriuxennii po3s'si3ok wykatdH y npocropi Hy oyHkuifi Buay

N
Yy = th:() Y19 (x),
fKk1 3aJ0BO/ILHAITL PIBHAHHA o
b(y, 0)=(f, v) v VE Hp.
3anncars pinm;lnzna IJs1 BHYTPilIHEOTO By3ja CiTK4H y Buragni
. ’ h
—h (l —% q) Uzp, T30, THY+ T3 0 W, T 95 7)) = S fo,dx
O

(na Binminy Big piBnanns [Myaccona wabnon i€l cXeMH He n’ATHTOYKOBHH, a CEMHTOY-
KOBH{l, WO NMOB’sA3aHe 3 HasfBHicTio unena qu). Ilns rpaHnvHOTO By3na, Hanpukiad (x ;,

0), 0 << i << N (puc. 19), piBusiHHA MaTHMe BHMAL
hig h? hiq héq
R e T

h3q
12

+

(W, + 0y, = | Fougd.
Q

3anucasuk b (4, v) = a (4, v) -+ ¢ S uvdx, BIEBHUTHCA, WO MATPHIS JKOPCTKOCTI, siKa
Bianosixgae b (u, v), fopiBHI0E CyMi Mngllui KopctKocti a (4, v) i Tak sBaHoi mampuyl
macu, wo Bignosigae Gininifnik dopui g ‘;uvdx i Mae BuTAA (111 enemenTa Ay)
211
M(‘>=’2‘—;[1 2 1].
: 11 2
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5.3.2. 3apaua Nipixne pas pis-

pannsa IlyaccoHa y MHOrokyTHHKY.
Slkuo obnacte Q Mae KpuBOJAiHiHY
TPaHHILIO, TO ONHA 3 MOMXJIMBOCTEH
po3B’A3yBaHHs KpalloBUX 3ajau y
TaKill o6nacti 3B’f13aHa 3 aNpPOKCH-
Manielo 06,aCTi  MHOTOKYTHHKOM.
Kpim Toro, Taka gopma obaacri, sk
MHOTOKYTHHK, caMa AOCHTb MOILHpe-
Ha Ha npakTHui. Bynb-sikuii MHOro- i)
KYTHUK MOXKHA TpiaHTyJIOBaTH, ToO- Puc. 20
TO pO30GUTH HA TPHUKYTHHKH TakK, ’
106 6yib-AKi TPUKYTHHKH a6o He MepeTHHAIHCA, a60 XK MAaJH JulIe CMiJb-
HY BEpILUHHY YH JHLIE CHiJbHY cTOpoHY. [I03HaYHMO MHOTOKYTHHK uepes €.
Toni BepluMHN TPUKYTHHKIB TpiaHTyJsAlil YTBODIOWOTb B 06/1acTi 2 Aesky
HeperyasipHy ciTky ByaqiB. [1[o6 sacrocysatu MCE, BBaxkarumemo, wo ui
BY3/IH AEpPeHyMepoBaHO B JHeskoMy nopsaiky. Kpokamm citkn Oynemo
Ha3WBaTH BiJACTaHb MiX CYMiXKHUMH BY3/1aMH, TOGTO HOBXKHHH CTOpiH
TPUKYTHHKIB TpiaHryJasmii.

HenepepBHi KyckoBo-niniiiHi KoopiuHaTHi QyHKUi] Ha HeperyaspHif
citui 6yayloTe Tak, fIK i Ha peryJsipHi: KOXHOMY BY3.1y CiTKH (x; g,
Xo,,) CTABHTbCH Y BiAnoBigHicTh HemepepBHA KYCKOBO-JiHifiHa QyHKLIf
¢y, (x), AiKa popiBHioe 1 y By3ai (x14, Xo) i Hy/MO B ycix inmwux. PyHkuia
@, (x) BigMiHHa Big Hyad JHlle HAa TPUKYTHHKAax, WO NPHJATalOTh RO
BY31a (X1z, X2). SIKHIO u (x) — HenepepBHa B Q dyHKHUiA, TO 11 KyckoBo-

JAiHifiHy anpokcHManio u (x) MOXHa 306pasuTH y BHIVAAI

-~ N
4() =Y 4,04 (),

k=1

Ie up = u (X4, Xo8); N — uncs0 By3JiB ciTka B Q. O'leBPIlIHO, u (xy) =

= . Y KOXKHOMY TPHKYTHHKY TpiaHryasauii quHKum u (x), 3 ofHOro
6oKy, MOxe OYTH MOAAHA y BHIVIALI

u(x) = ax, + bx, ¢, @1y
a 3 apyroro (puc. 20), y Burasai
i (x) = 1,9; (4) + ;95 (1) + 2aPp (%)- (22)

o6 Bu3HauuTh koediuienTd a, b, ¢, Tpe6a po3B’A3aTH CHCTEMY

axy; + bxyi ¢ = u;,
axi ;4 bxo; +c=uy,
axik + bxge + ¢ = uy.
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Posp’sizaBuin 11, MaTHMeEMO

a-——Km, Xok) g + (Xop — Xo,0) Uy + (X2, — Xa,5) tp)s
b= ._2'8— [(ere—x17) uy + (X0 — x1,8) 5+ (X1, — X1,6) ],

c= 5z [(xl/ka—xlkx2j)ut + (X1.8%2,0 — X1X0.) Uy +

= (X1,0X2,) — X1,1X2,0) Ug]s
e S — mJola TPUKYTHHKA, AKY MOXHA OOuHC/IHTH 32 (HOPMYJOI0
| 1 xi,0 Xou
S =T det] 1 X1, X271
I x1e xop
SIKio nigcTaBUTH Tenep BHpasu Aas a, b, ¢ B (21) i nepeTBOpUTH A0 BUrad-

ay (22), 1o micranemo 306pameHHA s OYHRUIA @ (X), ¢y (X), Py (x)
y AaHOMY TPHKYTHHKY, a caMme:

¢ (x) = TIS' (@ixy + Bix + 1)

O = Xoj = X2,k By = x10— X5 Vi1 = X1,1X2.6 — X1 £X2, 1.

Dyukuii @; (x) i @, (x) MoXHa 3HalTH 3 QOPMYJH AJA @; (X) LHKAIYHOIO
nepecTaHoBKOIO iHAeKciB { — f— k — { npu o, P, v, x;, x, (Hanpukaag,
Q; = Xpp — X1 i T. L.). SIBHi 306paxenHs oyHKUiR @, (x), @; (x),
¢, (X) BHKODHCTOBYIOTbCSI JJisi MOGYHOBH CHCTeM CIiTKOBHX piBHfHb.

Hepeiinemo Tenep fo 3anaui IIlplx.ne ana pisaanus [Tyaccona y MHoro-

kyrauky Q. IMosHaummo uepes H,, miAnpocTip mpocTopy W} (Q) uene-
PEPBHUX KYCKOBO-/iHiIHHUX YHKUifl, AKi JNOPIBHIOIOTH HYJIO B IPaHHY-
HHX By3Jax, To6To nignmpoctip ¢yHkuiit BHAY

(23)

v (x) = 5;_"' YrPa (),

ne Ny — Kiabkicts BHYTpimHix ByaniB B Q. Habauxenuit poss’si3ok 3a-
aaui (1), (2) 3 n. 5.1 (auB. Takox (9), (10), n. 5.1) wyKaTHMeMO y BUrAAA]

-~ Ny
y(x) =Y ynor(x),
k=1
a HaG/HXeHi 3HaYeHHA Y, WYKaTHMeMO 3 PiBHAHHA
a(:‘}v 5) = (f, 5)\/561'1;"
siKe eKBiBaJIeHTHe TaKili cucTeMi CITKOBHX piBHSHbD:
a (y, o) =(f, oa)y k=1, N, (24)
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Lle i e cucreMa MeTONY CKiHUEHHUX eeMeHTiB. JLis hopMyBaHHS MaTpH-
ui niel cHcTeMH, fK i paHille, 3pYYHO KOPHCTYBAaTHCH MaTPHLSAMH JKOPCT-
Kocri.

Bnpasa 4. BresuutHcs, WO MaTpHUs MOPCTKOCTI Mae BHRIAA
“‘12 + Bf a2, + i ayos -+ Bifs
K9 = —415— @, + B1B; a3 + B aytty + Babs

a0y + B1Bs @323 + Bafs a§ + B§

(By3an TPHKYTHHKA IPOHYMepPOBaHO uHciamu 1, 2, 3).

Ha upomy MH 3akiHuuMO BHK/an aaroputMy MCE ans MHOTOKYTHHKA,
Xoua AJs HOro NpakTHYHOrO 3aCTOCYBAHHA He 3'ACOBAHO TaKi MHTAHHS, K
aBTomaTH3auia Tpianarynsuii obaacri Q, HymepyBaHHs BY3JaiB CiTKH,
dhopMyBaHHA B AeTaIAX MAaTPHL cUCTeMH (24), 36iablU€HHS TOYHOCTI i T. 1.
BucsoBUMO fesiKi 3ayBaKeHHS.

ko no6ynoBaHo feAKy TpiaHrysasuio obnacti Q, ro TpiaHryasfuio
3 TPUKYTHHKaMH MEHIIUX po3MipiB HeBaxKo Mo6y1yBaTH (a 11, OueBHIHO,
Mae npuBecTd A0 30iJblIeHHsT TouHOCTI HabsHXKeHoro po3s’sf3ky). Ha-
NPHKJAA, 3’€JHABUIH B KOXKHOMY TPHKYTHUKY CEpPEeIHHH CTOPiH Mix cobolo,
JlicTaHeMO HOBY TpiaHryJjsiuiio. 3ayBa)KMMo, U0 TPiaHTyAAlis BH3Ha-
Yae MaKCHMaJibHe YUCIO 1ie3iloMUX, AKi BXOAATb B OfHe pPiBHSHHS CUCTEMH
(27) (ue 3a1€XKHTH BiJ| Ki/IbKOCTi TPHKYTHHKIB, LIIO MIOTb BY30. CIiJbHOIO
BEpILHHOI). KO MOCTaBUTH YMOBY, 106 KYTH B TPUKYTHHKAX TpiaHTy-
aauii 6y MeHUMM Bif Aesikoro 0, >> 0 HezanexHo Bill KiJbKOCTi TPH-
KYTHHKIB Tpianryasuii o6nacti Q, TO MaKcHMa/lbHe YHCJIO HEBiAOMHX
B OJHOMY piBHSIHHI (TOOTO MaKCHMaJibHe YKC/AO BiAAMiHHHUX Bill HyJA eJe-
MEHTIB y JaHOMY PSAKY MaTpHULLi cucTeMu (24)) He 3anexaTUMe Bil 3arajib-
HOro yHcsa Hesifiomux. Ha cTpykTypy matpHui cucremu BH/IMBae NOPAAOK
raobanpHol Hymepauii HeBimoMux, i Tomy Tpe6Ga MparHyTH RO TaKOl Hy-
Mepauii, mpu fKii KiabKicTb HeHyIbOBHX niaronase# 6yJna 6 MiHiMaJdb-
Holo. Ile nae meBHi nepeBaru nmpu poss’ 3yBaHHi cHCTeMH piBHsHb (24)
Ha EOM. Icuyotb aaroputmu ontumasbHol Hymepauii. [Ipy mo6yznosi
r106a/bHOT MaTPHIL XKOPCTKOCT] BepLIHHU BCiX TPHKYTHUKIB HYMepYIOThCS
nigpaa Bia 1 no N, BK/movalou i Ti, 110 AeKaTh HA rpanuui obaacri. Poas-
TJISIHEMO, SIK IPH LIbOMY MOXKHA BpPaXyBaTH, CKaXkiMo, rpaHnuni ymosu Hi-

pixme. Ilpu Takifi cyuinbHift HyMmepaiii 3HayeHHA (byﬂxuiOHana J (L:) =
=a(u u u) — 2 (, u) Ha HaGIMKeHOMY pO3B’S3KY u (x) = Z uktph (x)
306pa}Ka€TbCﬂ y BUraani
J(w) =U"KU —2U"F =UTKU —2F"U,

Jle rao6anbHa MaTpHiA KopcTkocti K Ta rio6GajibHHA BEKTOp HaBaHTa-
XeHHs F BUpaKeHO yepe3 cyMH AOOYTKiB MaTpHLi KiHeMaTHYHHX 3B’A3KiB
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Ta MAaTPHUb KOPCTKOCTi i BEKTODIiB HABaHTaXXEHb OKPEMHX eseMeHTIB
BIANOBiAHO A0 NpHAHATO! HymMepauil, npuyoMy MaTpuUsa K e CHMETpHYHOIO,
ane cunryaspHoto. Hexail y Byani 3 HOMepoM j 3a7laHO paHHYHY YMOBY
Hlipixae, To6T0 #; = @;, Ae ®; — Binome 3HaueHHs. lllo6 Bpaxypath Ti,
3ayBaXKMO, U0 B [bOMY BHMAAKY KBaJApPaTHYHA YacTHHA UTKU oynx-
nioHana exeprii MictuTb Ainifni unenn (kw9 + kj@u,) = 2k ju,9; (i
= j), AKi MOXHA BpaxyBarH B JiHiAHI# yacTHHI 2U'F. le osnauae, mo
j-ii croBnunk Matpuui A, noMHoXeHHHA Ha p;, NOTPIGHO foAaTH O BEKTOpa
F. Micas uporo noTpi6Ho 6y/a10 6 BUKPECIHTH f-H CTOBMYHK Yy MaTpuui A
Ta. k-Ty KOMOOHEHTY BekTopa F. 3amicTb WbOro BCi eneMeHTH j-ro cToBM-
yMKa, KpiM AiaroHanbHoro, MatpHui A 3amiHseMo HyJAAMH, HiaroHanbHMi
efieMeHT k;; nokJaanaemo piBHUM | i j-H esieMeHT BekTOpa F piBHUM @),
Onucana onepailia MpoBOAUTBECA /1A BCiX FPaHHYHMX BY3aiB. [licas upo-
ro, fK 3BMYaifHO, MOTPi6GHO PO3B’A3aTH cHCTeMy JiHiIHHHX anareGpaiunux
pisuaus KU = F 3 monudpikoBanumu matpuueio K ta Bektopom F. s
cHCTeMa MICTHTb DS TPUBia/IbHUX DiBHSIHbB, LIO BiAMOBiAalOTh TPAHHYHUM
ymoBaM. Po3B’s130K U MiCTHTb TaKOXK Ti KOMIIOHEHTH, AKi 3a7laHO rpaHny-
HuMu ymoBamu Ilipixse, o 6yBae 3pyyHo npH nofaabuiit 06pobui uboro
BEKTOpa, HaMpuKJal npH no6yaoBi AiHilk piBHA HabJHXKEHOro Po3B’A3KY.
s poss’sisyBanHs cuctemn KU = F yacTo 3acTocoBYIOTbCS MOAHbiKawil
merony XoJeubKoro Ta iTepauiiti meroau.

[Mpu o6uucneHHi eneMeHTiB MaTpHLi cHcTeMH (23) BUHHKae HeobXin-
HicTb 3HaXOMKEHHS iHTEerpasiB Bij nogiHomis no TpukyTHHKY. Lle apyuno
3po6uTH, BBiBIIM TaK 3BaHy GapuUEHTPHYHY CHCTEMY KOOPAHHAT.

PoarnsineMo TPHKYTHHK 3 BepIMHaMK £ (X1 Xo0), f (X1 Xo),
k (X1, xo0) (puc. 21). TlonoxeHHsi GYAb-AKOI TOUKH (X, X;) BCEpeRHHi
TPHKYTHHKA MOXKHA OJHO3HAYHO 3aJaTH 3a IOMOMOrol0 TPbOX YHCE:

T R s T o
Ze S — mJjolna BcbOro TPHKYTHHKA 3 BepLIMHaMM i, j, k; Sy, — mJoma
tpukyTHHKa Okf i 1. 0. OueBuzno,

L+ 4=1
Crapi i HoBi KoopauHaTH 3B’sA3aHi dopmynamu (25), Ak
L 1 x5 x
Sope = Tdet U x1; x40
L xip Yo

10610
b = g oty -+ Buxs 1),
ze a;, By, vy — T cami, mo i B (23). Koopaunaru {;, {, sHaxoasarbes 3 §;
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2
Puc. 21 Puc. 22

IIJIXOM HMKJi9HOI nepecTaHOBKH iHnexciB. I3 dopmysu (23) Bunausae,
mo KoopauHartdi aminui §;, §;, {, 38’a3ani 3 KoOpAMHATHUMH QYHKILiAMH:

E=0,(x), &=0;(x), G =qu(x).
Jnsa obuncsneHns iHTerpasis Bifi MHOTOWIEHIB 10 TPHKYTHHKY A;j» 3 BEp-
LWIKHaMH {, j, £ MOXHA BHKOPHCTaTH dopmyJy

Prayrr g __ plqirt
A.S,-k SiGkdx = G 25

TounicTe MeTORy CKiHUEHHHX esieMeHTiB MOXHA NiABULLYBATH He JAHLle
noapiGHeHHAM TpiaHrynsuii, ame i Bu6GopoM 6GasucHuX (yHKUiH.

HaBezemo npHKJaj e OZHOTO KJjacy HelepepBHHX KYCKOBO-NOJiHO-
MianbHux 6a3HcHUX QyHKuif. Jlas uboro Ko BY3aiB, K JIeXKaTs y BEpIIU-
Hax TPHKYTHHKiB, NPHEAHAEMO HOBi BY3JIH — cepeMHH CTOPiH TPHKYTHH-
KiB (puc. 22).

Hexa#i u (x) — HenepepBHa B Q. Bu3aHauumo ¢pyHKui0

- 6
u(x) = & upPy (1), (25)

AKka 36iraeTecq 3 u (x) y ByaJax ciTkH, To6T0 u (x,) == u,, k — HOMep
BY3Ja i € MoJIiHOMOM ZPYroro cremeHa Ha KOKHOMY TPHKYTHHKY TpiaHry-
aauii. Tyr @, (x) — 6asucHi byHKLiT H2 TDHKYTHHKY, SKi € MHOrOU/JJeHaMH
ILpYroro creneHs, Taki, mwo ¢, (x,) = 1 1 @, (x;) = 0 npu & 5= [ (wicts
YMOB OJIHO3HAYHO BH3HAYAIOTH INiCTb KoedilieHTiB MHOrousieHa Ipyroro
creneHs). HeBaxkko nmomitvTi, 10 B 6apHLUEHTPUUHHX KOOPAMHATAX

=0025—1), (Pz‘= 45,5, o3 =05 (25, —1), (26)
Qs =458, 05 =03 (25— 1), o5 =458,

®yHkuis u (x) HemepepBHa B L, 60 npH BH3HAUeHH] ii Ha KOXXHOMY TpH-
KYTHHKY chiBBigHolleHHaMu (25), (26) Boma e mosiHoMOM Bij oOaHiel
3MiHHOI JpYTOro cTeneHd Ha KOXHili cTOpPOHi i ToMy OAHO3HAYHO BH3HAYa-
€ThCA B TPbOX BYy3Jiax Ha Lilf CTOPOHI.

MHOXHHEA KYCKOBO-KBAJAPaTHYHHX GYHKUiHA e nmiamMuoxuuoio Wi (Q),
a MHOXKHHA KYCKOBO-KBaJpaTHYHHX GOYHKUiH, piBHAX HYyJI0 Ha 0Q, € nij-

muoxunoio Wi (Q). Basuc y KoXHOMY 3 LHX NiANPOCTOPiB OYEBHIHO
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OyAyeThCA 33 JONOMOrOHO Bupa3iB (25) (26) i mae Ti cami BmacrusocTi,
o i 6a3UC Y MPOCTOPi KYCKOBO-1iHilHHX HemepepBHHX PYHKHIA: KOKHA
(yHKUis 10opiBHIOE ORUHHLI JAlIe B ORHOMY BY3Ji CiTKH i HymoO B ycix
iHmMX, OpHYOMY BOHa BiaMiHHa Bin Hyas JHMIle B TPUKYTHHKAxX, AKi
MalOTh CHiJILHOK BEepUIMHOK AaHHH BY30.1. A 1a/i 3aCTOCOBYETHCS CTaH-
napraa cxema MCE, sika npuBOAMTbL A0 CHCTEMH BHLY (24).

5.3.3. 36ixuicTb METOLYy CKiHYEHHHUX €JEMEHTIB Yy MHOTOKYTHHKY.
3ranaemo, o ToyHHH | HaGnuxkeHuid poss’asku 3anaui Hipixse mas pis:
usaunga [lyaccoHa BH3HaualTbCA BiANOBIAHO PiBHOCTAMH

a(v, u) = (f, v) YUE WL (Q), (27)
a(y, o) =(f, 0) VUEH, @7)
Bu6pasmn v = v i BirusBwH pieaicTb (27°) Bix (27), micTaHemo

a(u—;, ;)) =0 V;JEISI,,.
TokaaneMo v =~y —w, e w— noBinibHA GyHKLIA 3 131,,:
a(u—!;, ;-:;;): 0 V{rvEHh.
Ilio piBHiCTL mEepeTBOPUMO TaK:
a(u—_;/, u—-_z}) = a(u—_z;, u —zB)V@EIoih.
HeBaxko fnomituti, mo a (¢, ) MOXHA B3ATH 32 cKansApHUE A00yTOK
B Wé (Q), Tomy 3 HepiBHocTi Kouri — ByHsikoBchbkoro

la(e, ¥) <Va@ o) Va®, v =olv],

ae| 9| =V a(p, ¢) — HOPMA, WO MOPOAKYETLCS CKANSPHHM J0GYTKOM
a (9, P). 3igcu maemo

au—pu—p=lu—yl<|lu—y|'u—w|YOEH,

a6o
lo—y|<ju—w|VwEH, (28)
110 eKBiBaJIeHTHO
lu—y|= mm|u—w[ '(29)
WEHh

Ile i e ocHOBHe cHiBBiIHOLIEHHS, fiKe, IK i B OXHOBHMIDHOMY BHIIAAKY
(auB. n. 3.2, u. 1}, Noka3sye, o po3B’si30K, 3Haiinenusi y MCE, ¢ Haiikpa-
LIIOIO aNnpOKCHMAILIEI0 TOYHOTO PO3B’A3KY B eHepreTHUHIH HopMi hyHKiisMH

©
3 H,, i, TaKHM YMHOM, NHTAHHA NPO 36iXKHICTb 3BefileHe A0 NMHTAHHS OPO
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anpoxkcuMauiio. Ha pigviny Bia . 4.4 pirnicts (29) %
My Aictann Ge3 3B’si3Ky 3 BapiallifiHOIO MOCTaHOB- Oty Xn)
KO0 3ajaui, wo Moxe OYTH 3acTucoBaHO i Iid t," p
3ajay, B AKHX AudepeHunianbHe piBHsaHHA (1) 3 /) A e
n. 5.1 micTuTb nepwi noxiaHi. ot

Hani BBakaTHMeMo, MmO TOYHUA pPO3R’A30K L

u(x) e Ws (@ n Wi (Q), i Tomy, 3a Teopemamu 3

Bkaagennsi, u € C (Q). Posrasnemo MCE 3 kyc- @)

KOBO-AiHiAHHMH KoOpAHHATHUMH DyHKLiamy. Hexal
M .

Q= _ul e;, e; — TPUKYTHHK TpiaHryasuii 3 Ho- 3
i=

MepoM i (BBaXKaeMo, 110 BY3/HU CiTKH i TPHKYTHHKH 0 TR
MaloTb BiANOBiAHY HyMepauil). PyHkuit u (x) mo- Puc. 23
CTaBHMO Yy BIANOBiAHICTh CciTKOBY ¢yHKLilO 4, =

== {u (x, xz,-)}f-v=1. Uepes u (x) MO3HaYHMO KYCKOBO-JiHifiHy iHTepmoJs-
uilo citkoBoi QyHKUIT #,, KA € iHTepnoJSIHTOM # (X) Y KOXHOMY TpH-
KYTHHKY. B cuay (28)

o —y|<|u—ul (39)

Ouinnumo Benuuuny | u — u|. Maemo

j4—uP=a@—u u—u= S[( a('gx—lu))-l-

~ \2
+(0(t3;u))]dx_2 a (w—u, u—u). @

o6 ouinntH @; (4 — 4, u— Zt), CMOYaTKy 3a JOTOMOrol 3aMiHH x; =
= Xy + (’_‘12 —x) B+ (eg—xu) n, X, = Xq + (Xag — x3) § + (a5 —
— Xg) M Bino6pa3uMo TPHKYTHUK /; Y MJIOUIHHI KOOPAHHAT (X,, X,) HA TPH-
KyTHUK E y naomuni koopauHat (&, n) (puc. 23). Sko6ian uporo BinoGpa-
JKEHHSA

Xio— Xn Xjg— Xn

[(gv n) = det
Xog — Xg1  Xgg— Xo1
= (X1g — X11) (Xgg — Xg1) — (Xpp — Xg1) (X153 — ¥11) = (32)
= ( Fr—fu Fes " tm e Tm M3 ¥a )
1b2 7 12 h 12

= U1, (cos 6, sin 8, — sin 6, cos 6,) = /;/, sin (6, — 6,),

fe l; — IOBXHHU CTODIH TPHKYTHHKA. Slkmo 6, — MiHiManbHHA 3 ycix
KYTiB yCiX TPHKYTHHKiB TpiaHryJasauii, to, oueBuaHo,

h? = | [(En n) | =2 mln sin Bo, .
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Ie hmin — MiHiMaJbHA 3 JOBXKHH CTOPiH TPUKYTHHKIB; A — MaKCHUManbHA
3 IHX JOBXHH,
O6epHene no (31) Bino6GpaxeHHs1 Mae BUIVIAL

_ (x93 — Xp1) (X1 — x31) — (%13 — *1q) (¥g — X21)

E= (xg3 — xa1) (%33 — ¥11) — (X33 — %17) (Xg2 — Xg1) ’ (33)
(X235 — xp1) (X3 — x11) — (X33 — X11) (¥a — %21)

(%23 — x31) (¥13 — x11) — (¥22 — X11) (X253 — Xa1) °

‘n=

SIk BizoMo, AKoGiaH ] (x,, X,) UBOro Bif06paKeHHs 3B’ A3aHHMI 3 AKOGiaHOM
I (§, m) cmiBBigHOWeHHAM

T(xy, x) 1 M) = L. (34)

Mosnauumo U (8, ) = u (x; (& M), %2 (5, M), U &, m) = u (x, &, n),
%3 (&, m)). Toni maemo .

‘ ou au oU ou U U

axl = -@ gx, + a_'q nxn —_-ax2 = a—g Ex, + —‘ﬁ nx’y

TOMY, KOPUCTYIOUHCH HepiBHicTio (a + b)2 << 2 (a® + b?), 3naxonumo

E, = (X235 — Xp1) —
# (x93 — X31) (%12 — x11) — (xya — X13) (X239 — Xg1)
—_ X33 — X231 _
1 Xes—Xo1 X197 X1 Xia— Xy Xpa— A
12 l’ ll l, ll
— Xa3 — Xgg — X33 — Xat (35)
1,1, (sin 0, cos O; — cos 0, sin 0;) Llysin (B, —0,) °
T00TO
h
<L —
I gx; , ~x h|2mn sin eo

AHanoriyHo BH3HAYAIOThCA OIIHKH

h
sin @,

I gx, ly I "]x, l’ | nx. l < h2

min

Bsaxatoun, mo Tpianryasauisa keasiperyaspHa, To6to
h < cohmins

Ie ¢y > 0 — crana, He3anexHa Big h, mMaeMo,
- ,gxul’ l"]x¢I<

_—b
Bin sin @y °

a=1, 2 (36)
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Bukopucroeytoun (32), (36), 3 (35) micraemo

4cjlyly sin (B, — 6y) [( (U —0) )2 +
Cop? sin2 @, E 43

min

ai(u—’;) u_l;)<

~ 2 .
(U — U) 4001 Iy sin (8, — ;)
+(20 2 et < SR O @0

PosrasiHemo Taki Jiniiini pyrkuionanu Bin dynkuii v € W (E)

Lvy=0v(0,0), L =0(l,0), L@=0(0,1),

AKI B CHJY TEOPEMH BKJIafieHHs € o6mexxennmu B W (E). HeBaxko Takox
NoMITHTH, IO Hi PYHKIIORA/NH He 06epTaloThCA OHOYACHO HA HYAb HA XKOJ-
HOMY He PiBHOMY TOTOXHO HY /IO MHOTOU/IeH{, HE BHIIOMY MEpILOro CTeneHs.
Tomy 3a teopemoro CoGoJieBa Mpo €KBiBaJeHTHe HOPMYBAaHHA MPOCTOPY

W (E) Maemo
3
10, < (wmm+gmwﬂ,
=
file CTaJa ¢ He 3aJeXHTh Bif v,
2 ([« 8N
v = D™v)? dtdy.
lofyge, = { B, 00 dean
3pigcn 11 dyHKUii v, 9Ki ZOPIBHIOIOTL HYJIO ¥ BepHIMHAX TPHKYTHHKA
E, Maemo
“v"fvi’(s) clv IW2(E)
Ockinbky oynguia U — U AKpas i JopiBHIOE HYJIIO Y BepLUXHAX TPHKYTHH-
Ka E, 1o 3BiacH ana (37) AicraeMo HacTynHy OLiHKY
4cc§lll, sin (8, — 6,)

h2

min

a(w—u, u—u)< ey AU=Ufp, (9

ITepefinemo y Bupasi (38) X0 cTapHX KOODIMHAT Xy, X; 32 AOMOMOIOIO
obeprenoro Bino6paxenns (33). [Ipu uromy BpaxyeMo, 1o

au du Oxl + ou  dx, U _ du axl + ou  Oxy
a

E T Tox xs OF ' On 9% dxy an °’
o _ 0x, )2 u 42 Oxy 0Oxy 0% Oxg \2 d%u
0g? 0 | ox? 9 05 0x0x, o€ ) ax2’
RU__( 0x 2 9% Ox; Oxy 0%, dxg \2 %
on? “( 011) ox o o Ox0x (_"‘an) o '
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oW  O0x¢ 0x;, g2y O0x; Oxg + Bx, dx,y d%u
dton —  0E  on ox ( dt  an on ) 0x10xy
axy Oxy 9%
T T o

Ox,, ox,

max( 3 ﬂ—)gh, a=1, 2
Hicranemo (nuB. (34))

dx, Ox, \14
\U—U ]WQ(E) [m:x max ( 5| W)]
X (1700, )| 3 (0wt drsdoty < s 16 Pa, » (39)
: 1y 2 o2 1, 2= 1112 sin (9, —_ 61) W2(Ei)’
A —
ToMy 3 (38) maemo
~ ~ decint 9 dcchh?
al (u —‘ uy u_u) hlznnslnzeo 'u |Wg(e) Slnge ‘ |W2(C)
MigcymoByioun no scix { = 1, M, nicraemo
i ~ e M ~ ~ h 9
tu—uf =% au—u s —u)<egragrlulyygy
i 3 (30) Bun/HBae ocTraToyHa oLiHKa
~ h® 2
lu—.y|<c Sinaeo Iulwg(g)' (40)

Ae ¢ — He3a/leXHa Bix A Ta u crana.
TakuMm unHOM, AOBENEHO Take TBepIXKEeHHS.
Teopema. Hexaii mounuit poss’'azok u 3ada4i Hipixare 04n pisHAHNA

Myaccona (27) y muozoxkymuuxy Q wasemumo npocmopy Wi (Q) N

nw®,a Yy — Habauxcenull po3s’asok, sHatidenut 3 (27), npusorny
mpianzyaayia obaacmi Q@ xeasipecyaspua, mobmo h < Cfimin, Oe A,
Rmin — 8EON08IORO MAKCUMAALHA [ MIHIMANGHA O08NHCUHI CIMOPIH MPUKYM-
HuKie mpianeyasyii, ¢, — Hesarexcna 8id h dodamna cmasa, npudomy 6ci
BHYMPIUARE KYMU YUX MPUKYMHUKIE 00MexHceHi 3HU3Y He3aaeHcHO 6i0 h cma-
2010 8, > 0. Todi npuh — 0 Habarurcerul po3s’ 430K 30i2aembes 00 MOUHO20
uf mae micye oyinKa mounocmi (40).

[Mpuitom Bigo6paxenHs e; Ha E, AKHiH MH 3ac1'ocyBaJm NpH 10BefeHH]
TEOPEMH, Ha3HMBaeTbCA macumabyearnnsam i Mae 6arato cCHinbHOroO 3 aHa-
JIOTIYHUM MPUHOMOM, KOJMH 3acTOCOBYeTbesl jema Bpem6ia — TinbGepra.
Bu6ip Teopemn CoGoneBa npo ekBiBajeHTHe HopMYyBaHHA ud jeMH Bpemo6-
na — lisbbepra 3a/eXuThb Bij 3py4HOCTI i 06cAry obuHC/IeHb.
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Bnpasea 5. Ananoriuno ogHoBumipHomy Bunaaky (aus. n. 4.4.3) B npunyimensui,
mo B 3amaui (1), (2), m. 5.1 [f€L, (R), u(x)€ W% () i BHKOHYeTbcA OLjHKa
| u "W?,(Q; <cl /”Lz(ﬂ)’ Je ¢ — cTaJsa, UI0 He 3aJIeXHTb Bid «, f, RoBecTH, IO A1 CXe-

MH MeTOJy CKIHYEHHUX eJeMeHTiB Yy MHOTOKYTHHKY 3 KyCKOBO-1iHiRHHMH Ga3sHCHHMH
dyHKUiAMH BHKOHY€TbCA OIiHKa

ha—ylh=lu— 4l 0 <ch*1flq

Jle craja ¢ He 3aNexuTb Bia h, u.

5.4. Po3B'A3yBaHHA CiTKOBMX PiBHAHb

Po3rasnyTi BuIlE CITKOBI METOAH 3BOAATLCA A0 PO3B A3YBaHHs CUCTEMH
ainifinux aare6paiunux piBusaHb (CJIAP). CJIAP metoay citok, fik npaBu-
JIO, MaIOTh TaKi 0COGJHBOCTI: a) BeJIHKa KiJbKiCTb HeBizoMuX (Y ABOBHMIp-
HOMY CiTKOBOMY NPSIMOKYTHHKY BHyTpiumix By3aiB (N, — 1) (Ny — 1);
Ansi cxemu Tounocti O (h?) suyaiino Gepyre Ny, N, ~ (50...100), To6TO
YHCJIO PIBHSAHD Y CHCTEMI METOLY CITOK Ma€e MOPAAOK (lU’ 10“) 6) enenndiy-
He po3MillleHHs! HEHYJIbOBHX e/eMeHTiB MaTpHILi CHCTeMH | MaJsia KilbKicTb
iX mopiBHAHO 3 KiJNbKICTIO HYJBOBUX eJeMeHTiB. 3BHYaHHO, TaKi cHCTEMH
MOXKHa po3B’a3yBark i MerogoM ['aycca, B AKOMY KiJbKicTb apudMeTHUHHX
onepauiii nponopuionansHa Ky6y kinbxocri HeBimomux. Ilpu kinbkocrti
HeBigomux [0%...10* ue uncno popienioe 10°...10*2 aprdwe: HIHHX onepa-
i, mo 3abaraTo HaBiTb L5 cyyacHux EOM. 3ayBaxumo, LU0 AJ5 PO3B’ 13-
Ky «Beaukux» CJIAP sacTtocoByioTh iTepailifini MeToAu, ane BOHHU € Haif-
ebeKTHBHI{IIMMU TOAiI, KOJM BiJlOMi TpaHMIi BJAcHHX 3HaueHb MaTpHIli
CJIAP. SIKWwO X CHEeKTp Marpuili AOCHTH WMPOKHI, L0 3YCTPiyaeThCs He
T2K PifKO NIPH 3aCTOCYBAHH| METOLY CiTOK, TO iTepauifini METOAH NOBiIBHO
36iraioTbes, O PoGHTH ix mpakTHuHO HeedekTuBHUMHU. Kpim Toro, GaraTto
CITKOBHX cXeM IoraHo o6ymoBJieHi (auB. m. 4.3).

Oznax cnenudika BeJHKOrO KJaacy CiTKOBHX CXeM Aa€ 3MOFY NOGYAy-
Batd s HuX edexkTuBHi anroputmu. IlpuiimeMo kaacudikauilo meronis
posB’a3yBanHs citkosux CJIAP (aus. n. 1.2, 1.4 3 u. I}, siky HaBegieHo Ha
puc. 24.

5.4.1. Meton cymapuux 3ofpaxeHb Ta MeTOJ pO3[iJeHHN 3MiHHHX.
Bukopuctanua wsuakoro nepersopenns Pyp’e. Lli zBa Meropu cxoxi
MiX c0o60I0 i MaloTh aHAJIOTH B KJAaCHYHHX METOAAX MaTeMaTHUHOI (pisuKH:
MeToJ, CKiHUeHHHX iHTerpajbHHX nepeTBopeHb, MeTof ¢yHkuii Ipina,
MeToX posfineHHst 3MiHHHX. ToN0BHA ifles noJsrae B 3BeACHHI ABOBHMIp-
HOl 3ajaui 0 ofHOBUMIpHOT.

PosrasiHemo crnouatky wmemol cymaprux 3o6pascens (MC3). Hexaii
norpi6Ho 3HaiTH pO3B’A30K CiTKOBOI 3ajaui

Ay” = fi/’ (X][, x2])e(’)h9 (])
Wiy ="i (X1 %05) € Vi
jo* : 291



Memodu posbazybannn

cimuodux CAAP
Mpami memodu Imepoylani memodu
Gredupivni Ana CNAP 3 Hebido- Ans CAAP 3 BI8
lhescan ido A s Qidomumu
y’;‘"ﬁ”‘ ;”‘ 02n xnacid MUMU ZpaNUYAMU LPAHUYAMU CROKMPA
cimrolux cnexmpa mampuyi mampuyl
CNAP ,
| N
'g g | 3 g X
S lea B x s x = *® frond — 3
ERS SR 3 3 | 3 I3
gl IS 2xl|E T g g TS £3
(S == =3 |1S 2 e I3 a &

1 z £3 2 iy -u 5 £Ss g8
3% |38 sEIE t g 3 S3 S8
E § E N .§ X s ® 5 < & <SS o 9
& £ b es
b T 5 o X b 3 b3 __J

~ Aborrpycwi SazamonpycHi ; ;
{ 08noxpaxobi) (baeamox poxodi) Abxi Headni
» 3
H 3 5 = S ¢
H 3 x > K X
x ]
X 3 cw D 2 > &
XX 3 Qs = § - v E
i) |88 8§58 \ s £
= S -3 3 X,
=%| [35 T§d 8 |3 3
§ H < § 3 s =
£ L 3 o= =
<

o
=.
o
N
'S

e A=A+A, Ayy= asl)!/l+l.l - d?’!/l,; + b(‘“yl—l.l’ Agyyy =

= aPyi 41 — dPy. + By a1, op = {x = (xy, %)): Xy = ihy,

Xy = jhg, i =1, Ny—1, f=1, Ny— 1} (ciTKOBHH NPSAMOKYTHHK),
2

T =_U Va: ¥ = {100 x27): § =1, Ng— 1}, 141 = {(tin,, X))

f=1, N, — 1}, ?f’ﬂ{(xlh xp):i=1 N, —1}, Y42 = {(01e, |

Xonn), i = 1, Ny—1},b—pesikuii citKoBHil rpanuunuil oneparop. Bispmemo
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A1A BU3HAUEHOCTI ly;; = y;;. 3anuuemo 3anauy (1) y BeKTOpHOMY BHIVIAAL:

%, + Ay, = fi—ay, @

Yo = Yor YN, = VNp»

Ae
yi=)iv= - [ =) iem=pr
z’;] = (b(ll)v()/’ Ov ceny 0’ YN;I):
T—d o 0 0.. O 0 0 -
b —d & 0 ... 0 0
o — 0 b —d o ... 0 0 )
0 0 0 0 ...00_y —d¥_ o
0 0 0 0... 0 bv—1 —dV—i _

Hexan marpuus 1Y e mampuyero npocmoi empykmypu, To6To nomi6Ha
AiaroHanbHifl matpuui M = diag R)im=

" = pMP~".

Martpuusa P HasuBaeTbcs hyrndamernmaavrow, i 1i CTOBMYHKAMH €, OUeBHJ-

Ho, BaacHi ektopu Marpuui I1V, akiBiznosinaoTs Baacium wucnam g,.
[NeperBopetius .

e
v=P v= (vi)i=l,N,—l (3)
-
HasuBaTHMeMO P-mpancihopmayicio sexmopa v, a mepeTBOPeHHA
- . A
v=Pv

obepneron P-mpancopmayieo. Tlposesemo P-tpancdopmarniio 3agaui (2)
MHOXEHHsM ii a1iBa Ha MaTpHio P

My, + ANpyy = [ — 0;,

L ) (4)
yo = ’VO’ yN. = YR’g‘
Y ckanspHoMmy BUIIAA] (4) 3anuiueTbCs TAK:
ayi 141 — (— py + dfY) Yii + b2y 1 = fiy— @u 6

;to=§m. Bt,N,=§:,N,.- i=1,N—1, j=1, N—1.
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Cucrema (5) spase co6oio CJIAP 3 TpuaiaronanbHolo MatpHUel i ToMy
MOXe 6yTH, B NPUHUHMI, €(DeKTHBHO pPO3B’fi3aHA METOAOM IpPOrOHKH,
—

nic/is 4Oro WykaHi BEKTOPH y; MOXKHA 3HAHTH 3a GopMyJiomw0

- -

ys = Py, ©6)

Meta MeTony cyMapHHX 306paxeHb — noGynoBa q>opmy.n CyMapHHX
so6paxetb (PC3), TO6TO AesiKOro anasiTHYHOro Bapianta poas 13Ky 3aza-
ui (1). Tomy npaNyCTHMO, 1O AIA KOXKHOTO ¢dikcoBaHoro { kpaiioBa 3afaua
(5) mae cm(osy cbyHKuuo I'pina Gi; (ny), T0BTO q)yHKuuo 33 J0TIOMOroK
sIKo1 po3B’A30K 3aaaui (5) MoxKHA 3anucaTH y BHMIALI (npH dikcoBanoMmy i)

!;il = b‘f’G” (1) ;10 + ag).GNgI (Ht)Qt.N. -
Nz—l ~ ~ S —
- ¥ G lfu—wul, j=1, N;— 1L (7)
=1

IepeifimoBmy y BHpasi (7) 1o BekTOpHOI OPMYIH 3anKcy i BHKOMABILH
obepHeny P-TparchopMallito MHOXeHHSAM 3JiBa Ha P, jicTaneMo fBHY
(popmy.ny s po3B’sA3Ky 3anaui (1), To6ro ®C3 nepmoro THITY:

4y = PGPy, + a(z)PGNaIP w,— P }_. G, P~ I, — w)y

=
j=1 Ny—1, 8)
ne Gy; = Gy, (”i)]z=1m — niaronasbHa Marpuus. AHanoriyHo MoxHa

orpumary OC3 y Burasni, B skomy marpuus 1@, wo sianosizae oneparto-
PY A; € MaTpHile0 MPOCTOi CTPYKTYPH.
SIkmo o6uasi Marpuui I1* e MatpuusaMu npoctoi cTpykTYpH, TOGTO

I — P(k)M(k) [P(k)]—l =1, 2

10 ®C3 MOXKHA noﬁyn,yaam TakuM unHoM. [loznauumo
J—TN =1 j=T.Np=1
=Yii—iv= N,’—l v F=Cuisim=,

b von, ol +af -y,  aR—1voN, .-

bl WoN,—2 0 cer
W= v
bl Yo.2 0 cee
= v+ 810 bPv0 ...
A 1¥N,—2.N, af YN N1+ OF 1N,
0 aw,-q?lv,,N,—-l
0 al\—1yw, 2
bPpn,~20 bP¥w,1,0 + ON,w17mt
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Toni sagaua (1) sanuwerscs B MAaTPpUUHOMY BHIVIAAI
n% + yn® = rF—w. )

TTposeneMo nogiiiny P-tpancdopmauiio piBHAHHA (9) MHOXeHHAM #Horo
aniBa na marpumio [P]™" i cnpasa ma marpumo P'? i nosmaummo aas
O6yab-aKoi Marpuii V

V = [PV VPO == [, ]

=N, —1"
Jlicranemo
MYY +YMP =F—W
a6o B koopauHatHill dopmi

W+ wP gy =fy—wy (=T Wi—1, |=T, N;—1.

MNpunyctumo, wo pf + p‘f) #0vy i, j. Tonmi

Yij = (M(tl) + M}Z))_l (Fej — i),
3anucaBmy 1o PiBHICTh Y MaTpPHYHOMY BUIVIARI 1 BHKOHABIIM OGepHEHY
noasifiny P-tpanchopmanuiio (MHoxennsm smipa Ha P, cmpaBa Ha
(P®?])™Y, nicranemo ®C3 apyroro Tumy:

Y = POMT @ (PO (F + W) PO (PP,

Ie

M(—l) — [(p’gl) + “g'g))—l]l:::xg‘:]l’
a 3HaK @ O03H4Yae Moe/JeMeHTHe MHOKEHHS! MaTpHULb.

M puraad. MoGyxysaty ®C3 s ciTkoBOI cXeMH, iKa anpokcuMye 3ajauy Hipixae
s pisnsanHs [lyaccoHa B UPAMOKYTHHKY i

Ay=ANy 4 Ay = y;'il (x) + y;c,x, (x) =F (%),

10
y(x)=7v(x), x€%. (10)

Po3p’#3anHsd 3anumemo W0 3ajauy y BHrsai
Ly + oopyy;=Hhf1p (5110 %) €Ony 4=y (% %) €V (11)
ae Llhy” =Yq1,j + Y1, Lghy[; =Y 25?,'/ + Y, j—15 f=140"2 a’=

= hi/h2. KopHCTyiOUHCh BBefeHMMH BHLie NO3HAaYeHHSMH, SanuueMo sajasy (11) y
BHIVIAL]

%y, + ady,,, — B4y +a%,_, = K], — 0
9y Yt =PI T3y = Ml — Op

Yo="To» Yn,= TNy

’ 295

12)



Ae

0100.,,00 0~
1010,,000

w—|{0101,.000 |
0000 0. 101

_0 00 0.,,0 I 0_
BuafizeMo Baachi uuena Ta BaacHi BexTopH MaTphui o®, 3apaua

npu mepexoai 10 cxanapHoi opMu 3anucy exsipanentHa ckinuenHopisnuueBill sagaul
Ilrypma — Jliysinas —

Yot — 20+ 4p_ =0, k=1L, Ny—1, g=yy = 0,
Hepaxgo 3nafiTH (auB, n. 1.4 3 9, 1), mo
kn ———
2 =2 N k= ’ - ll
Wa cos A 1, Ny
& CHCTeMa OPTOHODMOBAHHX BJIaCHHX BEKTOpiB Mae BHIVIAX

pki—V-—_.sm k/u , k j=1,N,—1,

Q}'HJ.I&MQHT&J] bHa MaTpHIA

2 (. Rin
p=]/._( k. ) .
T N P A e

opuiomy P = P! = P* 1o6ro IV = PMP, ge

‘
M = diag (2,) = disg (2 cos -

{=LN,— >t—l N1

BukonaBu P-tpanchopMmantiio Bextoproro pisusHua (12), micranemo
ot . 5 53 3 o> o
M!/t +a [!I/.H - 25!/] + y/.]] = hlfj — Wy,

~ ~ ~ ~
-3 —

]= lv Ng—l, Yo = Yo» yN.=?N.'
ao B ckanapHift dopmi

Vopp —2B— a0 gy + yp oy =1y — a0y,
“i. Nl—ly j=l. Ng—l; yio=?[0n y[.N.=?{'~.v [=]v Nl_l- (13)

Bunpaseal Bpaxosyioun, mo Bnacui Bekropn Marpuup Il = all™ — b1 (ne
I — ognydyHa MaTpMLA) OAHAKOBi, a BiacHi uMcIa BH3Ha4alOThCA piBHiCTIO

- b —
2q,=2ap,—b=2(acos—N——T). =1 N—1
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ZosectH, mo dyuxuia [pina onepatopa, AKkuft croiTh y qiBit wactuni (13) i aie no [,
Mae BHIVISAA

Upip.i=t M) Un_(0.5—1 (W)
Unyr (1) ’
ae U; (ny) — muorouenn YeGHwieBa Apyroro pomy crenmeHs I

p,("li)= l=lr Nz"']-

{p, j| = min(p, f), 0 /) =max(p, j), n.=1+'a-2(1—cosTl)

PosB’a130k 3amaui (13) mae Burasapg

R R R Nt - N
yii = Gy ) Yo + Guvy—1y M) Vev, — B Giy () [hdf i — 2 %00).

l==]

3anucasllH 1ie Y BeKTOPHOMY BHTJISAAI i BUKOHABIIH oGepreny P-tpaiicgop-
Matito, lIlCTaHeMO ®C3 nepuloro THIY

No—1 .
4 ;= PGPy, + PGy,_1,Pyn,— P Y GyPlhsf;—a0,), (14)
=1

1e Gy = diag (Gy (m,)) V= niaronaabHi Matpuni. o6 snaiity ©C3
apyroro Tany aasa 3agaui (10), sanumemo i y BUraszi

oYy + azyn@) — 2BY = h12F— H—a2Q, (15)

Ie
Yoo Yoa e+ VON,~1

— )/=lN,—-l 0 o ... o0
‘/ = L I I »

=t 0 o0 ... 0
_ ‘}"th YNL2 o« oo YNLN—1 _
Yo 0...0 v,
Q= (q”)l—l Na—=l Y20 0.... 0 Ya.N,

(==l Ny —1

Ywe—10 0...0 yy_1n,
1" — kpanpaTHa Marpuus poamiprocti (N — 1) X (N; — 1) BHrasay
01 0...000

1 01...000
n(l) — .
0 00...1 011
0 00...010
I1® mae Takmit camuit BUrasn, are poaMipuicts i (Ng — 1) X (Ng — 1),
Martpuui 11, I BusnavaioTecs 3 BHpasy L

H(a) P(G)M(G)P(a), o= l, 2’
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ne
(@) __ ) 2 ikn
P (pik)lk—lNa—l = l/ N, (sm v, )l o

M® = diag (2;;“"’),=I_N—m_—1 = diag(? cos PP |,

in
Ny )l=l_Na—l !
Buxornasuwn nozpifiny P-tpancdopmantito piBHAHHS (15) (TO6TO NOMHOXKHB-
. y L, . ~

wy #oro na PY snipa i Ha P® cnpasa) i nosHayHBwK PYyp? = v,
ZicTaHeMo

MO 4 oY M® — 287 = KIF — A — a2Q,
abo B ckaaspHiil dopmi

l ~ ~ ~ ~ ~

2uyi; + 2070y — 2Py = B fiy — alqe; — hyy.
Sikmo p — ud azp,a’ s 0, To 3BiAcH
y —hify + ety +hy
iy =
2~ P — o)

Buxonasuu o6epHeHe nepeTBopenns, nicranemo ®C3 apyroro THmy

Ne—1 Ny—1 b
Yy = Z Z Pfkpfz)ykz=
k=l (=l
Ny—1 N,—1I Ny—1 Ny—1
plkpal) (1) @ 2
— N 00D (— Kifuw + huv + 0%q
l; 2(8— pfP—atp?) 2_41 ,,2;', wkps! (= Fafuw o By -

(16)

‘Meron cymapHHX 306pakeHb 3pyYHO BHKODUCTOBYBATH ISl PO3B’fi-
3YyBaHHA CITKOBMX Kpa#oBUX 3agay B 00/1acTAX CKJAAHOI ¢opMH, IO
CKNaJal0ThCA 3 KaHOHIYHMX obaacredt, A skuX BinoMmi ®C3. PosrasHe-
Mo, HanpuKJag, pisHuuesy cxemy suriasay (10) ons sanaui ipixae ans
piBHsanHsa [lyaccoHa B L-mogiGHifi obaacti L2, 1o ck/JafaeTbcs 3 ABOX
npsaMoKyTHUKIB €, 1 Q,. Bignosigni citkoi o6aacri

(_olh = {(xlh x2]') Xy = [hl’ Xoj = ]hﬂ’ i= 01 va ]= Ov Nz}v

O = {(%10, X2j) 1 X =ihy, xoy=jhy, =Ny Ni+ N, j=0, N}

i Hexall BOHH NepeTHHAIOTbCA MO MHOKUHI ¥* i3 No — 1 By3nis. Hasa
KOXHOI 3 o6s1acTeit @y, wop MOXKHA 3amucatd OC3 (14) (abo (16)), B akiA
HeBifloMi 3HaueHHA myKaHoi ¢yHKUil y By3Jjax y* BBififyTh KO BekTOpiB

- —
Yo U¥ yn. L1106 3HaliTH i HeBifoMi 3HAaueHHs, 3anHIeMo pisHHuUeBi piBHAH-
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HA Ha y*: ‘.
B yn s — 2000 + YNe=101+ B2 lgw et — 29w, 1+ Y1l =
=fvup J=1, Na—1.

ITigcraBasoun SaMiCTb/ yn—1.; (G =1, Nz — 1)  3HaueHHs, 3HaiifeHi

3a ®C3 ansa NPAMOKYTHHKA ®yp, a 3aMicTb Yyt (f =1, Np— 1)
3HaueHHsd, 3Haliaeni 3a ®C3 mia MPpAMOKYTHHKA gy, AICTAHEMO BiJHOCHO

yn, ;i (j =1, Ny — 1) cucremy ainifinux anre6paiunux piBHAHb MOPAAKY
N; — 1, Ky MOXHA MPUBECTH JAO BUIMAAY
N1

E ciiynoa =Fn, j=1,Ny—1.

=1
Lo cuctemy MoXHa po3B’si3aTH, HanpHkAaa, MeTonom [aycca 3a O (N3 —
— 1)3) apudmeruudux onepauiii. ®C3 3pyyHo BHKOPHCTOBYBAaTH TOAi,
KOJIM PO3B’s130K 3a/1aui Tpeba 3HaiTH He Ha Bciit. obacTi, a uuIe B fesIKUX
By3/nax a6o obuucauTH Aeaki yHKUiOHAAH Bil po3B’sA3ky (iHTerpaJd,
HOXiAHi), IO MOXKHA POGHTH, MEPETBOPIOUY camy GopMyay.

HeBaxko nigpaxyBaTi, w0 obuucieHHs ofHoro sHaueHHs 3a OC3
(8) morpebye O ((N; — 1) (N — 1)) omepauiii MHOXeHHA, fAKIWO Bi-
nomi Matpuni P, Gyy, T06T0 ipu Ny ~ Ny ~ N mopsaky O (N3) apug-
METHYHUX onepauiii. Ane 1uisi AeaKuX 32134 Lie YHCJI0 MOXKHA 3HAYHO CKOPO-
tutn. Hanpuxaan, nna 3agavi, posrissyroi B npukaagi 1 (mus. (14),
(16) — 3anaua [ipixse nas pisusiHHs [lyaccoHa), MHOXeHHSI MaTpHIb
Ha BEKTOPH 3BOAHTbCA HO OOYMCJEHHS CYM BHAY

thg kai . T T
w--ZVhsm v+ =1 N—1 (17)

(3a paxyHOK cTPYKTYpH MaTpHub P 12 G). Ilns obuncIeHHs TaKHX CYM PO3-
po6JieHo crenianbHUA anropuTM WBKAKoOro nepersopeHHs ®yp’e (LUI1D),
axuit- notpebye aue 5N log, N apupmernunux ninn (npy N =2°, n —
uisie). SIKo uei aJrOpHTM 3aCTOCYBAaTH NpH oﬁquc.neHHi 3a gopmyaamu
(14) a6o (16), To szamictb O (N?®) omepauifi po3B’A30K CHCTeMH piBHSHB
(10) 3 (N — 1)? neBinomumu (npu Ny = N,) Gyze sHaitnenosa O (N2 log, N)
onepa)um wo JjHwe B log, N ripwe sa. onpumaabiy ouikky (mo nopsag-
Ky N

IOns citkoBux piBHSAIHL 3 oneparopaMH pO3IVIAHYTOrO BHile BHAY
MOMHa 3aCTOCYBATH Mermod posdirennasminnux MP3, akuit NPOLTIOCTP yEMO
Ha 3aaaui (10). [IpuBegemo cnouaTky sanady (10) no 3anaui 3 oAHOPiAHUMH

TPaHHYHHMH YMOBaMH. Hexaii y — quHKum 3ajlaHa Ha @,, KA obepra-
€TbCA Ha HY/Ib HA Y, i 36iraeTbcs 3 po3s’a3koM 3anayi (10) Ha w,. HeBaxko
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NOMIiTHTH, WO ;/ € pO3B’fi3KOM 3ajaui
Ay=Ay+Ay=y;, +y;, =00, (18)
X € ©p, _I;(X)=0, xE‘Ym.
ae

-
Fo)— Lo, n = b=ty 0<n <l

f(x)— —Y(—(;—xg)— n=h, 0<x<l,
1

q> (x) = — ¥ (xh 12)

f(x) , O<xi<ly, xy=1,—hy,

fo— 2L o<n<l, x=h,
I, =N, lz =.Nzha-

Hexaft vy, (x;), AD, by = T, N, — | — BaacHi Qynkuii i BracHi sHavenns
oneparopa A;, To6TO PO3B’ 130K 3azaui

Ap+r =0, x€w, v(0) =uv()=0, (19)

. o
AKHH MH 3Hafwu B 0. 1.4.4 3 u. 1. PosknanemMo po3B’s30K 3ajaui y (x)
i npaBy 4acTuny @ (x) 3a B1acHHMH QyHKUiAME {Ug,}1

D=3 Vi, () 08, (12)

ky=1 (20)
° N,—1
yx) =Y cr,(x1) Vs (x9),
k=1 .
e By, (xp), cs, (x)) — Koe(piuieum Dyp’e, npuuomy
e, (£1) = 2 hz‘]’ (%1, iafty) U, ('2hx)» @n

=1

a ¢, (x;) MOKH WO HeBH3HaueHi. Bpaxosyioun, mo Ay, U, (x,) € po3s’ss-
KoM- 3aaauvi (19), maemo

Ackﬂ (xl) vka (x2) = vk’ (xﬁ) Alckg (xl) + ck! (xl) szk’ (xﬁ) =
= vkz (xz) A]CI;' (xl) - A'g)ck! (xl) vkn (‘x2) =

= [Ah, (%) — A ch, (1)) Uk, (%)



Bpaxosyioun ocraHHio piBHicTb i 306paxenns (20), i3 Bupa3sy (18) maemo

N,—1 >
WV {ACk, (01) — ML) cr, (X)) — b, (X))} 0g, (x0) =O.

b=t
B cuny niHifiHOT He3aneXHOCTI {Ug, (x)} Lie MOXK/IHBO JIMIDE TOAi, KOJIH

Ajc, (X)) — Mf,)ck, (1) = Yp, (x3), k3 = 1, Ny — 1,
22)

xl = i]hl, 0 < il <N1; Ck, (i]h]) = 0 an il = 0, Nl'

QO6uucauBmn P, (x,) 3a nepwoio dopmynoo (20), 3anaui (22) moxkHa
PO3B’S13aTH METOIOM NMPOrOHKH, 3acTocyBaBLuH fioro Ny — 1 pas mis ky =
= 1, N, — 1. 3xaiouu ¢, (x), 3a apyroio 3 dopmya (20) 3naiigeMo po3s’s-
soK 3anaui (18). 3 Bupasy (20) 6ayumo, mwo P, (x,) i ¥ (x) oSuncmoroThCH
sa cdopmyaamu Buay (17), ToMy Ans OGUHC/EHHA iX MOMHA 3aCTOCYBaTH
wsynke neperBopeHHs Pyp’e (UII1P) i snaiith posB’si3ok sagaui (18)
sa O (NN, log, N,) apudpmernuiux aif.

[Ipavi Meroad € HaleKOHOMHiIUMH AJMA KPafMoOBHX 3anay AJas pis-
uauua [lyaccoHa y npaMoxkyTHuky (Temep Taki meronu 1 mporpavu ans
HHX po3poObaeHi A/na KpafioBHX YMOB BCiX TPbOX THUMiB, a TAaKOX MJIA
3MilIaHHX KpadoBAX yMmoB), Ase paKTHYHO MpsiMi METOAY € EKOHOMHHMH
JHLI2 A4 3a4a4, B AKHX 3MiHHi po3lindorbca. Y BHOAAKY, KOJAH 06/aacTh
He € NPAMOKYTHHKOM a0 PO3rIAAziOTLCA PiBHAHHA 3i 3viHHUMH Koedini-
€HTaMH, B AKHUX 3MiHHI He pO3/i/AIOTbCH, 3aCTOCOBYIOTbCA iTepauiiii
METOLH.

5.4.2. TlonepemiHHO-TPUKYTHUA MeTOR AAS plaﬂuuenm 3apa4i Mipixae
Ans pisHsnua Ilyaccona. 3anuwsmMo po3paxyHKoBi ¢opMynd nonepe-
MiHHO-TPUKYTHOTO Metoay (auB. n. 1.4.7 3 u. 1):

B ykﬁ' p Ay =f, k=01, ... Vy€H,
k41

=(D + oR)D ' (D +wR,), R,=R;, (23)
D=D*>O’ R=R1+R2=R*>0
s 3ajaui (18). I_lrcl_ 3ajayy posrasjatimeMo B upoctopi H, ¢yukuiit,

AKi 3a1aH0 Ha CiTW ®, = {x = (X1, %) : Xa = lofla, fa = 0, Ng, g =
-=la/Na, a=1,2}1 l'lepeTBopiOlOTbCﬂ Ha HyJb Ha rpaHHui ¥y, =

alil Vs V=1 = {0, ighy) 1 iy =0, Na}, va1 = {(ly, iaha) 5 iy =0, W3},

Y—2 = {(ilhh 0) H il = 0; Nl}) 'Y+2 = {(llhb 12) . ll = 0, Nl}' y ﬂpo-
cropi H BBenemo ckanspHHil R06yTOK 3a GopMyJaoi0

(g, v) = x:‘:'». hahgy (%) v (%)
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A @, = @, \_ Y, Onepatop A 3 obnactio BusHauewns H, A1 H - H
BH3HayHMO (POpMYJIOI0
— Y3, (x) — Y3.x, (%), X€op

vm:Ay:{ 0, xgv
’ h

i nogamo fioro y Burnani A = A, + A,, ze
Yz, 0 Yz,

Ay=1"Hn b €
N 0) X E ‘\’hv
Yy, (1) Yy, (X)
Azy — - hl - hﬂ [ X e (l)h,
Ov X E Yhe

[ToknanemoB (23) R = A, R, = A,, R, = A,,D = I, ge [ — onpunuunnuft
oneparop. 3a 1onoMororo hopMyJ NiacyMOBYBaHHS yacTHHaMH (a6o nepuioi
pisnuuesoi gopmyau I'pina) sierko BcTaHOBHTH, IO

(Aly9 U) (!/v 20),

L4 . . N .-
10610 Ay = A, (ue MOXHa 6auuTH i NpH NOpiBHAHHI MaTpHub, WO Bif-
noBigaothb Ay, A,). Toni B onepatopHoMy BUIIAAl nonepeMiHHO-TPHKYTHHA
METOJ- 3aMHILIeTbes TaK! ’

Bgni=(I + 0A) (I +0A) gep1 = Fy
Fy = Byy + et (Agy — @),

o L]
ne k — Homep irepauii, y, — OyAb-AkHi enemeHT . 3HaueHHA yyiy
3HaXN"UMO MOC/iAOBHO PO3B’sI3yBaHHAM JIBOX ONEPATOPHHX PiBHAHB

° (1 9 °
(I +0A) ¥ =Fh (I + 0A) yrer1 =y,
sIKi B CKaJIIDHOMY BHIJISIAI 3aNHUCYIOThCA TAKUM YHHOM

"1"k Mg —1, i) + "z”’: {iq, g — 1) 4 Fr (iy, ‘a)

MOVTE
yk “li l2)_ l+n1+u2 ? (24)
o Kahags G141, do) + Xatpyy G by + 1) 4 00 Uy, dy)
yk+1(ll’ 12) = l‘l‘“] +”’ ’
ze u1=—%—. ”“=:_§' y (i, i) ==y (X0, Xiz) = y (¥), X€ @y,

¥ nanomy pasi He TaK OUEBH/IHO, SIK B ORHOBﬂMipHOMy, 10 3a popmyaa-
MH (24) nocAiLOBHO MOXKHA 3HaATH PO3B’A30K B ycix Byasaax citku. [1pore
Ue Tak, i po3paxyHOK MOXHA BECTH TAKHM YHHOM.
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(lr’lll) {l'.l}, “"l:O'J

“1”;"2)
""‘.(-') “hll)
Pue. 25 Puc. 26
Hacamnepen sayBaxumo, mo wabaon s; (iy, i) = s = {(i}, iy),
(i, — 1, i), (i;, is— 1)}, Ha Akomy 3anucaHa nepia 3 ¢opmya (24),
nokaszano Ha puc. 25, a wabnoH g (i, iy) = S3 = {(i3, o), (i, + 1, iy),

(il, i, + 1)} ana npyroi ¢opmynn (24) — Ha puc. 26. Bubpaswu i; = 1,
i, = 1 (ue By3os y HHXHbOMY JiBOMY KYTi NpSIMOKYTHHKa), 6auHMO, IO
inwi gBa Bysnn waGnoHa s, JeXath Ha paHuui, T06TO ¢ (0, i),

¥ (iy, 0) Blﬂ.OMl i 3a nepmowo ¢opmynow (24) smaxomumo y (1,
1) SHaloun y (1, 1), sHaxomumo y”’ (2, 1) i mani nocainoBHO y“) 3,
1), ..., y® (N, — 1, 1), 10610 Bci smauenns y® Ha nepmoMy pRAKY
By3aiB. Jani nok.iajemMo i = 2 i anasnoriyHo 3Hax01mM0_l°/' Ha )J.pyromy
PSAKY i T. A. 10 BH3HAUYEHHS y "B yeix Bysnax ciTku. HeBaxKo nomiTury,
L0 PO3paxyHOK y‘,}’ MOXHa BECTH He N0 PALKAX, a N0 CTOBMYHKAX 3HHIY

Bropy. Jlani ajns BH3HAUEHHSA yk_H nokaagemo i = Ny — 1, iy = Ny —
— |, To6T0 Gepemo By3os 1absoHa s, y RPAaBOMY BEpXHBOMY KYTi npsiMo-
KYTHHKA. HBa iHwuX By3/aH TONi JexaTb Ha FpaHHLi, i TOMY HaM BijoMi
HlebOBl 3HaueHHA QyHKUil B HHX. 3a zpyroio qupmyJIOio (24) susnauaemo

yk+, (Nl — 1, Ny — 1) i nami’ nocaimoBHO Yy (N1 —1, N, — 2),
arey yk+1 (N, — 1, 1), yk+1 (Ny —2, Ny — 1),,“-, !/k+1 (1, 1. 3aysa)KH-
MO, IO PO3PAXYHOK Y1 MOKHA BECTH i N0 pAAKax cnpaba HaniBo, TOGTO
s Ny —1, Ng— 1), gopt Ny 2, Ny — 1), oy g (1, Ny — 1),
gert Ny —1, Ny—2), .y genr (1, 1),
Jlerko nmiapaxysard, mo obGuncyieHHs F, notpebye 10 niit nopaBanHsn
i 10 Rifi MHOXKEHHA, 2 OGYHC/ICHHS Yk NPH BXKE o6qucneﬂux F, — 4 il

RonaBanis i 6 Aiil MHOXKeHH:. Beboro s BU3HaYeHH yk+1 B OAHOMY BY3-
ai Tpe6a BuKoHaTH 14 Aifi nogaBanus i 16 nil muoxenns. 106 aMeHmHTH
YHCA0 apupMETHYHHX Aill, MOXHA OOGUMC/IEHBS BECTH 33 TaKHUM aJrOpHT-
MOM:

(E + @AY Wes12 = Ay, —F. (E + 04,) Wit = l;1k+1/2,

Yrt1 = Yp + Tet1@ei1,
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B AKOMY Ha KOXXeH BY30.J CiTKM BUKOHYeTbesi 10, aifi nopasanus i 10 gift
MHOMEHHS OpHak npu uboMy 36isnbluyeThcst 06’em NOTPi6HOI omepaTHB-
HO1 aM’'aTi EOM Tpeba 36epiratH He OJIMH MacHB YHCEJ, SIK Y fI0NepeNHbO-

My aﬂropHTMl yk , a lIBa — Yy Ta wk_,_]

o6 ckopucTarica 3araabHOIO Teopiew Aaa meronry (23) (mus. n. 1.4.7
3 4. 1) i Bu6partu napamerpu y Bupasi (24), Tpe6a 3naiiti craai 6, A y He-
piBHOCTAX

A>8D, ADT'A,<5A §>0, A>0

Tyr D = I, Tomy 6 — HafiveHlie BnacHe sHauenHs onepaTopa A, ske
NOPiBHIOE CyMi HalfiMEHIIMX BJACHHX 3HaueHb onepatopiB Ay = y-

*axay
a =1, 2

1 h 1 h
6=4(—h¥— in® - g sin’ T ) (25)
Bpaxosyioun, mo A = A, + A,, A} = A,, a Takox HepiBHicTh
(b, + a36)* < (al + ad) (65 + b3),
3HAXOJHMO

(4,4 )= (4yy, A )=((_l_ +-1_ ;)2 1)<

112l Y 2Yf» 412y, B, Y= Ry Y]

1 1 1 -
<l ) e+ a0 D = (5 ) x
2

x5 (e + et h,<(—,,‘%— h—lg)(Ay. 9

iv=1 i=I
(MM BuKOpHCTaNH piBHiC’l‘b

v Ny—1
(Ay, ) = L ‘b, z (Y=o + 2 hy g Wx )t b

fIKa YTBOPIOETbCA MiZCyMOBYBaHHAM wactuHamu). I3 niei nepisnoctl
6aunMo, L0

A= 4<h2 +7:§‘) 26)

Maroun § 1a A, 3HaxogumMo 1 = 8/A i pani (guB. 1. 1.4.73u. 1)

P N 4 R SN U S G 1
= T v " arave W TR



(crani vy, }2 i3 Hepisnocri 1B < A K ;\.;,B). TMoriM ouinroeMo uncao irte
pauifi 3a ¢opmyJsiol0 (e — 3anaHo Hanepen)

2 .

In— -

~o— _ 1=VE
n(e) In p]l y P 14+ V'E

i BuGupaemo no n (e), {7,, ‘1';2 cTillkni Ha6ip 4eGHILIEBCbKUX MapaMeTpiB g,
Ti41. Hapemri, 3a dopmyaoio (24) nposozumo onucaxi Bmue PO3paxyHKH.

] ()
Akuio 4y =h,=h, TO O=—F - sin® —— nh A—_th"i=T=
. g TH n2p? s . .
= sin*——~ ——, To0TO M AJA ABOBMMipHOT 3anaui i ndasni oaHOBU-

mipHol (nuB. n. 1.4.7 3 u.l) 36iraetben i KinbkicTb iTepauiii, fka He
sajexuTb BiA posmipHocti 3apaui [ipixsne ans piBusnHus [lyaccona, a
TOMY OLLiHKH YHCJa iTepauiil pisHux iTepauifiHux meroniB, Aki Mu gicrann
BN. 1.4.73 4. 1 pna onHOBUMIpPHOT MOAENbHOT 3aAaui, cnpaBelIMBI i AJdA
6aratoBuMipHOro Bunaaky. $kio X citka He KBaxparHa (h, = h,), TO
yucao itepauift cia6o 3aiexHTh Bij po3mipHocTi 3apaui.

5.4.3. [lomepemMiHHO-TPYKYTHAH MeTol AJA BHNAAKY 3MiHHHX Koedi-
wieHTiB. Y npaMOKYTHHKY Q = {x = (xy, %) 1 0 << Xy Moy @ = 1, 2}
8 rpanuuero I' posrasnemo 3apauy JHipixne ana Giabw ckaagHoro pie-
HAHHA, HiX piBHaAHAA [lyaccona:

Lu=Lu+Lu=—f(x), x€Q @n
u(x)=p(x), x€T,

9 "). 0<o,Sha (1)<l a=1,2, ¢50,—

ne Lou= rral

cTadi.
Habauxenu#t po3s’ 130k 3apaui (27) mwyxatuMeMo 3a TaK0K Pi3HHIIEBOO

CXeMoI: .
Ay == f (x), x€Eawy (28)
yx)=plx), X€v
ge :
Ay=My+ Ay, Awy= (aay, V1o =

1 [aﬁ;"’a’ (' —y) g (y—y“'“’)]
= ]

o h,
PED =y (G £ Dy, Gha), §=19 = y(ishy, (o= 1) o),
@y (X3, Xp) = ky (xl - % hy, x,) = k{705,
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ay (X1, X%5) = ky (x,, Xy — %hn) = kg—o.sn)’
0<6,<0<e, a=1,2,
Wy =0y X @, g = {xa = lghe : lg = T,Mz——l, hy = la/Na},
a=1,2, ‘
6h= 61 X (_02' (;a ={xa = i‘lha:ia = Wﬁ. ha =la./Na}, o= l, 2,
Vo = 0\ @,

Bnpasa 2 BcraHoBuTH, 33 axnx vMoB raankoet! gauux sanauf (27) matume mic-
e ApPYyrdil MmopamoK JOKaabHOI afnpokcumalii, To6To

Aqu-- L, u=0(h)
y koxHift Touui citku.

Beenemo npocrip H poamipHocti N = (N; — 1) (N3 — 1) citkoBHX
dynkuiil, 3apanux Ha citui ©,, 3i ckanApHEM J00YTKOM
@ V)= X Mhy (x)v(x)
xgoy
i B noomy oneparopu
Ay=—Ay, A=A +A4,

Ay = —Aj. A, = -Az!}-

YEH, y() =y, xCon y)=0, xEpy
3anumeMo 3agauy (28) B onmeparopHoMy BHIJIAAL

Ay=9, y 9€EH, (29)
Re @(x)=f(x) + -,;’rcpl(x) + —,—112— Py (%),
t 2 ’

a, (hy, X)) P (0, x5), %, = hy,
T4 (x) = Ov 2h’l g Xy < ll - 2hl'
al.(llv x)ply %) xy =1 —hy
a, (xy, hz) (xy, 0), Xo = hZ'
P(x) =10, 2h,<<x,<I,—2h,,
a, (xy, la) B (X, 12)' Xy =1, — hz.

BuxopucroByioun pisnuueBi ¢opmyau ['pina, HeBaxko 3HaliTH, WO one-
parop A camocnpsixenuit B [ i mae micue piBaictb

Ay, ) =~ By 9) = 3, @t s Var

a=1
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ae

lo  lp—hg
(U, Vo = Eh Zn hohgt (v (x), a=1,2, B=3—a.
Xo =g ¥g="p

JL1s1 HabAMXKEHOrO PO3B’ A3YBaHHA plBHﬂHHﬂ (29) sacrocyemo nonepeMiHHo-
TPUKYTHUH METOR

p L2 —]—Ayk_(p, k=0,1, ..., g€H,
k+1 (30)
B=(+oR)(-+wR,), Ri=R;,, R=R,+R,,

B AKOMY peryhﬂpuaaTop R Bubepemo Tax, 1o
Ry=—2y, Ry=y;, +y;., 9€H,

ae H — npoctip ciTkOBUX QYHKUifl, 3aaHHX Ha ®,, AKI NePETBOPIOIOTHCH
Ha HYJb Ha ®, \ . Onepatopu Ry, R, BU3HAYHMO 3a GOPMYJIaMH

2 2
o o l g1 o l o
Ra_l/='—9?ay’ 9?1!/:'—2 Ezyxa’ Rl =Zh_ayxa- :
o=l =1

[ligcymoByIOUM uacTHHAMH { KOpHCTYyouHCh HepiBHOCTAMH 0 << ¢ <
< g << ¢y, NOCAIOBHO JAicraemo

Ng—1

—_ , E (aay,, )xai i,!/i i, 2 (aa (!/x )t,i,hm
=1 lg=1

(Ry, y) = 2 (y, v Doy, Ay, ) = 2 <aayx » Day

a=] o=1

10610 ;R << A < 4R, ¢ = 0. Buue ﬁyno NI0Ka3aHo, Luo
8/ <R, RR,<R,

fe 8 Ta A BusHauaiothest popMmyaamu (25), (26). Tomy Mae micue HepiBHicTb
(zuB. nemy 4, n. 1.4 3 4. 1)

"B <AL ,B,

L] °
Ie Y1 = C1¥1, Y3 = Ca¥a 1 32 3arajbHOIO TEOPi€iO A/ UHCIa iTepauiil MaeMO
OLIiHKY

=n,(e), ny(e) = V E_:- Eo (e),

= i 2 8 n?
%(8)=Wﬁ—hl?» e iy VR
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. . N o . . [
T06T0 AJA piBHAHHA 3i 3MiHHHMH KoediuieHTamH noTpi6HO B —c’— pas
1

Ginbuie irepauil, Hixk ATs PIBHAHHA [lyaccona.

ko Koeqnmemu B 3aza4i (27) Ryxe KOJNHBAIOTbCA, TO L€ YHCIO MOXKE
6yTH 3HaYHHM i ayxe 36iapyBarume quHcmoaaany poGory. ¥ Takomy
pasi MOXHA pO3IVIAHYTH MOAN(IKOBaHHH BapiaHT MONEpeMiHHO-TPHKYTHO-
ro MeTopy

Y, — Yr
B-ﬁ——+Ayh=(p, k=0,1, ..., y,€H,
Thit @1)
=D+ wR)D(D+wR), R,=R:; R +R,=A4,
je nokaagemo Dy = d {x) y, x € o, d (x) — nesika nojaTHa Ha ® CiTKOBa
QYHKUin, siKy BH3HAUMMO MisHile. Y ubomy pasi D — caMocnpsiKeHHiH
i fomatHo-Bu3Hauenu#i B H oneparop. CiTkoBa dyHKuUis d (x) y Bupasi (31)
BiRirpae posib J0NATKOBOrO iTepalliHoOro napaMerpa i ae 3Mory BpaxyBaTu
ocobnuBocTi onepatopa A y KOXHOMY BY3Jai CiTKH .
BusHauumo onepatopH R, TakKUM UMHOM:

Ray=_ﬂa_l;, yEH,!;EHa y(x)_=y°(x)v X€ o,

2

a o
a--f 50

a=1!

+1
ﬂﬂ!/:Z(a yxa+ 2h y)» xX€o,

o=}
" aE! (x) = ay (%, L hy, xy), azl(x) = ay(xy, %y % h‘.@)~
[Tokaxemo, Lo onepatopu Rl 1 R, cnpmxem B H. [lng usoro nocuth fo-
BECTH, 1110 (9?ly, v) (y 9?20) y € H v € A. Kopucryrouucs pisHHuEeBUMH
dopmyaamu I'pina ans pyHKuii 3 ii topmyJiol0 pisHHIEBOro andpepeH-
W{IOBaHHA HOOYTKY CITKOBUX OYHKLi# (y0)r, = y+lvx“ + yx v, Maemo
° o 2 ° ° 2 o o
(ﬂly, 0) = — Z -hLa- (aay;a, U) —_ O;} '5’:: (aonxay, v) ==

a=1

i[ U (a0)sg) — g (sl ] =

o=l

= 2 [ @ ad'02) + g G Gaxed)| = . 0)

mo # Tpeba 6y.no IoBecTH. 3rifiHO i3 3ara/bHOIO Teopielo Jaji Ham TpeGa
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goBectd HepiBHOCTi (nuB. n. 1.4.7 3 u. 1)

8D <A, RDTR, <L 4, 8>0, (32)
i ockinpkn BigHOWeEHHA M = —i— BH3Hayae YuCJO iTepauifi, TO CiTKOBY

¢yHKuUio d (x) caig BUGpaTH 3 YMOBH MaKCHMAJAbHOCTI LLOTO BiAHOLIEHHS.
Ane cnouaTky JOBeleMO TaKe AONOMixkKHe TBepLKEHHS.

dema 1. Hexail pq (x), Go (x). Ug (x), Uy (x), & =1, 2 — cimkosi
pynxyii, 3a0ari Ha @. Todl 045 6yOb-2K020 X € ® MaE Micye HepisHicmb

2 ]
3 (Patte + qava)] <O +00p)+mlq) (ol +
a=I]

+ IZ:I zﬁ)-{- I-L-B (_Ipt|+"2|qzl)(|pﬂlu§+ ‘Z:| vg)’ (33)

Oe & (x), %y (x), %y (x) — OoginbHi dodamui Ha @ cimkosi pyHKyii.
NloBeneHH 1. Bukopucrosywun e-nepiBnicTs 2ab < ea? + 762,
e > 0, nicraemo

2
2 (pal{a + Gala)

a=I

+ (potty + o, P << (1 + &) (pyy + g0 +

Ia tiei camoi HepiBHOCTi Maemo

\ ,
= (pyy + 101)* + 2(ptty + q101) X (patty + GaUs) +

14+e¢e

&

0oty + q509)%

(Patia + Ga¥a)? = P2U2 4 2qaDatiaVa + 202 <<

1
<piu? +|pallqal(uau§ +Tvi) +q2v2 =

f=(lpal+xal¢7a|)(’palui+ |Za‘ vtzz)) “a>0’ a=lv2-

(o4

IliacraBasioun Wi HepiBHICTb y NONEepenHio, AiCTAEMO TBEPRKEHHS JEMH.
41 .
. (¢
[ligctaBasawoun ¥y (33) po = 5 fa= 0,5a0xy, Ua = Yry Vo ==
) (¢
Ly a=1,2 i iB Ry, R
=——y, a=1,2, i KopuCTylouyCcb O3HaueHHAM ONEPaTOPiB Ry, Ry,
a
MaeMo

(RD™'Ry, y) = (D 'Ry, Ryg) =

T2 +1 a 2
I a, L °
=]
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0,5h1 | alxl I !Glz ,

<(_“+“> (@t +05h1u1la|x,l))( o'yt  2ale
ulhl

dn?
1 e 1 1%2 0,5h2| a | °
+ —+T (@' 4 0,5h,%, | azx, )| a3 ' y7, + ——222= #), 1).
deh; . %ohy
BBa)kaTumemo, IO B Lifi piBHOCTI %, € PyHKilielo aumme Big x,, a %, — AHIIE
Big x;, TO610 Bi3bMEMO
%o = g (xp), a =1, 2, ﬂ= 3—oa.

1) + (349

[Toknanemo
41 2
_ 9 +0,5h3ng|a2x.l k16, (x1)

eE=¢8& (x) - ai'-l + 0,5h1n1 \ a]x‘ I -’Egel (X’) (35)

i Bu3HauuMo d (x) 3a GopmyJiow
2
d(x) = 2 (a -+ 0,5ha%q I Qox, D —— hz ’ (36)
a=l1

ae B, = 0g (xp), «a =1, 2, p = 3 — o — ponatHi Ha o ciTKOBI yHKUiT,
sIKi 1e noTpiOHO BH3HAYHTH.
Hincrasasioun (35), (36) B (34), mzemo

2 a+l ° 2 l o
(RDD™'Ryy, §) < (—"‘— Y ) + ( ol 1).

' = a.gl b azl R
OckinbkH 0, He 3aNIKHTD BiJ Xg, TO

+l o / ] S
8 2 By °2
<_9a yxa’ l)<\ 9a y;a. l)a,

+§:(2L;x: ')' 37)

a=1

TOMY

(RDD™'Ryy, KZ(‘G‘ i, )a

a=1
Bubepemo Temep 0, Ta %,. [losHauumo

g = {xa =igha, ia=1, Ny —1, ho = la/Na},
mt={xa=iahq:la=], Na, ha=la/Na}, a=l' 2,
a TAKOKK BBEJeMO CKaisfpHi JOGYTKH

() V), = %1'& t (x) U (%) ha,

Xat®q

(Vg = X u(x)0(x) b

X [0)
akot
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Toni serko mo.ituty, wo
(u9 U) = ((u! v)(:),v l )w, = ((u) v)m,’ l)wlo_ (38)
(u, U)a = «u, U)m+, l)("B' o = l, 2, ﬂ =3 —aq.
(o4
Hexah tenep bg (xp) = max v* (x), a = I, 2, xp € wp, 1€ v* (x) aas

XotWq
dikcoBaHoro xs € [o033’s13k041 Ta <ol TPHUTOUKOBOI pisHULEB0] 3amaui:

1
ay

(@y) =— 5= ha <o <Kla — b,
**a ha (39)
, *(x) =0, x=0,ls xp€wp.

Jdema 2. Hexad p, > 0 — cimxosa dynxyia, sadana na @ i He pisna
momoxcro  wyato. [Aas 6yOb-axoi cimxosoi pyrryii y,, sadanoi ha ® =
={x;=ith1i=0,N, h=Il/N} =0 U {0,!} { maroi, upo y,=
= yn = 0 mae micye oyinxa

110y 9 < @2 Dot (40)
Oe
Vi o= max v, (4 0)= Nhu(x)v(x), @ v)yr=
i=I . N=1 *€®

= (u, v) + hu (xn) v (xn),
v; — po38’A30K Kpatiosoi 3adaui

Avi=uv;, ,=—ps i=1,N—1, yy=uvy=0 1)

~ Hosenennasa Ckopucraemoch BaacruBocTsaMu ¢yHkuii I'pina
G, fKa € po3B’A3KOM 3ajaui
' 1 . T
NG =Gz, = — 508 i=1L,N—1 Gop=GCrs=0,

ne 8;, — cumBoa Kporekepa. HeBaxko foBecTH (3a AONOMOro0 pisHHue-
BuX ¢opmya Tpina), wo

1) ¢ynruisn Ipina cumerpuuna, To6ro Gip = Giy Kpim TOro, Gix
8K QyHKUia R npu dikcoBaHomy { = |, N — | 3an0BosibHsie YMOBH

AGre=—h"8p, k=T N—1," Go=Gn=0;

2) dyukuis pina nopatna, 10610 Grp > 0 npu i, k % 0, N;
3) po3B’a30K 3aaaui (41) moxkHa nojatd y Burasai

N— N—1
Uy = — 2 G;_kAvhh = 2 G;_kpkh. 42)
k=1 k=1 ]
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Buxopucrosyoun (42), MaTHMEMO

©59) =3 oigih=— 2 pgyih( ¥ 6 ,,Ay,,h)

=1
N-—1

=—Y hAyh( ¥ 014G, kh) = —(Ay, w),

k=1

xe
N—1
= Y piyiGieh, k= 0, N.

{a=1

3acrocoByioun yaaraabHeHy HepiBnicTh Kowi — BynsakoBchkoro pas He-
BiA’eMHOro camocnpsikeHoro oneparopa — Ai

H— Au, v)| < (— As, 0)* (— Av, v)'?,
Jlicraemo

oy, 1) < (— Ay, )" (— Aw, ©)*?
a6o B cuay Toro, o (—Ay, y) = (y%, 1), +, Maemo

(oy, 1< (B2 D)yt (— Aw, ©).

I3 nepwoi Baacrusocri ¢pyukuii I'pina

N—1 N—-1
—Awy = — ¥ hpyiAGie = ¥ piyibin = pryns
=1 =1

TOMY
N—1 N—1 N—1 N—1
(—Aw, 0) ="y hpkyh( v hplyzct.k)= SN 2 agigan
k=1 =1 =1 k=l

ne arp = h%,0,Gie, 1 <i, R << N — 1. Bukopucrosywoun HepiBHicTb
Wy, < y! + yi, (42), a Takox cumerpilo i npopatHicTs byHKuiH Tpina,
sHaxoaumo jani

N—l
(—Aw, )<< 2, 0,5y7 by aw + 2 0,542 2 Q=
k=1 Pt

i=l

N—-1 | N—I N—1 —1
}_, yi V aix = Y, p;y:h( 2 hGl,kh> =

i=l
= 2 p:y?hvi < Tnax_oi(ey, y)———(py, Y

wo i nosoauts Jemy 2.
LlinKoM aHA/Or{yHO ZOBOAMTHLCR HACTYINHE TBEDLKEHHS.
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Jdema 3. Hexalip, >0, d;, > 0 3adani Ha ©, a pynkyisa;, =2 ¢, >0
sadana na o', Jlasn dosirbnoi gynxuyii y;, i =0, N, yo = yn = 0, mas
Micye OYinKa

N oy, <@y Dot + @y, 9) v = max vy,
{==1,N—1
Oe v, — po36’a30K sadati

Avis(av;)x.l—dlv,=—p,, i=1,N—1, yy=uvy=0.

B cuny nemu 3 3 po3s’azky (39) maemo

a+l 0 . o
( hZ ¥ l>"’a < ba (xp) (aayéa, l)w;;.. a=1,2
TlomHOXHMO w0 HepiBHicTb HaA B (xg) i npocymyemo mo wg. Toal B cuny
(38) micraemo

8., a+1 \ o,
( % 1< (oot , Doy =1, 2. (43)

2 ;=
hy

Hexail ¢, (xp) = max w* (x), @ =1, 2, xp € 0p, Be @* (x) wa oikco-
X €EWg
BaHOTO Xg € PO3B’A3KOM 3ajaui

(@S )y, = |Sacy | he <
aWy Jxg = T Top T » a\xa<1a~hm
. 2h, g (44)
w*(x) =0, xq =.0, la, Xp€ 0.

AxanoriyHo nonepeanboMmy Aicraemo HepiBHOCTI

%O 100 | o o
(a—‘;h_a._xg_ yz' l) < (uaea0aaay§a, l)a 'Y o = l. 2' (45)

| aaxa | © ( C, °9
(W ¥ l)< ,‘aza QoY » l)a. a=1,2 (46)

a”a

J.'[o,uauo HepiBHocTi (43) Ta (45) i npocymyemo ix mo a, Toni B cuay (35)
dicraHeMo

@9 1) = Dy, ) < ((*aCa + be) 0aaz, Do-
Bu6upatoun 9, 3a ¢opmy.oro

_ 1
8 (50) = G e, p e O

a=1,2 p=3—a, 47
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i BpaxoByiouy piBHicTb
: . o e 2 °
Ay, ) =—Ay, ) = ¥ @i, Day (48)
. a=1
aicraemo (Dy, y) << (4y, y). Orxe, B (32) MoxHa nokaacty 6 = 1.

Ouinumo Tenep A, Jns usoro niacraBumo (46) B (37) i Bpaxyemo dopmy-
ay (47). Y pe3yabrati BH3HAuHMO OUiHKY

(RD™'Ryy, )< Z (1 + Calta) (ba + Caa) Tagl , Do
Bubepemo Teriep %, 3 yMoBH MiHiMyMy BHpa3y (1 4 ca/%o) (be -+ CaXa)
N0 %g. HicTaemo %q (xp) = Vba (xg), « =1, 2, p = 3 — a, npuuomy

(RDD™'Ryy, )< agl (Co + VBalaagl, 1).
TlopiBHiotoun wo ouiHky 3 (48), sHaxonumo, wo B (32) MOXHA MNOKJACTH
A = 4max (max (cq (xg) + Vba (xp))2), p =3 —a. (49)

a=12 xgEag
Tligcrasasitoun B (36) 3HalAeHi BUPa3H AAA Kg, Oy, AiCTAEMO

: ai—l Iao“al 1
dx) =Y, e T Ty fEe 60

a=1 «

3aranbHa Teopis Aae Tenep QA YHCAA iTepaliil OUiHKY

$ -
"Aln (2
n = n,(e), no(e)'—'L_Q‘E/—%ﬂo

B cunay HeplBHOCTEH 0 <o <<ag < o3 (39), (44) nicraemo, mo by
= 0 (1/83), ca = O (1/hg), AKWO UHCIO TOUOK, B AKHX dazy = O (h—')
CcKiHueHHe i He 3a/exMTb Bia A. 3piacu

ny(e) = O(VNin (2/e)),

TOOTO acCHMNTOTHKA 4HcJsa itepaunifi Taka cama, sk i fas meroay (30).
Ilpore Ha BiAMiny BiA ocTaHHBOTO TYT OLiHKA 4HCAa iTepalill 3a/eXHTb
He BiJi eKCTpEeMaJbHHX XapaKTepHCTHK KoedinieHTiB an (x), @ =1, 2,
a Bip iXHiX iHTerpanbHHX XapakTepHCTHK. PO3paxyHKH Ha MOAENbHHX
MPHK/IaJax 10Ka3yioTh, L0 YHCJAO iTepalifi He3HauHO 3a/1eKHTh Bij BilHO-
WEHHA ¢y/cy.

Meron (31) peanisyersca B Takifi nocainoBHocti. CriouaTky mia ¢ik-
coBaHoro xp € lhg, Ig — hs] MeTopoM 1nporoHKM po3B’A3ylOThCS 3anaui
(39), (44) i susHavaloTbCH by (xg), Co (xp), @ == 1, 2. 1li yoTHpu onHo-
BUMipHi ciTKOBi ¢yHKkuii BHKOpHCTOBYIOThCA B mpoueci itepaui## ans o06-
yucaeHHA d (x) 3a ¢opmyaoto (60). Ilpocrora uiei popmyan nae 3mory
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He 36epiraTH ABOBHMipHY ciTkOBY ¢yHKuUilo d (x), a o6uncmoBary ii npu
HeobxiAHOCTi.

Hani 3a gopmydowo (49) saHaxonsth A i noknanaiore 8§ = 1. 3a uumu
BeJIMYHHAMH 3HaXOAATb 4HCJO iTepalifi i 3riiHO i3 3araabHOl Teopiero
BH3HAYal0Th NnapameTpH @ i T,. 15 BH3HAUEHHSA Yry13a Y, MOXHA BHKO-
PHCTaTH TakKy cxeMmy:

O+ RV = 0u (D + ©Ry) gess = Do, (51)
@ = (D + 0,R) D™ (D + 04Ry) g — Tats (Ays — @),
abo B iHJeKCHOMY BHIVISA

v, p=oul, prE—1, P+B:G Hovd, j—1)+

+u(l, Dou(i, j), i=1, Ni—1, j=I1, N,—1; (52)
00 D=0, j=T, N,—1, o(,)=0, i=T, ;=T

Depr (o )= oy Dyer1 G+ 1, )+ By G, ) gesa (6 j+1) +
+xG, )d@ Do ) i=N—1,..., 1, j=N—1,...,1, (53
i3

@ = Oy % . B, Wos @ = "’oaiH" B, = “’oag-l”
ht o neoot I
R I S B el
% T 2n2

Ipasa yacruna @, (i, j) oGuucoerscs 3a GpopMyAaMu
@, N=IPG—1, D+QM, j—1)+SU Db, )+
FRG DG +1 DHRG—T, Dgsli—1, )+
+ R D gn Gy j+ 1+ Ry f— Dgn i j—1) +

FGE—1, Pgnli—=1, 4+ +GG, j—Dyyli+1, j—1) +
+Tk+l(P(ir ])1 i= 1) Nl'—l’ ]= l: Na—ly

ge
oZatlagf! at
G=—2"2_. R,= THI__‘%_ % a=12
Wihid de | n2 '
2. +1\a CIPRE|
1 ™ wy (a™) o5 (a7 )
= [_d’:__gtk“(l_ud)-l, Pe=2"1"_ Q=227

©o% hid hyd
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apuyomy PO, ) =0, j=1,N,—1, Q(, 00 =0, i=1 N, — .
3ayBaxumo, wo B cuny (49), (50) cnpaBeanuBi ouinku

la

2
A 1
Ca+Vba\V —“)_o’ d>(°oz 2:xa|,

(02

a=I

3Biaku
2 +1 2 |a | - gttt +a
1 ay +ay CXg, (] o =
T = d + 0)0 Z 2h2 > (1)0 Z ( Qha 2h2
a={ « =l @
+1 +1
_ al a2 a,
,-mo(max(—h—g—, e )—l—max(?,-g)),
a6o

max (o4, o) + max (B, ) <1

3Bincu a; 4B, < 1, @, + B, << 1, Tomy paxyHok 3a dopmynamu (52),
(b3) 6yne crilikum.
Posrasnemo, kpim (27), we 3agauy

Lu=Lu—q)u=—f(x), xEQ,

u(x)=p(x), xel,
0<<qg(x)<<e, ¢ =const>> 1. (55)

Has 11 HaGAMKEHOTO PO3B’A3YBAHHA 3aCTOCYEMO PI3HHUEBY CXeMy

(54)
Ze

&y = Ay —9q (JC) y=— f(x)’ JC( Wy,
gy =p(x), x€v

Ze onepatop A To#l cammuii, wo i B (28). Ananoriuno (29) cxemy (56) MoxkHa
3anucaTH SIK oneparopHe piBHSIHHA B mpocTopi H:

Ay=o, gy, 0€H, A=A4+Q Q=qw! (57)
1 sacrocyBard MR HOro posB’si3yBaHHs MONEPEMiHHO-TPHKYTHHHA METOL

(56)

BT | A=, k=0, 1; ..., VpthH, (58)
k1

B= (D + oR) D™ (D + wR,),

R=R,+R,=R*>0, R,=R;

Hexaii Bigomo, mo ‘
A=A4*>0,- ;R AL ,R, >0, (60)
R=R,+Ry=R*>0, R =Rj,

(59)
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i, kpim Toro, as piaronanbHoro onepatopa D = d (x) I Maemo
<R, RD'R, <R, D=D*>0. (61)

Toai an oneparopa A = A* > 0 HeBaxKo 3HaATH OLIHKY

R << A< (r:2 —d%') R. (62)

Slkmo 3acrocyBatd Merop (58) ans poss’ A3yBaHHS piensfins Ay = ¢

npH D >d(x) 1, Roc = Ra, a=1, 2 A= A, 1O 3aranbHa Teopis
#ae TaKy OLiHKY KiJbKoCTi iTepaniii:

- "5
>mnEe)=y =+ ——
= 1y (e) o 273t T

a B cuay (62) meron (58) anst piBusinHs (57) npu ToMy camomy BuGOpi iD
iR, norpeSye KiJbKocTi iTepauii

> ) =V 1+ 55 n),

MO NpH BENTHKHX ¢, TOGTO IpPH CHIBHO OCUHM/IOIOYOMY Koedinlentl ¢ (,\)
MoKe 6yTH 3HAuHO Giablue 7.

Tomy posrasiHeMo Taky Moaudikauiio Merogy (58), (59), ska BHKopHCTO-
By€ onepaTopH

R=R+0Q, Q=—3-q@ Ri=R+5Q (=12 (63

_ 6
’ n—‘-A—'

D =D+5Q, =0,
_ E = (5 + akl) 5_1 (5 + g)éz)
HeBaxXKo MOMiTHTH, w10
é .

A
: (64)
D=D+ﬂ< R+

<R,
sQ< ma {—}5— , s} R.
Hani
(RD™'Ryy, 5) = DRy, Ryy) = (D™'Ryyy Rup) +(O~'Q Rug) +
+ 4 (D7'Qy, Qy) <(D'Ruy, Ryg) + (DT'QD"y, D™*Ryg) +
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+— (D7'QQ"y, @) <5 Ry, 5) +157'Q1 x

x {0y, 9 @Ry, R + +@u. )}
OCKiJIbKH‘[] Qu\m, TO

~ o~ ~ 172 ~
(RID_'ng, n<i (Ry, o+ TJr——{(%s) (Ry, 9) + % @y, y)] <

2cn 112
(A+ d+sc )(Ry’ y)-

Orxe (60), (61) ana oneparopa A BHKOHYETbCH BiJANOBiZAHO 3 KOHCTAHTaMH

~ ~ . Ly s 2oy~ 112
Ci=0C1, Cp=0y 6=mm[6, —s—}, A=A+ d']*_sc ,

i ToMy 3aranbna Teopis [ITM pae ouinky kinbkocti itepauiit
In (2/€) ~

) n(e, s)=“/-'i2____-~—___,
f1 2¥3 (s =

MiHimyM;z (e) dyHxuii £ (e, s) MocsiraeTbCA NMPH MAaKCHMAJBHOMY 1 (5).
Jdema 4. Pynxyia m = v (s) docazae maxcumymy

Dllo’l

= n n
Nmax = — = =
1+2Vﬁ(1+—60d) ! 142V

r>loa

‘n=

npU max = 8.

HDoBegpenns Hag s>0"
~ ' . —1
n(s) = (sA +2q072 (1 + -—2‘2—-)) ,
i 11le € MOHOTOHHO CNajHa QYHKILiA. Tomy Smax << 07 3 inworo Goky,
s < 87!

n6) =8 (A + 2,,]-1'/2 (s + %)—l)-fx

i 12 dyHKILin MOHOTOHHO 3poCTae, TOBTO Ma€ GYTH Smex => 6. Lle i go-
BOIHTL JIEMY,
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TakUM 4HHOM, [ITM (58), (59) npu BuGopi oneparopis (63), ze s =
= ﬁfl, o= l/VS&, norpe6ye

2
~ —_— In=—
ne)=a @+ 2 =) 2t =

irepanii. Ockinbka M << 1, T0 uncno irepauifi He Habarato Giabie BiA
ne (e) i He 3aneXHUTh Bif ¢. SIKIIO KPiM ¢ TAKOXK Cy/¢c; — BEJHKE YHCIIO,
TOGTO CHJIBHO OCLHJIOIOTh TaKOXK KoediuieHTH Ry, TO 32 paxyHOK MHQXK-

Huka V ¢y/c, ukcno iTepanii moxe 6ytu 3HOBY 3HAUHHM. Y uboMy BHNAZKY
B metoai (58), (59) moxkHa Biu6Gparu 3amicTb DR, oneparopu (auB. (50))

Dy (x) = d (x) y (x), x€o,

~ 2 atla Gaxy b _g— ’ 1
d(x) = e+ =,
Zl ( hg, Vbo; 2he, o+ Vba
~ o 2 o ay,. o
Rly = Z ( h !/x-a + ( 2haa + _%—) y) y X E mb’

Y
(#3
~r O 2 a+la ° aax o
Ry=—%, ( o Y T (Ta'—%) y).' * € 0y
OCKIJIbKPl TOlll A=R,+ R2 i R1 = R2, 10 HeplBHiCTb clR <AL

czR R= R1 + R2 BHKOHYETbCA [pH cl—c2 = |. Koedinienrn
ba, Ca, @ = 1, 2, BU3HAYaWTLCA GopMyaamMu

b (xp) = max v" (x),
w €0

c“(xﬁ)=max w* (X), xg € wg, a=]» 2, B=3—a.

Xy €00y
ne (aus. (44), (39)) v*, w* — po3B’A30K 3anay
(aav%a)xa - 'g— v = — af;a y Xa€lha, lo— ha),
. .
v* = 0, x =0, lo, Xg € wg,
(aawgu)xa ~— -g— w* = — —lfgf—a%aqml ’

xaE[hOh loc—ha]n wa'—‘o’ Xo =0, lq, Xg € 0g, ﬁ=3—ai w=1, 2
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AHanoriuHO noNepenHbOMY JAsi TAKOro omeparopa D MoxKHa aicrat
TaKi KOHCTAHTH B HepiBHOCTAX (61): -

A =4max{max (cq + Vba)?}, p=3—a, §=1.
a=I1,2

~ Fa)
Po3paxyHkH NokasyioTb, Wo npu trakomy BuGopi D, Rq, & = 1, 2, kinpb-
Kictb itepauifi [1TM caabo 3anexutb Bia uyucea ¢,/c, Ta c.
5.4.4. BaratociTkosuit meroa. Po3rasHemo moneabHy 3apauy

—u'(x)=f(x) x€0,1), 4@ =u()=0, (65)

AKy Ha citii 0, = {x; = 1" = ih1i =0, 2N, h =1/(2N)} saminumo
CKIHUEHHOPI3HHIEBOIO 3a1auei0 B MaTpHuHil GopMi

Apuy = fn (66)

ne wy = (uy (1), ty (2h), ooy ty (I — BYT, fry = (F (), F (2h), ..., F(1 —
— )T — (2N —1)- BHMlle BekTOpH; A, — MarpHuA posmipHocTi (2N —
— 1) X 2N — 1)
- 2 —1 0 0...0 0 0~
—1 2 —-10...0 0 0

0 0 00...0 —1 2_

3actocyeMo A1a po3B’A3yBaHHA (66) HesBHMEl MeTom mpoctoi iTepauil
(meton S1ko6i)

{0 = uf) — oD (Al — ), 0< o<1,
ae D, = diag A,, A, =D, — P,. Bpaxosyioun, mo AaiaroHanbHi
enemenTH Marpuui D; ' 1opiBHIIOTH h%/2, noKagemo @ = /2 i micranemo

T = 4l — oh? (A,,um — I, 0<m<—; ,

abo
WD = B, uld + 2

B, =B, (‘0) =1 —oh*4,, g,=oh¥f, (67)
s noxu6ru v = uf? — u;, ne uj — Tounnit poss’asok (66), maemo
3ajauy
v;;/+l) = Bhvﬁ.‘).

HeBaxko sHaiitu (auB. 0. 1.4.4 3 4. 1), 0 BJaCHHMH 3HaYeHHSAMH MaTpHLi
Bb e

Mo (@) = 1 — dsine (3% )s i=1, W=,
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i i BignoBipaloTe BacHi BeKTOpH
wi = {V/ 2k sin (inh), V 2hsinQinh), ...
e, V2hsin (2N — 1)inh)}. 67)

HeBaxKko noMiTHTH, 10 cnekTpaabHu# paaiyc marpuui B, (Moayab MaK-
CHMAJIbHOTO BJIACHOTO 3HAYeHHA) €

,

Po(By) =1 —40 sin? 2 | = 1 —on2h? + 0 (hY),

2
i BiH BH3HA4Yae WBHAKICTb 36iHOCTI npouecy (67). das manux h BeHuKHA
Po (By) 6ausbka po 1 i wBHAKicTb 36ixKHOCTI Y UBOMY BHNAAKY HEBHCOKA.

I3 s6inbennsam b spocrae i wBHAKICTB 36ikHOCT] iTepauifiHoro npouecy
0 __ 0

(67). Posknagemo noxuGKy vy’ = uj  — Uy 34 BJACHHMH BEKTOPAMH W)
2N—1 )
o0 = El oL hWh.
=
Hna noxubku j-i itepauii maemo .
aN—1 . 2N—1 2N—1
= X anB) vh= 3 an(r©) wi= X Bijn(@)wi,

. ; 1)
B @) = (hin @)tz = {1 — 4o sin (L)) .
s Manux i (A1 HUSBKHX YacTOT) MAaeMO Q;p =~ P;;n, a -ANS BeJH-
KHX { (0151 BUCOKHX 4acToT) | B, (@) | < | & |. Lle o3nauae, wo - Buco-
Ki uacrord B moxu6ui micas HeBeqMKOro uicia itepauiii 6YAyTb CHJIBLHO
NojaBjieHi i He BIIMBaTUMYThb NOMITHO Ha BeJuuuHy noxuOku. Ile
03Hauae, B CBOIO UePTy, o NOXHOKA CTaHe «3TJ1afxKeHOI0», 60 IPH Manux i

BJaCHi BEKTOpH 5 fIK CiTKOBi dyHKuii aMmimioloThcst nobinbHO. OTxe,
He3BaXalo4H Ha He3HauHY WBMAKICTb 36ixHocTi, MeToa $IKo6i (4) uiBmaKO
srJyalKye Moxu6ky. MoxHa noBectH, o # iHwi itepauiiiHi merozy (Ha-
MPHK/IAA, METOL BEPXHBOI penakcauii, Meroa 3efijies1s]) MalOTb TaKy camy
BAACTHBICTD.

[lepen TuM fiK nepedTH A0 6araTociTKOBOTO METOAY, poermHeMO JiBO-
ciTKoBHH MeTOZ.

Heocimrosudi memoo. -

Tlpunycrumo, mo itepanifiHuA MeTox

T =8l + g, (68)

Mae OMHCaHy BHINE BAAaCTHBiCTb 3IVIafXyBaTH noxu6ky. B merozi (67)
maemo S, = B, = I — wh®A,, g, = oh®*f,. Hani BBaxarumemo, wmo
= 1/4. :
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Hexait uy, m > 0 — neske HaGMHXeHHs 10 PO3B'A3KYy 3ajaui

Apup = [ . (69)
Bu6pasiun Uy 3a NMOYaTKoBe HaGJHIKEHHsS, BUKOHAEMO AeKiJbKa itepauiit
3a meroaoM (68) i micraHeMo Desikuii BEKTOp 4p', A1a AKOTO

Al = fy + dy. (70)
Ockinbku Meron (67) 3raauKye NOXUOKY, TO BEKTOP NOXHOKH U = uf —

— uj MaTHME BHILY «AaAKIiCTh», HiXK BEKTOp uj — u;, A€ W} — TOUHHMI
pO3B’A30K BHXigHOro piBHAHHA (69). Bignssuwu (69) Bing (70), aicranemo

m
Ahvh = dh' (7P)
OckinbKH QYHKHIA Uy Mae BUCOKY «IVIaLKiCTb», TO IONiIbHO piBHsHHA (71)
po3B’si3yBaTH (HabaHKeHO) Ha GiJbl rpy6ifl ciTili, 3MEHILYIOUH THM CAMHM
KinbKicTh HeBigoMux. JI/isi BU3HAUEHOCTi Bi3bMeMO CiTKY wy, 3 KpoKoM 24,

Bysaamu xP = 2ih, i =0, N, i poarasnemo Ha wiii citui cucremy pis-

HAHB
Aohvoh = don, (72)
me marpuus Agy posMiprocti (N — 1) X (N — 1) mae Burasg
-2 —1 0 0... O 0 0] -

-1 2 —1o0.. 0 0 0
L e
4h* 0 0 0 0..=—1 2 —1

0o 0 00... 0 —1 2

a vy, — BekTop posMipHocti N — 1, sAKull MOXHAa pO3TNAJATH TAKOXK
i fIK ciTKOBY QYHKILiO

Uoh = (Uh (2h), Uok (4h), ..., U5k (1 — 2R)T,

[paBa uacTHHa dy, € NEAKHM ¢3BYKEHHSIM» CiTKOBOI dyHKUii d, Ha ciTKy

®Won, TOOTO dox = Rd,, ne R — nesxuii oneparop {(MaTpuus) 3BYXKEHHS.
Llefi omepaTop MOKHA 3ajaTH, Hanpuk/aan, piBHicTio don (x) = dy (¥),

X € @o, a60 MaTpuueio posmipHocti (N — 1) X (2N — 1)
01 00O0...000
000610...000
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MoxnuBuit i Takui, HanpuKJaag, BapiauT:

don = ~4 (@ (£ — 1) + 24, (1) + dy (x + ), X € o

1 2100...0000
1{0 01 2 1...00 060

00000...01 21
T06TO

don (2h) = - (dn () -+ 24, (2h) + dy (3h),

don (4h) = —- (d, (3%) + 2d, (4h) + d,, (R)),

don (1 — 2h) = - (dy (1 — 3h) + 2d, (1 — 2h) + d, (1 —B)).

TMpunycruMo, wo Mu po3B’sizanu cucremy (72) i aieranu B pesyabrati
Usn = Az'don. Tlicns wporo noTpi6HO ciTKOBY GYHKIIIO V55 RPONOBXKHTH
3 CITKH @y, Ha CiTKY @, 32 AONOMOTOI0 JEfIKOTO Oneparopa NpPOJAOBKEHHS

vy = Puy,.
Oznue 3 MOMJIHBHX NpOJOBXEHb MOXHA 3ajath (GopMyaaMmu

Ug;t (x), x ( 62/1’
105 (x —h) + oG (xR, x €@y \ O
a6o Marpuueilo posMipHocti- (2N — 1) X (N — 1)

o (x) =

“100...0 07
2 00...00
110...00

0 20...00

P==l010...00
0 0 0... 0-1
0 00...02
00 0...0 I_

(tyT BpaxoBaHo, WO Uz (0) = vk (1) = 0). OTke, vy € AeSKHM Habup-
KeHHAM A0 Uf =uf —up, i ToMy wit'=up —vf e HaGamxenHsm
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ZO TOUHOTO POSB'SI3KY u;. BpaxoByioun Gopmy.u Uk = Ag'don =
% Rd, = A%'R (A — [,), maemo
: ml = —1 -
Ut = upt — PAR R (Auft — fp). (73)
OTxe, RBOCITKOBHH METOA CKJAjaeTbcst 3 TaKHX KpPOKiB. BHxoasuu

3 10YaTKOBOTO HabamxkeHHs up anam = 0, |, 2, ... BUKOHATH:
1) v 3r/Ia/KYIOUHX itepauii

) , X1 " [
m(O) Uh u;'"(l+) LIT(”— - (Ahuh _fb)v ]=0, v—1,

2) obuncauTH HeB 53Ky (nedekt) d, = A,ufy — fy;

3) 3By3wm d, na g, : dyy = Rd,;

4) po3sB'asarH plBHHHHﬂ Aghvgh = doy Ha CiTUi O .

5) NPOHOBXKHTH Uy, Ha CiTKY ®, i obuucautu (m -+ 1)-my irepauio

Ut = 4 — Pug.

3BepHemocs Temep A0 IIBHAKOCTI 36ixkHOCTi ABOCiTKOBOrO Meropy.
Floro mMoxna sanucaty y BUrasaai JBoX sApycHoi itepauiitnoi cxemu

= M, (V) ui + Ny () . (74)
Hidcno, paa j = 0, v— 1 maemo
W (7——An) £ 4 '_'fb_Sh mm+—’f:—fh.

3BijKH MeToAOM MareMaTHYHOI IHJIYKI.III BHBOJAHMO

un = uf® = S"u;."+ (2 S,.) fae (74')

Cnekrpanbuufi pagiyc S, MeHInn#t sa onunHwo, tToMy S, — I — HeBHpO-
JoKeHa MATPHLSA. 3BincH BHTiKae 306pakeHHs
v—1

Eo Sk=(Sy— N7 Si =),
To6r0 38 (74') Maemo
up = S+ (8 — DT (SE =D fye
Hinc'raBnmqu ueft Bupas y (73), maTumeMo
= (1 — PARRAN(SWE +5 (Sa— 17 (¥ — Do} + PAZ'R), =
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= (I — PA% RA,) Shur’ +
+ ["% (I — PAZRAY Sy — ' (Si—1) + PA;,,‘R} o

Ho_piBHlOloqﬂ ne 3 (74), nmicraemo
Mll (V) = (] — PAz—thAh) Sx,

Ny () = 2= (1 — PAZ'RA) (8, — Iy (Sh— I) 4+ PAZIR

o6 ouinuTH WBHAKICTbL 36ikHOCTi Merony (74), (75), notpi6HO ouinMTH
cnekTpanbHuil paniyc a6o aesxky nopMmy Marpuui M, (v). Taky ouinky
fae HaCTYNHAa TeopeMa.

Teopema. [ins cnexkmpanvrozo padiyca p (M, (v)) ma daa cnexmpasvroi
Hopmu | My, (v) |y marome micye oyinku

pMy(W) =pv— [0 ")), |My(¥)|h=0v—]|0(Y],
depy =max [r(l —n"+(1—1rl<l, o, =max {21 — 9™ +
o<r<1/2 0<s<1/2

+ (1 —8)25™ B} << | — cmani, wo saremamy auwe 6i0 v i He 3arexcamp

6id h.
,U.OBeIleHHﬂ 3ayeaxumo, no-nepwe, wo S, = B, =/ —wh’4, =

75)

=] —A,, Matpuui B, Ta A, MaioT CnifbHY CHCTeMy BJIaCHHX
BeKTOpiB (67 ). HeBaxxo 3naiity, 1o ans i-ro BJacHOr0o BEKTOpa
2N—1

\whlp = 2k v);l sin? (visth) = 2AN = 1,

IpHYOMY
oN—1

(wh, wh) =2k L sin (vizth) sin (vknh) 0, istk,

TO6TO BEKTOPH ®f, YTBOPIOIOTL OPTOHOPMa/bHY cHcTeMy. Te came MOMHA

CKa3aTH NP0 BEKTOPH Wy, Ha CiTLi wgy. BBeseMo yHiTapHy MaTpHuio pos-
miprocti (2N — 1) X 2N — 1):

IN—1 IN—2 N—1 N+1
W, =[wh, o, wi, wh" %, ..., wh ,wn+

L @],
CTOBIYHKAMH $IKOi € OPTOHOPMAJIBHI BEKTODH w,, Hexat
Won = (Wi, Wi, «. ., @ ]
~— MaTpHIA, CTOBIYUKAMH AKO] € BAacHi BeKTOPH MaTpHLi Ag. [Toknazemo
Zh = WrA,W,, Aoy = WA W,
B,=WiBW, P=W;PWm, R=WuRW,,
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A€ * 03Hauae 3HaK TpaHcnoHyBaHHs. HeBaxko nepesiputy, wo B, € 610u-
HO-/liarOHa/IbHOIO MaTpHLEI0 3 6JIOKaMH

0 si 2

A, — 6/104HO-iaroHaNbHOIO MaTpHLEo 3 6JOKAMH

\ .
_ c, O -
Bﬁt"=(u ) u=T, N—1, BV =]

2
sy O _
T 4 [ _ 4 1) TN 7 M 2
A =7(0 cﬁ)—w(l—m )y p=1,N—1 A" =3,
Ay, — NiaroHanbHO MaTPHIEIO 3 eJeMeHTaMH
A(QL}’;';‘—hTSuCu, H=],N—l,

. UIh purh R . .

ne sy =sin-"y~, ¢y = cos -~ g—. Marpuui «npogosxenta» posmipHocTi

(2N — 1) X (N —1) ta sByxeHnHs poamipHocTi. (N — 1) X (2N — 1) ma-
IOTb BHIVIAJ :

~po - “R® . 07
p = ‘p(N—l) , 7? = ‘ ‘R(N—l) 0
_0 0 ...0_ B 0

2
- ¢ —= TN 71
Ae P(u) = '/ 2( ;): R(u) = Vl-§ (cf“ _sl»zl)’ W= 1’ N—1L ManHUﬁ
w/

M, (v) = WaM, (v) W, € Takox 6J0uHO-LiaroHa/lLHOW 3 6/10KaMu

2N (cd oY -
cf)(" .|, p=1 N—1, M@ =o0.
A

0 s,

Do Do

MY (v) =(
Hdani maemo

P (M, () = p (M, (v)) = max oM}, p=1, N,

1M, ) e =uM,,(v)|h=max (M), p=1"N.

m

OBuKCIOI0UN BIACH]T 3HAYEHHSA MATPULb M (v) Ta (MP (v))* MP (v),
mictaeMo TBep)m(eHHx TEOPEMH.
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HaiiBaxauBiwuM pesyabraToM Liei Teopemy € HesanexHi Bia ki ouinkH

pM, V)< pv, | M}. M < ov,

AKi B CHJIY HepiBHocTel py << 1, 0y << | 03HaualOTh WBHAKY i HE3aJEXHY
Bia h (t06ro Bin KiabkocTi piBHAHDB) 36iXHiCTb ABOCITKOBOTO MeTOAY.
3anexHictb py Ta Oy Bif v 43€ HacTynHa TabaHus:

v 1 2 3 4 5

e, 05 026 0,125 0,0832 0,0671

05 0,25 0,150 0,11569  0,0947

oy
LUs rabruus nokasye Ayme MBMAKY 36iXHICTH EBOCITKOBOrO MeToAy.
Tak, aas p = 10 iTepauifi npu v = 2 3riajKylOuux itepanifax maemo
OLiHKY

boi® — i o <1077 — i
a wo6 Takoi camoi TOUHOCTi AOCATTH B MeTOAI BEpXHBOI pesrakcauii wis
h = 0,01 (99 plBHﬂHb) noTpi6Ho 200 itepauiit, ans h = 0,001 (999 pis-
HAHDb) 3447 itepauii.
3ayBaxkuMoO, W0 3aNHCaBIUH METOA BepXHbOI pesakcauii y BHrasai

m
urt! = Myur + Nofy,
IS CMeKTPaJbHOTO pafiiyca matpuui M, npH ONTHMAJIbHOMY 3HauyeHHi
napamerpa pesiakcauii MOXHa 10BecTH OUiHKY p (My) =1—10 (h) |,

a 115 POSIASIHYTOro BHme merony mnpocroi itepawii p (M) = I -
— 1 0 (h¥ |, wo i 06yMOBJI0E iXHIO AOBi/NBHY 361KHiCTb (THM NMOBi/BHIIIY,
uyM MeHle h).

Imepayidinui 6asamocimiosutl memod. Y IBOCITKOBOMY MeTOAI CHCTEMa
piBHfHDb (72) Mae 6yTH po3B’s3aHa NesakuMm NpsaMHM MetofioM. OnHak us
cHcTeMa MoXKe GYTH JOCHTb BHCOKOT PO3MipHOCTi, TOMY JOUi/MbHO pO3B’s3a-
TH 11 TaKOX ABOCITKOBHUM METOJOM, MEPEHLIOBIIN IO CiTKH 3 KPOKOM, Ha-
npuknag, 4h. ¥ pesyavrari npuiiaemo fo-tpucitkoBoro merony. [1ponos-
JKUBIIH TaKy Npouenypy, AicraHemo GararocitkoBuii Meros. 11lo6 3anucaru

izefi meTon, pO3Ir/IsTHEMO AEAKY MOCAiNOBHICTb CiITOK ®4, 3 KPOKAMH CITKH
ho >hn > h2 > ...>h,> .., Hanpuxaan, h, =270 =0, 1,
y Ny = lIJm CMpOLIeHHs N03HaYeHb cm<y oy, Gynemo sanncynam

K ®,;. KPIM l‘paHH'{HI/IX TOYOK, B AKHX pO3B 130K 3ajaui Bigomuii, cirka
Wy CKJIALAETECA 3 ‘OfiHi€] TOUKH 1/2 a.citka (D, BKJ/IIO4ae BHYTplllIHl BY3JH

Burasay sh;, s =1, 2, .., 2+!' _ 1. Ha cirui ®; MaeMo aHaJoTiyHO
(69) piBHsAHHS '

Awy=Ffy 7
pe u; = lu; (b)), u; (2hy), ..., u; (1 —h}))T — HeBigomuit BexTOp (ciTKOBA
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dyukuin), f,=If (), f @h), .., f(I —~)IT — Bigomnuit Bexrop,
- 2 =1 0 0... 0 0 0
—1 2 —1 0... 0 0 0

Al——T L I T S R S T T T Y

i 0 0 00..—1 2 —1i
_ 0 0 00.. 0 —1 2_

Matpuus posmipHocti (N, — 1) X (N, — 1), N, = 2'*'. ¥ msocitko-
BOMY Merom M Maan Wit =47 — Pl Ila.m MoXHa G6yJso 6 no-

KJ1acTH u, = uf — Py, notim 4, «NOKpaUIUTHY 3a JIOMNOMOrol0 je-
KIIBKOX 3rMajkylounx itepauil i pesyabtar nosHauutd u;'t'. Llio
npoueaypy B. 6aratociTkoBoMy MeTOAi MOXHA BHKOHYBATH Ha KOMXHiH
citui. IHani BBaxkaTumemo, o npu nepexozli Ha 6i/b1 rpy6y CiTKY KOXeH
Pa3 BHKOHYETBCs vy 3IVIaJKYIOUHX iTepauiii, a npu nepexoai Ha ApiGHiWY
CiTRY — v, 3FJlaD.)KYlO'-lHX iTepaui.

Hexait u7', m > 0 Bipome. Toni GaraTociTKOBHiI MeTOA CKJ/AaAaeThCs
3 TaKHX KpOKIiB.

1. Bukonatd .v; 3riajukyouux itepauiit ans A, = f;, nounnawoun

sul =ut. y pesynbran picraHemo u,.

2. 0na i=0,1, ..., L—1 o6uncaurn di—; = A_iths—; — fi—s,
{=it—1 = R;id;—;. lns i <L — 1 BHKOHAaTH v; 3NIalXKYIOUHX iTepa-
}_ﬂﬁ A Aj—gylhy—g—y = f1—4—1, BHXOAAMA 3 U,y Y pe3yJsbTaTi MaeMo
Uymit—1.

3. Posp’sizatn cucreMy A;—pu;—r = fi—p Ha citul @,r. Pesynb-
TAT NO3HAYHMO U;_1.

4, Tloknactu gna k=1, 2, ..., L

Wi—Lir=Ur—L e~ Pr_roptli_ryp1

i BHKOHATH v, 3TMAKYIOUHX itepauifi mis A;_pali-Lis —-h_u,k,
BHXOASUH 3 U [, = L4k TlosHaunMO pesyabrar uepes y_rik.

5. Moxaactu uft! = u.

AnroputMm nounHae poGoTy 3 Hafiapi6Himol ciTKH, MOCTYNOBO mepexo-
Zuth A0 Hakrpy6iwoi ciTku i nosepTaeTbcs 3HOBY A0 HaiapiOHiwol.
Kaxyrb npn ubomy, mo BiH BHKOHYe V-unkia (puc. 27). 3posymino, wo
MOX/1MBi iHIi BapianTH nepexojy BiX CiTKH A0 CiTKM, HaNpHKJAA TaK
sBanufi W-nuka (puc. 28).

MoxHa nounHaTH itepauii He 3 HaHAPiGHiwWOI CiTKH, 4 3 AesAKOl iH-
uiof, Hanpuk/aaj 3 HalrpyGimoi.

Ha Taknx camux inesix 6ynyroTecsi 6araTociTkoBi MeTOAH ANs Garato-
BUMipHHX anpoKCcHMauiil' piBHfiHb 3 YAaCTHHHHMH MNOXiZHHMH, Xoua TeEX-
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32h
Puc. 27 Puc. 28

HiyHa CTOPOHA B LBOMY BHNAJKY JAELIO CKJaiHima (TaKk, Mae 3HaueHHS HY-
Mepauin By3aiB, CKnafuiwy CTPYKTYPY MaIoTh ONepaTopH 3By KeHHA i npo-
JOBXeHHss i T. n.).

Bpaxosyioun, o marpuus M, (v) B (74) mae cneuianbHy CTPyKTypy
i e 106yTKOM pO3pilKeHHX MaTpHLb 3 KiAbKiCTIO HEHYJBOBUX eNieMeHTIB
O (2N) = O (1/h), nicraemo, 110 KOXHa irepauin BUKOHyeThCs.32 O (N)
= O (1/h) apudpmernunux onepauit, a ockibKH KinbkicTb iTepauif He
3a/1eXUThb BiA A, TO 3ara7bHa KiJbKicTb apHPMeTHUHUX onepauifi B ABO-
CiTKOBOMY ME’l‘OJli € BeJIMUHHOIO TOrO CAMOro MOpPAAKY, WO | KiAbkicThb
piBusinb. Te came MoxHa joBectd i ans Gararocitkosoro meroay. Huas
nopiBHAHHSA HAraaaeMo, o MeTOA I‘aycca AJsl CHCTEMH 3 1 PiBHSIHb BHMa-
rae O (n®) apudpmeTHuHHX omepauid, a MeTOL BepXHbOI penakcauil s
pospimxkeHoi cucremu (69) — O (n?) = O (l/hz) Bararocitkosi MeTO/H
MOXKHA 3aCTOCYBATH i A5 GiJblI CKJAAAHHX CITKOBHX anpokcumauii i o6-
JIacTh fOr0 3aCTOCYBaHHS BeChb Yac PO3LIHPIOETHCA, X0ua YHiBepcaJbHHM
fioro HasBaTH He MOXHa. OJHHM 3 OCHOBHHX He/IOJiKiB LIbOTO METORY
€ Te, W0 AJis HOro 3aCTOCYBaHH$ BaXJ/IMBOIO € BUMOTra piBHOMipHOCT] CiTKH.

FNABA 6

METOM PO3B'A3YBAHHSA
NOYATKOBO-KPAHOBUX 3AMAM
ANA HECTALIOHAPHMX PIBHSHb

6.1. Mocranosxa 1a 3aranbHi igei anpokeumauil
3agau napaboniuvoro Tuny

PisnanHa napaGoniydoro THITY MOXHA S&ITHCATH Y BHIVIAAI
=Lu + f(xr 0, (xv t)E qr,

neu = u(x, f), x ¢ Q, t€[0; T]; Q — neaka o6nactb €BKNiA0BOTO NPOCTO-
py R" 3 rpaunueo 9Q; Qr = Q X (0, T1 — unninpp, L — nesxuii enin-
tHYHHi onepatop. [1lo6 BugiinTH eAHHHI PO3B’ A30K LbLOrO PiBHAHHSA, KPiM
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rpanuunux (kpafioBux) ymoB lu = u (f), x ¢ 0 nna oneparopa L (I —
JesKUH TpaHHYHHMA ONEeparop), OYeBHAHO, TOTPiOHO HAKJACTH Lie OAHY
YMOBY, HanpuKkJ/1aj 3afaTH QyHKUilo i npu aesakoMy ¢ = f,. Sapaua BUrAAAY

zu_%’_t)' = Lu (x’ t) + f(x’ t)v (xr t)E QT.

lu(x, )= u, (), x€09Q, (1)
u(x, ) =uy(x), x€Q,

ne f (x, 8), uy (#), 4y (f) — sanani GyHKUIT, HasuBaeTbCR Kpalosoro (2pa-.
HU4HOI0) 3a0a4er0 048 PIBHARHA napaborivnozo muny a6o iHOL nowamkoeo-
Kpatiosoro 3adaquero (yMoBa u (£, x) = u, (x) Ha3HBAETbCA NOUAMKOBON)
ymosor0). Mu cneuianbHo BHAIJIWAK 3MIHHY {, TOMY 10 HA MpakTHLi B 3a-
Aauax Buny (1) BOHa no3Hauae uac. OckinbKH po3B’ 30K 3anaui (1) 3ane-
XUTb Bid uacy, TO Taki 3aiaui, Ha3HBAIOTb TAKOK HECMAUIOHAPHUML.
Hanpuknan, npouec ﬂOlJJHpeHHﬂ TENJIOTH B ONHOBHMIDHOMY CTEpIMKHi
0 << x << | onucyeTbcsi piBHSIHHAM TENJOIPOBiAHOCTI
u /] -

o2 = 2 (e ) + i, 0, @
Aeu = u (x, {) — TeMnepatypa B TOUL X CTEPKHA B MOMEHT £; ¢ — TeIUIO-
€MHIiCTb OJMHHII MacH; O — WiJAbHICTb; CP — TENJOEMHICTb OAMHHUI
IOBXKHHH, k — KoedilieHT TenyonpoBisHoCcTi; fo — WiNBHICTL TENJOBUX
Rxeped (B3arani k, ¢, p, fo MOXY1b 3anexary He aulue BiA x, f, ane i Bij
TeMMepaTypH 4 — TOAi PiBHSIHHA (2) HA3UBAETBCH KOQBIAIHIAHUM DI6HAR-
HAM_MenAonposiOHOCM; AIKILO XK Ui BEIHYHHY 3a/1eXath Uie BiA noXitHux
dul/dx, 0*u/dx?, To piBHsAHHA (2) € noBHicTIO HeadiHiinuM). fKwo K, c,
p — crani, To (2) 3aMHCYETLCA Y BHFJIH}.’U

du a®
_:3_1— = axz + f (3)
ze f = fo/(cp), a® = k/(cp) — xoediuieHT TemneparyponpoBiaHocTi. Skuio
BBeCTH HOBi aMmiuHi x; = x/1, ¢, = at/l?, f, =I*f/a?, To samictb (3) micra-
Hemo Ginbil npocre piBHAHHA
du

0% )
0_11 = 6_)({ + fl’ xlE(Ov ]): tE(O’ Tl]' (4)
o6 iagsﬂaqnm €NuH NIl po3B’si30K piBHAHHS (4) u (x, ) € C* (I, C2 () N
N C (Q), MOoXHa MOCTaBHTH TaKy KpalioBy (IOYaTKOBO-KpafioBy) 3ajauy
(3a BUIVIAIOM KpallOBHX YMOB Ta PiBHSIHHS BOHA TAKOX Ha3WBaEeThCs 3a0a-
weio Jlipixne 045 pieHARNHA MenaonpoeiOHocmi)

G T i ), x€Q tENT
u(x, O) =1l (X), XE Qv' (5)
u @ h=w@, u(l, H=u() t€l,
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e Q=100,1Q =0 0:I=I[0,TL I"=(0,T), C(,CEQ)n
N C (Q) osnauae npocrip GpyHKuUil, aKi MalOTb HenepepBHi noxiaui 8 [ no

¢, HenepepBHi Apyri noxigHi no x B Q i e HemepepBHHUMH TO X B §2; uy,
u, — 3aflaHi HefnepepBHi cpyHKuu

Posrasnemo npocrtip AH=C Q) N C Q) dynxuik Bin x, ki xo-

piBHIOOTE HY/MO npu x = 0, | 31 cKaAApHHUM ROGYTKOM
(v, w)= Sv(x)m(x) dx.
! .

INokaagemo Takox B (5) nias spylu-xocri u; = u, = 0. Toni npu xoxHOMY !
(pyuxum u (x, ) 6yne ejeMeHTOM M[POCTOPY H IKHA 103HaYaTHMEMO
u (t) € H. TlomzoxHBILHK cKajisipHO piBHsAHHsA (5) Ha NOBiMBHY (pym(nno
vEH i MPOiHTErpyBaBIIM YacTHHAMH, AicTaHeMo (OpH KOXHOMY 3HaueHHi
napamerpa f)

(5 9 (35 ) m 00 o0

viel, yoveH u(0) =u, ©)

¥ uiit ToroxHocTi, 1K 6auHMO, NO-Teplue, BpaXoBaHO KpaHoBi yMUBM i,
no-gpyre, micrarbca Jume nepiri noxinni Bix wykaHoi dyHkuii #, npu-
uoMy BOHH He 0GOB’A3KOBO MalOTh OyTH HelepepBHHMH, 60 LOCHTb, Ha-
npuKJajg, {HTErpoBHOCTI 3 KBanpartoM, o6 TOTOXHicTh (6) Mana ceHc.
Tomy (6) MoxHaA NPHAHATH 32 03HAYEHHA Y3arajbHeHOro (TOGTO 3 MEHILOH

rMankicTio) posB’sAsKy sagaui (5), Hanmpukaam 3 mpoctopy W, (0, 1).
BsiBmn nesHi NoAaTKOBi MaTeMaTH4Hi NOHATTS, MOXHA AOBECTH, (10 TaKa
MOCTaHOBKA 3ajaui KopekTHa, ToOTO 1i po3B’si3oK icHye i emunuii. Ilpore
i 6e3 LbOro TOTOXKHICTD (6) pasom i3 (5) MOxKe 6yTH BUKOpHCTaHa Ais N06Yy-
HOBH HaOJMHKeH X METOAIB PO3B’si3yBaHHA 3ajaui (D).

Y HecraujoHapHOMY BHNAAKy MOXHa i no-iHIWIOMY Yy3arajJbHHTH MO-

HATTA po3B’si3ky 3aaaui (5). s usoro BBesemo npocrip L (7, 1:]) PpyHK-
wiiu (8) i | - H, u (0) = u, 3i cKanapuum 206y TKOM

1

T
(V)= g (a, 0], dt,
0
HanpuKJaj, Aid BBEAEHOro BHIUE NPOCTOPY A
' T 1
(4, v) = S S u(x, t)v(x, 1) dxdt.
00
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Toni, interpywoun piBnicts (6) no #, MaTuMeMO

d a 0 ?
(2, o)+ (&, 2)—g =0 voeLt, . @
Y nesHomy pos3yminHi (7) TakoX € y3araJbHeHOKW NOCTAHOBKOIO 3afadi

(5) (Hanpukaan, ana poss’asky 3 npoctopy L (I, W3 (0,.1))) i Moxe BHKO-
PHCTOBYBATHCh AJI1 HOGYAOBH HaGMHKEHHX METOAIB.

AHasoriyHO MOXKHAa pO3ryisfaTH pi3Hi NOCTAHOBKH KpafioBHX 3ajad
A  ABOBHMipHOTO piBHAHHA Tenvsionposianocri. Hanpukaap, nepuma
KpaioBa 3ajaya Mae BHIVIAA '

%‘t— =Lu+fx O (% H€Qr=2X (0, T,

u (x, 0) =1 (X), X E §v (8)

u(x, ) = u(x, 0, X €09,

ze
Lu=Lu+Lyu, Lu= 2 (k1 (x, 0 Ou ),

daxy 0xy

0 a
Ly =a_xz_(k,(x, f) —6;‘2—) 0oy < kaly, H<ey
[Tocranoeka uiei sapaui y Burasai (6) npu 4, = 0 3anucyerbcs Tak!

ou(x, f) 2 du(x, ) dv(x)
§ —T—v(x) dx +’a§=:l g ko (x, 1) o, % dx —

- § [ Ho()dx =0, u(0)=u,(). ©)

Jas anpokcuMauii 3agau suay (1) moxHa 3acTocyBaTH MeTOH CiTOK]
NPHYOMY MOKHA HCKPETH3YBATH K BCi 3MiNHI, TaK i JHIIE YACTHHY 3 HUX.
3ayBakuMo, WO B HecTaliOHapPHHX 3afayaX 3MiHHA ! Mae NeBHy ocoO/aHU-
BicTb, fiKa MOB’s13aHa 3 THM (akToM, WO CTaH Mpolecy, AKHA ONHCYEThCA
HecTallioHAPHHUM PIBHAHHAM, Y AaHHH MOMEHT 3a/l€XHTb Bill fioro craty
B MHHYJOMY i He 3a4€XKHTb Bill fioro Crany B HACTYIHi MOMEHTH yacy.
Tomy B HecrauioHapHHX CiTKOBHX 3alayax 3HaueHHA QYHKUIT Ha j-My
Apyci (mo ¢) BH3HAYAETbCA JMILe Yepe3 3HaYeHHA QYHKILT Ha monepennix
spycax i ne 3a/IEKHTD BiAl 3HaueHHs QYHKUIT HA HACTYNHUX (Y MaTeMaTHy-
HOMY I/1aHi 1ie noB’f3aHO, OYEBUJHO, 3 THM, illo Mo ¢ B 3ahadi (1) 3safaeTbcs
JIHllle IOYaTKOBa YyMOBA Ha BiiMiHy BiA Kpaiosol 3ajpaui, Ae ymoBH 3aja-
10TbCsl Ha 060X KiHUAX OAHOBHMipHOro iHTepBaay).

Bsememo ciTkH

or={t;=ju:j=0, L, v=T/L},
oy =f{f;=juij=T1, L; 1= TIL},
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SIKi nokpuBatoTh Bianosiano sinpisox [0, T1 Ta inrepsan (0, T, a Takow

ZeAKi CiTKH w,, 0, AKi TOKpHBalOTh obnacti Q Ta Q. Toai 3agauy (1)
MOXXHa alMpOKCHMYBaTH TaKHMH CIoCOOaMH.

. .. . ou
3aJMUIINBIIH [IpoCTOPOBI 3MIHHI HENEPEepBHHMH, a MNOXIAHY 7 anpo-

KCHMyBaBIUH IKHMOCL BHPA30M Ha ciTli or, AicTaHeMo cXemy
B (x)= Lv(x) + F(x),
Wx)=u, x€09Q, (10
U(x, to) = up (JC), Xe Q,
Je B; — nmesikuit citkoBuit oneparop; v (x) = {v'(x, &), v (x, &), ..., v.-(x,
t1)}7 — BekTOp, AKHE HaGWKae u (x, f) B TOUKAX CiTKH @y - v (x) =
= Elv (%, )y vouy o (x, L)} vy ={u, (%, ), ..vy Uy (x, 1} F (x) =

f(xv to)’ cesy f(xv tL)}T .

Cxema- Buly (10) Ha3uBaeTbCsl cxemoro memody npamux abo cxemo
Pome. 1151 cxeMa Ba3UBAETbCH TAKOXK NONEPEHHOI CXEMOI0 Mmooy npAmMUX.
Bona e cucTeMor0 eninTHUHUX piBHSIHb, i, TAKMM YHHOM, MeTon Pore 3Bo-
AMTb PO3B’I30K HecTallioHapHOi 3aiayi 40 PO3B’A3KY CHCTEMH_eJinTHy-
HHX piBHAHB (32 YMOBH, 110 3ana4a (10) mocraB/ieHa KOPEKTHO).

114 pumma 1. TTo6ynysatn cxemy Pote ansa sapaui (5).
Posp's3aanus Bseremo BextopH

0(X)= {v(xi to)) h(x’ l). caes U (x' tL)}TE {v(x, t))'es“E
= (v, (1)}, 57 ,

F(x)={(f(x,0)} o = {1 ()} Uy = {8, (1)}

coy o, =0y
[Nepma kommnoHeHTa BexTopa v-(x, t) = v (x, 0) = uy (x), x€ R sigoma 3 moYaTKOBOI
ymoBu. Ha uacoBoMy sipycl ¢ anpoKCHMyeMo (oxigHy 1o uacy 0u/df TakuMm pisHHLEBHM
BHPa3oM

du (x, t;) vix, tij)—v(x, t,_)

: ot ~ por

o . 0%

(TuM caMEM MH 3amanu onmepatop Bt y cxemi (10)). Hdas ampoxcumanii 953 Maemo

plani MoxnuBocri, Hanpnkian
Pu (x, t) 0’0 (x, 1)
ox? ax2

a6o
0% (x, ty)  9ix 1)
ox? ox? *

Y nmepwiomy BUnagky AicraeMo Taky cucteMy Pore (1Box’apychy):

—

vi —Tvi—l - 42 vi (x) +fix), x€, 1), i=T1E,
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v 0) =wuy, vy (1) =uy, (1)
vO (x) - “0‘(")- X E [ol l])
ze }i (x) =} (x, ft) uy; = (b)), Uy = Uy ().
Macho vy (¥) = up (x), 3Biakm micna po3s’aayBaHus eainThuno! Kpafiosoi aagaui
d(x) | 1 1
— +-5Tn (x)=T vo (%) +f1 (%),
(12)
U1 (0) = 4y, Uy (1) = uy,
3HAXOAMMO Uy (¥), NOTEM &HANOTiMHO vy (x) i T. 4. CxeMa (11) HasMBaeTheR HesgHOW cxe-
#0160 Pome, oCKiNbKRA eninTryHa YacTHHA DIBHSIHHA GepeThCsi Ha BEPXHLOMY APYCi 1O ya-
¢y i aas oTpuManHg v Tpeba po3B’ AayBatH exinTHuHi sanaui suay (12).
CxopucraBliHCh {HIMOIO aNpOKCHMallielo moXigHoi mo wvacy, AicTaeMo Taky cxemy
merony npsmux {(meroay Pote):
v — U, d?u; _, (x) o S—
= ’ 0, 1), 2= I, L,
< i Tl xe@ 1) L
v; (0) = Uy Ut (1) = uyq, (13)
Uy (1) = 4y (x) X€0, 1]
3uawoun vy (¥) = iy (%), 3maxoguMo

d2
01 (5) = 09 (1) + T gl 4 ofy (1), (14)

noTiM aHaNOTiYRO vy (x) i T. 4. OcKifbKK eqinTHUNA YacTHHA B Wil CXEMi anmpOKCHMYETh-
€5 Ha NOMEePe/IHbOMY YacOBOMY ApYCi, TO e 1a€ IMOTy BECTH PO3paxyHKH 3a ABHHMU dop-
MyJaMH BH1Y (14), Tomy cxema (13) nasuBaeTbcn 46HOW. 3ayBaKHMO, WO MOXKIHBI He
Juule ABOX'SpYycHi anpokcumauii, ajae A Garatrosapycui (mo uacy).

3anauy (1) MoxHa afpPOKCUMYBATH TAKOX 32 NONOMOrol0 iHIUOI CXeMH
MeToly MPSIMHX, $IKa HA3HBRAETHCA LUE 103008 HHLOIO CXEMON Memody nps-
mux. Ilp# uboMy 3MiHHA f 3a/THIIAETbCS HeNEPEPBHOW, a €TiNTHUHHE ofe-
parop, sKHH 3ajaeTbci AubepeHUiasbHHM BHpasoM L Ta rpaHHuiHMH
yMOBaMH Ha CiTui ®,, aNpPOKCHMYETHCS AGSKHM CITKOBHM oreparopom A,
(Meronu mOGYMOBH TAKMX anpoKcuUMauifi Mu po3rasHyad B ra. 4, b).
Y pesyavrari 3anaua (1) anpoKCUMyeTbC CXeMOl0

du (¢
: "0 = Ap ) +F @),

0 (o) = Yy, (15)
psev() ={vl(x f) x€ v}, v(x, f) HabavkeHHs 1ad u (x, &) 'y Touui
CiTkn x € @y, F () = {f (x, ©), X€ 04}, Vo = {Uy (X), X € ©,}. Takum
YHHOM, MO3J0BKHS CXeMa METOAy NMPSIMUX 3BOAUTH NapadosiuHy 3sajavy
BHAY (I) 1o 3ajadi Komi ana cucreMu 3BHYadHHX nudepeHLliaJbHUX piB-
nstup Buay (15).

/4 pumzad 2. To6yaysatk TO3JOBXHIO CXeMy Me'mny s 3ajaui (5).
Poss' asauusa Ha iurepsani (0; 1) BBeneMo citky op = {xy = ih:i=

=1, N— 1, h=I/N} i nosuaunmo v(#) = {v(x, 1), x€ wp} = {v; (1)}

i=IN—1,
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(U (xO) t) =v (0, t) = Uy (t) = U (t) Tav (XN, t) =U0v (], t) = UN (t) = Uy (t) BIIIOM“.
Onepatop A, BBEJEMO TaKHM UHHOM: ;

[ v () =20, (1) 4+ 1y (1) i :

hE s =1,
—2 .
(Apv); = { Vi1 () vi (§) + 0, (2) , i=N=3
h2
Uy (1)_20N—1 (t)+vN_2(t) , "=N__l.
{ h?
Toni 3anaua (5) Biamosizio no (15) ampoKchmyeThcsi Takolo 3agaueio Kowri:
du (¢
(ii; ), _ Ao+ F (1), 0(0) = vy = {ug (1)) g,
ze F ()= {f(x, f)}xem {fi (),_;r= 260 B ckanapHoMy BHraagi
du, (¢ f)— 20, (¢ (
Ullﬂ()-___ 02()h01()+f1(t)+u1 ) :
dvy_, (0) —2upy_ () op_, (8) ®
thl - N—1 > I AL NPT TUR 2

v (0) = u, (i), i=T, N—1.

3anauy (1) MOXHA IMCKpeTH3yBaTH NoBHicTio. s Wporo muTinAp

Qr nOKpHBaeTbC CiTKOIO ®p; = Wy X @; (X — 3HAK AEKaPTOBOro IO-
6yTKy MHOXHH) i 3alauya (1) 3aMiHIOETbCA NEFKOIO CXEMOIO METOAY CiToX

By = Apy, (%, T)€@n = 0f X @

Y& t) =uy(x), XEy,
ne y (x, f) — anpoxcuMmanis Aas u (x, £) B Toumi ciTku (x, f) € Wn; B —
CITKOBHil oneparop, IO anpoKCHMYe NOXiiHy Ou/0f ua citui o, A, — cir-
KoBHil oneparop, fiKHii anpokcumye L Ta onepatop kpafioBux ymoB / Ha
cititi .

Il puxaad 3. AnpokcumyBatH 3agauy (5)3a MeTOOM ciTOKX. _
Po3B a3 auusd Bubepemo ciTKH—(:)I“‘{f;:iT' =0, Lix=T/L), o=
={y=i:i=1 L—1, 1=TIL}, of = o  y (T}, 0] = o, r

= (x;, = lh i=0, N, h= I/N}.
Meronom 6e3nocepezu{b01 3aMinH NOXINHMX PiSHHUEBHMH CHIBBIAHOWEHHAMH JicTae-
MO, HanpukiIaj, Taki CXeMu:

v =yl +¢ @), xcon
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¥ (x) =u,(x), xEwp, (16)
YO =y=u0p o ()=yf=u(p

(x, 1), x€ wy, y' (x) — anpokcumaniz mas « (x, 4) ( Ingexcromy BH-

f
O ), b=y (e, 1);
) =4t )+ ¢/ (), x€an,

x ¢ (x)=
rasni @ =

PR =uy(x), x€@p (17)
v O =u (tj), ¥ ()=uy(ty).

Hla6noHu UMX cXeM MaioTh BiffIOBigHO BHIISA

(xix)-i (x:x).

B ingekcuii dopmi sanucy cxema (16) mae Buraag

I+ __ i TR T | J
b0 Y Tt Yo o TN =0 LT

3 h?
-y?%uo(f:). i=0, N— (18)
vh=ul vh=up i=TL
abo
T 7 ——
g =yl + 55 Wl — 2+ o)+ 1=TF—T;
i=0L-1,
W=uy(x), 1= (19)

0, W,
vi=ul, sh=u} I=TL

3sizcn GaumAMoO, IO 3HAYEHHA y?, i=0, N, y{;, -’ﬁ\.’r ]/ =1, L, saBHO BHpaxaloThCA qepes
Buxiani sani sagaui (6), a wepea Hux 3a mepuwow 3 dopmyn (19) obuncmioemo y}, [=

= 1, N — |; maioun y}, 3a rielo camoio GopMyJI0I0 OBYHCIIOEMO yf it A
Ockinbkn B bOMY pa3i po3B’a30k cxemu (16) 3HaxoAHMO Sa ABHAMH OpMyJaaMH
(19), TO UA cXeMa Ha3HUBAETLCA AsHow. B aBHiR cxemi moximia Ouw/df B TOuui ¢; saMiHio-
3 .

€TbCA Pi3HHUEBOIO HOXiAHOIO y’ , A eniNTAYHA YacTHHA PiBHAHHSA 557 4MPOKCHMYETLCA HE

apyci f; BupasoMm y’;x.
" Pisuunesy cxemy (17) sanuulemo y BHraagi

Ayt =Fl P=tuy(m), .\s, uo (xy_ohT (20)
. . . T . . )
ze yH =) ey F= (W{ +ul+ g oul et vk ooy ol +
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T T
+ y{,_g. w{v-x + g + Rt “5) ’

- . h? m

24— -1 0 o ... O 0 0

hY
—1 2-|——,‘— -1 0 ... O 0 0
‘ K2 .

A= 0 -1 24—/ —1... O 0 0
. . hl‘ i

0 0 0 0 ... —1 24— I

ha

0 0 0 o ... O -1 2+—;—J

(A — xBanparua Matpuua poamipuocti (N — 1) X (N — 1)). Bexrop ¢ Bu3nauaets-
ca BHXlllHHMH LaHHMH sapaui, [lokaanatoun B (20) j = 0, Gauumo, wo FY Bu3nayaetben
uepes & i Buxigni nani sagaui, oTe, WA 3HAXOLKEHH A yl Tpe6a po3B’si3aTH CHCTEMY Ai-
HiAHMX anreGpaiuHux piBusub i3 TpHIiaroHaJqbHOIO MaTpuueo. Maoun 4, BHsnauaemo
F1, 3auésy posn s3yeMo cHcteMy (20) i 3HaxoauMo ¢ i T. 4. OcCKiJIbKH NJIsT BH3HZYEHHN

BeKTOpa y’ Ha KOXKHOMY 4acoBOMy sipyci Tpeba po3B’sa3yBarH CHCTEMY nAinifinux anre6-
paiunux piBusinb (20), T0 cxema (17) Ha3uBaeTbes HeseHoro. PoaB’siaok cuctem Buay (20)
MOKHA 3HAXOAHTH MeTOAOM Nporouku. [lepeBara ssHOi cxemu B anroputMiunifi npocro-
Ti, ii Hepoaikm i flepeBard HeBHOI CXeMM CTaHyTb 3PO3YMiIHMH NI3Hille, KOAH MH
posSrasifaTHMeMO [XHIO cTifikicTb.

Bnpasa 1. JoBectu, wo noxu6ka anpoxcnmau.u cxem (16), (17) mae mopanok
O (v + h?). 3a axux ymos raagxocti poss’Asky 3agaui (5) ue mae Mlcne?

CiTKoBi cxemH /A HecTauioHapHHX 3aiay GyBae 3pYYHO BaNHCYBaTH
y TakoMy KaHOHi{4HOMY BHrasfi:

Byi+ Ay = F (), ;E o7 Y =uy, @1

e y=y(): ©; - H, — citkoBa ¢yHKkuin, 3ajaHa Ha JZeakifi. citui
o;={l;1j=1, L} i3 3Hauennsimu B AesikoMy npocropi H, citkoBux
QyHKUiA y (x, 1), X € @, Sananux Ha ciTW o, ={x1i{=1, N — 1},
A, B — onepatopu B H,. Jlas RocaifkeHb 3pYYHO POSIAAAATH MPOCTip
H, 3i ckansipuum a06yrkom [ ). _

l-!an_pux.nan,. BBelleMo mpocTip Qy—; = H, citkoBux QyHKuif, 3afaHHX
Ha ciTui ©,, 3i cKaJApHHM A0GYTKOM

-

N1
(y, v)= ; Yih,

a TaKoK npoc'rip Q~+x byukuifl, Aki 3afani Ha cirm (o,, i mopiBHIOIOTb
By/mo npu x = 0 ta npu x = |, [Tosnaunmo yepes y € 9~+1 q)yﬂxuuo
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fKa Ha citui o, 36iraeTbed 3 dyHkuieo y € Qy—;, i BH3HauuMO B Qy_;
oneparop A 3a ¢opMmyJo

Ay =~ Yser YEQ_1, YE QN1
Toani siBHa cxema (16) Moxe GyTH 3anHcaHa y BHIVISIAL
By: () +Ay(t) =F (t), t€oy, y(0)=u, (22)
ze B =1, uy = {to (1) x € 0y},

?(xy )+ 'ﬁla_ul ¢, x=x,

FOy={ow 1), x=x, i=2 N=2
Q(xy—1, §) %—ug(t). X = XN_1.

HesnBna cxema (17) sanucyeTbcs Takoxk y Burasai (21), ajne nosHaueHHs
MaTuMyTb Takuhi amict: B = I 4 14, )

Q(xy, )+ —hls—ul(t-{—r), X = Xy
Fy=1lo(x, t), x=x, i=2 N—-2,
® (o, )+ 7 talt + 7).

BaiBumn ingekcHi nosnauenus v (¢;) = v/, cxemy (22) sanuwemo y BHrasaai
gt —y i pi
B————+4 Ay =F, y’=u, 23

My Gauumo, WO npu Takomy sanmucy pisnuueBux cxem (16), (17) aas
3a1a4i (5) BOHHM € OKpeMUM BHIAAKoM aGCTPaKTHOI ABOX'SIpPyCHOI Of-
HOKPOKOBOi cXeMH B 1. 1.4.5 3 u. 1. ToMy 1A51 LHX CXeM MOXKHA BBECTH [10-
HATTA cTifikocTi, fKe OyJ0 BH3HaueHo B . 1.4.5 3 4. |, i ans HUX 6yAyTh
crnpaBeuaHBi Bei Aictani Tam peayabratd. Haranaemo aume o3nauenHs ta
HaBeJeMO OKpeMmi NpHKJanM.

O3nauennal Cxema (21) Ha3UBAETLCA KOPEKMHOI0, FIKIIO BOHA
Mae €AMHUH PO3B’SI30K MNPH Oydb-AKHX BXiAHMX HaHUX (To0TO, Uy F)
i BiH HemepepBHO 3aJleXXHTb Bil BXiAHHX AaHHX (OCTaHHS BAACTUBICTb Ha-
3UBAETBCA YMO8010 cmitikocmi), ToOTO L 6ylb-IKHX Uy, F i ans BCix go-
cHTb MaJIuX h, T (B < hy, T << T,) CAPABLKYETHCA HEPiBHICTD

19" N, <Mil 4 L, +- M@ (F), (24)

ne @ (F) — ¢ynkuionan Bin sektopa F = (F°, F!, ..., F)T 3 Bnacrusocrs-
MU HopMH; M, M, — pojatui crani, nesanexui Big h, T, y°, F.
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CxeMu 114 HecTauioOHapHHX PiBHAHb MOXYTb GyTH GaraTospyCHHMH.
Cxema Buay

m—1
fooitl—k .

Y Blyt'" =, j=m—2, m—1,m, ..., (25)
rem>2 4%y, ..., ">, F — sanani enementn npocropy H, Bh—
sajlaHi JAiniliHi onepatopu B H,, npHYoMy icHye B(Tl, Ha3UBAETHCH ALHId-
How m-sapycnoto cxemoro.  JlBox'sipycHa cxema Mae Burasg Byy/*! +
—I— B,y =fj=0,1,..;4° = u, ne By, By : H, - H,, upuuomy icuye

i Py up — 3anaui enementu H,. Ua cxema Moxe 6yTn 3amHCcaHa B Ka-
Hoquomy surasai (21), ze oneparopu B, A, B,, B, 3B’s3ani cmissiz-
HoweHHsaMH B = tB,, A = B, 4+ B,. Bcsiky m-ipycHy CXeMy MoXKHA
3amucaly y BHLJAAI ABOX SIpYCHOI i, TAKMM YHIOM, 3BeCTH BHBYEHHS 11
J0 BHBYeHHA BiAnosinHoi ABOX’sapycHoi cxemu. [ificHo, BBeAeMo BeKTOp

i it j—n—2\ T
. Y = ', vy cee ). '
i BBaXKaTHMeMo fioro po3B’siaKoM cxemy (25) Ha sapyci ¢;. Bci Bektopu Ta-
KOFo THIY YTBOPIOIOTb Ainifinufl npoctip H7 D B axomy onepauii mo-

JABAHHS | MHOMKEHHS! HA YHCJI0 0. BH3HAYAIOI bCS IOKOOPAHHATHO, TO6TO
—1 - n—2 —(m—2
Vi4+Z =@ +z O T L Ty ey

oV = (v, ..., a7,

HyawoBuM esemenToM mpoctropy Hi'~" Gyile BeKTOp, KOXHA KOMNOHEHTa
AKOro € HyJb» npocropy H,. Tpoctip HY ™" nasuBaeTbes npamowo cymorw
m — 1 npocmopis H,, a onepauis yTBOpeHHS NMPAMOI CYMH TNO3HAYAETHLCA
TaK:
H(m_l)‘——Hh@Hh@ LI @Hh.
ko B H, 3amaHo onepaTopH Das, o, p=1, m — 1, Dgp; H, - H,,
TO Marpuus
=D @By p—Tri _
BH3Hayae onepartop D : Hﬁ{“_" — H{"". [lns TakHX OMEpPaTOPHHX Mar-
pPHLb cpaBeiAJHBi 3BHYalHi MpaBW/Ja AOAABAHHA MATPHLb Ta MHOMEHHS
Ha 4HCJIO.
Tenep M-APYCHY CXeMy (25) MOXHa 3anHcaTH y BHTAAL

Yyt LTyl =Fi, j=0,1, -.-,
ey =(q .. 4" —?) — 3auaHnii eseMeHT npocropy Hy'~ -,
BO Bl BO Bz ) B(;-le_Q B() Bm—-]\

r-| —! 0 ... 0 0
o 0 - 0 )
= (B, ..., 0

339



Crnin ofHaK 3a3HaYWTH, W0 AOCJAiIMKEHHS CTifiKocti 6GaraTosipycHHX
cxeM y 6araThoxX BHNAAKax 3pyuHillle MPOBOAHUTH HAa OCHOBI O3HAYEHHA NHX
CXEM, 2 He 3Be/leHHAM iX Jo ABOX’AIpYCHHX.

IIpmmaa 4. Iaa pisnanns remnonposinsocri (5) saminoio moxigHux pisrHuUEBHMH
cniBBigHOLIEHHAMA MOXHA AicCTaTH cxeMy

V= 0+ (@, xeon i=12% ...,

P =uy(x), x€Ewy, (26)
v O =u 1)), ¢ ()=uty),
il -
Re yp = St Ia6aon i1 mae BHrAsA pom6a:
X = L
X X X ———1
R tiy
) X
xj

106 Bectn pospaxyHKH, HeJOCTaTHBO MaTH P (x), a TpeGa 3HATH W, Hanpukaad, $* (x).
Lle oxkpeme nuTaHHd, AKE PO3rASHEMO Y HACTYNHOMY naparpadi. 3asHauumo JHue, WO
44 MOXHA 3HaATH, BUKOHABIUH OZMH KPOK 3a cxemoio (16).

Beenemo pextop Yi= (yi y’_l)T KNIl BBaXKaTHMEMO DO3B’A3KOM cxeMu (26) Ha

Apyci ¢;. Beisiun oneparop A y npasy uactuny F aranoriuso (22), 3anuuemo cxemy (26)
y Buraaai

Bo.’/l+l+Bl.‘I +Ba!/]— =f, j=1,2 ...,

Re °, A, f/ — sapani enementH 3 Hy; By == I, By = 2tA, By = —I; I — oaunuunnt
omeparop. 3aNuieMO L0 CxeMy AK ABOX'APYCHY:
Y 4Ty =Fl, 1 =1,2, ..., (@7

ze Y1 = (42, )T — sanannt enement HP, F/ = (21f/, 0),
21A —1
T= .
(27 ")
Y KanoniunoMmy Buraani cxema (27) aanmimerhca Tak: P

— y/H
B Y
T

o= =
Y Lavi=F, j=12 ..., (28)
eB=1 A=V ({14+T), F/ =+"1F,

Ananoriuno osnauenHio 1 GaratrospycHa cxema (25) HasuBaerbca
omidroo, AKILO MR GyAb-sIKHX TOYAaTKOBHX JaHMX YO = (47, ..., ym—27T
Ta Aas1 GyAb-KMX NPaBHX YaCTHH CNPaBLKYeTbCH HepiBHIiCTb

Y/ bagn— < MY lygn—y + M0 (F),
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ze | - ll,,gn—l) —mwHopma y mpocropi HI™"; @ (F) — dynKuionan

Bin F = (F, ..., F)T i3 pnacrusocramu mopmu; M, M, — nonari
cTaJni, HesastexHi Big A, %, YO, F.

O3nauenna 2. Cxema, Ka € CTilikol0 NpH GyAb-AKUX A, T (TIPH
AKHX BOHA Mae 3MICT), Ha3uBaeTbCcfi abcoaomuo cmitikoro. Cxema, siKa
€ ctifikolo mpu fesKHX AOJATKOBHUX YMOBaXx, fKi 3B'ﬂ3yxo1‘b h, ¥, Ha3uBa-
€TbCH YMOBHO Crmilixor.

PO‘!B 30K cxemd (21) MoxHa . 306pa3uTH Y BHFJIH,IU y = yhy + yby
ae gl — po3B’I30K CXeMH

B(y{”)t + Ay(” =0, ]=0,1,..., !/‘(Jl) = Uy,
a ylby — poar’nzok cxemu
B(yh); + Ayl =Fl, j=0,1, ...,
Yo = 0.

ToMy npuponHo po3pi3HAQTH cTifikicTs cxemu (21) 3a MOUaTKOBUMH yMOBa-
MH Ta DpaBOK YacTHHOIO. '

O3nauennsn 3 Slkmoans poss’asky cxemu (21) mae micue ouinka
(24) npu ¢° = 0, TOGTO

Ly I, < MO (F), 29)

TO cxeMa (21) HasUBaeThCA cmiliKow0 3d MPARVI0 HACIMULKOIO.
Osnauennsa 4. flkino aa pos3s’ ﬂsxy cxeMH (21) mae micue ouinka
(24) npu F = 0, To6TO

by e, <Myl y° e, (30)

TO cXeMa (21) Ha3UBAETbCS CMLLKOI0 3 NOYAMKOBUMU YMOBAMU.
flkuie x ana cxemu (21) npu F = 0 mae Micue olinka

byt e, < Midytle,, k=0, j=0,1,..., (]

218 6ymb-akux y*, k =0, j, 1e M, ue sanexurb Bin h, 7, ff, k=0, |,
j =0, 1, ..., 70 cxema (21) Ha3uBaeTbCA PIBHOMIPHO cMILIKOI0 3G NOYAMKO-
sumu ymosamu.

3ayBaxumo, mo piBHOMipHA cTilikicTb IpH M, = 1 rapaHrtye Hespo-
CTaHHs NOXHGOK, sKi BHOCATbCA HAa KOXMCHOMY OpOMixHOMY sipyci. SIkio
B H, nie mesxuft moaaruuii camocnpsixenuiét oneparop D = D* >0, 10
MOXKHA BBeCTH CKanspHHUl Ro6yTOK i HOpMY 3a dopMy/aMu

(u9 v)D = (Du) v)i Illl"D = V(Du, u) J

Tlpoctip H, 3 TaKMM CKaJApHUM JNOOYTKOM i HOPMOK HA3HBAETHCH
erepeemu4Hum npocmopom onepamopa D i nossavaervea Hp.
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Osnauenns 5 Cxema (21) y npoctopi Hp Ha3uBaeTbes p-ctnii-
xoto, ko npu F = 0 uaa 6yab-akux y/ € Hy, 1 aas Beix j Mae Micue ouin-

Ka
1o/t Ny < p ylup. (32)

3ayBaxumo, o koau o/ << M; naa Beix jt << Ty, Ae M; — nomarHa
cTana, He3a/ieXHa Bif A, 1, J, To 3 (32) MaeMo

1o+ up < o 80 lap < Mall ¢ i
T00TO 3 p-CTifiKOCTi B Hp BHIVIMBAE CTiflKiCTb 32 NOYaTKOBHMH YMOBaMH B
Hp. Crana p moxe B3araji He 3ajexard Bia h, t. Hanpukaan, npup =1
cxeMma (21) 6yae abconoTHO cTifikolo B Hp.

O3nauennsn 6. dkmo B ouinui (32) p = 1 4 ¢r, 1e ¢ — jponatHa
cTana, He3anexHa Bifl A, T, To cxema (21) Ha3uBaeTbCA caabo cmitixoro 6 H,,.
Axuo p=1—Ppt, 1, Ty) >0, nep>0i hlimoﬂ(h, T, Ty) =0, 10

, T~>

cxeMa (21) Ha3UBAETbCA CUABHO CMILIKOIO 3a noyamxkosumMu ymosamu 6 Hp.
[Ipn p =e~%W®  pe §(h, 1) >0, llm § (h, 1) =6, 06, — He3a-

JeXHa Big h, 7 nolaTHa cTajna, cxema (21) Ha3HBa€TbCH acumnmomwmo
cmidkow 8 HD npu £; — oo.

Hepaxxko noMiTHTH, o BCi 03HaYeHHS CTiKOCTI BKa3ylOTh HA NeBHHMA
Xapakrep pocTy noxuéox Ml Yac MPaKTHUHHX Po3paxyHkis y/ npu nepe-
Xoli 3 oaHoro sipycy Ha inmnd. Hanpukaan, B aGcomoTHo cTifkHX cxemax
Ui NOXHOKH He Harpowamxymb(‘ﬂ 3 pocToM {, TOGTO 3aJHILAIOTLCA OOMe-
KeHUMH. Y c1abo CTiiKMX cXeMax JONYCKaeTbCd 3pPOCTaHHA TaKHX Io-
Xn6oK i3 pocToM j, AKIIO Ppo3rasinacTbcs HeoOMexeHWH iHTepBan { €
€ (0, o0), asie He WIBKIE, HIX 32 3akoHoM p/ = (1 + ¢t)/, TO6TO MOJiHO-
Mia/IbHO 33 T, i TX MOXHA 3MeHIIATH, BHOpABIUH MeHluM T. CuabHO cTillki
CXeMH, OYEBHIHO, 3MEHIUYIOTb BILIMB MOXHOOK i3 pocToM j (a TaKoX
tj = t, + jv). AcHMITOTHYHO CTiliKi CXeMU HaiOTb 3MOTY 3MEHILUEHHSIM T
3MeHWYBaTH MOXHOKH po3paxyHKiB npH HeoOMexeHoMY 3pocTaHHi ;.
MoxxHa naBatd it iHIIi O03HayeHHs CTiIAKOCTi 3a/IeXKHO Bill MeTH, Ky ¢Ta-
BHUTb nepel co6ol0 NOC]iAHUK, BHGHpalOud cxeMmy (3po3yMijo, Ul s MeTa
3yMOBJ/IeHa MPAKTHYHOI 3a7adel0).

M puraad 5. Oocninuty Ha crifikicTs 3a noyaTkoBUME yMOBaMH B {4 AIBHY Ta He-

asHy cxemu (16), (17) mas oaHoBAMipHOTO piBHSHHA TemjompoBigHocti.

Posps a3anHsa SIk Mp GaunaH, Ui CXeMH 3aNHCYIOTbCH B KaHOHIUHOMY BH-
rasai (22), npuuomy aaa ABHOI cxeMu B =/, a ana neasHol B =/ + tA. Bukopucrae-
Mo TeopeMy 13m, 1.4.534, 1, 3arigHo 3 AKOw Heo6XiaHOW i AOCTATHROIO YMOBOIO CTifiKOCTi

T
32 OUATKOBHMH YMOBaMH € HepiBHicTs B > 51 A.”3a ponomoroio ¢opMyn Ipina (qus.

1. 1.4 3 4, 1) HeBaxKo moKkasatd, wo A = A* > 0, i 1x o6ox cxem B = B*>= 0,
Ins aBHOI cCXeMH B CHAY HepmHocri 0<AL|A |[ I maemo

B—TA=1—TA>(“——H—%)A.
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1
HepiBhicte B — -%- A > 0 BHKOHYBAaTHMETbCH, KOAH m _ % = 0. Ockinekn A

CaMOCTIpsixkeHHA ROfaTHHA onepaTop, TO AOr0 HOpMa AOPiBHIOE MaKCHMaJbHOMY BJACHO-
MY 3HadeHHio (quB. m, 1.4,4 3 4, 1) .

4 nh
1A= ] COSzT . »
To6ro sBHA cxema Oyne crifikoio 3a yMoBH
h?
T <h, A2,
2cos® —-

OTXe € YMOBHO cTifixoto.
HesaBHa cxeMa e 6e3ayMoBHO CTifiKOi0, OCKiNlbKH Ana Hel

T T T
B——2'A=1+TA-——2-A=I+—2'A>0
ana scix A, T,
Ipukaad 6. Hocniguth Ha crifikicte cxemy 3 npukaany 4.

Poap’'a3annsa 3acrocosywoun Teopemu . 1.4.5 3 4, 1, GauuMo, wo Aocrat-
HBOW YMOBOIO CTifiKOCTi 3a novaTKOBAMH ymoBaMH B H, i 3a npasolo wactuHolo Hg e

B> %;Z (axwo B= B*>0, 4= A*>0).
Beoxsun B npoctopi H}f’, AKHA CKIAJJaETBCHA 3 eNeMEHTIB BHAY U= (4, u,)r, 4y,

Uy € Hy, ckanspuuit 106yTOK 3a GopmyJoi0
(u, v)Hf) = (uy, vl)Hh + (g, U:)Hh.

v N=1 N—1
(u, v)Hh= i}_; hujvy = 2{ hu (x1) v (xg),
= i=

Alcraemo (Y = (y, ¥a))7 : (BY, Y) >0, B= B*, A= A*,
WAY, Y) = ((I + 214) gy, 41) — (Y. 9u, — W Yoy, + (9 Y, =
= (91, 1) — 2{y1, ¥2) + (¥, ¥2) + 27 (Ayy, Y1) = (Y1 — Y3, 51— Ys) +
+21 Ay ) >0, (BY,Y)——5 @Y, Y)= (4, o) —
— (Y (1 214) gy — ) —— = -1 -
T U2t =TT e Y)W Y — (=T T, ) =
1 1
= (yu ¥1) — 5 ({ + 2v4) 41, y1) + 5 (92 1) + (92, ¥2) —
1 . 1
= (1 ¥3) — 5 (4a, 42).
Beixcn 6aunmo, mo ymosa B >‘-;— A BHKOHYETBCH, KOJIH
1—%‘(1 +214)>0 aco—;1—-m>o.
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Ockinbkn 0 < A || A/, T0 ocTaHHA HepiBHicTH BHKOHYETBCH TpPH
1
(m - T) A>0 (33)
1
a60 npH 2TA] T > 0. Ockinbkn A — camocrpsixennft nopathuit 8 Hy oneparop (uto
JerkO JOBOAHTLCA 3aCTOCYBaHHAM dopMya Tp ina), To fioro HopMa BOPiBHIOE MaKCHMallb-

4 nh
nony BJIACHOMY 8HaveHHIO, T06To (auB. m. 1.4.43u. 1} | A} = =T cost—— 5 OTrxe, TpH-
apycua cxeMa (26) pas pisusnua Tensonposianocti 6yae crifikolo, koaH

h3 S0 a6 h
—_— abo T ——————
8 cos'.-—2- = 8 cos? ﬁ;— . (34)

To0T0 IS CXeMa € YMOBHO CTifikolo. ,

Sk sasHauwamocs, B paMkKax AaHHX O3HadeHb JefKi pe3yJbTATH LIOJAO
crifikocTi ABOX'ApyCHUX cXeM 3HalizeHo B 0. 1.4.53 u, 1

flxmo maemo AocraTHi yMoBH cTifikocTi (AefKi jposeneno B mn. 1.4.5
3 4. 1), TO BOHH MOXYTb BHKOPHCTOBYBATHCA A1 MOOYROBH HOBHX CXeM i3
sagaHHMH sIKocTAMH. Takni MeToA MoOYNOBH HOBHX CXeM HAa3HBAaETbCA
Memodom pecyasapusayii (npunyunom peeyaapusayit).

Hexait cxema Burasay (21) € crifikolo (3a 1oyaTKoBHMH JaHHUMH 4YH 3a

. T
NpaBoI0 YacTHHOIO, MO 3abesneuyeTbcsi JOCTAaTHLOIO yMOBOWO B =5 A
(auB. n. 1.4.5 3 4, 1)), OqumlHo, SIKIIO B3ATH CXEMY TAKOro camoro BH}ly

3 onepa‘ropOM B > B, To BOHa TaKoX 6y11e crifiroto. fkio, HanpHKAag,
oneparop B 3o6pa)xae'rbca y Burasai B =1 +1R, R = R* >0, To,

BHGHpaIOuH R = (—12- —_ ﬁ) A, nicraemo crifiky cxemy, Go

B=1I+1R>~

OnepaTop R wHasuBaetbes pezyaspusamopom. OueBHIHO,- AKUIO BHOpATH

R = R* R, 10 3HOBY MartumeMo cTiflKy cxemy. Bu6ip onepatopa pe-
rynﬂpuaaui'l' Binﬁysaerbc;l TaKHM YHHOM, 1106 AicTaTy y neBHOMY po3yMinHi
Kpally cXeMy, HiXK MmoyaTKoBa, HalpHkJaaA, AKa 6yna 6 aGconoTHO CTifi-
KOO TpH 8aJaHOMy NOPAAKY ampoKcHMalii. 3ayBaxuMO, IO MeTol pe-
ryaapusauii He € opMajJbHHM MeTOAOM NOGYAOBH CXeM, a BHMarae Bij
BOCJiHHKA TBOpYOro miixoay.

I puraad 7. Ha ochoBi aBHOI yMOBHO cTiftkol cxeMn npukiagy 3 snafiTe Ge3yMoBHO
cTiflky cxemy.

Poass’asaHuf lges meropy peryaspusanii NpHBOAWTL MO TaK 3BaHOI cxemu
Cayavssa

ot 1 .
Yt Y=, +o @, xeon =01, ...,
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P (x)=u, (x), x€op, (35)
y O =uy (¢y), y' (1) =u,y (tj), o= const,
fika 3anHcyeTbes Ha wabiaoHi
X X X tj
| i
L=t %5 Fit
i sinplsnsernea Bin posrasHyToi BHIe YMOBHO CTifiKOI CXeMH «MaJOl» MONPABKOID
o 7 T- . s
7 Y | — 0). Lla cxema Takox siBHa i B uboMy 1i nepepara. B tugekcuié gop-

Mi 3anMHcy BOHA. Mae BHIVIAA

yft = H+ U=yl + 6 +a—2) 4] + 4/,

—
atp
T
a>0, = e
Slxmo Ha j-My spyci Bci 3Hauenns Bxke 3HafieHo, TO pospaxyHok Ha (f + 1)-my apyci
nownHaemo 3/ = 1 (npu usomy yit| = yit! = o, (¢j41) — 3anane 3navenus), nani, Ma-

ioun yi+!, ananoriuno snaxozumo yit! i 1. a. .
Hocnizumo wo cxemy Ha cTifikicTh 3a NOYaTKOBHMH yMoBamH, sika i 6ysa meroio pe-

ryanpusanii. Beegemo, Ak i Brime, npocTopH ﬁw 1 | @y inoknazemo Dy = ;,.;, Ay =
= __;;x.' YEQy_ 4, ;/E £y 11 Toni cxemy (35) npu @ = 0, u; = u, = 0 MoXwHa noxata
y Buraaai _ )

By; + Ay’ =0,

ae B=l+a—;D.

3ayBax Mo, O ,t;; —'!;x= —hyo;x i B cuay dopmyan nincyMOByBaHHa ac-

o o o h 3
THHEMH (43, §) = — (4=, ¥). Tomy (Dy, §) = — (yx, ¥) =— 5 (4;,, ¥) >0, oc-
Kinbku onepatop Ay = —!;;x-—nonamo susHavennfi. OTxe, npu o> 0 oneparo-

pu B=1+ a_; D >0, A sapoBosibHAIOTL YMOBH TeopemH 1 8 m. 1.4.5, q.' 1, i
T o
cxema crifika npu B—T A=1+ _hl D —%A;O. KopHcTylouncy THM, 10
h ,
Dy, = -5 (Ay, y), 1a HepiBnictio 0 <A <A/, maemo B — —;- A=I+
at T T 1 1 .
+ TD_TA>’+_2'(“_ l)-A>(m+-2—t(a—l))A, 3BiAKH BHA-
Ho, mo cxema ctilixa B H 4 npu

| 1
’n—AT+"2—I(a~ Iy =0,
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.2
a6o a>1— -;TA—"-; 1 — T BayuMo Takox, mo cxema CayspeBa npH @ > 1

& GesymoBHO cTiitkoio B H , 3a MOuaTKOBHMM yMOBaMH,

Bnpasa 2 1. loBectH, wo cxema CaynbeBa anpoKcHMy€ piBHAHHA Tenso-
npoBiaHocTi 3 noxuGxoio anmpokcHMauii

\p=o(1+h=+—“hl)

T
| rounime Kayuu, yMOBHO aNpOKCHMYE IIDH T, h'T - 0). 3a Aakux ymoB riakocti

Ha UIyKaHHA po3B’fA30K Lle Ma€ Micue?
2. Meron peryaspu3aauii Bia TpHAPYCHOI. cXeMH 3 MpHKA2agy 6 nMpH3BOAHTH A0 ABHOT

T
CX€MH «poMO» BHAY (npu iine 0
oty = ol )+l (), x€on
£ h? Yy xx 4 :

a6o B inaekcHif dopmi samucy

. 1 . / —
Yt = o B Wl )+ =2y, B =,
JlosectH, WO UA cxema € 6e3yMOBHO c’riﬁxqm i Mae MOpAKOK anpokcHMauiil

1-2
v=0(w 4 a4 ).

3a saxux ymoB raaakocti ue Mae Micue? )
B ka3iBka Bukopucratn npuxaag 93 m 1.4.5, 1. 1.

Mu 6auuau B 1. 1.4.5 3 4. |, wo w14 TPHADPYCHHX CXeM
Byt 4+ Byl + Byyi-' =F!, j=1,2, ...

(4°, y* — 3anaui enementu npocropy H,), 3anucaHHX B KaHOHITHOMY
BHIVIAAI

Bys + vRyy + Ay = o,

JOCTAaTHbOIO YMOBOIO CTifiKOCTi B eHepreTHUHilt HopMi BUIASLY

1 1/2
/1= he™ ol +ly it~y )

—4
e BUKOHAaHHf HepiBHOCTeil
A>0, R>— A

Y n. 1.45 3 4. | nokasano, 1O NOHATTA CTiAKOCTi 3a MOYaTKOBHMH
yMOBaMH Ta 3a NpaBol0 YaCTHHOIO 3B’AA3aHi MiX co6olo (AMB., HanpukJajg,
Teopemu 5, 6, m. 1.4 3 u. 1). [loBepHemocs [ue pas Jo LbOTO HHTAHHA i
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pO3rJsHEMO NBOX’IPYCHY cXeMy B KaHOH{YHOMY BHIJIfAi
Byf-i—ij =(Pj(x)v x€ao, j=0,1,..., t<ti<Tv
PE =0, yl (x)€H, (36)
Slkiio oneparop B~' ichye, To ABOX’spycHy HesBHy cxemy (36) MoxHa
806pa3uTH y BHTAAA] AIBHOI CXeMH
Yyt =Ty + 1B~ '¢i, T=1—1B"'A,
sBiaxu B cuay y° (x) = 0 maemo
gt = ?‘o Y a: aa (37)

Posrnanemo cxemy (36) Ha ckinuensomy 3a f npoMixkky, tofro jt < T,
i npunyctumo, WO

ITH< (38)
Jep =p(1)>0, pi M, ana Beix j takux, mo jr << Ty M; — monarua
cTasa, He3asexHa Bijl h 7, j. Hanpukaag, ko p = l +er,0ec>0—

a6conoTHA CTajla i pO3raslaeThCA CKiHYeHHHH iHTepBan tE'[t, Tl ==
Tt
L

_p L .
o = (1 +ory = (1 + 2070 < (1 4 £E=0 )" ooz
3a ymoBu (38) 3 popmy.u (37) MaTHMEMO OUIHKY )
- i
1y + s, < Y /| B~'¢"in, (39)
k=0

, TO

abo ° ;
W“M<MZtM”W;

s oninka osHayae crifikicTb 3a NPaBoO YACTHHOIO 3TiJHO 3 O3HaYeHHAM 3.
Omxe, MU J0OBeIH TaKe TBEpIKEHHS.

Teopema 1. Sixuo euxonyemeca ymosa (38), mo cxema (36) cmidka
8a npasow Hacmunor i suxoryemoca oyinka (39).

3rigno 3 o3HauenHsMm 4 (auB. (31)) ymoBa (38) o3Hauae piBHOMipHY
cTifiKicTb CXeMH 3a NOYaTKOBHMHM YMOBaMH, TOGTO icHye 3B’A130K MiX
piBHOMipHOIO CrifikicTiO 32 MOYaTKOBUMH YMOBAaMM Ta 33 IIPaBOIO 4acTH-
Howo. [IpHuoMy pauille MH He BuMarasd, ujof omeparop mepexoay T He
sanexas Bia j. SIkmo x T He 3a7eXH1b BiA j, To Mae Micue 6i/bll CHJAbHE
TBepLKEHHA. '

Teopema 2. ¥ sunadxy cmasoeo onepamopa nepexody T ymosa pisro-
MIpHOI crmilikocmi 3a no4aMKOSUMU YMOBAMU € HePDXION0I | docmamHboro
028 cmitikocmi eudy (39) 3a npasoro 4wacmurorw.
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HoBenenns Heobxidnicme. Hexali ana cxemn (36) mae Mmicue
(39) aasi GyAp-sKUX NpaBHX yacTHH @*. Bubepemo ¢ Tak, wob

©B~'g" = Bbu,
ne 8, — cumBon Kponekepa; f — JoBinbauil dhikcoBanuit eeMenT 8 H,,
Tozi 8 (37) marumeMo gt =T="'B i B cuny ouinku (39)
Ly L, = 1T/~ Bln, < My Bl
VY cuay nosinbHocti j i { 3 octanHbOT HepiBHOCTi MaeMo
<M, i=17],

T06TO cxeMa (36) piBHOMipHO cTifika 3a MOYAaTKOBHMH YMOBaMH.
Jocmamnicms. Hexail cxema crifika 3a nouaTKOBHMH yMOBaMH, TO6TO

“yl+'ﬂﬁh<M1||!/kHHh, k=6:7: ]=ln2p--..
Ile o3nauae, Uio A5 oneparopa Nnepexoly BHKOHYETbCA yMOBa
i < My,

tomy 3 BHpa3y (37) micraeMo HepiBHicTb (39), mo i Tpe6a Gyso AoBeCTH.
SIkio BUKOHYeTbcsi yMmoBa (38), To aas po3s’a3Ky 3ajaui (21) 3 no-
nepefHixX TeopeM BHILIHBAE . OlliHKa

. i
A" <M1( P, + ) <157 uﬂh),
=0

fiKa OJJHOUAaCHO O3Hayae cTifikicTb i 3a MOYaTKOBHUMH yMOBaMH, i 3a npasoio
wacTHHOW. §IKilo onepatopu A, B crani i A = A* >0, B = B* > (,
70 3 TeopeM 3 i 5 8 1. 1.4, u. | BUNKBAe TaKe TBEPKEHHS.

Teopema 8. Hexaii A =A* >0, B = B* > 0 { suxornysmoca ymoea

B> -;— A. To0i 325 pose’ asky cxemu (21) mae micye oyinka

/
Loy < W0lag + Y w10 g,
k=0

fKa 03HAMAE cmidkicmb | 8a NOYAMKOSUMU YMOSAMU, | 3a NPasoIo 4Gcmus

KO10. .
Poabr acuMmroTHuHoi CTifiKocTi NpH  pO3B’A3YBaHHi  NPAKTHYHWX

sajiay pO3r/IsiHEMO B HacTynHoMmy naparpadi.

6.2. Piaunuena cxema 3 Barosumm koedinieHramu
Ans ogHosumipHoro pisusnng rennonposianocri

BubGepeMo citku Tak, Ak y npukaaal 3 nonepeanboro naparpada,
i B 3anaui (5) 8 n. 6.1 mocraBMMo y BiANOBiAHicTb MOXiAHIA MO Hacy Ha
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apyci ¢; pisHHuUeBe CMiBBiAHOIEHHSA

du(x, ty) yo L) =y 1) gt — 4 (x) ,
-~ T = = = yi(x)
a6o B Toyui x; B iHAeKCHil dopmi. sanucy.
Ou (x1, 1) !/{'H - !/{ _ 7
ot ~ T = (.‘/t)h

a noxinHiA —g;‘,— NMOCTaBHMO Yy BiANOBIAHICTb MiHiAHY KomGiHauilo Apyrux

pi3HHMLEBUX TOXiAHHX 10 X NIpH ¢ = ¢; (Ha j-My spyci) i npu ¢ = ¢4,

(ua (j + 1)-my spyci):
I+ y’
y .

— = = oAyl + (1 —0) Ayl + o, 0
ge Ayt = yift — 2yl + yiFl, o — napamerp; ¢} —neska npapa
yacTHHa, HampHKJIaj cp{ =fl a6o ¢} = fiT12 BpaxyBasiin  Takox
KpaiioBi Ta MoyaTKOBY YMOBH

p=umlt), sh=uwt) j=11L @
y(l)=u0(xi)v i=0| ‘Np
QicraHeMo Tax 3BaHy pi3HuieBy cxeMy 3 BaroBUMH Koebluiewramu Aas
3apnayi (b) 3 n. 6.1. Cxema (1), (2) BH3HayeHa Ha 6-ToukoBOMY La6JoHi:
(Fe—ts 1) i L) (X G)
X X X
X X X
(=1 1)) Cen 8) (X, 8-

Y Bunaaxy o = 0 micranemo fiBHy cxeMy (16) (a6o (18)), n. 6.1, na 4-
TOYKOBOMY wia6JioHi, a npH o = | ZicraemMo MOBHIiCTIO HesIBHY cXemy
(17) (a6o (19)), m. 6.1, AKa TaKOXK HA3MBAETb Sl CXEMOIO 3 BHNEPE/DKEHHAM
Ha 1WabJIoHi:

(TR FER) BN & TR JXR) R 7XR I X))
X X X
X
(x1, tj)

Yacro BHKOPHCTOBYETbCSl TAKOXK CHMETPHYHA HesBHA CXeMa, fKY
Ha3uBawTb cxemoo Kpanka — Hikoavcona, yrBopeHa si cxemu (1) mpu
o = 1/2. Bona mae BHraaa

] _
/I (y;i}—zyf“ﬂfi} + y‘—*“””“”{")+ o O
2 » -

M9

T =73



i, sk Gaunmo, 3anucye1’bcn Ha CHMETPHUYHOMY 6-Toqxoaow|y mabJsoHi.
Slkwo g, i = 0, N, To6T0 3HaueHHs wyKaHoi QYHKUIT Ha j-My Apyci Bike

BiZomo, To snavenns yit' Ha (j + 1)-my Apyci y Bunaaky cxemu (3) 3Ha-

XOASTb METOZOM NPOFOHKH 3 Kpaﬁono'{ 3ajaui

s v =1+ )il + g il =—FL =T N

g6t = g1), o = gty )
Pl (1= =) o Gt + )+ vl

HeBaxko momituty, mo npu o = 0 cxema (1) 3 BaroBumMn koedinientamn
. i .
€ HesiBHOIO i y/' BM3aHAuaeTBCA METONOM MPOTOHKH K PO3B’A30K 3ajaui

orAy’*' yit'=—Fl, i=TTN—T,
o = u ), g =), j=0, 1, ... 6)

lllo6 ob6rpyntyBath 3actocyBaHHs cxemu (1), (2) Aas po3B’A3yBaHHA
sajaui (5) 3 n. 6.1, MOXHA CKOPHCTaTHCS 3arajbHOI0 TeOpiel MeTomy
citok (auB. m. 2.1), To6TO 3anUcaTH CiTKOBY- 3alauy ANS NMOXHGKH, BCTa-
HOBMTH HepiBHiCTb KopekTHocTi (HepiBHicTb cTifiKoCTi), BEJIMYHHY MOXHOKH
anpokcuMallii i Ha OCHOBi L(bOTrO 3pOGHTH BHCHOBOK IIPO 361)KH icTb cxemu
npa h, v — 0. '

6.2.1. CrifikicTs cxemn (1), (2)- Hacamnepep sayBaxumo, 110 Po3rasny-
Ti BHIIE CXeMH /s piBHAHHA TeIJVIONPOBiXHOCTi MOXHA 3aNUCAaTH B KaHO-
HiuHOMY omneparopHomy Burasai. IificHo, BBeleMo MNpoCTip  CITKOBHUX
dbyukuif, 3ananux Ha citui g, 3i CKanApHUM IOGYTKOM

N—1
(y, V)= Y, yivih,
=1

a TakoX NpocTip Q4. GYHKUIA, 3a1aHUX Ha ciTui ), i piBHUX Hy/MO NPy
x =0 1a x = 1. QPyuxuio 3QN+|, fiKa Ha ciTui w, 36iraetbcs 3 GyHK-

ui€wo y € Qy—1, MO3HAYHMO Y. y npociopi Qn—; BBeseMo onepatop A
3a (OpMYJIOI0

Ay=—Ay, yeQn_i, YEQui
Bsenemo aas spyunocri taki Gesinnekchi nosHauenHs:
A Y1 — Wi +y_
=vh y=g*', Ay=ym=

I+1
Y: "-'/{ ©
Y = - P Yy

= oyt (=0 =0y + (1 —a)p.



Y uux nosHaueHHAX CXeMa 3 BaroBHMH Koedinienramu (l) (2) 3anumervcs
y BUrAALI

g1 =AMy + @, (xi, ;)€ o, y(x, 0) = uy (%), X €, (6)
Yo=w{), yn=1u, ©, tEmt‘

Hesaxxko nomitu1y, wo cxemy (6) MOXKHA TaKOXK 3allCaTH Yy TAKOMY Ka-
HOHiYHOMY BHIVIfAAi:

By: + A.l/ = F(t)v Y (0) = u,, (7)

e B =1+ ovA; I — onnununnit onepaTop;

P (%1, t)+—”1(t+7)+ Lut), x=x,
F)y=]ow &), x=x, i=2 N—9,
|<P(x1v—n )+ 2 Uyt + v + —— (1 Lou 1), x=xn_y,
abo
BLESE 44y =F, p=u, =0, L,

N 8
Yy =y). @

Iopisuioiouu cxeMmy (8) i OZHOKPOKOBY CxeMy B KaHOHIYHOMY BUIJsAi 3
n. 1.4.5, 6aunmo, 110 (8) € KOHKPeTHUM NpPHKJafoM aGCTpaKkTHOI cxeMH (4),
n. 1.4'3 4. 1. 3a nonomoroo GopMyJ NiJACyMOBYBaHHS YaCTHHAMH HEBaXKKO
nepekoHathcb, o A = A* > 0B Qy_1,0omke, B = [ + 01A =B* >0
npu ¢ >> 0, To670 ichye B~'. 3a teopemoro 1, 1. 1.4 3 4. 1 ansa crifikocri

cxemn B Hy (uuB. 0. 1.4.4 3 4. 1) neobxiano i focTaThbo, 06 B > % A,
T0610 B — % tA > 0. BpaxoByiouu sursiaa B, MaeMo
1 1 1 1
B —--—Q'TA——'- ,+ (0— T)TA)(—"TI"— —|—(0’— —Q')T)A>O,
1 KIO )

| 1 ~ | 1
“—AH——I—(O'—T\’T>O 360 0>00-=—-_2—— ‘["A" . (9)

¥ cuay camocnpsixkeHoCTi onepatopa A #oro HopMa JOpiBHIOE MaKCHMA/b~
HOMY 3a MOJyJ/IeM BJIaCHOMY 3HaueHHIo, To6To (aus. m. 1.4.4 3 4. 1)

JA} =~ cost B < 2 (10)

I3 nepiBHocti (9) Gauumo, mo cxema 3 BaroBuMH koedinienramn crifika
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ApH GYAb-fIKHX T, h, AKIIO 0 > -;— , a IpH 0 < l crifika, KoJH

1 h?
00, =5 — 5+ >0 (11)

CiTKOBi CXEMH HA3HBATHMeMO Ge3yMOBHO CTiKHMH B NEBHifi HOpMi,
AKILO CTifikicTb y Hift HOpMi Mae Miclie 6e3 10AaTKOBHX YMOB M0JIO BEeJTHYHH
h i r i ymoBHO crifikuMu B mpoTHJeXHOMYy pasi.

OTxe, cxeMa 3 BaroBHUMH KoedilieHTaMH Ge3yMOBHO CTifiKa B Hopmi

npoctopy Ha npu o = —é i ymoBHo crifika 3a ymoBH (11) y Bunauky 0 <<
, _
o< R
3anuiemo 3aauy A/is1 NOXMOKH Z = y — u, Ie Y — PO3B’A30K CXeMH

(1), (2), u — po3s’s30k 3anaui (5), m. 6.1. [ligcraBanoun y cxemy (6)
Yy = 2 -+ u, Aicraemo '

2y = A2+, (x, )Eomg
z2(x, 0) =0, xECwy (12)
20, =0, z2(1, =0, t€ox

ne
Y= Au® + ¢ — u,. (13)
B oneparoproMy BurJjisiai Bupa3 (12) sanuwerbes Tax:
Bz, + Az=vy (), t€aw, z(0)=0. (14)

CxopHcraBumnch Teopemoto 5 (n. 1.4 3 u. 1) npn B > —;— A, maemo
OLLIHKY
=1
“zI-"B < 2 T“ ‘l’k “B—-h l (15)
=0
fika BHpaxae criltkictb cxem (8) i (14) 3a mpaBoio yacTHHOW, Je B = [+~
+atA, d=2z2(), Y=y (). Sxkmo x o> %,
BHKOHYeTbCsl HepiBHiCTDb (24) (n. 1.4 3 u. 1) 3 Teopemu 6 aas BuNAAKy 3i
craqoio & == 1, Tomy 3 uiei reopemy 145 Ge3yMOBHO CTiHiKOI cCXeMH '(0 =

TO, OYEBHIHO,

> 1 iBui i .
=25 MaeMO0 HEPIBHICTb CTIHKOCTI]

< 4T et (16)
k=

KOpHC'lylollHCb THM, o Az = —z —o | pisHuuesumMu ¢opmynamu ['pina,
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-3HAXO04UMO
12 ° o N . 2
12% = (A2, 2)= — (Z3er 2) = ;21 h(2z,0)? = ,Z]&"aw;."

Hani ckopHcTyemocs CiTKOBOIO Teopemolo BKJadanusa (auB. m. 1.5 3 u. 1),

3rigHo 3 KO0 MaEeMO
l

N .
Izl = max |2] <L (¥ h(z;.m) = izl
oy 2\= -
o pasoM i3 (16) ana GesyMoBHo crifikoi cxemu (6) npH o > —é— Zae OUiHKY

“2\\C(m,,)< 2 TPt (17)
k.—

3 teopemu 1 (n. 1.4 3 u. 1) BunAIKMBae, wo cxema (6) crifika 3a noyarko-
BHMH ymonam B Ha npu BHKOHanHi HepiBHOCTi B > —;— A. Ananoriuno
ouinni (17) amicraemo, mwo 3a niei ymoBu _

1< Mol gl (@=0). (17
Skmo % 0L 0 < — 2 , TO B cnny HepisHocti B = I + ovA > I 3 He-
piBHocti (15) AicTaeMo ouiHKy B caabwiii HopMi L, (@)

l2/) < i LT (18)
k=0

3a nepiBnicrio Kowi — ByHskoBcbkoro

1901 =V (B™%, WO <V IBWIiv i<V 1B vt
¥ cuny camocnpsikeHocTi oneparopa B 6yle TaKOX CAMOCTIPSAKEHHM
i B™. Horo quma' JOpiBHIOE MaKCHMa/bHOMY BJIACHOMY 3HaYeHHIO

. . —1
oneparopa B!, axe, Ak serko nomitutH, gopiemioe (1 + athy) ™', ge
A= :2 sm~—%’i — HafimeHlle BJacHe 3HaueHHs onepatopa A. SIkumo

>0, t>0, 10 !B7'|<< 1, 10610 9| 1 <[}, i 3 supasy
f—1
(18) aicraeMo ouiHky

J—
121< Y vvtl 0<a< 0<-—— (19)

k=0
CKOpHCTaBIIHCh TPHHLMIOM MaKCHMYMy, MOXHAa ARiCTaTd HepiBHiCTb
crifikocTi 3a npaBoto YacTHHOIO B HopMi C (w,), B sikifl i mpapa yacTMHa
olliHIOBaTHMeTbC B HOpMi C (wy) (3po3ymino, WO CJiA MparnyTd 3HafTH
OLHKH 3 IKOMOTa CHJbHIIIOIO HOPMOIO 3J1iBa i AKOMOFa ¢J/1abLUoIo cIIpaBa).
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Hificno, sanuwemo cxemy (6) y Burasigi

,‘Eyﬁ‘ (l+—2“)’+’+‘,’§ yifi=—Fl, i=T,N—],
t'=0, yi'=0, g =0 i=0,N, (20)

Fi=(1— 25525 gl + L5205 Gl + vl + ol
ko koediuieHT npu yl HeBia’eMHHﬁ, TO6TO

h
'|:<2

3 h3
(I—o0’

0>1__§?'v (21)

U lowp <19 koo + 710 ketwp »

{, ckopHcTaBuIHCh TeopeMoio 3 0. 2.2, 3i cxemu (20) KicTaHeMo

1™ oo <9 leay + T19 ey
i mauai

1 Tt < ¥ T 6 oo (22)

k=0

I . o . . .
[Tpu o => -5~ CNTill HafaTH nmepeBary ouinui (17), ocKkimbKu B nopiBHAHHI

8 (22) mpaBa yactuHa B Hill 3HalifeHa B c1abifi HOPMI.
I3 Bupa3y (21) BunsanBae, wo 1A fBHOT cxeMH (0 = 0) ouinka (22)
(To6To crifikicTh 3a mparow yacTHHOW B C (w,)) Mae Micue 3a YMOBH T <

h? " .
< “g™» @ V1Al CHMETPHYHO} CXeMH 6 = — 33 YMOBH T < h% 3 iHworo Goky,

6esyMoBHa crifikicTe BHAy (17).(To6r0 npH BHKOPHCTaHH] iHIIOI HOPMH
y mpaBiit yacTHHi) Mae Micue Npu 6 > —;—, TOOTO i M1 CHMETPHUHOT CXEMHU.
Ilefi npuK/Ial NOKAa3ye NeBHY YMOBHiCTb MOHATTA YMOBHOI Ta 6e3yMOBHOI
crifikocti, fKe MOXe 3ajexarTH Bil BUGOPY HOpPM (a TakoX i Bill meTony
JoBelleHHa HepiBHOCTI cTifikoCTi).

6.2.2. Ouinka noxubku anpoxcumanii i msugkocti 36ixwuocti. 1pu-
nycrumo, mo u € Wi (Qr), To6To GyHKuis Mae Tperi moXimmi, iHTerpoBHi
3 kBagparoM. BuGepemo ¢ = [ i nonamo moxuGKy anpokcHmaiii y BHraAAI

b (x, 1 du(x, 1)
b= Au" b o—u=ufl(r, ) — LoD | WD

— U (xr t) = lrl,l (xo t) + N2 (xo t)v
O (x f)Eam,
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Ae

nmx H=0(x, § W=y (u)_ u(b) azua(xxz, t) ’
Ou (x,
M6 H="n(x, 6 W)=my(u) = ug; 2 —u(x, 1).

Teopema BK/IafieHHS Hae ws (Qr) = C @), TOMY HEBaXKKO Nicjas Mac-

wrabyBaHHs 3HalTH OOMexeHiCTb QYHKLIOHAIB 1, nzBWQ(QT) Heaxko
TaKo¥X mMepeKoHaTHCs, 10 GyHKUiOHAJ 1); NepeTBOPIOETbCS HA HYJb Ha
MHOrou/ieHaX (Bil x i ) Io Apyroro cremeHs BKJOYHO, & (GyHKIioHaN
1), — Ha MHOTOWIeHax IO NepLIOro CcTereHs. KopHCTylquCb JIEMOIO
Bpembaa — Iinpbepra i npunmyckawouu AJs NPOCTOTH, WO A = ¢T, Je
¢ — CTaja, CTaHJapTHHM MeTOJOM JIiCTaeMO OLiHKH

I (e, 8| << MB (D% 30 -

I"'Iz (x’ t) ‘ < Mh (""T)_l/2 l u lW?,(e(x By (x’ t) € Ong,
Jgee(x, ) =x—h,x+h X (t t + 1), M — crana, uo He 3aJeXK1THL

Bil A, %, u. 3BIILCH Maemo
z xp'flP—kL L B (5, £ + 1, (22, n»)
_ I_
L';' N 2 2 ,

<2k%|0 Tigl P (e f) + me (ir 1)) SAREME(Ju 'Wa(Q T U fwg(or))'

3a zonomoroto niel ouninky i HepiBHocTi (17) RicTaeMo Take TBepKeHHS.

Teopema 1. Hexaii po3s’sasox sadaui (5) 3 n.6.1 naresxums npocmopy
W3 (Qr), Qr = (0, 1) x (0, T). Todi poss’a3ox cxemu 3 6a208UMU KOE-
diyicumanu 6) npu ¢ =f, o = 21 , h = ct, 0e ¢ — cmana, 36i2acmben
npu h, T— 000 mouroeo po3s’ AsKy, Npudomy Mae micye OYiHka weudkocmi
36iscHocmi

19— tloor SMB(utys, il )

de M — cmana, wo e 3aremums 6i0 h, T, u.
3ayBaxumo, Wo TeopeMa 1 aockTb rpy6a, OCKiMbKH 3 piBHAHIA (D),
n. 6.1, BHAHO, IO BUMOTH raafxocTi no £ i no X MawoTh 6yTH pisHi, i, KpiM

TOrO, I 6e3yMOBHO CTifiKOi cxeMu (0 = ) MH HaKJalH YMOBY h = ¢T.

Bin uux wefonikiB MoXHa no36GyTHCb, pOBI‘JIﬂ).'lalO'-lH 3ajgauy (5) 3 m. 6.1
B TaK 3BaHHMX aHi30TPONHHX NMpoCTOpax wh™ (Qr), ne k BKasye Ha ruia-
KicTb PO3B’A3KY 4 Mo X, a m — no £. Teopema | € JHWIe NPHKIAZOM, SIK 32
JOTIOMOroi0 CTaHAA@PTHOI METOAHKH MOXHA 3HU3HTH BHMOTH JO IVIaAKoCTi
po3B’A3KY.
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PosrasuseMo 3ajasy (5) 3 m. 6.1 B npocropax Cy (Qr), 1e k mokaaye,
cKiJIbKH HenepepBHHX NOXiAHUX Mae u (x, f) MO x, @ M — CKiJbKH 1O L.

BBaxaioun, mo u € Cs (Qr), posknagemo u (x, §) B okoai TOUKH (X, 1),
f=1t + % INosuauaioun v = v (x, ), MaeMo

~ —_ 1 2 al

v=vl+tT=v+5n t v+ -+ Is 0t3 +0(9,
- ov 2 52 3§

omo) =0 — v+ F 0w

BpaxoByiouH, KpiM Toro, pisHocti

u =ou+ (1 —o)u=24F* +(°__;')w”
Au=u;,,’= Lu—l—-’;—;u’V—i—O(h‘), Ly = ngl;,
MaeMo '
¢=I\L‘+7——"”—)+cp—7+(o——‘)rL—§‘,‘—+
+ -2 Lt 0@+ by,
Ockinbku B cuay pisusnua (5), m. 6.1, Lu +f —%— =0, To
L2 = 1w 4 Lf,
v=(o—F+(o—g) L)+ (G + (0 — )DL + 06 + 1Y,
8sincu
$=0@+h) mpn ¢=F, o=, u€Ck @), k>4, m>2,
$Y=0(w+h) npu o=Ff o= T’ ueCy @), k=4, m>3.

Slkimo x BUGparTH NpH U € lor

0=0.=%'——,h27. ¢=7— (0.——)1Lf= f+ LT, _

710 Inicranemo cxeMy ntum,eHoro nopanaxky ampokcumanii O (h‘ + 12)

U,ﬂ cXeMa HesiBHA i TOMY y BH3Ha4ac€TbhCA 3 plBHﬂHHH O'*TAy y =
= —F i BignoBigHHX KpaHOBPlX YMOB METOJOM NPOrOHKH. 3aYBa)KHMO,
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o KOJH B3ATH 6 =0, 1 @ = [ + Af, TO TaKOX IiCTaHeMO CXeMy
nopsiky anpoxkcumauii O (h* + 12), 6o Af—Lf=0®) npu f€
€ CS (Qr). 13 BHKJazeHOrO BHIUE i OLIHKH (17) BHIJIMBAE TaKa TeopeMa.

Te0pe.ua2 Sxwoa cxemi (1), (2) 0 > - 2 , mo npu u€Cg @Qr), k>

> 4, m > 2 po3s’a30k yiei cxemu 36izacmocs 6 Hopmi C (wng) 00 mourozo
po3g’asky u sadayi (5) 3 n. 6.1 [ mae micye oyinka weudxocmi 36ixcHocmi

1y — slcwpy < M (v + h2), (24)
AKWO @ = —12- , WECE (Qr), k=4, m>=3, mo mae mi'ye oyinka

1Y — tlcopy KM (32 + hY),

Oe cmaasa M He sarexcums 8id T, h.
Bpaxosyloud oninky (22), aicraeMo Take TBepxKEHHS,

Teopema 3. Sxujo 8 cxemi (1), (2) 061200, —;—'—[l — % ’ %),
ueCy @), k=4, m>=2, mo ae micye oyinka (24); AKWO %* o=
=0,€|20 |, 4€CT @), k36, m>3, mo

1y — ulcwny < M (324 hY),

de cmana M we 3aneacums 6id h, <.
Ouinka (19) npuBoAWTb A0 HACTYNHOI TeopeMH, B fIKil BHKOPHUCTOBY
€ThCA C1ablla HopMa, ajie PO3LIHPIOETHCA iH1epBas AN 0.

Teopema 4. Sxwoes cxemi (1), (2) 0 =0, € I(.Io, 1/2), u € CF (Qr).
k > 6, m == 3, mo po3s’ 30k yiei cxemu 36icacmoca 00 MOYHO20 PO38’A3KY u
3adaui (), n. 6.1, npuvomy mac micue oyinka weudxocmi 36ixrcHocmi
ly—ul< M@+ ),

Oe ecmara M ne sarexcumn 6id <, h.
6.2.3. AcuMmnToTHUHA CTifiKicTL CXeMH 3 BaroBHMHM Koediulentamu.
Poaranauemo 3apauy

T %€, 1), >0,
u@©, =u(, =0, >0, (25)

u (X, O) = uo (x)v xE [0) ”'

Meromom pospineHHs 3MiHHHX pO3B’s130K wLiel 3ajaui MoXKHa 3HaliTd y
BUIIAL]

u(x, )= éi. e X, (1), (26)
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e Ay, Xp (x) — BracHi 3HayeHHs Ta opToHOpMoBaHi BJjacHi -dyukmii
sajauvi

X" +AX=0, x¢c@© 1)y X(0)=X(1)=0.
HeBaxKo nepekoHaTHCh, IO

M, = k2, X, (x) = V2 sin knx,
NpHYOMY
) ]
Xay Xm) = { Xy (%) X (x) dxt = Btm,
AR

8xm — cumBoa Kponekepa. [lificno, Bupas (26) e poss’s3kom 3anaui (25),
6o BCci YacTHHHI pPO3B’'A3KH (a60 TapMOHIKM) U, (x, ) = cye #'X, (x)
3aJ10BO/IbHAIOTH PiBHAHHA (25) i KpafioBi ymoBH, a 3 MOYAaTKOBOI YMOBH

u(r, 0=ty () =3 X5 (1)

k=]

BH3HAaYaOTheA KoedilieHTH ¢, = (Uq, X)). OcKiNbKH

= 3 Ch ey S A e Sl =
k=] -

To 3 BHUpasy (26) maemo

0 '.‘.2=§ cie M e ™™ Y of = ¢ 1 (27)
k=1 =]

Lls ominka o3xauae acHMNTOTHYHY TNpH ! — oo crifikicTb 8anaui (25) 3a
noyatkoBUMH yMoBaMH. Ockinbku A, = k%n? — oo npu k - oo, 10 3 poc-
ToM ¢ y cymi (26) moune nepeBaxarn nepiuHi 104aHOK (mepuia rapmoHixa),
TO6TO NpPHOIH3HO MATHMEMO ([1PH Be/IHKHX {)

ulx, f) == cie=M X, (x). (26')

La craais nponecy, SKHii OOHCYeTbCA MaTeMaTHYHOWO Mozennio (25), Ha-
3HBASTLCS PE2YARAPHUM D HCUMOM.

Ilpn po3B’si3yBaHHi NpakKTHYHUX 3aJay METONOM CiTOK NpUpPOIAHO
BHMarart, o6 CiTKOBHH Po3B’s30K BifoGpa)kaB aHANITHUHI BJACTHBOCTI
TOUHOI'O, 30KpeMa, ¥ BUNaaKy 3anaui (25), 106 Bin mas Baactusictb (26).
$IK BUAHO 3 03HaueHHR 6 nonepelnboro naparpada, A48 UbOro cxeMa Mae
6yTH aCHMOTOTHYHO CTifKOIO. :

Posrnsnemo ajia 3agaui (25) cxeMy 3 BaroBumy, Koedillienramu (1), (2)

g () =0Ag@) + (1 —0)Ay(x), x€w, tEwg
, y(O, t)=0, y(], t)=0s tEwT; y(xv 0)=u0(x)r xe(‘)bv
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a60 B KaHOH{YHOMY ONEPaTOPHOMY BHIVISLAI

Byt +A_l/ = O, tEmTa
y(0) =uy B =1+ ot4,

A:Qu1—>Qn_y, Ay= —1;});, !;GéN-H, Qn1—

npoctip ciTkoBUX pyHKUiH ¥ (x), X € @, 3i ckansFpHHUM HOBYTKOM (Y, v) =

= D hy (x)v (x). Ockinbku onepatop A camocrpsxenuit i Jojar-
xemh
HU#H, TO
8l K AAI (28)

je 6, A — jioro Bignosigno HaiimeHitie i Hal6inblue BaacHi 3HaueHHs. Bi-
nomo (AMB. n. 1.4.4 3 4. 1), mwo

b hesint T A= o T

i €08% —5—

Kopueryrouncs Teopemoto 4, n. 1.4 34, 1, npu

1 a<ely " la<<o' 14 la,
MaTHMEMO
2

T TS (29)

P=|1'—YT\<L Ty =
Ie Y1, Y2 — cTaji 3 HepiBHoCTi
WB<KA B

O6uucaumo Ui cTaai Aaa cXeMH 3 BaroBHMMH KoediltieHtramu. Maemo (3
ypaxyBauHsM (28))

B=I-l-01:A>(-l—;-+0’c)A= ;—’A,
-B<(-%— +01/A =—Yl]—-A,

8BiAKH

6.

A
1= 14018 V2 = l4o0tA ° (30)

Is BHpasy (29) 3Haxonumo oumxy, fKa BHpaxae BJIaCTHBlCTb acUMINTOTHY-
Hoi crifikocri (npy t; — oo)

1y la<<e ™) yola (31)

PosrasineMo Ha#6inbil BXKHBaHi CXeMH.
Has aBHoi cxemu 0 =0, y, =48, v, = A i ymoBa acumnToTH4HOI
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crifikocti (4u HepiBHocti (29)) mae BHraIAx
2 h3

.T<To=m=7, (32)

TOOTO yMOBa acHMNTOTHYHOI cTifikocTi 36iraeThcs 3 yMoOBOIO 3BHYAHHOI
eTifikocri.

: 2 . .

IMpu 050 ymosa T T, = T HPHBOI[HTb go HepiBHOC11
2+2(o-—%)t(6+A)—20(]—0)126A>0. (33)
Ilns HesiBHOT cxemn o =1 us HepiBH.iCTb BHKOHYETbCA IJA BCiX

T, TOOTO HEeABHA cXeMa € i aCUMOTOTHYHO 6e3yYMOBHO CTiflKoOlO.

. | .
Jns cUMeTpHYHOI CXeMH G = - i3 (33) MaeMo yMOBY acHMOTOTHYHOI

cTifikocTi

2
VG—A ~ “sinnh
TOOTO CHMETPHUHA CXeMa YMOBHO aCUMNTOTHYHO CTifika, Xoua Boua G6es-

YMOBHO CTilKa B 3BHYaHHOMY pO3yMiHHi.
Po3B’ 30K CHMeTpHYHOI CXeMH

1 y
y1=-—7Ay+ 5 Ay, yO, )=y, =0,

y(x, 0)=u,(x) (34)
MOXKHA 3HaWTH sBHO MeTofloM posdineHHA 3MmiHnuX. lykarumemo fioro
y BHrasai

TL T, = 7 %, (33"

N—1

=3 aXi(x)el, (35)

v k=1 .

pe X% (x) = V2 sin nkx — Baacaa dbyHkuisn onmeparopa — Ay = —y ,
y (0) = y (1) = 0, sika BixnoBinae BJacCHOMY 3HAUYEHHIO A, = :—, sin® n2kh

(auB. 0. 1.4.4 3 4. ]). Hiﬂcrasnmoqu (35) B (34), MmaeMo

N—1
R e Xiw ek — ol + ; cn - sin® T2 X% () (ot + pl) =0
=1
a6o
NS A 2 nkh
k; caXi (")[—— + - sin® S~ i+ + Plle)] =0

3BigcH AsA BU3HaYeHHA P, MAEMO PiBHAHHA
(1 + = M)PLH -—(1»— —;‘ _M-)Pllz =0,
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oo Jnae

2 kh
1—% }‘h 1— h: sin® -"12
Or = T = nkh ° (36)
I+ 5 M 1+ _h,T sin® —3

Crani ¢, BU3HAYalOThCA 3 NOYATKOBO! YMOBH

L ) N—l_ o,
Yo=Y cXe(x) =uy(x) = ¥ cpXi(x),

=1 - k=0
- h
Cyp = ¢ = (uy, Xi).
Hani sam norpibue 6yne Taxe JJ.OHOMi)KHe TBEpIKEHHA.

Jema. Hexait ¢ (T, x) = l + — — Pynkuin OiticHux 3MIRHUX 3 00.ACHUO
susrauennn0 < a < x < b < 00,7 > 0i nexai g = minmax | ¢ (t,%) .
T

xgla,b]
Tooi
1—Valb-

=9 2=, b =T Vab

1
Vab

T =

Kpim toro, sKio 0 <t <7, 10 (¢ (1,0 | =@ (r, )|, anput >,
BHKOHYETbCH HepiBHICTb | ¢ (T, @) | << | ¢ (7, b) l.
JosenewdnHnsda Hasa ﬁyub-ﬂxoro T> 0 dyskuia @ (v, x) C'rporo Mo-

HOTOHHa npu x € la, b, npuuomy ¢ (1, 0) =1, @ (1, + o) = —1, 3HauuTDH
@ (T, x) < 1. ﬂKluo T 3pocrae, 10 ¢ (T, ¥) cnauae 4as Bcix x > Oig (‘I:
x) = 0 npu 1x = 1. 3BiacH 3po3ymijno, Lo rrllax |9 (z, x) | 6yae Mu-n-

MaJibHUM AJIA TaKHX T, A1 AKHX
(P(T’ a)=_(P(T! b)v
abo

|l —~1a 1—1b

T+twa ~ T+ '

To6TO T, = V—_ [llo6 nosecTH Apyre TBepMKEHHA JEMH, pO3IVISHEMO

¢ynkuio
YO =196 a)l—lo b=zl -0l
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Ha npomixky 7 € (0, o) BoHa, oueBH/IHO, HenepepBHa i IT MOXKHA NoAaTH
y Burasgi

|1 —1a 1—1b !
TFa T+’ "E(O' T)'

l—1a l—1b | 1
1|?(T)= l+1a + l-l—‘tb ’ TE[T: —;‘),
11— 1—1a

1
I+t  1+1a '’ TE[T’ oo).
Kpim Toro, neeamko BHEBHHTHCI:, m.o P (v) NepeTBOPIOETHLCH HA HYJb
1 1

Julle B OAHili Toumi T, = V— E( —a—). Ockiabku w(—b-) =

1— ) .
=—IT’_—Z§—Z>O, oY1) =20 1A 0<<v<C1 i (V) <<O ang v>171; a
e i ROBOAW1b TBEPAMKEHHS JIEMH.

3 seMH BHIJIMBae, WO NMpH BHKOHAHHI yMoBH (33') Ans cumerpHuliol
CXeMH MaTHMeMOo max p, = .p, i B cymi (35) nepeBaxarume nepiua

k

rapMoHika (npu BeaUKHX | abo ¢;), To6TO

©8/2
y: X Clpl sin nX; =0, (l—m) sin nx;.
Ockinbku
T 4 nh Tnﬁ
1 — 8/2 | — 5 g sin =5~ 1——5— +0~(th’)
l+1'6/2 ]+-;—- -:Ts“"a%l‘ |
= w40 (thd)
- (l S TFn¥2¥ 0 (-[ha)) = e—#1(1 4 O(th?),
TO

Y~ e ™ isinax,,
i M1 6aunMo, LIIO CHMETPHYHA CXeMA NPABUJALHO Nepeae NoBediHKY TOYHOro
po3B’A3Ky npu ¢ — oo. §lknio x yMoBa (33) He BHKOHYETbCS, TO, K BM-
ninsae 3 gemH 1, 'py_t! > |ppl, & =1, N —2, i Tomy B cymi (35)
nepeBax<aTHMe OCTaHHA rapMoHika, To6TO

i . { .
i~ cnmph—i sinn (N — 1) x; & cn—iply—i (— 1)} sinmx,
ne
I—tA/2 _
PN—1= T oAy <€ e,

i MM Gaunmo, mo 1efi PO3B’A30K He Mae HiYOro CNibHOTO 3 TOYRHM PO3B’ 13-
KoM 3ajaui (25).
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PosrasnyTu#i npuKk/ian nokasye, WO NMPH YHCEJLHOMY PO3B’I3yBaHHi
piBHSIHEA TENJIONPOBIAHOCTI HA BEJHKHX NPOMiXKKax 4acy BHMOra acHmi-
TOTHYHOT CTiHKOCTi CXeMH € CYTTEBOIO i 3BMuaiiHOl CTifIKOCTi Moxe GyTH

h .
HE JAOCHTbLb. 3ayBa}KHMO, uio ymoBa v & 3 A CHMETPHYHO! CXEMM He €

)kopcTkow. Binblue Toro, MoXxHa A0BECTH, IO YHCTO HESIBHA cXeMa (0 = 1),
fiKa € 6e3yMOBHO aCHMIITOTHYHO CTiMKOIO, NIPH BEJIMKHX { MOXe 3a6e3neunTh
noTpi6GHY TOYHICTb NHHIE NPUH KPOKax T TOrO CaMOro MOpPsAKY, WO i B fiB-
Hift cxemi. lla o6ctaBuHa npH po3paxyHkax AR BeJUKHX { no3baBiasie
YUCTO HeABHY cXeMy 11 OCHOBHOI nepeBary — CTilikocTi 4ns 6yab-AKHX T, A.

6.2.4. TpuspycHa cxema 3 BaroBuMn KoediuieHTamu aas piBHAIHHR
TEeNnJonpoBi 1HOCTI.

3apauy (5) 3 . 6.1 MOKHA aNPOKCHMYBATH TAKUM YHHOM!

(I +o)yl—oyf=vit' 0+ o™ (0, x€on j=1,2 ...,
YO y=ut), ¢ =ult), 37;

yl)(x) = U, (x)v xG Wy.

Taka pi3HHueBa cxeMa MiCTHTb TpPH APYCH N0 Yacyi Iy, ty, {4y, 1 Bas
Toro ' mo6 3apaua (37) poss’a3yBasacs OAHO3HAYHO, Tpeba Ule 3anaTh
y} =4 (x;, V), i =1, N — | Pynkuio 4 (x), x £ ©, MOXHA BU3HAYATH
No-pi3HOMY, aJle TPHPOLHO WYKATH A7 HEl Taky anpoKcHMalilo, NOpAAoK
fIKOI y3rOIKYETHCA 3 TOPAAKOM anpokcuMauii cniBBignowenn (37).
Tomy nocaiaumo crnoyaTKy NOXHOGKY anpokcHmauil piBHAHHS TenJonposin-
Hocti cxemu (37). Has noxuGKH anpokcHmauii MaeMo BHpa3s

+1 j+1 1 f j

M=ot 4 AT — (1 + o) ul + oud,

At = uf-“t

Kopucrytounce dopmyoio Teidnopa, aicranemo B oKoai TOUKH (X, j41)

Jtul ! pp 0%/t
it =l + (_gxz T )—
ool =3 5
— 0 — —
] 2~ or
dul 11 : u I+|
-I-o(—u;———%r )+O(12+h4)=

2 ol 1 9% I+1
T e

\
Hucepenuiiooun pisasuus (6) 3 0. 6.1 no ¢, aicranemo pisnicts
0% u 0% o

= Tt
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8 ypaxyBaHHAM siKoi BHpa3 (38) Habepe BHUTAAAY

. . At 1 o2ult!
"«l’li+l =q3{+l— ﬂ+l + [‘—1‘2—4‘7(7—0)1—6;—3———
A aaf{+l afl+l
- _17( e G

8siacu Maemo:

[+1 [+
1 h? 1 1, M9 ofy
1) axwo 6 = 5 + 5 ot = it + 12 ( - t )

4€C(Qn), 10

w{"" = O (7% 4 h%); (39
ﬁ) SKILO ¢ = —;— , ot =Y, uedi,
P = 0 + h); (40)

: 1 1 h3
8) KMo ¢ €(— 00; ), 07 5, 07 5 +—por » @ = HT,

ucCs, To
Y = 0t 4 hY). “n

[lo6 3nafiTH y', CKOPHCTAEMOCS TAKHM DO3BHHEHHAM 3a ¢opmysoo Tei-
Jopat

1 0 2 0
Ouy ou, d ui Uy

e 0= it

& oy | ol
+T( o; Tt >+O(T)

@ecC @), feC:@Qr).

Anpokcumyioun
ou} ub —u? =
= ——L 1 0(®) eCi@n)
1 BuKOpHCTOBYIOUH nonepemuo piBHiCTb MarHMeMO

a L) 0 0\ -
ui =i+ T —i- +Tf3+12( ax“ + afi + ;, )+0(T’)-

OCKiJIbKH U] = u, (x) — BimomMa ¢yHKUiA, TO, NOKIABLIY

LT

yi = tos + Wy + ull + 1fi + T —e (42)

X
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i Bpaxosytoun (39) — (41), naa 3anaui (5) nicranemo TpHApycHy pi3Hn-

nepy cxeMy (37), (42), sika npu ¢ = —L, o' = AT, ueCl@n, fé

€C:(Qr) marmve mopamok anpokcumanii O (t*+h?), a npu
] h? I gy ne ( orfft! ot 3,7
6= +5 @ =f" +l—Fm—+——) ueCslr) [€

€ C3 (Qr) — nopanok anpokcumauii O (v2 -+ AY).
3navennsi yi T, i =1, N — 1 na (j + 1)-my 4acoBOMYy fpyci BH3Ha-
YaeTbCsl METOAIOM nporomm i3 cHcremn TpuTOukoBHX piBHsiHb. Hanpn-

KJaag, npu ¢ = 1/2, qu'l = f’-+' cxema (37), (42) maTHMe BHIVISL
yH—(2+ )i+ = FY, =TV j=12..,

Fl =— hzf’i*‘ —

h*
gt + 5y,

gt = u ), N =uy (ti+1); Yo =uy(x), =0, N,
ayl, i =1, N— | Bu3HaualoThea 3a Qopmyaoo (42).

6.3. Metop citok ana GaratoBumipHux
3agau napaGoniuxoro Tuny

flk i y BuUmajKy eninTH4YHHX 3alay, MiBHILEHHS PO3MIPHOC1I 3alaui
napa6oJiiunoro 1uny (10670 36iNblUeHH KibKOCTI He3aJeXHHX 3MiHHHX),
K NPaBHJIO, He NOTPeGye HC BUX YHCEJNbHHX MeToliB. Ase 3i 36ibIUeHHAM
po3MipHOCTi POCTYTh TeXHiuHi TPyAHOILi NpH NobGyIcBi Ta HochijKeHHi
HuX MetoliB. BararoBumipHictb 3ajaui NpHBOANTL A0 36GijbILeHHS 06CATY
o6uHcaenb (KibKOCTi apH(MeTHUHHX onepauiil), a TAKOX BHOCHTD i JedKi
NpHUTaMaHHi JiHIle TAKHM 3ala4aM PHCH YHCebHHX METOAiB, 6e3 Bpax yBaH-
Hsl IKMX IIi METOAM He BeLYyTh A0 IIYKaHOro pe3yJbTary. 3a3Hauumo, o Ha-
raToBUMipHicTb 3afaui B UiJoMy €, TaKk GH MOBHTH, «CHJbHHM BOPOrOM»
LSt focaigHuKa i B 60poTe6i 3 HUM NOKH L0 ZOCATHYTO JHIIEe OKPEeMHX
ycnixiB, a He «IIHPOKOTO NPOPHBY».

6.3.1. PisnnueBa cxema 3 BaroBuMH koedillicHTaMu AJsl ABOBHMipHOTrO
pisnsiHna Tennonposinpnocti. Ha naommni x = (xy, x,) posrasneMo
o6nactb 2 3 rpanuueo 0. Po3rsisiHeMo noyaTkoBo-KpafioBy 3ajauy mep-
oro poay (3afauy Hipixse aasa piBHstHHA TensonpoBifHOCTi) AAS IBOBH-

mipHOrO piBHSIHHS TemvonmpoBinHocTi B umdiwapi Qr = Q x [0, Tl

L= Lutfn 8, (x HEQ=0X (O, T}, )
u(x, H=plx, 1), x€dQ, t€lo, T, 2)

—_— — 62 d2
u(x, 0)=uy(x), x€Q Lu= dx‘% +#. (3)
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Tyt u (x, {) — wykana ynkuia; f, p, uy — 3apani GyHkuii; ymona (2)
Ha3HBAETbCA KpaHoBolo; yMoBa (3) — mnouaTkoBow. [ani BBa)kaTHmeMo,
mo §2 — NPAMOKYTHHK,

Q={r=(xy %)10<Cxe <loy a=1, 2}
Tloxpuemo Q) npAMOKYTHOIO CiTKOIO (o,, = ©; X © fe

(l)a—'——

l
Xa = laho t ia =0, Nay ho =2 } w=1, 2
a

I'paHHueio CiTKH ®, HA3HBATHMEMO MHOXHHY BY3/iB
‘Yh = {xi = (ilhl’ iZhﬁ): i.] = 0, Nl' 0<i2< NQ; i, = O, NS’ 0<i1<N1}.
Beenemo Takox cirky i3 BHyTpiluHiX ByaJiB ®, = ®; X ®,,

l
(I)a——{xa—iaha ia—] Na—l ha= Na }, a'—"l, 2.
[+

Ha sigpisky ¢ € [0, T'] BBenemo ciTKH 3 KPOKOM T:
=[t,= jrij=0, L, 1:=%},

{tj—]'c j=1,1L, 1:=—:-}.

3amiHIOONH MOXiAHI Pi3HHLEBHMMH CHiBBiHOLIEHHSMH, AicTaHEMO AJ1A
sagaui (1) — (3) raky cirkoBy (pisHHIEBY) CxeMy 3 BaroBHMH Koedilli-
€HTaMH:

gyl .
= Aloyt' + (1 —0)y) + ¢/, j=01,...,

T
y (x’ ) = P«(x: t)v XEV €y (4)
P =y 0)=ulx), xeo, |
ze y/ =y (x, t;)) — HaGnukenHs Aisi u (x, &), x€ o, Ay =yz, +
+ Yz, [lo6 3HaiiTy po3B’s30K cxemu (4), Ha HOBOMy 4YacoBomy fpyci

¢7+1(no3HaunMo ueit po3B’A30K y = yit!), Maoun y = y/, norpi6Ho po3s’s-
3aTH pi3HHIeBe PiBHAHHA

y—otAy=F, F=y+(1—0)tAy+7¢, %€

y=px, 1), x€¥s (5)

[lo6 mocninuThH ne piBHSIHHA, BBeJeMO BiANMOBiAHI «iHCTpYMeHTH» —
NIPOCTOPH CiTKOBHX (YHKLUIK 3i ckansapHuM Ro6yTkoM. [Tosnauumo uepe3
Q, mpocrip poamipnocti (N; + 1) (N, + 1) citkoBux dyHkuiit, sapaunx
Ha oy U 7, AKi NepeTBoploioTbC Ha HyJb Ha FpaHHL v, a depe3
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Q, — npoctip ciTkoBHX GQYHKILiMN, 3aJaHUX HA ®©,, 3i CKAMAPHHM A06YTKOM
@ 9= Y hhyx)v(x).

xemh
dyukuio 3 npocropy @, sKa Ha @, 36iraetbea 3 QyHKIie Y (x) € Q,
nosHauuMmo y (x). Begemo B mpocropi €, oneparop A 3a ¢opMyJiown0

Ay (x) = — Ay(x), x€@,

3anauy (5) MoxxHa, OYEeBHAHO, 32NIHCATH Y BHIVISAAI aHaJoriuHoi 3aiayi 3 of-
HOpiZlHUMH KpalOBHMH yMoBaMH, aJjie 3 iHIIOI NMPaBOIO YAaCTHHOW (IMB.
TaKoX 1. 5.3)

§—otAy = Fy(x), x€ay, (6)
y(x) =0, x€yp
ne
EMEHW=

F(hli 2) + _p‘(o hﬁ’ t]'l‘l) + (hb 01 t]+l)v X = (hlr ha)v
F (hy, %) + ? 1 (0, xg, £141), x = (B, Xy), % = Ighy, ig = 2_'-N::_2--
T

F (hy, I, — b)) + —%p 0, Iy — b, t111) + :—; p (b by, 2i41)s
x=(hy, l;— 2),

F(xy, &y — hy) + (e, by )y = (% lh—hy), 2] =1Lk,
=2 N,—2,

F(ly—hy, Ly—hy + —,,2— p—hy by t) + u(zl, ly— by,

tiv), x=(—h, l,—hy),

F(l,—hy, x) + —:,;— p(ly X tgr), x= (L —hy, X,
x=mwg=Tﬁi§

F(h— b, b + 5 ( by ) + —"'— Bl —hy, 0, ),
x=(l; —hy, hy),

F(xy, hy) + %g—ll(xv 0, tj11), X = (%3, hg), %, =L by, 1y = 271\/1——-7'
F(x), x= (%, %), %o =ioha, ia =2, No—2, a=1,2.
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B onmeparopHoMy Burasni pisuicts (6) HaGepe Burasay

(I +otdyy=Fy, g€, FEQ, (7)

HeBaXKo NOMIiTHTH, W10 BJACHUMH 3HaueHHAMH onepatopa A € uucaa

M+ dam k=T N =1, m=T N1, e hp= b sint 2
1 1

. h . : . s
m = —5— SIN Y A BJjlacHl 4YHC/1d BIANMOBIAHO onepaTopiB Aav =
2

=—0; 1, (), v(0)=v(ly) =0, =1, 2, AKi BiANOBiAAIOTL OPTOHOP-

. . kn
NOBaHMM BJacHuUM ¢yHRUiaM v (x,) =V 2 sin llxl y Uom (Xg) =

. mn . ser
=) 2 sin Tx“ Bnacuumu ¢yHKUiaMu oneparopa A e ¢ynkuii (op-
2
TOHOPMOBaH|)
. kmx, . mux
Uk = UV1x (Xy) Vo (x5) = 2sin -T‘ sin ——l—’ .
2

Bpaxosyioun Hepisnocri (Ay, y) <Ayl ly | <14l lyl3
1Al =Ay = Mn—1 + don,—1 Ta (Ay, y) =>8lyP>0,

. _ 4 o Ty 4 . o Thy
So=Ay+ Ay = 2 sin® o7& +-gsm Tl

MaeMo
(U +0tA) g, 4) =1y + 07 (Ay, 9 > (71 + ov) Ay, >0,

1
TOMY MpH 0 > — — 7 omeparop I 4+ otA e ponatno Bu3HayeHuM. Lle

o3nauae, o piBuanEs (7) (0XKe, i (5)) Mae po3B’n3ok. B iHleKCHOMY BHIJIfI-
Ai (5) mae Burasg

0V (Girmtty + Yrpii) — (L + 26 (v + ¥) Goos, +
+ 0y iy tymt + Ytotet) = —Fipty da=T, Nayy a=1, 2,

!;1..1. = l:t,.t., xy = (hhy, ihy) €vn,
ne
) !;(..l. = y(ishy, ighy, ty1), Vi =1/Hi, vy =/h3,
Fogy=(1—=2(1—=7)(v;+ %)) yt,4, + (I —0) ¥y (ys, 41,0, +
+ Yt-1,8) + (1 —0) ¥y (g1,0,—1 + Yr0i41) + @ity ()]



3anaua (5) (a6o B inmomy Burasgi (6), (7), (8)) cxoxa Ha pisHuueBy
sapauy [lipixsie pia piBHsaxHsa IlyaccoHa B mpsAMOKYTHHKY (aMB. . 5.3),
Ans 11 po3B’A3Ky MOXYTb 6yTH 3acrocoBaHi Ti cami meroau. OckinbKH KO-
eiuieHTH TYT cTani, a 06aacTb  — NPAMOKYTHHK, TO MOXKHA 3aCTOCYBaTH
npAMi METORH, fAKi € HalH6inbll eKOHOMHUMH.

6.3.2. CrifikicTb Tta 36iXHiCTb cXeMH 3 BaroBMMH Koediuienramm.
3anuiuemo cxemy (4) B oneparopHOMY KaHOHIYHOMY BHIVIAAI:

H1_
By___._y__|_Ay/—(p/ i=0,1, ..., )
Yy =uy, B=E g4,
ne Uy = Uy (x), x € wy, c}i 36irae‘rbca 3¢/ mpu x = (:),, = {x = (1,
Xp) Xy = iyh xg = ighy, iy = 2, N.— 2, iy=2N, — 2}, a B inmux (npu-

rpaHHYHHX) By3JiaX CiTKH ®, BUpakaerbcs uepe3 @/, p/ ra pi+!, onepatop
A, susHauenuit Bume. Hk Gaunmo (9) no gopmi He BigpisHseThea BiA a6-
cTpaKTHHX cxeM n. 1.4 3 4. 1 yn pisHHLEBOi cXeMH 3 BaroBuMH Koeoiui-
€HTaMH LIl PO3B’SI3yBaHHA OJHOBHMipHOIO PiBHSIHHA TeNJONpPOBiAHOCTI.
3a nonomoroio ¢opmys I'pina (a6o dopmyn nigcymoBYBaHHS YacTHHaMH)
HEBaXKO BneBHUTHCA, wo (Ay, v) = (y, Av), To6bro A = A*, 1a B TOMY, WO

8./ <A<A,,

. 4 P ﬂhl 2 ﬂhz . 4 2 ﬂ(Nl"'l) hl
60 = ‘T?' sin + h2 sin TR Ao = —h?- sin ———971——— -+
, 4 .. W{Ng—Dhy 4 2 nhl g Tthy _
+—h-2—sm —n = 0s +—= 2 cos® 5= Ao =A4|.

2 .
B cuay saranbhoi reopii crifikocti (axB. 1. 1.4 3 u. I, reopema 1) cxema (9)
critixas Hyonpu B > -;- A a6o B — % A > 0. 3Biacu Maemo

B—gA=1+(o—5)U> gy + (o~ ¢)7)a>0.
Hs# yMoBa BUKOHYETHCA MPH
T4 +(0——2—)T>0
a6o

1 1
0>00=—2f—m. (10)

30kpeMa, Aaa aBHOI cxemn (0 = 0) MaeMo yMOBY 7 < —Az— a6o
0

i< (%+ %)". (11

1
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sIKa Ha kBappatHif citui (hy = h, = h) Ha6Gupae Burasgy
<A (12)

TMTopisniotoun (12) 3 BiANOBiAHOW yMOBCIO OJHOBHMipHOIT 3asaui (v <C h?/2),
6a4MMO BIVIHB ABOBHMipHOCTI, a came: yMoBa (12) Ginbiu xopcTka. Is YMOBH
(10) 6aunmo, 1O K i B OAHOBHUMipHOMY BHNAAKY, cXeMH 3 0 > 1/2, B tomy
upcai udcro HesBHa (6 = 1) i cuMerpuuna (6 = 1/2), € 6esymMoBHO cTifi-
KHMH.

Hani o6MeXHMOCA KOHCHEKTHBHHM BHKJ2J0M, MPOHOHYIOUN UHTaue-
Bi NOPIBHATH CKa3aHe 3 OAHOBUMipHHM BHMALKOM.

3anuweMo 3ajavy AnA NOXHOKH 2z = y — u:

i+t
BE— 1Al =y, j=0,1,..;2=0, (3

e p = A(ou + (1 — o) u) + ¢ — u, — noxubka anpokcHmanii. AHa-
JIOTiYHO OXHOBHMipHOMY BHNajKy 32 AONOMOrOI0 PO3BHHEHHA B PAA Tedtno-
pa, AicraneMo

P=0(hPt++(0—5)0@, IP=H+H, (14

akmo u €Chq (Qr) (Hmxni iHgekcH BKa3yloThb Ha TIIANKICTB MO X, X,

sepxuiii —no f), i v = 0 (Al + ), SIKIWO # € C“ (Qr). Teopema 6,
n. 1.4 3 u. 1, 3acrocoBana o (13), nae anpiopHy ouiHky (npue = 1, ¢ >

> 1/2) —

1ZL< X wlv1 (15)
3BiZKY 3 ypaxyBauHsaM (14) picraemo Taky Teopemy 36iXHOCTI.
Teopema. Hexaii pose’asok u (x, 1) 3adaui (1) — (3) narexmcumo npocmo-
Py Ci4 (@Qr). Todi npu h — O pose’sisox cxemu (4) npu o = % npanye
00 MOYH020 PO36’A3KY, NPUHOMY MAE Micye OYiNKa wBuOKocmi 36ixHocmi
ly/ —u §\ <M (|B]? + %),
Ao o u € Ciq (Qr), mo mae micye oyinka
ly —ula<M(j R+ 1),
de M — cmana, nesaresxna 6i0 |k |, .
3aypaxumo, mo |z % = | z B, + 12k, Aez=—2z

XoXe’
isza JONOMOrow ﬂi)lCYMOByBaHHil YaCTHHaMH zucraHeuo
N,—1 Ny—1

“3"2-4 = 2 h, L hy ( Z‘ (i, ‘2”@))2 2 hy X

X 2 hy (z; (hhn ‘ahz))2==|zlw( )<“ mW.‘.(m\

{geal

= 1,2,
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TO6TO TeOpeMa Na€ OWiHKH B ciTkobiit Hopmi W) (w,). Ha siaminy Bin
OJHOBHMipHOrO BHNAAKY s (YHKWIH ABOX CiTKOBHX 3MiHHHX HeMae
skaazenns Wi (o,) < C (o) (t06T0 Hemae ouinku BHAY | - lewp <
< M| .||W;) i 3 TeopeMH He BHIIHBAIOTh BiANOBiAHi ouiHku B HopMmi C.

Ouinky B Hopmi C Jaerko aicrati Aia ssHoi cxemd (6 = 0), Aka B iu-
IAEKCHOMY BMIJIsili 3alHCYETbCA TAKHM YHHOM:

yl+l = (l - 2(71 + YI)) y[, ty + Y2 (y{,-—-l_l, + y{d-l.l.) +

F Wt Y)Y = 7;;_ v o=1,2, (1§

(¢4
¥}, 38AA€THCA 3 NOYATKOBHX iy} , B IPaHHUHHX BY3/JaX — 3 TPaHHYHHX
ymoa HeBa)xko nomiTHTH, WO cyma Koeqnme}mB npH y B Npasiit vacTHHi

(16) mopiBnioe 1. SIKuo BoHK HeBin'eMHi (TO6TO BHKOHaHa ymoBa y; +
+ v¢ << 1/2), 10 3 (16) Maemo cniBBiaHOIWEHHS _

Ly ewy <V lewy + T197 e,
3BiAcH npu yMOBi Y, + ¥, << 1/2 BHIIHBae HepiBHIiCTDH

=
1y “C(coh) <ly° “C(o,,‘) + Z T ¢* “C(mh) ) 17

fika ekBiBanenTHa yMoBi (11). Moxua nonecm o Hacnpasai ovidka (17)
mae Micue He juue npu o = 0. Ha ocuoBi (17) i (14) moxua C(popM J0-
BaTH Teopemy npo WBHAKICTb 36ikHocTi ABHOi cXeMH B HOpMi {
fIxmo cxema (4) 3actocoByeTbca s po3B’s3yBaHHs 3ajaui (1) — (3)
Ha BEJIHKHX NPOMIXKKAX 4acy, TO BaXKJIHBO, AK i B OHOBUMipHOMY BHNAAKY,
1106 BoHa 6yJja acMMNTOTHYHO crifikoto. KopHcryiounch HepiBHicTIO 18, <
<< A << A/ 1 Bupasamu aas 8y, Ay, aHaJIOritHO OJHOBHMipPHOMY BHIALKY
MOXHA AiCTaTH YMOBY acHMNTOTHYHOI CTifiKOCTi cXeMH 3 BaroBumH Koedi-
Li€HTaMH, 3 IKOi BHIJIUBaTHME, [10 YHCTO HesiBHa cxeMa (o = 1) e Ges-
YMOBHO aCHMNTOTHYHO CTilKOIO, AiBHa (0 = 0) — acUMNTOTHYHO CTiliKOIO
npH yMOBi

<=2 4 4 B
=z Y 7’? h% ’
cHMeTpHuHa cxema (o = 1/2) — npu ymoBi

<D = ——

7 v

3okpema, npu by = hy = h, I; = l; = | maeMo
8 Py nh 8 th

8, = ——sin y Ay= =3 cos?

w S g w08 5
0 h? 1/2 h? nh ht
R e~ (sm . ) R g -

13* ari



Bayumo, mo asoBumipHicTs 3apaui npHBOAHTD [0 TOTO, MO TPAHHYHE 3HAa-
ueHHs To'> BABiui MeHILe, HiX B OJHOBHMipPHOMY BHNAJKY.

Bnpasa. [llpunyckaioun BianoBiany riaakicts po3s’ssky ¢-BuMipHoi 3agaul
du
_aT- = Lu+ f (x, 6, (x, t) EQT:

QT=9X(0, T], Q={x=(x1, ce ey x):0<0<’xa<lw a=l.—q).
d%u

q
Lu= Y Lpy, Lpu=—73; 18)
R o (

ul(x, t)=p(x, ), yecoR,
u(x, 0) = uy (x), x€Q (f, uy, u; sapanui),

KOPHCTYIOUHCh PiBHOCTAMH
h? L‘% . é
Au=Lu+ —5 LpLyu+- 0%, A= Ap, Mpu=u-
125 k=1 % )

ou T A%
U = "5 + =5 9 "ot + 0 (7%),

J+1 i T /
u__-'l = g/ — _au_ 0 ]
Pl u + 2 a1 + (T ,o
NOBECTH, WO ABOX'SIPYCHA cXeMa
9=l i !/
(A +-5 2 A,Am)—yLTty— —
= m_-—..l+
'q‘
[ At+— 4 a+ o) oy A,Am] gl = g/t
1=l m=I+1
X
npu (PH'W = f’+l/2 + 7 Af""l"", =5 i TOYHO aNpPOKCHMOBaHHX IIOYATKO-

BHX | FPaHHYHHX yMOBaX Mae INiJBMWEHHA MOPAROK anpoKcHMauil 0(12+ h?).
BxasiBka. IlpunycruTa, wo po3s’asok 3anaui (18) mae o6mexeHi noxiani Buay

Pty
ax-?’dt”
i mozati TOXHOKY anpoxcuManii TakAM YHHOM:
( T 0 h? hiv 2 ou
o= (14 5 g+ Lty L) (L~ 5 )+
+ 0 (x2+ hY).

6.3.3. Pisnuuesi cxemu pan pisHsnns rennonposigHoctl si amiHHHME
woedinienramu. Posrisinemo 3agauy sugy (1) — (3), B skidt eqinTHuHHE

’ l=l—»_‘-’v 'Bl>61 7>30
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oneparop L Mae 3aMiHHi KoediuieHTH i He MicTHUTH 3MiWaHHX MOXIOHHX,
TobTO

Lu =L+ L, Lou= (ke (v ) 52),

0<01<kq(x, t)<02, o = l, 2. (19)

KoxHuit 3 oneparopiB L, 32 10noMOFol0 BHBYEHHX paHillle METORIB (RHB.
1. 4) MOXHA anpOKCHMYBAaTH Pi3HHLEBHMH TPUTOUKOBHMH ONEpaTopamu
Ly ~ Aq, Ay = (aay;a),,a, o =1, 2, ne ay = ag (ihy, ih,, ‘t) — JesiKi

dynkuionanu Bin ko, o = 1, 2. HeBaxko noBecTH, HI0 KOJH B3fATH, Ha-
npuKaaR, & = Ry ((i; — 0,5) hy, ighy, 0, ag = ky (ithy, (i3 — 0,5) hy, 9),
TOAI NMpH AOCTaTHiN raagkocTi 4 MaTUMeMO Aqu — Lou = O (hé), o =
=1, 2,

Au—Lu=0(h{t), A=A+ A, (20)

|h 2= K 4 ki (abo | h | = max (hy, hy)), To6TO onepatop A anpoKCH-
mye L 3 npyrum nopsigkom. 3apauy (1) — (3) 3 onepatopom L Buay (19)
MOKHA aNnpOKCHMYBAaTH CXeMOI0 3 BaroBumH KoediuieHramu (4), ne A
BHU3HauaeTbcA ¢opmyaamu (20). Ananoriuno n. 6.1 BBOAMTbCS OPOCTIp
ciTkoBux dyHkuii Q,, 3agaHux Ha @y, 3 TAKHM CaMHM, SK Y . 6.1, cka-
JASAPHUM NOGYTKOM.
Beoasiud onepatop

Ay=—Ay=— (al.;/;l)x, - (azy;!)x,o

Yy HbBOMY DOpOCTOpi cXeMy 3 BaroBuMH KoepilieHTaMH MOXHa 3anucaru
y raHoniuHomy Burasai (9), npuuomy
A KASGA, Ay=—y;, — Yz,

XXy

3BiAcH BHAHO, LIO
S/ KAAL
0 =108, A=A 1)
ne §,, A, BusHaueni y n. 6.1. [Insa BusHauenHns y/+! = ;Ha HOBOMY yaco-

BOMYy fipyci, fiKWo y/ = y BXKe BH3HaueHo, Jictaemo 3ajauy BuHay (6)
a6o (7), me A Bu3HauaeTbcA Gopmynamu (20).

SAkmo X cxema sABHa (0 = 0), TO y BH3HAYaE€Th-
cA 3a SIBHOIO ($OpMYJIO0 (Xnioke)

yx) =y +1—0)1Ay(x) + 19 (x), x€ oy
Jan HesBHHX cxeM (0 5= 0) 3ajaya sBAsATHME
c060I0 CHCTEMY 11" ATHTOUKOBHX CITKOBHX PiBHSIHb (X1,6.%e,19)

Ha mabnoxi (puc. 29) si amiHHEMH KoedinieHTa- Puc. 29

(xlli X2je ')

(X4stenXe,1)
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mu. Bpaxosyoun (21), Tyt MoxHa 3acrocyBat iTepauifini meronu, nait-
€KOHOMHIIIIMM 3 AKHX € NOonepeMiHHO-TPHKYyTHHE (auB. n. 5.4) 3 yHcAOM
irepauid nppt = O (W) ih, =h,=h

1 1
0(‘;/‘}? m—e—).

Has pisuanua supy (6) 3 onepatopom A Buay (20) ue#t mMeroa CTOCOBHO
METORY, ONHCAHOro B 0. 5.4.3, Tpeba Aewo 3MiHHTH.

6.4. Exoxomui cxemu ans napaboniunux piBHaHb

SIKio nopiBHIOBATH PO3r/AHYTI BHIE fAIBHI Ta HeABHI CXeMM AJs PiB-
HAHb Napa6o/liiyHOTO THNY MO JESIKOMY KPHTEpilo, TO KOMHA 3 HHX Ma€
cBoi nepeBard i Heposiku. BisbMeMmo 3a xpurepifi nopiBHAHHA Taki ABi
XapakTepucTHKH: obcsr obunciieHb (KiibKicTb apudMeTHuHnX onepauii)
LJIsl BUSHAUEHHs1 i/t 1o 3ajjaHoMy ¥/ Ta KOPCTKicTh O6MexeHb Ha KPOK T.
Toai na npukaani ciTkoBoi cxemH 3 BaroBuMH KoediuieHtamu s ABO-
BHMipHOTO DiBHAHHS TemJonposiaHocTi 3 n. 6.3 MOXKHA 3a3HAYUTH TaKi
oco6nuBocti. ns aBHOi cxemu (6 = 0): a) BusHaueHHs y/+! (x), x € w,,
norpe6ye apudMeTHYHHX Aill, 4HCAO SKHX NpomopuifiHe uucJy BY3aiB
CiTKH ®, TOGTO UnC/IO Aill HA OZUH BY30J1 CiTKH He 3aJIeXHTb Bill CiTKH ®,
(ue e nepeBaroto cxemu); 6) HeZOJNiKOM SIBHOI CXeMH € 2KOPCTKe OOMEKEHH
Ha Kpok 7T (v < h*4 npu h, = hy = h), sike e ymoBolo Ti crifikocTi.
s HeABHOT cxeMH MpH O > 1/2: a) Bu3HaueHHs y/+! norpebye poss’s-
3yBaHHsa cucteMH 3 (N, — 1) (N, — 1) n’ATHTOUKOBHX pi3HHLEBUX piB-
HAWb, WO, HaNPHKJIAA, NpPH 3MiHHHX KoedinjeHtrax i 3acTocyBaHHi no-
nepeMiHHO-TPUKYTHOrO Meroay norpebye Ha OJMH BY30.J CiTKH ®, udHcna
Iifi, ake 36iqbpwyerscs npu A — O (Henonik HesBHOI cxemH); 6) HesiBHA
cxeMma GeaymoBHO criiika (npu 6yAb-sKHX T, h), ulo € il mepeBarow.

[Ipuponso nocraBHTH 3a MeTy nOGYAOBY TAKHX cXeM, fiKi 6 MaJiu Kpa-
11i BJMACTHBOCT] ABHHX i HeABHUX cxeM, TOOTO 6y/iH 6 6e3yMOBHO CTiHKHMH
i uucno Aifi Ha ONMH BY30J CiTKH ®, NpH OOGYHCJIOBaHHI pO3B’A3KY Ha Ha-
CTYIHOMY fipyci He 3anexaJo 6 Big h. Taki cxeMu Ha3UBAOTHCS eKOHOMHU-
mu. Heaki 3 HHX MU 1 po3riisiHeMO HHXKUe.

6.4.1. Meton 3mMinuux Hanpamis. CxeMH uboro Meroany icropuuHo 6yJH
MeplIMMH €KOHOMHUMH eXxeMaMH i 3’aBmsncst B 1955—1956 p. Cyrb fioro
noJIATae B TOMY, W10 Nepexia 3 apycy £; Ha Apyc ¢;.; BiaGyBaeTbca 3a Ro-
MOMOTOIO PO3B’13yBaHHA OJHOBMMipHHX 3ajay.

PoarasgHeMo, HanpHKaah, TaK 3BaHY NO3JOBXKHbBO-NMONEPEUHY CXemy
[licvena — Pekdopaa anaa 3ajaui

_g.t”_ —Lutf(n b, (v HEQr=2 x (0, T,
u(x, f) =px, 1), x'EQ, (l)
u(fx' 0)=u(x)y x€ ﬁ:
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ae L=L; + L,, Q = {x = (x}, %) : 0 < %o < lo, @ =1, 2}. Hexai

_ 0% __ 0 du _ .
Lau—bx—g abo Lau—m(ka(x, t) ax—a), a—l, 2, a Aa!a—
= 1, 2 — signoBigni TpHTOUKOBi pisHHUeBi anpokcHMmanii mHx one-

paTopiB Ha CiTKaX g = {Xa@ = igha : ia = |, No— 1, hg = l4/Ng},
A = A, + A,. Beeaemo npomixne 3nauenns y = yiti/2 =y (ti + -;)

i 3anuwemMo Taky pisHHLEBY cxeMy Meroay 3MiHHMX HanpsiMKiB (cxemy
IlicMmena — Pekdopaa)

+12 _ i .
‘y]_o,sm—y =AytVE 4+ Ay’ +9l, x€wy
YR o, = B le=on, @
I+ it1/2 .
L = Ayt 4 Ayt ol x€ag; @)

yl+l li,=0'N, = l-"l+l |1,=0_N,' y (x) = uo (x)! X E (‘;h’ °

zie p — npomixHe 3HaueHHA GYHKuii p (x, f), sIKe O6UHCMIOETHCS 32 op-
MY.JI010

- i /1 T
p= T A, (i — )

(ust popmyna 3abeaneuye cxemi (2) — (3) nopsazok anpokcamauii O (v2 +
-+ 1 h ). lo6 Bu3HauuTH y/+! 3a BinoMHM y/, MOCNiNOBHO PO3B’sA3yeEMO
TaKi TPHTOUKOBi ofHOBHMipHi 3apmaui :

0,5TA /T2 (xy, x) — yit12(xy, x9) = —F1 (%1, %9), X €@y
Fl'=yi 4051 (Asy! + 9); yi+172(0, x)) =p (0, xy),
yi+1/2 (lll xz) = ; (lb xz) (4)
AJis KOXKHOTO X3 € @, & NMOTIM /Il KOXKHOIO X, € ®, — 3ajavui
0.5tAy " (11, 1) — 4" (11, x) = — FIH12(xy, %), xmEo0y
y/-H (xv 0) = p*H_l (xl’ O)» yi+1 (xlv 12) = p'l+l (xlr lz); (5)
FIFV2 = gtz 4 0,51 (A2 4 ).
Po3p’asyBannsa koxHoi 3 Ny — | 3anau (4) MeTofioM mporoHkH norpebye
nopsaaky O (N,) apudmeruunux nAiff, a koxHoi 3 Ny — | sagau (5) —
O (N,) apupmernunux niit. Orxe, yucJ0 Aifl Ha OJHH By30 CiTkKH ©, =
= @ X 0,33 (N; — 1) (N, — 1) By3/1aMH He 3a1€XKHTD BiJ UHC/Ia BY3JiB i,
TakHM UYHHOM, cXeMa (2) — (3) e ekoHoMmHOW. IIl06 nepekoHaTHCs B CTili-

KocTi cxeMH (2) — (3), sanuwemo ii B oneparopromy Buraani. as uworo
BBefieMo npoctip H = Q, ciTkoBHX GYHKUi#H, 3ajaHHX Ha citmi ®, =
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= @; X @y, 31 ckanapHuUM RO6YTKOM

(y’ v) = Y hhyy () v(x)

xemh

Ta npocrip ¢yHkui H = Q,, 3afanux Ha citli 0, = ©; X @, 0g =
= {Xa = lghg i iu = 0, Ng, b = l5/No}, @ = 1, 2, ki neperBopioioTh-
Csl Ha HYJIb Ha FPaHHLI y;,. 3amiHuBILM QYHKUIT ¢/ B IPUrpaHHUHHX Bysaax
(amB. n. 6.3) Ta BBiBIIK Oonepartopn A, : H — H, 3a popmynamu

Aay———'—Aa;:—;}axav a=1v 27 yEH' _;/Eii,

Y@ =y(x), xE€a
sanuwemo (2) — (3) y Bursai

yltyz__ i -
— o5 = Ayt — Ayl + o,
g — gl o T
o5 = — Ayt — Ayt + ¢l

Bukaiovatoun 3BifcH y/t'/2, npufiseMo o ekBiBajeHTHOI ans (2) — (3)
CXEMH

yti—y ]
B——7—"~"—+Ay =0, j=0,1,...; °=ueH, (6
re A=Ay+ Ay B=(I+5 &I+ 3 4),
@ =0,5(/ —0,514) ¢’ +0,5( + 0,514,) ¢'.
OueBno, WO Aq = Ag > 0, o0 = 1, 2, A A, = A,A,, aTomy
B =1+05tA+0,25v4,4,> I + 0,514 >3 A,

To6ro cxema (6), orxe, i cxema (2) — (3) criiika B H4 3a NOYaTKOBHMH
YMOBaMH i 3a NPABOI0 YacCTHHOIO (LHB. TeopeMy 6, n. 1.4 3 u. 1) i B Hopmi
H 4 Mae Tounictb O (v® 4 h?).

6.4.2. dakropusosaHi cxemn Oneparop B, 306paxenuil y Burasui
Ro6yTKy omeparopie B = B,...B,, HasHBaeTbcs (paKTOpU3OBaHHM, a Bif-
NoBijHA cXxeMa B KaHOHquomy BUIVIAAL

Ly
BL—4+Ay=q,, [=01,...; 4" =u€H 0

Ha3HUBAETLCA aKMOPU308AHOI0 CXexor0. 3TifHO 3 MM O3HAYEHHSM CXeMa
(6) e daxkropH30BaHOIO.
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OueBUMHO, AKUIO WA PO3B’I3YBaHHA KOXKHOI 3 p NBOBUMipHHX 3ajiau
(p He 3anexutb Big Ny, N,)

Bov = Fgq, “=-]r_p

npu saganux Fo norpi6Ho O (NN, apudmernunnx onepauifi, To i mas
BH3HayeHHA y/t! no BimoMomy ! 3 (7) notpibuo Gyae O (N,N,) onepauiii,
To6T10 cxema (7) 6yae ekoHoMHo0. Taki onepaTopu B, TakoK Ha3UBAIOTHCA
eKkOHOMHHUMH. OTXKe, aKwo cxema (7) € paKTOPH3OBAHOIO CXEMOIO 3 €KOHOM-

HUMH onepatopaMu By, oo = 1, p, TO BOHA € €KOHOMHOIO.

Onupalourch Ha Teopilo cTifikocTi ABOX'SAIPYCHHX cXeM i BHXOASIYH
8i cxemH 3 BaroBMMH KoebilieHTaMH AJs1 IBOBHMipHOro DiBHAHHS Tell-
JonposizHocri (nuB. 1. 6.3), METOXOM peryaspusauii CiTKOBHX CXeM MOXKHa
nicTaTH eKOHOMHY ¢aKTOpH30BaHY cxemy. Orike, Hexait B (9), n. 6.3,

A=A+ 4, B=I+cotd=I+ct(A,+4) A=Az, a=12
Toni cxema (9) 3 n. 6.3 3 Takumu oneparopamu A, B 6yze crifikoio npH

1 1
0= 00 =3 —STA7 *

3aminumo B q)axTopHSjOBaHuM oneparopoM
B = (I + ot4,) (I + a14,),

SIKKil BiApisHseTbCS Bix B nopatkom 0%*t24,4,, To6ro B=B+ o““rzAlA,
Y pesyabrari AicraHeMo (aKTOpH30BaHY CXeMy

~ it __ -
B'y T z +ij= (p',! j=0v lv ey y°'=uOEH’ (8)

NpHUOMYy, AKWO BHXiZHa cXema MaJa Mo T, a NOPAMOK anpoKCHMaLii
He Bule 2, To cxema (8) Marume Takuil caMHil MOPSAJAOK ampoKCHMalii,
AK i (9) 3 n. 6.3. OckinbKH IpH 0 > 0, BUXiAHA cXxeMa cTifika, To i pakTOpH-
3oBaHa cxema (8) crifika 3a ymoBH

B>B> 44,

sika BUKOHYETbCS yepes Te, o onepatopH Aq, o = 1, 2 gonatHi Ta nepe-
crapHi. [asa BusHaueHHs y/+! 3 (8) maemo piBHAHHA

By'*'=F!, Fl =By ++(o'—Ay),
flKe PO3B’A3yeThCA 3a HBa eTaru: .
(I +otd)y=F, (I +o1d)y ' =1
EkoHoMuilmM 3a kiapkictio onepauiii e aaroputm
( +otA) W2 = Fl=ol — 4/, ©)
(I + o4, Wit — Wl+l 2 y/'-i-l — yi + Wit
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Tyt ekoHomin mocsiraeTbess npy oGuHcIeHHI Fl, ane Tpeba 36epiratu He
OlMH, a 1Ba BekTOopH yi Ta W' (a6o W%, Ipu o = 1 cxema (9) Ha3u-
BA€ETBCS CXeMOO 3MiHHHX HanpsamiB a6o cxemoio Hyrsiaca — Pekdopaa,
Ky MOXKHA 3alMCaTH TaKOX Y BHrAsLi

i+1/2 i ~
—y . .
Yy - + Ayyit12 4 Ayl = o/,
) yH-l —_ y/+l/2 . y/+l/2_ yl

T T

(/ -+ <4

3ayBaxuMo, IO B PO3IVIAHYTOMY BHNAAKY MH OGMHHYJIH npo6sieMy BHGOPY

KpaiioBUX yMOB Aas npomimuoi dynkuii W/'2, posraspaioun cxemy
(9) 3 n. 6.3 y npocropi 1 = Q, (To6ro Mu 3po6U/IH IpaHHYHi YMOBH HYJIbO-
BUMH, 3MiHHBIUM NpaBy YacCTHHY B NPHIpaHUYHUX BysJaax). Inwmi croci6
MOAICHHMO Ha NpPHKJIaJi HesIBHOI ABOX'SIPYCHOI CXeMH LIS ABOBHMipHOTO
piBHAHHA TemIonpoBifHOCTi

P =Ay" 0+ (0, x€w,
Y=y )=y, jt1)=p/(x), x€v (10)
¥(0) = 1y (x), x€wp
e A=A+ Ay, Ay = Yseg @ = 1, 2,
W, = 01 X 0, 5h=61 X 55’ ?h=5h\(°m
W = {xa = ighg ia =1_,-m. he = la/Na};
O = {Xg =lahgtin="0, Ny, ho=1Ia/Ng}, a=1,2.

Mopsinox anpoxkcuManii wiei cxemu O (v + h?). 3anumemo cxemy y BH-
rasapi

Dyt =y +f, (1
Dy't'= (I =t (A + Ay '™
i mopag 3 (11) po3arnsHeMo pakTOPH3OBaHY CXeMY
By )=y 0+ (1), x€ap
B = (I —A) (I — 1Ay, ' 12)
y)=p (x), X€Vu
P () =y (x), x€o
Bsenemo npomixuy dyHkuiio y/+Y2, gKka 3aK0BOJbHATHME PiBHAHHA
0 —A) P ) =4 ) + 7 (), x€0p (13)
[Ipu fAKMX rpaHHYHKX YMOBAX 3BiACH MOXHA OJHO3HAYHO 3HalTH yi /% (x),
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x € ©,? Oyukuiio y/+' mu sHafizemo i3 3ajaui
(I —TA) Yy (x) = yit1 2 (x), xE€ay, (14)
PR =W (%), xE
Ane dyakuis y/+172 (x) = (I — 1A,) y/+! Bu3HaueHa i AAS TPAHHUHHX

TOYOK (xl.(l’ x2.k) = (0’ X?_,k), (xl,N,v x2,k) = (l].) x2.k)r k= lr NZ - l,
NpHUOMY VIS LIMX TOYOK
YT () = (I —TA,) pi+ (). (15)

Takum yuHOM, CHCTEMa I/ BH3HAueHHS jponomixHol dyHkuii y/+1/72 (x),
x € o, vae surasan (13), (15) i cknanaerbcs 3 Ny — 1 piBHsiHb (a0 KOXK-
HOTO X, € ®; — OJiHe PiBHAHHSA), KOXHE 3 AKHX 3 ypaxyBaHHsaM yMoB (15)
MO2KHa pO3B’f3aTH METOAOM NporoHkH. IloTimM MeTosoM DpPOroHKH po3B’s-
sylotbea N, — 1 3apau (14) (as1a KoxHOrO X; € @; — OfHE piBHﬂHHﬂ) '

6.4.3. Meton cymapioi anpokcumauii. Hexait nepexw. BiA Apycy j Ao
apyey j + 1 npu peanizauii ciTkoBOl cxemu 3[iHCHIOETbCS leemm:x(a
eraniB, Ha KOMHOMY 3 SIKHX BHKODHCTOBYeTbCs 3BHYaliHa JIBOX fpycHa
cxemMa BHAY

f-kia _ i+k—1)/q q R
! + Y Dyt =qf, k=Tq j=0,1,2..,

o=l
(16)

y° € H, sapauo; y/+*/% ¢ H, — npoMikHi 3HaueHHS YHKLUII. Hexaﬁ
P, — noxu6ka anpokcumauil okpemoro pishsHH: (16) Ha TouHOMY po3B’-
A3KY zlmbepeuma.nbﬂm 3aaaui, npuuomy noxu6ka anpoxkcumanii cxemu (16)
AJA uinux j (To6To nicJiA BHKJIIOYEHHS NPOMIXKHHX 3HaueHb) 306parkaerbes
y BHFAAAI

B Y
T

VY= ‘2 Pp.
k=1

Taka cxema Ha3uBaeTbCst adumusrow. Bynemo roBopuTH, MO aZUTHBHA
CXeMa Mae CyMapHy anpoKCHMALilo, SKIIO0

|]1|:|i—>0 npu h, 1> 0.

SayBameO, IO MOHSITTH CyMapHOi anpokcumadil e Giibi caaGKuM,
HiX 3BUYafiHe TOHATTA anpokcumauii, 60 He 06G0B’'A3KOBO || — 0
npu h, T — 0. Lie nonsarrs 6yno Beeaere O. A. CamapcbkuM i Aajio 3Mory
oGrpyHTyBaTH BifoMi paHille MeToAM (30Kpema, METOL 3MiHHHX Hanpsam-
KiB), a Takox noGyAyBaTH psaj HOBHX epeKTHBHHX METOAIB 1/s pisHHX
KJaeiB 3aj1a4.

PosrasineMo 3agauy AJs1 ¢-BHMipHOrO piBHAHHA napabonidHoOro TUmy:

S=Lutitnn H0EQ=2x0O,T] (7)
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ux,H=p(x ), xeoQ (18)
u(x,0)=u,(x), x€9Q, (19)
e Lu = 24 L,u — enintuynuii oneparop; 2 — g-BuMipHa 061acTb 3MiH-

k=1
HHX Xq, @ = 1, ¢. 3anumemo piBHsaHHA (17) y Burasaai

q
2 Wh. (u) = 0’
k=1

Ae

Wi ) = 5 — L —fo (5 0,

S it =1 (3 1).
k=]

Binpisok [0, 7] nokpremo ocHOBHOIO cHcTeMolo By3JiB ¢ = jt, j=0, M,
T = T/M, a Koxnu# 3 OCHOBHHX NPOMiXKiB (¢;; ¢;+1] NOKpHeMO AOnOMiK-
HOIO CHCTEMOIO BY3/iB

I .
L ="’+‘§" I=1,4q

PiBuannsa (17) Ha KoxHoMy Bimpi3Ky [f;, ¢,+1] 3amiHseTbcs cHcTemoio
RudepenianbHUX PiBHAHD (3 BiRNOBiIHAMH 'PAHHYHHMH YMOBAaMH)

W,0)=0 (=T,9) (20)

; - . —1
TAKHM UHHOM, 06 Ha [-My AonoMiXXHOMY HariBiHTepBani (t, + IT’ t+

+ —;—] BHKOHYBaJiocs [-Te piBHsHHA cHcTeMH (20), apuuomy

vl(x,t _,:1_)=vz_.|(x,tl+_,:|_), l=2,q; f==0,l,...,

I+ 7

Uq(x, t,)=v,(x, tj), i= ], 2, veey (21)
0 (x, O) = uy(x), j=0.

flkmo ¢* € [¢;, ¢;41], To npu nocraruiit rmagkocti dyHKuii v
Wi x, %) =W, (v (x, {+12) + 0(3), (22)
I1=T,¢ j=01,... |
[Moxu6ka anpokcumauii ¢ piBasauus (17) cacremoio (20) aopisHioe
. .
Y= 12 Y ), t€ ltj’ titils
=1
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ae b, (f) — noxn6ka anpokcumanii ans pisusnug (20) Homepa / Ha pos-
B’3Ky piBHsiHHA (17). OueBugso,

Yi(O)=Wi(u(x, t;r2) +0®),

. 9
Tomy 8 cuay pissocti Y W, (1 (x, £)) = 0 yx, ¢ maemo
k=1

P = é:x Y, (f) = 12'41 (Wi (u(x, tiy12) + 0 ()] =0 ().

Takum uHHOM, aAMTHBHA cHcreMa AudepeHuiaabHUX piBHAHD (20) anpok-
cHMye y cMHcai cymapHoi anpokcumauii piBusinHa (17) 3 mepuum nops-

KOM 10 T.
N {

\ += I+
Ha KkoxHOMYy 3 HONOMiXKHHMX HaniBiHTepsaJiB (tl Tt Y] Lre

piBHsAHHSA cucTeMH (20) anpOKCHMYETHCH CITKOBOIO CXEMOID
Aulgh =0, I1=T7q, j=0,L, (23)

aeyr = y, (x), x € ®,, 0, — ciTka, mo noxpusae ob;1acrs 2. [lokaxkemo,
1O ANTHBHA CiTKOBA cXeMa (23) Mae cymapHy anpoKcHMauilo, sKWO KOXKHe
l-te puanmum cucremu (20) anpoKCHMYEThCs [-M CiTKOBHM piBHAHHAM (23)
y 3BHYaifHOMY po3yMiHHi, To6TO KONIM ApR A, T —~ 0

19! @ I=1% | =1— (W, ©)l + Au (©h) |0,

pe of =uv(x, ), #* ¢lt;, t,11], a vl, nosnauae npoekuito wiei dynxuil
{

Ha ciTky ©, (00 x) Ta Ha Tourr ¢ ¢, ] JOMOMiKHOI CITKH no &,

CnpaBai, Hexaii ) — NMOXHOKa, 3 KO0 ampoKcHMye piBHSHHs (23)

HoMepa / BuxigHe piBHaHH#A (17) Ha fioro po3B’s3Ky, To6TO

q),]u = Ay, (u{u).
OueBHjHO, MO
,‘l"l = Ahl (ull) —_ (Wl (u,))hl + (Wl (uj))hl =

= Pht (@) + (W, (@),
toni, BpaxoByioun (22), maemo

Bt = bt + (W, (1 (5, t412)))s + O (1),
a6o X _
Yht = Bif -+ (W, @ Ot R g0 0.
Y uiit piBHOCTI nosnayeHHs ( ), O3Hauae . MPOEKWLiIO Ha CiTKY w,. Hani
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‘MaeMo

q 7 q o] . q of
= IZ Ph = 121 Wit + (W (u (%, t112)08) = IZ Pty
=1 = . =l

6o
S W@ =0 yxt

I=1
Tomy nph h, v — 0 mae micue .| — 0, 10610 anMTHBHA cxeMa (23) mae

CyMapHy anpoxCHMalilo, Xoua KOXHe okpeMe piBHsHHA (23) Mowe He
anpokcumyBatd piBHAHHA (17). ADMTHBHI CXE€MH Ha3HBAIOTb TaKOX 10-
KarbHO-00HosUMIpHUMU aB0 CXemamu POSUENAEHHA.

ITpuraad 1. 3anucath aguTHBHY cxeMy Aas 3afadi Kouri ans ssuuakitoro auéepen-
1ianbHoro piBHAHHA

d
d—;‘+au=f(t). >0, u(0)=u,, (24)

ne a = const > 0.

Posp’ aaannna 3o6pasuMo a=g,+ a3, 6;>0, 53> 0, f(H=f, () +
+ f2(§) (raxe soGpakenHs, OUeBHAHO, HE EAHHE i 3aBKAM MOXIHBE).

Bsegemo citky 0, = {# = jt, j=0, 1, ...} | Ha koXxuOMY inTepsani (¢, tiyy) 32
MicTb (24) po3B’sA3yBaTHMEMO UOCJiZOBHO aanaqi

1 dv

o b awy =f O, L€ Yyl o () =0 )

1 dv .

T -t avg =l (€l il Y () = (25)

, T

=0y pp) 1= 0, 1, ..., vy (0)=u, b =h4+5..
Ha6auxeHnM poas’a3koM 3anaui (24) sBaxatumemo PyHKILiio
¢ {U(l) @), telty, t/.|.1/2).

ve) (O €U iy Hppd)-

KoxHe 3 piBHAKD B (25) anpoKcHMyemo NBOX’APYCHOI0O CXEMOIO 3 KDOKOM T/2, Haupu-
KJAaJl, HesABHOIO CXeMOlo

y/+l/:>_ vy ay TR = fl,
1 1/2 26)
gt — ity a2 < ff
T

OGuncIuMO NOXKOKE ampoxciMauii. [lincrasumm B (26) ! = 2/ + o/, y’+'/2
= 2 4 yi+12, y""l ! 4 u ) matumemo sagaui 1 noxu6rm

212 5l

L A -

26’
2t 12 (26')

T +alz’+l=_¢4! i=oo Looeo zo=0,
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ae
¥ = uf"”:— ol a2l
= ul ! _Tu/+1/z ot — 1,

3a nonomoroio cniBBigHOLEHB |

T du )H'W +0(v¥)

i+ T du 12 R 1=( —
(”+2 dl) TOEN, w=lu——a

RicTaeMo

4172
—‘fﬂ— +a1u—f1) +0(1),
du
ar t

a,u—f.) +0().
0 (1), ¥, =0 (1), arenpn 1 -0
Y|+ ¥ =0(r) 0.

3ayBaxumo, wo samicts (25) MoxHa Oys0 BSATH TAKy CHCTEMY pinmmm

3sigcH BuaKO, wio \p{ =
27)

d
°< ooy =hO, €l Gl o )=o)

dy,
T v = fa()), te€ [tjr Ll Yy (11) =0y (g

’=0 l ' v(]) (0) = Ug,

DO3BSI3KOM AKOT MaTHMeMo U (f) = %) (?). Anpokcumyloun nj piBHAIHHS 3 KPOKOM T,
o-rpnuaeuo cxeMH (26). F'osoBHHM npn spenenni 3agaui (24) a0 cucreM (25) un (26) ¢ Baac-
THBOCTI a=a, -+ a; 12 = [, +
1 puémaa 2. 3anucaru amn'ﬂsﬂy cxeMy ana aeoBumipHof 3agaui (17) — (19), akuwo
2y
Lau=—a-xT, ' Q={x=(x, %) : 0< %, <y, a= 1, 2},

a
Poap' ssannida Cucrema (20) nHaGepe BUraany

1 9y, .
(1)) =L10(l)+f1v tj<t<t1+l/2' v(ll)=vl:

P (28)

u(]) (x’ t) =p (x' l): X E ag;

1 a 0(2
ot

1
o= o

L = Lovg + 1o tiapp SES Y4
02 (xo t)=p' (xr t): 3609.
(U“) = v([) (x, l)’ fi = , (x’ l))

npruomy of H! = vH" ANpOoKCHMYIOUH KOXHY 3 3afay (28), HanpHK/a4, ABOX APYCHOO
CXEMOI0 3 BarOBHMH Koeqnulemamu (kpok mno f gopiBHIoe T/3), AiCTaEMO TaKy agHTHBHY
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cxeMy (muB. (23)):

i+12 __ i ,
=8 =A™ P+ —0) )+ ol ccon
g2 () = W2 (), x€vn P () =y (¥), xEQy, (29)
JH1__ 2 . _
L=t = Aot (1= o) g+ g xEO,

@ =pt @), x€wm i=0,1,...,
e 0p=0; X Qg Op=0; X Oy, Oy = {%g = ighy: ig = W——T,
By =loINy}, ®g = (kg =ighy t i =0, Ny, hy=1,/N,},

a=1, 2, ya=05\ 0y Aay=y;axa. a=1, 2

TapaMeTpH O, o = |, 3 BusHaualoTbct 9 YMOB crifikocri Ta anpokcumanii. Hanpuknaz,
npu 0, = 6, = | aicraeMo cXeMy 3 BHUIEPeNKEHHSM:

i+1/2 _ i - .
y - ¥ oaayitin o, =u,
M _ 1 _
—y—__ry_—=A2yl+l +q’£v ’=Ov 1,

npu BignoBigHMX rpanHuHHX ymoBax. [lincraBasioun ciogu
ylo=2l ul, 12 2 L ity yl+l = A+ +_“l+l’
RicTaeMo Ajd MOXHOKH 2 piBHAHHSA
212 __
T

e ,
%— = A,z""l + "Pét

Je NOXHOKY anpokcuManii Bu3HaualoTses GopMyNaMB

= sz/+l/2 -} \I){.

HehtpE LBt g,

\P£=An‘:"’;_ e L A u=u’-

Baurmo, moy; = O (1), P = O (1), To610 KOKHe 3 piBHAHB (30) OKpeMO He aNpOKCHe
mye piBHAHHA (17). CyMa HeB's130K Mae BRIVIAL

~

Y= ‘l’1+‘|’2—A; u+ +A,u— —u_+‘P|+(P2=

=it Ly i— 28 £ @it @t O+, G=utIR,
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Bpaxosyiouu pisauug (17) upm l=tj+ %,. nicraemo

V=0 + =2 L0t + 1) =0(v+ hY),
AKWO @, + @, = fH12 4 0 (1). Ocranse MoXAHBO, Hanmpuxjaaj, NpH
@ =0, @=ft'? a0 q=qy=f/2
3aypaxuMo, wo 3aMicTe (28) MokHa 6YJ0 B3ATH TaKy CHCTEMY
9y
T = Loy, + LIS, U(I|) = v/,
duvy,
ot

npuuomy Baxaemo v/t = 0{2';" AnpokcumyiouH ii cXxeMaMu 3 BaroBHMH Koedinien-

TaMn i 3 KpOKOM T o £, aictaemo (29).
o6 aoBectu 36iHicTh aINTHBHHX CXeM, no'rp16ﬂo 3HaATH OWLIHKH AJA NOXHOKH,
fIKi BpaXOBYIOTb BJIACTHBicTh cyMapHOi ampoKcHMalii. PoarnsneMo, Hampwukaaj, cXxeMy

(26). 3anaua nia NOXHOKM A = y""' — /! mae Burman (26’). 3o6pasumo
0 . 1
Yo=Y+ Vg =1, 2, T2 = Tl/+1/2+§,+1/2n o/t ="]j+|+§i+1,

=Llwg +fe 4<IStyy oy =i,

Be

s 1 du j+1/2 .
"pa - (—2— —‘F ia) ’ "’a - 0 (T)r

Ny41» ;41 — PO3B'A3KM sagau
Ve =N+ My =TMgp+ s =01 ... 1,=0

(t+va)E =8 + w1+ ay) §ip1= El.l;l/? + T-{Par =01, ...,
§o=01

V=9 — ey Y= — QW
3siach Maemo ,

Tl/+|=ﬂj+7(;|’{+:|’£)=n = e =no=0

'roﬁrmz = g/, Np1p =T+ ﬂp,= -np1= O(),i 'romylpa = 0 (1), =1, 2, Hani
3 pisuocre naa &y, §I +1/2 3HAXOZHMO

|§i+1/2l<l§j|+"l"l’{|v |§[+1|<|§[+1/2‘+T|q’£|'€
<IE -+ ¥+ 191,

To6TO Mae Micle ouiHka
i ~ ~
b2/ <k2_ (11 + 198 =0(9),
=0 .

flKa 03navae 36ixuicTs agutuBHOI cxemu (26) ans sagaui (24) 3 wsuakicTio O (7).
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Bnpama. 3anucat anutdBHi cXemu 3 npuknanis !, 2 y omepatopsoMy suras-
ai (16)

VY 3aranpHomy Bunaaky ans cxemu (16) mae micue reopema, 3a 40(OMO-
roto IKoi BCTaHOBJIOETbCH 36iXKHiCTb Y BHNAJKY CYMapHOi anpokcumadii.
Teopema. dxwo 6 cxemi (16) onepamop B ma onepamopna mampuys

= (Dag)gj'l_-_g 3a0060AbHAIOMb Y MOBU

q
B=B*>0, Y (Dgaie, mp) =0, V1Mu€H,,

a,f=I
mo 0an po3s’ asky cxemu (16) mae micye oyinka

iy e<<exp()15°8 + ¥ rt,+,| g(p,,

m=]

+y T znxpk uB—n)

m=1 k=1

+

JdoBeneHHs. ) [Nosnaunmo yitk/e = wh, q>£ = ®,, Ttoai (16)
3amHLIeThCA Y BHRAAAL

But+ ¥ Dy wr=0, k=T4. @31).

a=]

ITomuoxkumMo (31) ckangpHO Ha Twh
q
T (Bwf, wh +1 21 (D”a 0%, w*) = 1 (D, wh. (32)
Q=
MaioTh Micle Taki oueBHAHI piBHOCTI:

fe—1
T (Bwf, w") =T (Bwf, %wf + i‘*‘T"’_) =

= 1L (Buf, w) + L (Buh ot + 0t =
= [ (Bud, ©}) + (Be", ©") — (B, w* ™)),
R
“(@y, wh =Dy 00+ 3 0 — w‘—’)) =
{=1

= 1(Dy, 0% + * f: (D), w3).
i=l1

[MiacraBuBun ix y (32) i niacymyBaBuin no k = 1, ¢, JicraHeMo OCHOBHY
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€HEPreTHYHY TOTOXHICTH
q

Y -5 (Buf, wh) + (Bu', ) — (B, w’) +

k=1
+r 2 2 (D™, vty =1 Z(Qk, w%) + 2 2(0),“ (33)
k=1 a=1 k=1 {=1

[epen ouu-u(oro npasoi YacTHHH ToToxkHOCTi (33) 3ayBaxuMo, WO
@YY@ 0= 2( 5 0= v 2 <w§, BB Zm,)
k=1 i=1 . =k / {==k
q
I
i=k

= 12 2 (Bw:#', B! 2 m,.;<—2—2 (ﬂ wild + B_,), (34)
k=1 =k ’ k=]

3a ponomoroio HepiBHocTi Komi — ByHsikoBcbkoro ta e-HepiBHOCTi

Loyl
ab<C 5 @+ o b e>0
JicTaeMo OLIHKY AJ18 NepLIOro AoAanKa B npasift yacruni (33):

T'ﬁ ((Dhr wO) =71 (Bwov B—l 20 (Dk\<
= =/

2
<oty + o gmh“ . (36)

g—1
[MincraBasioun (34), (35) B (33) i BpaxoByioun (31), maemo

q
2 Yt +iw °::B<uw°u%+%uw°n%+
k=1

q 3
tar| gl + 3 S(et ] gof ).
k=1 B—!1 k=l 8—1
abo nicas nepexoay RO CTapHX NO3HaAYeHb
{==k llB"l‘l

W E<(1+ F)vh+ [zrﬂ 3 of

1 9 4
+T“2(Pk[r ] (36)
ey B—1] .
Ilosnauynsuiy
I+1 v S ol 1] oif
g =1g"'B>0 v =137 Vel +T|lz«pk ]>o,
k=) [i= B—1 k=t B
Te
P=(l+'2—),
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nepiBuictb (36) moxHa sanmucaTH y BUrAAAi

!
Gi+1= P9y + ;= p'Tlg, + ¥ o+,
=1
I
< pit! (qo+ gup,/\,
=1

3BigkuM

j+1 l 4 q
||y’+’u%<(l+%e-) (uy"n’s+—3— Egltﬂm L

I=l

-

[ToksaBun & = 2/t,+., L = (l l) Ti BPaXOBYIOUH HepipHictp (1 4~
+ 1e/2) < exp (ve (j + 1)/2), ocratouno gicraemo TBemeenHﬂ TeopemH.

Is Teopemn BunauBae, wo koam ' =0, || |Z, oF -0
!

apa h— 0, T — 0 i BenuuuHu Z“‘Pk s—1 = 0 (1), T06TO0 OGMEXEHi,

oyt zg—0,j=1, 2, IHU.IHMH CJIOBaMH, AKILO 3anHcaTy 3aaady

BHAYy (16) nas noxndxﬂ TO npn yMoBax TeopeMmu | i3 cymapHoi anpoxkcuMma-

uii i o6MexeHOCTi HOpM OKpeMHX NOXHGOK anpoxcnmaml <2|| P \g—1 =
k=1

=0 (l)) BUNAHBAaTHME 361XKHICTh aflHTHBHOI CXEMH.
Omxe, Meroa cymapHOi anpokcHMauii Aae 3MOry pO3LIENJIIOBaTH

ck/aafdi 6aratoBHMipHi 3ajaui Ha noc/ifOBHICTB 6iJAbLI MPOCTHX i THM
CaMHM 3Ha4yHO CNpOLLYBaTH PO3B’A30K O6araTOBHMipHHUX 3ajau.

6.5. Cirkoi cxemm Ans pisHAHL
rinepGoniuHoro tuny

Ha#inpocritumM npuknagoM piBHSAHHA Tinep60JiyHOrO THOY € OAHO-
BHMipHE PiBHSAHHA KOJIHBAHb CTPYHH

Pu _ O 0 (1, ¢ 0 0, T |
i =57 Tl xHeQr=0,ax(0,T) (1
eﬂHHHﬁ pOSB’ﬂ30K AKOIro BHﬂi-ﬂﬂeTbCﬂ 3a jonoMoroto rpaHuYHUX yMOB

u@, ) =v(t), ufa t)=ys() 2
Ta MOYATKOBUX yMOB

[7] , 0
4 (x, 0) = 7o (x), 252

= 11.(x), y€lo, al (3)
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Baegemo citkn 0 = {#y = jo1 j=0,1,..L,t = T/L},
or={tj=jt:j=1,L, 1=TIL} ta 0, = {x; = ih:
i=0,N, h=a/N}, o,={x;=ih: i=1, N—1, h=a/N}.

AnpokcHMylouH Ha ciTui ®, eainruuny gacruny pinauas (1) (ro6ro

02 4 R .
NOKNaJal0uH —%%—’—)- ~ v, (#) i 3anumaioyn 3miHHYy ¢ HenepepBHOIO,

TOGTO 3acTOCOBYIouM 10 3apadi (1) — (2) NO3ZOBKHIO CXeMy METOAY nAps-
MHX, 3BefieMO 11 HaGamKeHuil po3B’A30K H0 3aga4i Kot pjia cucreMH 3BH-
4aifHuX AudepenllianbHHX PiBHAHb APYroro NOpsiKy

”2“’=vhﬁn+fubm i=T1, N—1,

U ) =10, on@®)=750), @)
v () =) G O=ml), i=0H,
a60o B MaTpHYHOMY BUIIsAi

dSV (l) e -
din AV +F, - 6)

V=T, V=T,
ge V() = © (D), oo, ones )L E (D) = (F (1, ) + 5%, (8),
s Oy ovvy [ OtN=e )y [ (onmty B) + B 25 ()T

Ty = (o (xs +v s Voltn—t))'s Tym= @r(xs +ovs Py Giv))T,

- —2 1 0 0o ... 0 0 0 7
1 —2 1 0o ... 0 0 0

0 0 0 0o ... 1 =2 1 -

0 0 0 0 ... 0 1 -2
3acTocoByIOUH MOMEPEYHY CXeMy METOAY OPAMHX, TOGTO 3aaHWAIOYH
0%u (x, 13) '

a . l —
HeNepepBHOI0 3MIHHY X 1 MOKNANAUH —— 5~ ~ Uy, ) =uv5,(x, ty),

nicraHeMo Taky cxemy Pore, ska sABisfie cOGOI0 CHCTEMY €JIiNTHYHHX
KpailoBHX 3ajay

d? /
vh =8 ity
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v (0) = (1), V(@) =1,(t), (6)
v () = o (%).

[Ho6 nouictio Bu3HauuTu cucremy (6), ‘Tpeba 3ajaTH Iie y! (x). Hdag neoro
MOXHa, HaNpHKJaj, BUKODHCTAaTH piBHOCTI

T = o1

u(x, 1) —ux, Q 6u(x,0) +T %u (x, 0) 40y =
u(x, 0 0% (x, O
=259 5 (—‘;f:—’+f(x,0))+0(12)=

= 1)+ 5 (o) +7(x, 0) + 0 (&

i nokaactu
0L (1) = W (®) + T (0 + o (o (8) + f (x, ). (7)

Cucrema (6), (7) nosricrio Bu3Hauae ¢pynkuii v/ (x), j = 0, L. SIxuio B cxe-
Mi (6), (7) muckperu3yBaTH i 3MiHHY X, TO JiCTaHeMO TaKy CXeMy MeTOAY
ciToK:

!/Fit = y{}x + ﬂv (x:,t)’ € 0¢ X Wy, !/(/) = Yég !/5\/ = vé, (8)

=% () gh =0 (x) + 70 (x1) + S (% (1) -+ Fx1, 0), i =D, N.

Hepaxko noBectH, o OpH NiaakocTi po3B's3ky u (x, &) € Ct (Qr) cxema
(8) mae nopanok anpokcumauii O (h? + ©%). Lla cxema € ABHOIO i 3HaUeHHS
wykaHoi ¢yHkuii y/+! (x) Ha (j + 1)-my sApyci Bu3HauaeTbcs uepes ii
3HaueHHs Ha nonepeAHix ABOX sipycax 3a GopMyiol0

; 2 . : S
yir =2 — gl g Gl — 2l gl o =T N,
(9)
R BV L S I YU

3po3ymino, 110 1A CXeMa € TPHAPYCHOIO.

Baegemo npoctip H $yHKuil, 3aaaHuX Ha CiTii ©,, a yepe3 H nossaummo
npocTip GyHKUifl, 3afaHuX Ha ©, = o, U {0, [}, AKki neperBopioiOTLCA
Ha HyJab npu x = 0, /. ¥ npocropi H BBeAeMo cKanApHHit J06YTOK

= Y hy(x)v(x)
xEwy,

i oneparop A 1+ H — H rtakufi, mo Ay = —g};x, y€EH, g;e H., Yy (x) =
= y (x), x € wy. Yepea y/ nosnauumo pyHkuito ¢; — H. Togdi cxema (8)
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Moxe 6yTH 3amicaHa B TAKOMY KaHOH{UHOMY BHIVISAi1
Dy, + Ay =F, y°, y* — 3anaHi, (10)

zeD =1, Ay=—g;;x,yEH,;€19,

g =g(), x€0m F=F=(f, ..., fha).
Iloxubka z = y — u 3aJ0BO/NbHAE PiBHAHHSA
Dz, + Az =, (11)

ne |9 < M (h® + 1%); M — crana, HesanexHa Bia h, T 3a yMOBH, WO

TouHuii po3B’sn30K u (x, £) € Ci (Qr).
Cxemu (10), (11) € Tpuspycuumn, B cuay teopemu 11 (n. 1.4 3 u. 1)
Mae Micue ouinka

- a
1<) 1 (nz(0n|+uzt () [t + z:r||¢’||,,-n).

P =z(l,)=z(n1) = (2,(n7), ..., 2y— (n7))7,

(12)

AKIO BHKOHYIOTbC yMOBH A = A* >0, D =D* > 0,D > l—|4-8 2A.
IMepwi aBi HepiBHOCTi OueBMAHi, a-OCTaHHA B CHJAY TOro, wo / = “—:“.
BHKOHYEThCSH, KOJIH

( 1 14 12)A>0,

I
T06TO NpH
1 l1+e
Ay~ =0
Ockinekn |A|= %— cos’“Th < —E,—, TO 3Biscu JAicTaeMo TaxKy yMoBY
crifikocTi (AMB. TakoX npukaapg 1, n 1.4.5 3 u.l):
h
TS Vies ' (13)
ge e>0— goBinbHe wumcqo. Kpim toro, |y li-1 = (A7, o) <

< Amax 1y B, e Amax = i;— sin—? —%’-’ = 0 (1) — MaKCHMajlbHe BJaCHe
3HaueHHs oneparopa A", I3 supasis (7), (12), (13) BunnuBae Taxe TBep-
JOKEHHS. _
Teopema. Hexaii poss’ asox 3adaqi (1) — (3) nasemcumo xaacy Ci (Qr),
v (x) €C 10, al, v (x) € C*10, al, i suxonyemoca ymosa (13). Todi npu
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h, ® = 0 poas’ asox cxemu (8) abizactmbca 0o mouroeo po3s’asky i mae micye
maxa oyinka weudkocmi 36ixcHocmi:

g —ur | < M(e) (B + o),
de M (e) — cmana, wo He 3arexmcums 6id h, v.

FrMABA 7
IHWI METOAM

Onxieo 3 HaficK/1aaHimKX | HalaKTyaJbHIlIHX 3ajay OGUHC/II0BANBHOT
mareMaTHKH OyJa i 3anuiuaerbest «60poThba», sIK KaXyThb HamiBkKapToMa,
3 «IPOKJATTAM po3MipHOcTi». Mu Bxe MOIVIH BNEBHHTHCH Ha NPOCTHX
NpHK/Najax, WO JABOBHMipHi 3ajayi 3HAUHO CKJaJHilli OXHOBHMIipHHX,
MpHUOMY 3 JaJIbIUMM POCTOM PO3MipHOCTI CK/IajHiCTb HAPOCTAE We CTPiM-
Kime. Opsnielo 3 MpHYMH L€l CKIAAHOCTI € yCK/IaJHEHHA reoMeTpii 3anaui
(Hanpukaaa, ¢opmu obnacti, B sAKili BH3HAuYaeThCs HeBifoma QyHKUis,
B3a€MO3B’A3KiB Mi>X HEBiJOMHMH). [HILOIO MPHUHHOIO € CTPiMKe 36ibILeHH
KiJIbKOCTi cniBBiAHOIWEHDb | HEBiJOMHX MPH AHCKpeTH3alii 3ajiaui. MoxHa
BHUAIMUTH 1ie Oarato pi3aHHX ocobGanBocrefi GaraToBHMipHHX 3ajau, aje
MH KOPOTKO 3y IHHHMOCS Ha ABOX BHULIEHA3BAHHX i PO3IJIAHEMO ABa METO/H,
AKi nmoJerulyioTbh (faseko He BupilyioTh!) 60poTbOy 3 LHUMH acneKTaMH
«npOKAATTA po3mipHocTei». Maerbes npo memod ¢ixmusnux obracmed
Ta Memo0 ePAHUMHUX eAeMERMIE.

OnnuM i3 wasaxiB  «6opoTbGH 3 POSMipHICTIO» € TaKOXK CTBOPEHHSA
npoaykthBHiltMX EOM i maremaTHyHoro sabesneueHHs Ana HuX. [lomyku
takux, EOM — cynepkomn'iotepiB — BeAyTbCA B OCHOBHOMY poO3napa-
JIeJIOBaHHSAM 1XHBOI POGOTH Ta CTBOpEHHAM THyukKoi apxitektypu EOM,
to6ro EOM, ski npucrocoBaHi 1o oco6auBocTeli KOHKpeTHO! 3apaui. Lle
BHMarae CTBOPeHHS NapaJje/ibHUX aJropuTMiB i HaBiTh nepe6yAoBH cIO-
co6y MHC/I€HHS MaTeMaTHKiB-NPHKJAJHHKIB, AKHH € TpajuuiiiHo noc.i-
noBHuM. Tomy TopkHeMoca ocobanuBocTelt napanenbHux EOM i cTBopenus
«fapaJejbHHX» YHCEeJbHHX MeTOAIB. | Xou ryaBa Ha3uBaeTbes «[HLIi MeTO-
DIH», He CJifi CMOoJiBaTHCH, 1O B Hilt MH 3MoxeMo Xxoua 6 3rajaTtd Bci iHLui
metoau. Pi3HOMaHITHICTL CyYacHHX YHCEJBHHX METOAIB i TeMNH IXHbLOro
PO3BHTKY HACTi/IbKH BeJHKi, 10 e MPaKkTHYHO HeMOXKJIHBO., Taka Ha3Ba
niakpec/ioe, 10 B KHH31 PO3MVIAHYTO JIHIUE YaCTHHY HaHMNOLIMPeHilluX,
aje JaJeKo He Bcix MerofiB uucesbHOro avanisy. [lowupenicrte oaHiel
YACTHHHU 3 HUX € HAac/IiIKOM TXHiX JOCTOTHCTB, iHLIOI YaCTHHH — HacJiiKoM
3pyuHocTeil IXHbOrO NPOrpaMyBaHHsA, JeSiKHX — HacJiKOM MiHJHBOI Ma-
TeMaTH4HOi MOAH. Te, IO LIHPOKO 3aCTOCOBYEThCS CbOTOAHI, MOxe OyTH
3abyte 3aBTpa. ToMy us raaBa Mae nepersisijaTucs HabaraTo uacrilue,
HiX iHwi. [1lo6 He BiacraTH Bia cyyacHOro piBHS PO3BUTKY YHCEJbHHX
MeTORiB, 3amikaBJeHHH uHTau, OGe3nepeyHo, NOBHHEH CaM HelepepBHO
6paTd B LOMY y4acTb.
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7.1. Metoa diktueuux obnacrel

SIK BKe 3a3HayasoCs, TPYAHOIULI YHCENBHOIO PO3B’SA3YBaHHA 6araToBu-
MipHHX 3ajau MaTeMaTHUHO! (Di3HKH 3HAUHOIO MipOIO 3aJ1eXaTh BiJ CKAall-
Hocti reomerpii o6macti, B sAKi#l 3apana mykaHa oyHkuia. Jasa obaacreit
KaHOHiYHOro BUTNVIAAY, HaNpHKAAA AJ1s1 IPAMOKYTHHKA, MOXKHA NOGYAyBaTH
ebekTuBHi Meronu (auB. 0. 5.4, 6.4). Meron dikTuBHEX o6nacteit (MPO)
noJisirae B TOMY, 106 MOGYAyBaTH 3a BHXIAHOIO 3ajayeio B o6.naCTi cKaan:
Hol dopmn iHuly 3aKauy (HanpukJal, y NPAMOKYTHHKY), PO3B’A30K sKOi
NpH NpsMyBaHH] ResKHX i mapameTpiB 10 HyJs 4M 10 HeCKiHueHHOCTi
npsivyBaB GH 1O po3B’s3Ky BHXimHoi 3apaui. IlepeBarm Takoro meropy:
a) yHiBepca/ibHicTb MO BifHOLIEHHIO 1O Treomerpii obnacri; 6) npocrora
i ehexkTHBHiCTD uHCeNBHHX airoput™iB i nporpam a1 EOM, ockinbku
BOHH GYAYIOTBCA JJs NpPSIMOKYTHOI oGaacri. IlokaxkeMo Ha mpoCTHX Of-
HOBHUMIipHHUX NPHKJIAJAX, IO TaKy ifelo MOXHA 3RiMCHHTH.

Poarnsnemo Kpaﬁony 3ajauy

A

— =i, xee=(0, 5), fo=2 "

2 (0) = u( ) =0,
TOYHHM pO3B’A3KOM sikol € GyHKuia u (x) = x (1/2 —%). Hop;m s (1)

poamfmemo 3agauy B obaacti Qo= (0, 1), Q< Q;, 2, =9, \ 2 =
= (1/2, 1)

dx (ae (JC) _) fl ()C), X E QO’ (2)
us (0) = ue (1) = 0, 3)
[welx=1/2 =0, {a‘ ‘Zf: ]x=l n =0 @
ne
[0z =v(E +0)—0v(E—0),
e |1, XEQ, _ [f(x) x€RQ,
* = {8“2, x €8y, h() { 0, xeQ,

e — napamerp.

Ilin poss’s3kom sanaui (2) — (4) posymiTHMeMO Henep:2pBHY dyHKuiIO
ue (x), siKa Ha KoxHOMY 3 inTepBauis (0, 1/2) Ta (1/2, 1) mae apyri nene-
peme noXiaHi i sajoBosbHA€ AndepeHLiaibie PiBHANKA (2), HA rpaHHui

= {1/2} o6nacri Q 3anoBosbHsAE YMOBH (4) i Ha rpannui 690 = {0, 1}
oG.nacn Q, — ymoBH (3). HeBaxko 3HalTH, 10 TOYUHHHA PO3B’'A30K 3ajayi
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(2) — (4) mae Buraag
x(2_l(1-i:T-2—z:T —x), xe[O, %].

te ()= e? 1
T U —*h xE[T. ll,

npUYOMy

. =5 1
‘lal_l)r;ug(x)=u(x), x69=[0, —2—] s

i = = (L
lggue(x)—on xegl—(2tl)v

TO6TO NPH HOCUTb MaJIHX & 06JacTb ; MOXHa PO3rIAfaTH AK QGiKTHBHY,
TO6TO TaKy, 110 «Mailxke He BIJHMBa€» Ha po3B'A30K 3anaui (2) — (4).
3piacu i noxoauts Hasea Merogy. M®O mae nix coboio i pisnuHy OCHOBY.
Wnetbcs npo ao6pe Bifomuil y ¢isnui ¢axr, Wwo B cepeloBuili 3 BiAHOCHO
BeJIMKUM KoedilieHTOM TenJonpoBiHOCTi TemnepaTypa 3MiHIOETbCA Bif-
HocHo MaJso. 3anaua (1) onucye npouec cTauioHapHOI TeNJONPOBiAHOCTI
3 koediuieHToM TensonposifHocTi a (x) = 1. 3anaua (2) onucye To# ca-
MHil npouec B o6aacti €y, npuyomy B obnacti Q koediuieHTH Tenaonpo-
Bigsocti B 3apauax (1) Ta (2) — (4) omnakosi, a B jonosHeHHi Q no Q,,
To6T0 B Q,, KoebiuieHT TensonpoBifHocTi 3ajaui (2) — (4) npsAMye 1o
HeckiHueHHOCTi npu & — 0. I3 ¢isnunux MipkyBaHb caia uekaTH 6aH3b-
Kocti po3B’'sA3KiB BKa3aHHX 3ajau B ob6nacti Q, wo i niaTBepAXeHO MaTe-
MATHYHO. '

MoxauBi Takox inwmi BapianTH Merony ¢ikTHBHHX obsacTeit, OAMH
3 AKHX pO3IVIsiHeMO 3ROBY Ha npHkaaai 3apaui (1). Ha uefi pa3 samicth
¢2) — (4) nocraBuMO 3amauy

d’
e WU =), xEQ= (0, 1), )
e (0) = ue (1) =0, ®
d
[ue]x=|/2 = 0’ 1 du: L=l/2 = Ov (7)

Aae
0, xeQ=(0 ),

¢t (x) =

g2, JCEQ]E( !

2

f (. )
), me =15 eon

Y npomy BHDagKy yMoBH (7) € HacaiakoM piBHsiHHA (5), ToMy dakTHYHO
poarssinaeTbes 3agava (5), (6). INo6yayemo rounuii poss’asok 3anavi (5) —
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(7). Ina uboro 3ayBaxumo, o piBHAHHs (5) B o6aacTi Q Mae Burasig

_ d?u,

dx3

i fioro 3araAbHUA PO3B’A30K, AKHH 3al0BOJIBHSAE Mepiuy 3 KpafoBUX YMOB
(6), e

=2,

e (x) = x (@ —x), x€Q, t:)

Ie o — CTaja, AKY BH3HauHMo mnisHiwe. B o6nacri Q, pisnauns (5) mae

BHUIIAA
d’ue
- dx’ + B’ ug—o

i HeBaX<kO 3HafiTH #ioro 3arasbHUil Po3B’SA30K
. X X
ue(x)=aCh'—e-+bShT, X €Ly, 9)

e a, b — poBinbHi craai; ch z = (e? + e—?)/2 — rinep6oniunuii Ko-
cunyc; sh z = (e — e~%)/2 — rinepGoniunuit cunyc. Llo6 dynkuis (9)
3aJ0BOJIbHSAJIA APYTY 3 KpaiioBHX yMoB (6), 3Haiifiemo crany b 3 piBHAHHS

te (1) =ach— +bsh~ =0,
3BiKH
b=—acth—-, (10}
i ToMmy
1
u,(x)=a(ch%—-cth—e-.sh-:—), (11

cth z = ch z/sh z — rinepGoniynnit KoraHreHc. «31IHEMO» PpO3B’A3KH
(8) Ta (9) B Touni x = 1/2 3a gonomororo ymos (7). HeBaxkxo analiTH

Be (L—O)=£’—:—l-, u';(—;——O):a—l,
( +O)—ach +bsh a(ch—2l—e-—cth-l—sh2—1),
” (-’2—-}-0)=%sh—23—+-§-chTL—=—‘;—(sh—21;—cth %ch2—le).

[Mepwia 3 ymoB (7) Bae piBHAHHA

1

1 1
20— 1 =4ach —2—3——-—4acthTsh—2e— ’

8BiKH
a=2ach—217—2acth%sh—2%+-£-. (12)
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Ipyra 3 ymoB (7) npHBOAHTL 1O piBHAHHA
‘a | 1 1
| = T(sh—g—cth-—e—ch-—ﬁ—) ’

apinxy, BpaxyBaBiuu (12), sHaxoauMo

1 1 1 1 1 i 1 1\t
a= |chg5 — gy shgr —cth4-(shg- — g cho) |7 (13)

3a nonomorolo npaBuJa Jlonitans HeBaXKo 3HANTH, WO

-2
_ . l—cthZ Z:zz—"z::: w
lim (4a) = llm —
e->0 200 (chz— 22shz)™
2 shz—2zchz th 2 — (ch®2 + (22 sh 2)?) + (sh*z — (22 ch 2)%)
. sh32z chz—2zshz — SN (chz— 2zsh 2)8
= ZT:, ‘ shz 4 22¢chz =
(chz — 2zsh z)?
— Jim 20 =2cth2) (cth z — 22) 4 (1 + 42%) cth 22 =0
2-p00 shz+2zchz i
a ToMy 3 (10) maemo, mo 11m b=0, a s (12) — l|m a = le

-0
oanaqae, o i ana poss’ ﬂ3Ky 3a11aq1 (5) — (7) matorb mcue plBHOC‘l‘l

limue (x) =u(x), x€ Q,
e->0
lim U (x) =0, x€9Q,,

T061‘0 y BuxigHi# o6nacti Q posp’ssox 3apaui MOO (5) — (7) npaAMye 1o
poan A3Ky 3anaui (1) npd e — 0. demo nopi6He mae micue i B GararoBu-
MipHOMY BHNaIKy.

Cdhopmymoemo 3aaaui Meroay GiKTHBHHX oG/1acTeit Als BHXiaHOi 3anaui

L = L ax‘ (a[/(X) ax )+a(x)u—f(x)v xGQ
/=1 (14)
u(x)=0, x€0Q,

Ze Q — ofMexxeHa n-BUMipHa O6JaCTb 3 KYCKOBO-TJIAJKOI® TPaHHLED
9Q; ai; (x) = a;; (x), ai; (¥) € C* (Q), a (x) — HeBix’emua, BuMipHa, 06-
mexena ¢yHkuis, f (x) € Ly (), i, kpim Toro, BHKOHYyeTbCS yMOBa enin-
THUYHOCTI

n

Y ai(R) ity =>p Ztt, p>0, p = const.

N fms]



[Mepwnit 3 poarnAnyTHX BapiaHTiB M®O nna sanaui (14) mae Buraan

Lyt =— Z _0%1—( 71 )+ae(x)ue—f1(x)’ x €80,

1,j=1

ue (x) =0, x¢€0K,, (15)

2
[4e (¥)]xcon = 0, 2 afj cos (n, x1) a: ] =0,
L=l xcoQ

ae Q, — napaneneninex, KMt MiCTHTL y co6i o6nactb Q, [v] osnauae
cTpuGoK GyHKUii v (x) Ha noBepxHi dQ, TO6TO CTPHOOK NpH mNepexofi
yepe3 0 y HanpsaMmi 30BHilHLOI HOpMaai n A0 rpaHuui Q, = Q, \ £,
a;(x), x€Q,
e . .
ag(x)=4§ 0, x€Q, izAj,
e2,  x€Q, i=],
; a(x), x€Q x), x
e ={7 T pw = [T TS
Oo X E le 01 X E Ql'
MoxHa poBecTH, IO NMPH NEBHHX YMOBax AJfA BHUXiAHHX RaHHX 3ajaui
(14) Mae micue Taka onTHMaJabHA MO € OLiHKa:
e — Ul < cg?,
Jie ¢ — He3aJiexHa Bij e JOJaTHa craja.
HApyrufi Bapiant M®O nns 3anaui (14) mae Burasn
Leug=f,(x), x€R us(x)=0, x€0, (16)
ne KoedilieHTH a;; nponoBxeHi B of6racTb Q; TaK, W06 BOHU 3aJHILAMHCH
o6MexeHHMH i BHKOHYBajachb yMOBa esinTHyHocTi B ofuacti €, f (x)
TNpoAoBXKeHa B £, HyaeMm, a QyHKUiA a® (x) Mae BUIAAA
a(x), x€Q,
e”2, x€Q.
Ao BuxiaHi mani sagaui (14) 3aGesneuyioth ii po3B’A3Ky HasexHicTb

10 Kaacy W3 (Q), To Mae Mice ONTHMANLHA 32 NOPSLKOM € OliHKA LIBHA-
KocTi 36iXKHOCTI

at (x)=

lue —u I'Wl(n) ce| i w Ly

Ie ¢ — He3a/exXHa Bifi & Ta u JOAATHA CcTaja.

Icuyiorb Takox inmi Bapianty M®O. Horo MoxHa sacTocyBaTH TaKoX
I0 iHLMX 3ajay, HanpHKJaa Tperboi KpaioBoi 3ajaui, HecTaiioHapHHX
3apay, JO piBHSHb BHILHX NOPAAKIB Ta iH.

Takym UMHOM, MOXKHA JaTH TaKy CXeMy HaG/IHXKEHOro po3B’s3yBaHHSA
sapaui (14) B noBiabHil ob6mexenilt o6nacti Q: 1) gonoBHoeMo 06JacTb £
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10 HaliMeRLIOro napaneneninega §, i B 3aaaui (15) (a6o (16)) Bu6upaemo 8
Tak, wo6 i po3B’s30K Hab.1HKaB po3B’A30K 3anadi (14) 3 Heo6XiaHOIO TOU-
HicTio; 2) po3s’a3yeMo 3aaauy MPO meToAoM CiTOK 3 NOTPiGHOIO TOYHICTIO.
3ayBaXXuMo, L0 Ha APYroMy etani 3fificHeHHs uiel cCXeMH MOXEMO 3iTKHY-
THCSA 3 TPYAHICTIO, fIKa NOB’5i3aHa 3 BeJIHKHM Aiana3oHOM 3MiHH Koedilieu-
tiB 3agaui (15) a6o (16), ockinbkH € TpeGa BuGUpaTH focuTh ManuM. B n. 5.4
PO3TJAHYTO cHeuianbHi BapiaHTH [ONEpeMiHHO-TPHKYTHOTO MeToay, fKi
BPaxoBYIOTb MOXJHBICTb CHJIBHOTO KOJHBAHHS BeJMYHHH KoepiuienTtin
y ABOBHMipHOMY e1iNTHYHOMY piBHSIHHi APYTrOro NOpsiKy.

7.2. Merop rpaHnuHKX enemenTis

Mertoan rpannunux enemeHTiB (MI'E) rpyHTYyeTbCs Ha TaKHX posjidax
MaTeMaTHKH, SIK Teopisi iHTerpaibHuX piBHAHb Ta METOJ CKiHUEHHHX eJe-
meHTiB. JlaBHO Bijomo, mo 6arato KpadoBHX 3ajau AJsA 6araTOBHMipHHX
PIBHSIHb 3 YAaCTHHHHMH TOXiXHYMH MOXHa 3BeCTH 1O TaK 3BaHHX I'DaHHY-
HUX iHTErpaJbHHX PiBHSAHb, TEODifl AKUX FPYHTY€ETbCA Ha poborax I'. I'pi-
Ha (1828) Ta 1. ®pearonbma (1903). PaxkrTHuHO wue 3BOAMTL AHdepeHwi-
a/bHY 3ajiauy, NOCTaBJeHYy AaA Aeakoi QyHKuUil y n-BHMipHOMY eBKJiA0Bo-
My npoctopi, o iHTerpasibHOI 3ajaui Ais ¢yHKUil B (n — 1)-BUMipHOMY
npocropi, To6TO 3HUKYE po3MipHicTh 3afaui Ha oauHHIO. ['paHuuHe jHTer-
paibHe piBHAHHA HAOMHIKeHO pO3B'A3Y€TbCHA 3a JOMOMOrol0 ijel Meropy
cKiHyeHHHX esieMeHTiB. OTKe, MeToA rpaHHYHHX eJIeMEHTIB Als KpafoBdx
3afay AJa AudepeHuiaNbHHX piBHAHbL CKJAANAe€TbC 3 TPbOX €TamiB:
1) 3BefieHHs BuXiAHOI AudepeHUiabHOT 3afadi A0 FPAaHMYHOrO iHTerpadp-
HOTO piBHAHHA; 2) HabjHXXeHe po3B’A3yBaHHS iHTErpajbHOrO PiBHAHFS
METOAOM I'PaHHYHHX €JIEMEHTiB, TO6TO anpoKCHMAIlLifl rpaHHIi CKIHYEHHHMU
eneMeHTaMH, 3aMiHa wyKaHol OyHKuUii JinifiHolo KoMGiHauielo «Ginbw
npoctux» GYHKUiA, 3a0aHUX HAa UHX TPAHUUYHHX €JIEMeHTaX, i, HaKiHeup,
po3B’A3yBaHHA CHCTeMH anreOpaiyHUX piBHAHb BifHOCHO KoediilieHtis
JinikHOl KoMGiHauii; 3) BigHOB/IEHHS PO3B’A3KY BHXiAHOI AHbepeHuianb-
Hol 3ajaui BcepeAnHi obaacTi.

Po3srasineMo Le cnouaTky Ha NMpHKJ/aAi ONHOBUMIpPHOT 3agaui

Lum — - (k) g5 ) + 9 (0 u(x) = (2, M
x€Q=(0,1), u@=um u(1)=u, @)

ze q (x), f (x) — 3anani yHkuil; u,, w, — 3agani uucaa. [Tomuoxumo
piBnaHHs (1) Ha AeAKy ¢yHKUil0 w (x) i BpoinTerpyemo Big 0 go 1 (iHwHMH
CJIOBaMH, MOMHOXHMO cKanapHO B L, (0, 1)):

j (Lu — f) wdx = 0. ®3)
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IlpoinTerpyBasiiy yacTHHaMHM, RicTaHEMO
1
du d 1
S(k d'; dz:’ +quw—fw)dx—[k— =0, 4)
0

ze [0)% = v (b) — v (a). Came TaKoro BHIVIAAY CNiBBiAHOIEHHA MH GpaJin
B n. 4.3, n. 2—6 3a y3aranpbHeHy nocTaHoBKYy 3aaaui (1), (2) i Ha ix ocHosi
6ynyBanH CiTKOBi CXeMH METOLY CKiHUEHHHX eJIeMEHTIB Ta Pi3HHLEBI CXeMH.

BBaxkalouH, 10 @ Mae Apyri noxiaxi, npointerpyemo B (4) we pa3s gac-
THHAMH;

S(qu—fw)dx—[k-s—:w];+lk%u];=0 )

a60, BpaxoByiouH yMoBH (2),
1
f (Lwu — fw) dx — kuyw |yer, + k T = W |ser, +

+ B2y |xer, — kL v uo lxer, =0, (6)

age T, ={0}, Iy = {l} — YacTHHHU rpaﬂnui obnacti Q = (0, 1). Omxe,
piBnicTb (6) mns 6yAb-akoi GYHKUIl w € HacainkoM cmiBBigHoweHb (1),
(2), TobT0 po3B’A130K 3aKaui (1), (2) 3anoBoabHsE (6).

PosrasiHeMo Tenep Taky 3apavy: 3HaiiTu ¢pyHKUil0 4, 3afaHy B obaacTi
Q =Q yrI, Y T, fAKa 3a10BosbHsie piBHicTb (6) Npu GyAb-AKHX w,
ne k, fi, 4, U, — 3apaHi. IHTerpyloun yactTHHamH nBiui, nepenuiuemo (6)
y BHrAAAi

1
((Lu—pwds + (u— o) e -
]
Ile cniBBigHOIEHHA NOKa3ye, 110 (6) MOXKHA B3fiTH 32 OCHOBY NpH No6yNoBi
MeTojiB Hab/KkeHoro po3s’a3ky 3aaaui (1), (2). SIkuo Mu 3MoxeMo 3HAHTH
dyuxuio u 3 (6°), AKa mepeTBOpIoe BCi TPH CK/AAA0Bi B OCTaHHIK PiBHOCT
Ha HyJb 1IpU R0Bi/NbHIN GyHKNIT w, To RicTaHeMo TOUHHHA PO3B’fA30K 3aa-
yi (1), (2) ko kK meska GyHKuUisA nae GIH3bKI 70 HYNs 3HAYEHHA LHX
JIORAHKIB, TO CJIiX YeKaTH, [HO BOHA 6/IH3bKA 10 PO3B ﬂsxy aanaqi 1), @),
aJie ue Tpe6a J0BECTH.
IMpunycTuMo, 1O MH MOXeMO SBHO 3HaliTH PO3B'A30K OAZHOpigHOrO
piBHSIHHS

+ (G — ) ke leer, = 0. (6)

xery

Lw=0.
Hexa#i ue 6yzne (byHKuiﬂ w (x). Toni 3 (5) micraHeMo cniBBigHOLIEHHSA
~Yx= o) x=1
—§fwdx— —”“—w]‘ ‘+[k -fiiu] =0, )
x=0 x Xe=()

899



a6o B CHJIy FPaHHYHHX YMOB

1 . -
— { fwdx — k(1 uw (1) + £ 02 00 +
0

+k(l)—u(l)-—k(0) “""°’ . 8)

lle aHajor rpaHHYHOro iHTErpaJbHOrO PiBHAHHA B OJHOBHMipHOMY BHNAA-
Ky, AKHH MOXXHA MOKJACTH 33 OCHOBY MOGYROBH HAG/NHMEHHX METOAIB BH-
3HaueHHs HeBinmoMHX ¢, = du (0)/dx Ta p, = u (1). Skwo Bigomi aBa Ji-

HiiHO He3a/NeXHHUX pO3B'A3KU w; (x), { = 1, 2 piBusHHA (7), TO 3aMicThb
(9) mMaTuMeMO CHCTeMy ABOX piBHSiHb

£ (0) @, (0) g, + k (1) 222 "“’“" P = §fw,dx+k(l)u1w,(l)

dwi (0)

+k0)——Lu, i=1,2 9
3 AKoi TOuHO 3HafiieMo HeBijoMi g, = i"dii Ta p, = u(l).

TakuM yuHOM, Lel MeTOX fae 3Mory 3HafTH po3B’s130K 3azaui (1), (2)
Ta fioro noxiaHoi Ha rpaHuui o6aacti € B Toukax x = 0 ta x = 1. [lican
1H0ro e Tpe6a BifHOBUTH PO3B’A30K BcepeanHi obaacti Q (Tperift eran
MTE). ¥ naHomy pasi me MoxHa 3po6HMTH, HANpPHKJaJ, PO3B’A3YI0YH
aamictb (1), (2) 3anauy Iipixse pas pisnsanns (1). Posrasuemo sacrocy-
BaHHSA TAaKOro caMoro Meroay Aas kpafioBux ymoB Ilipixse aas Hacrym{ot
KOHKpeTHOi 3ajaui.

Hpuxaad 1. 3uafitn noxigHy Bin po3s’asky 3apaui

d®u

— g Tu=% Q=0 1), u@=u)=0

Ha rpanuui o6nacri ©, 10610 B Toukax x =0, x = 1,
Posp a3anuga Ausaior cnieBignomenns (5) mae BHrdj

: roxl] x—l
_(S _+w udx—sxwdx—[qw]xzo-l-[ =0,
¢ x=0
Ae q(x) =—Z'; v 96=0(0), gq=¢q(1). Jlinifino HesanexHi POSB'A3KH PiBHSHHA
2
£ om0
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MaloTb BRIAAR W, (X} = o8 x, W, (x) = sin x. Amanorom cucremu pisnans (9) e cucrema
I

-4 cosl+q,,=5xcosxdx.
1}

1
— gy 8in =§ x sin xdx,

SBIAKH 8HaxoamMo = -’ =F_ =], g m dt;iO) = _s_"ll_l_ —1.

Y poaragHyToMy MeTofi 3HauHa 4YacTHHAa 3YCHJb i3 pO3B’A3aHHA
BHXinHOi KpafioBoi 3amaui Bunajzae Ha Tperilt eran MIE, T06TO0 BigHOB-
JIEHHs pO3B’fA3Ky BHXiAHOI 3ajaui Bcepenusi obaacti. Lle 3arpyaHenns
B MI'E moXHa nonoJjaTdH, BHKODHCTOBYIOUH IpaHHYHi iHTerpajibHi cmiB-
BifiHOLIEHHs, BH3HaueHi 3a JOMOMOrol0 TaK 3BaHHX (yHAaMEHTANbHHUX
pO3B’A3KiB.

Posrasnemo 3agauy

Lu=/f(x), x€Q=(0,1), u@=u, u(l)=u. (10)

3a ocHOBY KOHCTPYIOBaHHS HaGJHMKeHOTro po3B’A3Ky Liei 3agaui BiabMemo
cniBBifHOWeERHA BHIIARY (5), ike B JaHOMY BHNAAKy HaGHpae BHIVIALY

S(qu—fw)dx—[k_z_ l 1k (1) gy 22 dw(l) —k(0) g dw(O) —o.
(1

Qyukuio w* (x, x;), 9ka € po3B’A3KOM PiBHAHHSA
Lu* =6(x—x,),
pe & (x—x)— neana-¢nyniﬂ Ilipaka, 3ocepemxena B Touul x,,

Ha3seMO (YHJaMeHTanbHUM po3B’siskoM. [lenbTa-QyHKuin & (x — xy)
¢ noxiaHowo Big ¢yHkuii Xepicafina

1, x>ux,
Ax—x)=
( i) [0' x <Xy
Ockinbku 3 (ll) BHILTHBae piBHiCTH
dH (x — x,)
2 (k0220 ) 4 gy wr (1) =
TO 3BificH q)opmanbno MaeMo

dw‘( ’ * =
d:: 5 dwdx(x) =—k ') H(x—x)+

+£7 () [ g w* (ax
b
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115 ¢opmyna nokasye, WMo HoxXigHa Bif (pyHZAMEHTANBLHOrO DPO3B’A3KY
Mae CTpHOOK BeHuuHH k' (x;) IpH mepexoli uepes TOuKy x; (KO py-
Xartuca 3niBa HampaBo No YHCHOBiM oci). 3okpema,

dw* (0,0 —1 dwr(l, 1)
——=—k 0, —F5—=0.

[Mincrapusmwn B (11) 3amicts w ¢yHkuilo w*, nicranemo
l )

u ) — { fo* (x, %) dx — {k 2 ¥ (x, x,)]"" +u=0, (12)
0 x=0’

Je x; — joBifbHA Touka Biapiska [0, 1.

Iokaapnatoun B (12) x; = 0 Ta x; = 1 i BpaxoByioun, mo u (0) = u,,
u (1) = u,, nicraemo BigHocHO HeBigomux du (0)/dx ta du (1)/dx cucremy
JBOX piBHsiHDb (260 rpaHHuHi cniBBiAHOLIEHHS)

1
k) w* (0, 02O _p1ywr 1, 0L =—2u, + { fuw* (x, 0)d,
0
(13)
rOw 0, DL _pyw 1) dx.
3uaitmoswH 3 (13) —‘11@-, _‘?’;il) , 8a (ﬁopmynoro (12) moxemo BiamHo-

BHTH PO3B’A30K BUXiaHOi 3anaui (10) B Gyab-akifi BHYTpilHii Toumi X,
obaacri Q 3a popMyaoio (12). ITpu ubomy 3anuiaeTbcst 0OGrpyHTYBaTH, HIO
3HalifieHuii HaMH po3B’A30K AilicHo Ha6muKkae po3s’A30K 3ajaui (10).

M pukaad 2. 3a nonoMororo GyHAaMeHTaJbHOrO PO3B’A3KY 3HafiTh dyHKiilw 4,
10 3aJIOBOJIbHAE YMOBH

diy .
—gp—u=x x€0, 1), u(0=0, u(l) =0, (14)
PosB' ss3anHa ODyHukuia w*, ska e po3B’a3KOM PiBHAHHSA
d2w*
——ga —wr=08(x—x),
1
Mae BHMIAA @* (¥, x,) == ——Tsimx—xl 1. OcKiabKn
Ug = U = 0,
1 P4 1 !
S aw* (x, 0)dx = — 5~ S x sin xdx = —2-'xcosx|(',——§-§ cos xdx ==
¢ 0
1 1
= cos| ——;—sinxl(', = Tcosl———%—slnl,
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1 1
§xw‘(x, l)dx=—-;—stin (l—'x)dx=—%xcos(l—x)f(',+
0

1
i 1 1
+TScos(l—x)dx=—7—sln(l—x)l; =Tslnl—%,
0

70 cucreMa (13) Mae Burasag

1 « du(l i
-2—slnl l;i) =—§~cosl—-;—slnl,
1 du(0) _ 1 |— 1
Tsml Ix sin -
du (1 1 du (0 1
3BiAKR —udi—)= :?:l -1, l;i) =-m—l. 3a ¢opMynoo (12) MoxHa

SHafTH, HanpHKJAaA, 3HaYeHHA pO3B’A3KYy B Touui xi=1/2:

1/2 1
u(—l2-)=--;—§_ xsin (%-—x} dx——é- /S;xsin (x—-;—)dx—

) 1 s | cosl—1 1

— -+ in g = — g~ Sin—g~ —
i 1 1

- ( ) (2 + sin - — cos —2-)=0,069746964,

o 36iraeTbca 3 TOWHHM PO3B'A3KOM, AKUA HEBaXKO SHaATH aHaTiTHYHO.

Posrasinemo aanai 3ajauy B YacTHHHMX MOXIAHHX

Au=0, x€Q, u(x)=ux), x€Ty, (15)
28 — (), x€T,

Je Q — feaka o61acTb Ha MUIOWIMHI (x;, X3) a60 (x;, X3, X3) 3 rpaHHueio
T = Pla U Ty u, u,—3anani ¢yskuii; A = 0*/0xf -+ */0x3, abo

= Y, 8%/dx% — oneparop Jlannaca; n — 30BHilIHA HOpMasb O rpa-
=}

Huni T.

3BezieMo 3ajauy (15) no rpaHudHOro iHTErpasibHOro piBHAHHA, WO, AK
i B onHOBHMipHOMY BHNIAAKY, MOXKHA 3pOGHTH He EIHHHM cnocoGoM. Haso-
AuMO OJHH i3 HuX.
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InTerpyioun yacTHHAMH aHa/IOTi4HO TOMY, AK L€ POGHJOCS NpH BHBe-
JeHHi cnisBiaHowenHs (6) a6o (6'), nicranemo 3 (15)

§ Au (x)u* @, x)dx = ;S | Zon — wa (9] u* & x)dl —

—§ [ (%) — g (0] 4* @, %) T, (16)

ae u* (8, x) — neaka BaroBa ¢yHkuif; § = (§;, §,) — neAka 3MiHHA.
PosrasneMo tenep (16) sk camocrifinuii o6’ekr, Ae u (x) — dyHKUiA,

AKYy NoTpi6HO 3HaWTH (MOKH IO MH He 3HaeMo, uH u (x) B (16) i u (x) B

(15) MatoTb wmock cnisiibHe, yH Hi). [HTEerpylouw yacruHamy, 3 (16) aicraemo

du (x) du* (8, x) 9u (x)
_Sz g - dx = S-—an—u*(g, x)dl’ —

Iy

- juz(ﬁu* (gy x)dF— g'[u(x)_ul(x)] du* (Ev X) dP

r,
a nicas [TOBTOPHOroO lHTerpyBaHHﬁ YacTHHaMH MaTHMEMO

o @ uar = — [ 258 e ar —

— g uy (x) u* (&, x)dT 4 j‘u (x) _‘Mgri_x)_ dl' + Sul ) au‘a(i' x) dT
L

J 4 T,
a6o
I x)u(x)dx——S LW y* @, x)dl + fu(x) 2t &8 gy,
Q

(17

ae A, — oneparop Jlannaca no 3minnifi x. Bu6epemo nani u* (, x) Ak
PO3B'430K DiBHAHHA

Azu* €, x) = — 2and(x, ), (18)

ne oo = | ajs gBoBUMipHoOi 3ajayi i & = 2 - py1a TpUBHMIpHOI, 6 (x, &) —
BiAnoBigHa nsoBHMipHa a6o TpuBuMipHa &-pynkuis Iipaka (Hectporo
i MoxHa BH3HAuUTH BaacTHBocTAMH 8 (x, §) =0 nmpu 5% x, 8 (x, §) =
=oconpux =§ ié u (x) 8 (x, &) dx = u (§)). Haragaemo, mo posB’si3ok

piBuanns (18) Ha3uBaeTbca Pyndamermarvrum po3e’askom pisHanna Jlan-
aaca. HeBaxko nepesiputy, wo s asoBuMmipHoi 3anaui (18) u* (&, x) =

= In -;—, r=V@E —x)?+ (E—x)°, a aaa tpusumipuoi u* (§,
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L 3 '
XY=, r= Y, (Ba — xq)% Tlincrasasioun uek poss’ssoxk B (17),
a=1
AdicraeMo rpaHuyHe iHTerpajabHe PiBHAHHA

Qs (B) + S u(n 2ED gp j 2 2@, xdr,  (19)
r

ne ¥ — 6ynb-fKa TOYKA MJIOMHUHH (X, Xg) IpH & = 1; § — 6yab-aKa Touka
npocTopy (x;, Xy, X3) OpH @ = 2; u (x) — wykKaHa dyHkuis i3 3anaui (16).

Posrnanemo pani apoeuMipHy 3apmauy (15). $kmo Bastu Touky &
#a rpasuui I', To MmoxHa foBecTH, o (19) MaTHMe BHIIAL

c®u@+ (w2 E0 ar = [ 2E e gar, o)
T T

ne ¢ () — BeaHyHHa BHYTpilIHbOro KyTa rpaduui B touui § (¢ (§) = =,
Akwo B Touui § rpanuug € raaakoio), § B iHTerpaJsax no rpaHuui € napa-
MeTpoM. 3ayBaX<HMo, [0 3afaua (20) Mae po3MipHiCTb Ha OAHHHLIO MeHLIY,
rixk (16), i mani came BoHa 6yzie MOKJajeHa B OCHOBY HabJIHXKEHOro METORY
rpaHnuHux esemenTtiB. Haragaemo Takox, mo Aas o6rpyHTYBaHHS UbOTO
MeToAy noTpiGHO AOBOAMTH, LIO #oro po3s’sA30K HAGMHKYe PO3B’A30K BH-
xigHoi 3amaui (15).

N
Posi6’emo rpanumo I' Ha cermentu I'y Tak, wo I' = Y T';. Bpa-
=1

katumemo, mo N = N, -+ N,, ne N, eleMeHTiB NOKPHBAE YaCTHHY rpa-
Huui Iy, Ny — vactuny rpauuui I';. Cermentd I'; HasHBaloTh rpaHUYHH-
MH eJIeMEHTaMH. Toni {(20) MoxHa 3anmucaTH y BHIAALI

cE u +§_“ (u( R CRIA) ZS 28 4* @ x)dl. (21)
I=tr, i=1 r;
Hexah Binomi mapamerpuuni piBHAIHHA esnemeHTa I';

o oasmxm=bM) L=xm=ym0 nel—11. (22
Toni

(ug2&a gr o Su(n)—a'i—(ai-’-’)—lG(n)ldn-

I‘I -1

(ot u@ nar =‘S 204 &0 (G o)l d,
Ty
rev () = v (x () =0 (x (), % () G — AKoGian nepexony
|G|=]G(n)|=l/( Z )2+( z )a=%, dT = |G| dn.
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BuGepeMo Ha KOXHOMY ejleMeHTi 2 TOUOK, fiKi Ha3HBaTHMEMO BY3JaMH

xp = (ap xu) = (4 (), X3 ), ¢ = 1, k (touku x; Ta m; Gyaemo oro-
TOMHIOBATH), i Mobyayemo iHTepnoaALifHi MHOrOWIEHH

p(n; u) =f: w91 () = u(n) — R, (),
=1 24)

- k -
(M 9) =3 9:9:() = q (M) — R (),
=1

~ du(ry) _ ou(n) -~ 2
re u=u(x)=uMm), =—5"—=—5L=q(n) @)= “(x) .
¢, (1) — dyHIaMeHTaJbHI MHOTOUYMEHH iHTepnoasuii, To6TO MHorotmeHu
He sume (B — 1)-ro cremens i Taki, mo @,n;) = 8;; &;; — cumson
Kponekepa; R,, R; — 3annuikoBi uasienu {#tepmoasuii. Hdani BukoHaemo
B (21) 3aminy (22) 3 ypaxysaHHsM (23), mokJaageMo § = x; i miacraBumo

3aMicTb u Ta ¢ TX BHpa3H 3 (24):

(n,. n)

N 1
e+ % §p<n; |G(n)|dn =

==2 gp(n. Qur; M Gm)|dy+R, i=1,NxFk (2)

J=1_1
ze

N ~
R=l§1 _S] —R,(m) + Ry () u* (3 n)]IG(n)Idn- (26)

Bigkngaioun B (25) sanuumikoBuit uwjaeH R i 3Gepiraioud 3Hak piBHocTi,
RicTaeMo cHcTeMy JiHiHHHX anre6paiuHHX PiBASIHb BiAHOCHO y; Ta U;:

ou* (ﬂp n)

N u* (n,; W)
e+ X, Slp(n: Y) —m—1G(n)|dn =

1

=3 (pln O@te 0I0mldn, i=1, WXk @D

=1
pil]
p(M; y) = 2 Y19:(m), p(m; v)= i v19; (),

=
) ou (xy)

Yy, — nesKi HaGIHXKeHHS Ans 4 (x;), v; — HaOMMKeHHA Bas q; = e Pt

Ockinbku na N, cerMeHTax HaM BiJoMi 3nauenHs u (x), a Ha Ny cermen-
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ou (x
Tax — 3HAYEeHHSH az ) , TO NOKJanemMo ¥y Enemenm

By3JaXx UHMX CerMeHtiB BiAMOBiAHO y, = 8y30n
= uy (x;), v; = Uy (x;). Tomi B cucremi
(27) KiabkicTs HeBimomMux i piBHAHB 306i-
raTiMeTbeq i 11 MOXKHA 3anHcaTh y BHIVIS-
ni AY = F, ne sektop Y cKnagaetbes
3 HeBilUMHX 3HAuYeHb Y; Ta Uj.
[llo6 cnpocTuTH O6YHCAEHHA iHTErpa-
aiB y (27), moxHa enemeHT rpanuui I'; Pre. 30
anpoOKCHMYBaTH 3a JOIOMOIOI0 THX CaMuX
¢oyHKuUi# @, (), To6T0 3aMmicTh (22) HaGnHKEHO NMOKJACTH

- - k
X &K =x(m) =Y xip; (), (28)

=1
-~ - k
Xg R Xg = Xq (n) = E xécpl (TI)'
=1

a KoedilienT x}, x5 BuGpaTH 3 ymoBH inTepnonsuii kpusoi T'; KpuBoio Tay,
fIKa 3ajiaeThes piBHAHHAMHU (28):

k k
! !
Z X191 (M) = xu, E x2(Pz('r|¢) =xq, I=1, kA
l=l l=l
3pinck mMaeMo xf =xy, o =xy, =1 kY upomy pasi I'y; HasuBa-
€TbCA 2panuynum esemenmom (k — 1)-20 nopsadxy i cnpomyerbcs 3ajaua
obuncneHns siko6iana G (n), otxke, i interpasnis y (27). Kpim Toro, MoxHa

Ha6aKeHo NOK/AacTH du*/dn ~ du*/dn,, me n, — 30BHIlIHA HOPMaJb 10
enementa I'y;.

Posp’sasaBun (27), po3B’sisok sagaui (18) y Oyab-sikit BHyTpiwHiil
Touti § o6aacti © MoxkHa BigHoBHTH 3a dopmy.ioio (19), Tounie 3a popmy-
JI010

Y& = ﬁl GE, x)v— /f:l A 1) un
i= =

re Gt x) = [wr@ xar A x) = [ 22&2 ar; yr = Linl,

r
ry Ty
Y (B) — Habnuxenus ans u (§).

PoarasineMo Tenep HalinpocTiufi NPHKJAAX TPaHHYHHX €JIEMEHTIiB
HYNBOBOTIO MOPAIKY afo crajuX IpaHUUYHHX ejeMeHTiB 1iia 3ajaudi (15),
KOJIH Ha KOXHOMY esleMeHTi OOGHpPaeTbCsl JIMILE OfHH By3oa x;. O6epemo
fioro mocepeauHi KoXXHoro eneMeHTa (puc. 3NO) i anpokcuMyemo rpanunio I'

o6’egnannaM Bigpiskis mpamux I'y = J Ty Sxmo obparu u* =
{=]
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in

Kol rpanuui aicraemo piBHicth (20) 3¢ (§) = -;— i, saminaioun B (21) I'; Ha

= 2% In —;- (y TPUBHMIDHOMY BHNAAKY u* == L -:-), TO Y BUNIAAKY rJag-

Th;y u (x) T2 auaff) Ha Ty; TxHimMu iHTepnossitifiHuMH MHOroYJeHaMH
HYJILOBOTO CTelreHs, AlcraHeMo

N N —_—
+0+Y By =3 G, i=T N (29)
=1 =1
BBiBIIH NO3HaYeHHSA
ﬁf/, i# j’
HII + ’;_ ’ i= j'

cucTeMy (29) MoxHa 3anHcaTH Y BHIVIAAI

Hy =

N N
Y Hyyy=Y Gy, i=1N (30)
1=l =1
abo
Hy = Gy, (31
Je

=H i)l i=t, G=Gi)ls=1, y= )iz, v=(V)}=1

. ) ,
Ay= [ 2o ar, 6y={wenndn, w@ 9=t
Tny Yy,
r=V(n—8)+ (xg—&)%
Hornaswu y;, = uy (%), vy = uy (x;) ANA THX By3aAiB, Aki Jexars Ha I’

Ta Ty BianosinHo, 3anHimemo (31) y BHDIAAi CHCTeMH JiHiAHWX anreG-
paiuHuX piBHAHB

AY =F,

Tie B Y BXOAATH JHILe HeBifoMi yy, vy,
3 ¢opmyan (23) Gauumo, MO KOJIH BY30J X; HANEXKHTb €NeMeHTy ['n;
(TaKufl eJleMEHT HAa3UBAEThCA CHHIYJASIPHHM), TO {HTErpanH y BHpasax Ans

Hy; 1a Gy MaloTh 0co6siBOCTI, a B iHIIOMY pasi € iHTerpasamu Bif ragKux

¢yukuifi. Tomy npu { 5= j ana oGUHCIAEHHA ﬁ,,, G;; BHKOPHCTOBYIOTbCS
KBaapatypHi dopMmyan [aycca
1

ﬁ,,=5 = (x“ = d S o (n,, w |Gm)|dn =~
Ta; -l
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=

Gy= [ urdl = Su*(m. (G ()] dn NT’kE] ¥ (M, M) w0y,

l"h, =

Ie l; — foBXHHA eJleMeHTa; w), — BaroBi KoedillieHTH dopmya I‘aycca,
N, — abcuucy dopmyan Iaycca (sk npasuio, M < 4). HeBaxko nomiru-
TH, 11O

~ ou*
Hu = S a_fl[, al' = 0,
Thy

60 HopMaJb i eneMeHT opToroHanbHi. g Gy Maemo

G,,=Su*dI‘-——£ln—dI‘
The Y]

BBoxsuu napamerp n 3a dopmydaiolo r =n|r|, | 71| = |1 |, RicTaemo
(puc. 31)

o V)

1 1 1
Gu = 5 { In4-dr 7;m}@=ﬁ%pv%+
n ©

+Sln —,‘-]—dn]=+tlr,|(ln-#+ 1).

PosraisiHeMo rpaHuuHi eJeMeHTH nepuwioro NopsiAKy a6o AiHiAAHi rpaHuuHi
esieMenTH. Y 1bOMY pasi Ha KoXHOMy cermeHTi I'; BHOMpaemo 1Ba Bysan
Ha floro KiHuax i anpokcumyemo I'y xopzoio I'nj, siKa cTArye Ui ABA Bysau

(pnc. 32). MHOXUHY ByaniB nosHaummo o, = {x, € '1i =1, N},
N
F.= U FI‘
{=1
Ha enementi I';, kiHui skoro nosnauumo x; 1a x,, 306pasumo

u(x) =u@) =pm &)+ R =)+ uP ) +R=
=wm1@ﬁ+R=ww+R, (32)

2 =) =pim; 9 + Ry = g () +

q(x)=
+ 292 (M) + Ry = gy §4] (q ) Ry =97¢"+ Ry,
2
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Cmaaud enemenm fy;

2241
Tovxa(2) ‘:’
Towxa(0) 2'
251 ¢
Tovxa(1}
*
Eremenm Bysau
Puc. 3! Pue. 32

ne uy =u(xsh gy =q(x;)i %=—2’,-(l—n): %=-§-(l +n); Ry Rg—

sanuwkosi uanend. Tomi (21) ana romagkoi rpanuni i§ € o, HaGepe
BUIIALY

1

ou* (x,, N
LI yu( ) 2l D r=zf-a‘s%u*(x,,§)dr. (33)

1T i=1T;

M=

i

ou (x .
;) . 3aminumo

Hexait y,, v; — HabawXKeHHA BianoBigHo mas u(xy),

B (33) u(x), 6“;’ Ha inTepnoasauiiini MHorouseHu p; (n; y) 1a p;(N; v)

signosigno. Toni

ou* («x,, ou* (x,,
fu—"g ar Slcplcm“—"‘ﬁ-dr ()= (%), @0
T, Y2 Y,

ou* (xi, x)
§ oy ———

a y
ne A = dr, h(f’)—xs ,udl‘ Beanunnn Af)

an
1y i,
Ha3uBaOThCH Koe¢1u|eHTaMH BIJIHBY i XapaKkTepH3YIOTb 3B’f30K MiK

BY3/1aMH X; i k Ha ejieMeHTi f.
Hani noknagemo

fa" %) u*(x x)dl Sl%%l u* (xy, x)dl‘( ) = [g{}g!?| ( ) (35)

Pl v’ vg

Ae

gs 15 ¢u*dr, gu == 15 Qyu*dr.
| |

BpaxoByiouH, 1[0 KOXeH BYy30/1 Ha/NeXHTb JBOM CYCiZHiM ejemeHTaMm,
JlicTaneMo Take HaGauxeHHA 1118 (33):

1 55 n Yt U — .
- i+ Hulis ... Huv](...)=lGu Gm](..,), i=1, N, (36)
YN Un
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zne H,; nopisuioe cymi kommonentn A2 (J — 1)-ro esieMenta i KoMmoHeHTH

k" j-ro enemenTa, A0 BHKOPHCTOBYETLCA HyMepallisi e/IeMEHTIB Y Hanpsi-
Mi ApOTH rogHHHHKOBOI cTpinku. [Nokaanawun ¥y, = u; (x;) y Byanax x;,
AKi nonanaots Ha I'; i v; = u, (x;) y Byanax, skl nmomagaioth Ha T,,
3 Bupa3y (36) nicranemo cHcreMy JaiHifiHHX anre6paiyHuX piBHSHbL BHAY

AY = F, (37)

ne A — noBHicTio 3anoBHeHa Matpuus nopsaky N; Y — sektop posmip-
HocTi N, 10 IKOro BXOZATH HeBifoMI 3HaUeHHA y, Ta U,. 3ayBaXHMO, LIO
KoJan obuncieHHs interpanis no I'; B (34), (35) BHKJHKae 3aTPYyAHEHHS,
MOXHa 1X 3aMiHHTH {HTerpa/jamu mo I‘;., i moknactu Au*/on ~ du*/on,,

Je n, — 30BHilIHA HOpMaJab JO I‘h/.
EnevenTH BHILOrO NMOPAIKY AAIOTh 3MOTY PO3IIHPHTH KiJbKiCTh MOX-

JUBHX anpokcuMauifi. Hanpuknag, nas ky6iyHoro eneMeHTa, fiKHil 3aja-
€ThLCA UOTHPMA BY3J1aMH, MOXKHa BHKODHCTOBYBATH allpOKCHMallilo

4
u= E u9; () + Ry,
=]
%= 5 (1 —m)1— 10+ 9 (n2 4 1)),
@ = 5 (1 + ) (=10 + 9 (2 + 1)},

o= (1= (1 —30), @y=—5 (1 =) (1 +3n)
abo
u=u9 + (3—;)1 @ + usps + (3—‘;), Par

=g O—1FM+2 = m—1En+1),

o=+ 120—2), 9= 0+I10n—1)

Akl npuBenyTh A0 pisHuX cucreM Buay (37).

Ha uboMy 3aKiHYHMO KOPOTKHi BHKJIaZ METOAYy FPaHHYHHX eNeMeHTiB
anga 3apaui (15), 3anvinaioun 3a paMKaMH Liel KHUrH NUTaHHA fioro 36ix-
HOCT] Ta MOPAAKY TOYHOCTI.

Po3rasiHeMo HeoqHOpiAHY 3ajauy:

Au=f(x), x€RQ, ulx)=u(x), X el,, 37"
Ou(x)/on = uy(x), x€T.
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IMTocrynaioun aHasoriuHo nonepeaysoMy, 3aMicts (20) aicraemo

c<§>u<e>+l§u(x) Lo 5 dl‘+£f(x)u &, x)dx =

= [ #52 u* @ 2T, (38)

i MeTon rpaHHYHHX eseMeHTiB Aas (37') Biapi3HAeTbCA Big MeTOny rpaHHy-
HHX ejeMeHTiB 414 (15) auule THM, mo noTpiGHO JOAATKOBO OGUHC/HOBATH
iHTerpanau

B, = { Fou* (1, %) dx
Q

OJHHM 3 YHCEJbHHX METOHiB.
MeTto/ rpaHHYHUX eNeMEHTIB MOXKHA 3acTocyBaTH i Aas Ginbw 3ara/ib-
HiX eNiNTHYHHX 3afay BHRY

Lu=f(x), x€Q, Bu=0, x€dQ, (39)
Ae
Lu= ¥ ¥ @p,...p,, (¥) ___u___p_g Y ap(x) Dy,
=0 py+pyt- - -+p,=n axf' coe Ox,0 \plsm
=(p1""'pn)’ |p|=pl+ s +pn9
9
=Dy, ..., D), D;= o

By — neakult rpaHuHuHHfi oneparop.
Onepatop

L*u= 3 (— 1P D" (ap(x)u)
lplsm

Ha3uBaeTbCa opmarvro cnpascerum do L. [Nomuoxusn (39) Ha genky
¢yHkuilo w i BHKOHABWIM iHTerpyBaHHsA 4acTHHamu, aHaJjoriyHo (17)
npuitaemMo 10 piBHocTi

( L*wudx = Gu,

0
ne G — neaxuit rpaanHuﬁ interpanbuui onepa'rop ko u* (§, x) —
(pyHnaMeHTaJIbHUA DO3B’A30K piBHAHHA L*w =6 (x — ), To aHano-

rivno (19) nicranemo Jesike rpaHHyHe PiBHAHHA, IO KOO MOXHA 3aCTOCY-
BaTH PO3IJISIHYTY OGYHCJIOBANBHY CXEMY.

BuKkopucTanHst ¢yHIaMeHTalbHHX PO3B’A3KiB — le He €AHHHI WAAX
BHBEJleHHsl FPAaHHYHUX iHTerpa/ibHuX piBHAHb. Bigomo [32], Hanpuk.aag,
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IO Y ABOBHMipHOMY BHNaaky ¢yHkuia
Gl 1
u (%) =£p,(§) e (e )dr @), (40)

fka HasHWBaeThbCA NoTeHuianom mnoasifinoro mapy (n (8) — soBHimHsA
HopMmaab o I' y Touni §), 3agoBosibHsie piBHAHHA Jlansaca

Au(x)=0, x€Q, (41)
npu 6yab-akii pyskuii p (§), npuuomy
ut (x) — u— (x) = — 2np (x), 42)

Je u¥ (x) — 3HaueHHs noTeHuiany mnpu HpﬂMyBaHHi x po T Bignosiaxo
30BHi i 3 cepepnHn obsacrti Q. Tomy posB’sasok 3agaui IipixJse gasa pis-
HHHs (41) npu u (x) = 4 (x), x € T, up — 3anana, MOXHA WIyKaTH Y BH-
rasgi (40) 3 HeBijoMmolo dyHKuielo p (§), AKa HA3UBAETLCH WHALHICIMUO
nomenyiaay nodsidnozo wapy. Bpaxosyioun (42), micraemo mas p (&)
rpaHdyHe iHTerpa/nbHe piBHsIHHA PpearosbMa ApPyroro pony

wo® = =2 () + 8Oz ()@ @)

J0 AKOrO MOXHa 3aCTOCYBaTH OGUHC/IOBA/bHY CXEMY METOLY FpaHHYHHX
enemeHTiB. Teopilo noreHuianis MOKHA BUKOPUCTATH i IS pO3B’AI3yBaHHA
iHmHx 3agay.

Ha 3akiHyeHHs minkpecaumo me pa3 mepeBarH MeTOLy TPaHHUHHX
eneMeHTiB: 1) 3MeHIIeHHs posMmipHocti 3afaui Ha | i, AK HAcCJKiZOK, Ha Mo-
PANOK 3MEHINYEThCSA KiNIbKICTh HEBiLOMHX Y Aucxpemiﬁ 3ajaui; 2) MOXJH-
BiCTb 3acToCyBaHHA /A obnacrefi 10BifbHOI dopMH; 3) MOXINBiICTL po3-
napaJemoBalnsa oGuUNCJEeHHs 3HaueHb HeBifomoi QyHKuii B cepeausi o6-
Jiacri.

Henonikamn uporo Metony e: 1) obMexxkeHicTb Kiacy 3agad, L18 AKHX
MOJIHBA eKBiBaJleHTHa MOCTaHOBKA Y BUIVISAi 'PaHUYHOTO iHTErpasbHOro
piBHAHHA; 2) HiNKoBHTA 3anmoBHeHicTb MaTpuui AHCKperHoi 3amaui (37).
Ciaig 3ayBa{MTH, IO OCTaHHill HeZOMiK 4acTO MOBHICTIO KOMIIEHCYEThCH
NepILOIO NEepeBaroio.

7.3. Bararonpoyecopsi EOM rta napanenshl
anropurmu obumcnenb

7.3.1. Cynepxkomn’iorepn i napanensHi o6unciaenns. Binbliicth cyuac-
uux EOM BHKOHYIOTb oGuHc/IeHHsE moc/ifioBHO. 1le yacTKOBO noB’AsaHo 3
icropieto posBuTky EOM, B xoni aKkoi ckaanach XHA CTPYKTypa, a yacT-
KOBO — 3 TPalHUiHHHUM NOCiZOBHUM CrIOCOO0M MHC/IEHHS JIIOJHHH.

Slkmo He OGpatu o yBarH pisHi nepidepifini npucrpoi, Hanpukaax
npucrpiit BBOAy — BuBoay ([IBB), To Taka EOM ck/ianaeTbes 3 TpboX
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fpuempl Npucmpla ApugpmemuyHo-

0000y - Buboby ynpabaluna noeiviud ‘
P (nss) (ny) ?:l;'t}’rr)mlu j
< = E Py
| 4 1
g 3 W&
Nam'sme (ON)
Puc. 33

OCHOBHHX OJioKiB (puc. 33): mam’ari ([1[1), npucrpoio ynpasainua (I1Y) ta
apudmernyHo-jorigHoro npucrpoio (AJIT). Cknax EOM T1a 3B'A3kH Mix
i1 cKJIafOBUMH HasuBaloTh wwe apximexmyporo EOM. Bnoku [TY ta AJII
11a3HBAIOTh TAKOX Yenmparvrum npoyecopom (LLIT) i ockinbku LIT Beboro
opuH, To Taki EOM HasuBaiwTb mie odnonpoyecoprumu. Ha pericrpax LI
BHKOHYIOTbcsl BCi onepauii EOM. ¥ komipkax nam’sti 36epiraiorbes
KoMaHJH (NporpamH), AiKi BHKOHYIOTbCA [IPHCTPOEM yNpaBiaiHHA, i AaHi,
siki o6pobasiotbes Ha AJII. Lle EOM Tak 3BaHOI K/aCHYHO! apXiTeKTypH,
aBTopaMH siKoi BBaxaiotbcs A. Biopke, I'. Tonacrain i Jx. gon Heit-
MaH.

udposi EOM e npucrposmu, sfiKi NpaiioloTb AMCKPETHO 33 4acoM,
i Kpok niel guckperusauii (takr EOM a6o uac uukay) crporo dikcoBaHuii.
3a yac UHKJY BCTAHOBJIOIOTLCA BCi mepexifiHi mpolecH B €NE€KTPOHHHX
cxemax EOM, otxke, ctan EOM, nix sakuM poaymitoTh BMicT KOMipok mam’aTi
i perictpiB LI1, Bu3HaueHHA OAHO3HAYHO B KOMHHH MOMEHT JAUCKPETHOroO
yacy. BuKOHaHHR KOMaH[H 3BOAMTbCA 0 ii NOUIYKY, TOOTO YHTAHHA, PO3-
wudpoBkH i popMyBaHHsA aapec (y nam’sTi) onepaHAiB NPHCTPOEM yupas-
ninng i BikoHaHHa B AJIT nepen6ayeHol onepauii Hax onepaHaamu. Jlnue
J6sKi eneMeHTapHi KOMaHIH BHKOHYIOTbcA 3a ofHH TakT EOM, a iHwi pe-
anisyioTbca 3a AeKinbka TaktiB. 1k npasugo, AJIIT micTuTh Zekiabka
dynkuionanbHux npucrpoiB (®II), aki cnenjanisyiorsca Ha BHKOHAHRI
OKpeMHX (a3 onepanifi i yMOBHO MOXXHA BBAXKaTH, 110 KOXKEH 3 HHX CIHpa-
LBOBYE 32 OJMH TaKT.

o6 nizBuuwuTH npoayKTHBHicte EOM, MoxHa abo 36iabwmiuts i
WBHAKiCTb Aii, TOGTO CKOPOTHTH Yac HMKAY (TaKTy), a6o K 36i/MbLIHTH
KiabkicTs onepauifi, aki Bukonye EOM 3a ogunuiio yacy.

Y 3B’A3KY 3 Pi3HuHHMH OOMEKEHHSIMH Ha 4ac COPaUIOBAHHA €JIeKTPOH-
HHX CXeM i Ha Yac MOLIMPEHHS eJJEeKTPHYHHX CUTHAJIB nepiuuii i3 BKasaHux
uUIAXiB MiZBHINEHHS NPOAYKTHUBHOCTI BXKe 3apa3 Mafi’ke BHYepHas CBOI
MoxJauBocTi. Jpyruii wasx nos’si3anuit 3i crBopenssaM EOM, siki MoXyTb
OiHOYacHO (mapaJiesbHO) BHKOHYyBaTH pisHi onepauii. Taki EOM nasu-
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BAIOTBCA napasesbHumy i 3a IXHIO BHCOKY NPOAYKTHBHiCTL iHOAI Ha3uBa-
I0Th TaKOX cynepkomn’romepamu. Ilpuponno, mo taki EOM noBuHHi MaTH
6arato oaHOUYaCHO B33aEMOJAiIOYHX MpoUecopiB Ta iHIIMX NpHCTPoiB. 3a
BHIOM Iliei B3aeMOZXil BOHH Hajexatb 2o pi3nux kaacis. [Tapanensni EOM
MOXHa KaacupikyBati Takum uuHom: 1) EOM tuny IMD (omun notik
KoMaHz, 6arato moTokiB AaHHX), Ko AkHX Hajsexate I[llioc IV, Staran,
Cyber 203/205, Gray = 1 i 1. 1.; 2) EOM tuny MIMD (nekinbka noToKiB
KOMauj, JeKiJMbKa MOTOKiB JaHuX), no AKUX Hajexats DDA, C. mmp,
SMS 201 Ta in.

OpnuM i3 Takux KaaciB e napajeabHi EOM, ski npawotots 33 KOH-
BeepHuM npuHuunoM. Po3arasunemo ii po6oTy Ha npukaafi fjoJaBaHHA ABOX
N-Bumipunx BektopiB A = (a;) Ta B = (b;). Beaxxarumemo, 110 onepauis
JogaBaHHs 1BOX uuces1 Ha aeakii EOM wmoxe peanizoByBatucs Ha p
¢yukuionansHux npucrposx (®IT), npudomy koxunii ®I1 cnpanboBye 3a
OfMH TaKT. SIKwo onepaHan mopasatu B AJI1 3 iHTepBasOM y p TakTiB,
yeKaruy KiHis o6po6ku monepeanboi napH, To Bci N onepauiit foaaBaHHA
A -+ B 6yaytb BuKoHaHi 3a T (N) = N, takriB. Taku#t cnoci6 o6pobkH
HaHHUX HA3UBAETbCA nocaidosrum. Vloro HeIoNikoM € HEJOCTATHS 3aBaHTa-
xeHictb ®I1, 60 Ha KoXKHOMY TakTi npauioe auwe oguH PIT (puc. 34, a).
Apucdmernuni onepauii B nocnitoBHux EOM BHKOHYIOTHCS 3HAYHO MOBiJIb-
Hiule, HiXK mepenaua JaHHX, TOMY FOJIOBHA BUMOT2 0 YHCEJNbHUX AJTOPHT-
MiB A HUX — MiHiMi3auia KiJbKocTi apudMeTHYHHX omepauiii.

SIkumo x nomaBaTH HaGopu onepaHziiB 3 iHTepBa/joM B ONMH TaKT,
TO 3pa3y Haj p HaGopaMu omnepaHIiB BUKOHYBAaTUMYThcA p (a3 omepalii
ofHoyacHo (puc. 34, 6): noni6Ho o6pobui Ha KOHBeepi onepaHgn mnepera-
I0TbCS Bill MPHCTPOIO A0 MPUCTPOIO 3 iHTEpBa/AOM B oauH TakT. Tomy nep-
IUHA pe3yJbTaT dicTaHeMO yepe3 p TaKTiB, a ocTaHHiil — uepes Tp (N) =
= N — | + p TakTiB nicas noyatky o6pobku. Lle i € koHBeepHHii cro-
ci6 o6po6KY maHuX, a BiAMOBiAHHI JaHuOKoK 3 p OIT Ha3HBaETbCA KOH-
BeepoM 3 p cTyneHaMu. [HUIMMH NPUKIagaMU BEKTOPHHX onepalliil MOXYTh
O6yTH 3HAXOMKeHHs JiHifHOT KomGinauii N-BumipHux BekTtopiB ad -+
+ BB -+ yC abo obuucnenus N 3sHayeHb MHOrodseHa y; = p, (x;) y N Bys-

on Py ®hy Plly
v, a . |Prsysomem
ai,0; i-3 | aud 81011002 K-2 00005 y,—‘_".'.,‘_,‘
]
LT Pi-e
.8 ,‘-y
Pesyrsmem
a5,8 |
ol o
' "
Puc, 34
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( ) nax citku x;, i =1, N, it m
Na N f={ Ne =] Na Ha p-crynenesomy KouBeepi
( I T Y T BEKTOpHa onepauis Moxe 6yTH
) ) 1 1 IIPUCKOpEeHa B
n M M Na S — Ti(N) 1
T T I L T R T p
1 3 1 N
M Ne 4 Me pa3iB. ¥ cyyaCHHX KOHBEEPHHUX
] 3 1 I a6o sextopHux EOM yucao cry-
[ I [] [ ] 1i s .
) neHiB KoaMBaeTbcA Bif 2 no 50.
L o I BHac/1i10K BeJIMKOro guca cTy-

Puc. 35 NMeHiB Ta 3MeHWeHHs 4acy UHK-
Jy wBHAKicTb Ali TakHX KOH-
\ .
,ﬂpcuamu["- I "rl "JI "ol "'l ) l"rl ”UJ 2:?-22 H()(()jyg_e p;fg;",\lﬂﬁ,flz,?egg.
{ Lifk 33 ceKyHAay.

IHuM  npukaagoM napa-
JeapHoi EOM e o6Gync/moBanbHa
cucrema 3 p npouecopamu II,,
i g =1, p onHoro THNy, NPHYOMY
L npouecop II, Bx/iouae 6/ioKH
Mo IY,, AAIl, ta nam’atb p,. Mix
L npoLecopaMy MOXHa BCTaHOBH-
L TH % p (p — 1) nonapHux 3B’ss-

KiB 1y ofMidy iHdopmauiero.
Ane ockiNbKH TaKi npami 3B’A3KH BaXXKKO peanisyBaTd anapaTHoO, TO BHKO-
PHUCTOBYETbCA OOGMEXKeHe YHCAO PEryJNsapHHX 3B'A3KiB, a NMpolecopH, siKi
GeanocepenHso Mix co6oio He 3B’sA3aHi, obMiHIOIOTLCA iHbOPMaLielo uepes
inwi (puc. 35). Hanpuknan, o6min [1; — I, peanisyersea ak M, — [ —
Iy, — II;. MoxksuBa Hie OfHA cXeMa 3B'A3KiB, KOJIH BOHH 31iHCHIOITHCA
yepes NporpamMoBaHHi KOMYyTaTop, AKHA fae 3Mory peajisyBartu Gyab-skKi
napu 3B’a3KiB (pHc. 36). Mox/nuBi TakoX iHII CTPYKTYpHu mapaneabHHX
EOM, siki kaacHikyoTbcs 3a ck1agoM i kiaskictio ®I1, [1Y, AJIITi nam’a-
Ti, a TAKOX 32 XapaKTepoM 3B'fi3KiB Mixk mpucrposimu. CTpykTypa napa-
aensHoi EOM Mae 6yTH MakCHMa/1bHO IPHCTOCOBaHA 0 e)eKTUBHOTO PO3B’ si-
3yBaHHs TIEBHOTO KJ1acy 3aad, i KoXxHa ctpykrypa EOM norpebye npucto-
coBaHHX 10 Hei anroputMiB. Tak, KouBeepHi EOM edextusHi mia an-
ropuTMiB, fAKi MicTATL 6araTo BEKTOPHHUX onepauifi BeAUKOro po3mMipy,
a4 B adroputMax ans GararonpouecopHux EOM norpi6uo miHiMisysatn
KiJbKiCTb i TPHBanicTb OOMiHIB MiX Mpouecopamu MPH MaKCHMATbHOMY
3aBaHTaXeHHi ix. n

Otxe, B cyNepKoMN'i0TePax OAHAKOBO BAaXKJHUBY PoJb BiAirpaioTs Taki
¢daxropu: enemenTHa 6aza EOM, apxitekrypa EOM, anroput™, nporpama,
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maTemaTHuHe 3a6eaneueHHs. OCHOBHOIO 33aJlauei0 YHCEJbHHX METONiB mas
napaieabiux EOM, wo 3po3ymino i3 ckasaHoro, € He MmiHiMisallia Kijb-
KocTi apudmeTH4HHX omepauiii (Ax Ha EOM nocainosHroi zii), a minimi-
3allis yucsia TakTiB NpH peanisauii o6YHCMIOBAJBLHOTO AJCOPHTMY, MLO
MOXHa 3a6e3neudTH HOTO MAKCHMa/JbHHM pO3NapanenioBaHusM, TOOGTO
BHAiNEHHAM y HbOMY 3HAYHHX 4acTHH, fIKi MOXHa BHKOHYBaTH napa-
JebHO. Mipolo epeKTHBHOCTI MapanefbHOro aArOPHTMY Ha KOHKPETHik
napanenpii EOM Mmoxe 6yTH npHCKOpeHHSA

sp =TTy,

fIKe BU3HAYa€ThCA BiNHOLLIEHHAM yacy (B TaKTaxX) BAKOHAHHS a/JrOPHTMY Ha
nocaifoBHif (oaHompouecopHift) T, i mapanensniii T, EOM. lle oanieio
XapaKTePUCTHKOIO NapajefbHOro ajJropuTMy Moxe GYTH YHCJIO

E,=s/p< 1,

sIKe Ha3UBAETLCA eeKMUBHICITIIO NAPANEAbHO20 AAZ0PUMMY.

3ayBaxumo, L0 po3pobKa MapajejbHHX AJATOPHTMIB € KOMIJIEKCHOIO
npo6iemoto, fIKa NOB'A3ye MaTreMaTHUYHe MOJENIOBaHHS, OGYHC/IOBAJIbHY
MaTeMaTHKYy, TeOpilo MallliH, NpOrpaMyBaHHa i, HapewTi, CTH/IbL MUCJAEHHS
moannn. [Ipu po3s’ssyBaHHi npaKTHYHUX 3ajay nmapanenismy caig npar-
HYTH Ha BCiX eramax: nocTaHoBIli 3anaui, BH6OPi disHyHOI Ta MaTeMaTHy-
HHX Mojedell, po3po6ui 4HcenbHHX MeToniB, mporpamyBaHHi i T. I.

[Ilo6 oumiHNTH NMpPHCKOPEHHS MapajeJbHHX aAropuTMiB, fIKi MM po3-
rAstHEeMO JaJi, BBeleMO TaKi MO3HaueHHs: T, — UHCIO TaKTiB, HeoGXiqHe
L1 BHKOHAaHHS oOfHiei apudMeTHyHoi omepanii; T, — YHCJIO TaKTis,
HeoOXizHe A9 MiArOTOBKH ABOX NpouecopiB kO oOMiHY JaHHX MiX co-
6010; T, — YHCI0 TaKTiB, HeoOXigHe JJis Nepenaui ogHOro YHC/Ja Bix mpo-
necopa fo npouecopa. Toai napamerpu x, = t,/1,, %, = T./T, Xapakre-
pH3YBaTHMYTb WIBHAKICTb Aii KaHajgy 3B’A3KYy BiHOCHO WBHAKOCTI Aii
AJII1, a nepenaua ! yucen norpe6ye T, + /1, TaKTiB.

7.3.2. Mapaneavunf anroputm nixcymysanus p uyucen. Hexaf nHa p-
npouecopHii EOM notpi6HO oGuHcauTa cymy

p
zm=£%

npuyoMy B nam’saTi KoxHoro mpouecopa II, 36epiraeTbca nume onxe
9HCAO Z,, ¢ = 1, p. 13 nocTaHoBKN 3a1aui 3pO3yMiio, IO 3aKaua He MOXe
GyTd po3B’f3aHa Ge3 oOMiny iHbopmauii Mix npouecopamu. Aje uedt
o6MiH MOXKHAa opranizysaTm mo-pisHomy. Hanpukaan, npu nocaigoBHift
cxemi o6MiHiB (puc. 37) i oaHowacHoMy migcyMyBaHHi IJasi o6YHCAEHHA

211 2() Z{(p)

14
2(0)+2 2
n b o b= By}~ A kel

Puc, 37
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pe3yabTaty Tpe6Ga .
, Tp=(p— 1) (tq + 7+ %)
TaKTiB.

Ha omnonpouecopuifi EOM o6uncsiennsn 3aiiMmyts Jume T, = (p —
— 1) 7, TaKTiB, T06T0 Tp>> T, i TaKe BUKOPHCTAHHS 6araToNPOLUECOPHOI
EOM He € edeKTHBHHM. ‘

PosriisuemMo aaroputM JiorapudmiuyHoro nigcymyBaHHa aGo miA-
CYMYBaHHs 3a CXeMolo «crapeHHA». [IpunycTumo ajas nmpoctotH, wWo p ==
= 2", m — uine uucao. Cxema o6MiHIB MiX npouecopamu AN LBOrO
ajaroput™My 3o6paxkeHa Ha puc. 38.

HeBaxko nomitutH, mo Ha k-My KpoOLli TAKOTO a/JropuTMy NapaseibHo
BHKOHYIOTbCA p/2¢—' o6MiniB i p/2* nomaBanb Ha p/2* npouecopax,
TOMY

TP = (Ta + T+ Tc) m= (tq + 7%+ ) log, p.
BesaHuHHa NMPHCKOpEHHS €
Sp = p—1

. P loge p (14 %5+ %)

SIK BHIHO, NpPHCKOPeHHA s, > 1, akmo | + %, + x, < (p — l)/m
p = 2". Hanpuknag, npu x%, + %, = 3 BUrpam MOPiBHAHO 3 OJHOMPO-
uecopHoio EOM jpocsiraetbes smwe ans EOM 3 uncnom mpouecopis p >

> 22,

P
Bnpasa. [Mocainopuufi anroput™ oGuuciesHs cyMu z (p) = 2 2; MOXHA Mno-

q=1
A3TH Y BHF/IALI PEKY PEHTHOTO cniesi gHowenHs nepworo nopsiaky z (k) = 2z + 2 (k—1),
2(0) =0, k=1, p. [To6yayBatd napaneabHuft anTOPHUTM JOrapUPMiuHOTO MiCyMyBau-~

n( ng ﬂ, I'h,

N NE N N/

Ny M

z;'). 2+ z' /"n’.’ 2 l‘")oz"vz,\ / ’(')' Zy 'Z.

N Ny

z{fez02y02y 'N % 2542442702,
My

8
22
(l)'._' _C
Puc, 38
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HA QXS A PEKYPEHTHHX PIBHAHB M-TO MOPAAKY
0, k<0,
k—1

ot y ay g ()]

j=k—m

Xp =

Re k=11, n,cp, ay; — safiani uncaa. Y BekrophoMy Buraaal (1) MoxHa 3anucath Tak:
" x=Ax+ec,
e X = (%;, .., Xp), €= (€1, +0r, ), A= (a;;) — HHKHS TPUKYTHA MaTPHUA.

7.3.3. NapanejbHuit aNTOPUTM PO3B’A3YBAHHA CHCTEM JNiHiAAHUX anre-
Gpaiunnx pisusub (CJIAP). SIk BinoMo, oaHHM 3 HalinonmyasipHilKX Me-
TopiB po3B’ssyBanHs CJIAP

Ax=0>

Ha nocainoBiux EOM e tak 3Bane LU-3o0paxenHs Matpuui A, To6TO
A = LU, pe L — HHXKHA TPHKYTHA Matpuus; U — BepxHA TPUKYTHa
matpuud. [IpupoaHo BHHMKAE iles 3HaANTH Take 306paxceHHs MaTtpuui A,
siKe GyJs10 6 3pyyHuM Aas peanisaluil Ha napaneasunx EOM,

Posrasnemo Q/F-306paxeHns

A=VWZ,
ne W, Z — marpuui Burasay
' (1 0 0 0o
Wy ] W3 . W2
W= w3, Wyo 1 Wan

Wnat,l Wno12 Wn1d o | Waels
o o o0 .. 0 1
211 212 e Zl,n

2 2 cer & 1

7= 2,1 2,2 2,n—

2nt 2Zn2 e 2pn
MNopienioloun enementn matpuui A Ta WZ, ana BH3HAUGHHR w; Ta 2,
nicTaeMo Taki piBHocti. af eneMeHTIB MEpLIOro Ta OCTAHHBLOIO PAAKIB
MaTpuli Z: 8) 2 = &4, 2n4 = Quy, § = 1, n; 6) €JNEMEHTH wpi, Wia,
{ = 2, n — |, BH3HaYaI0TbCA i3 CUCTEM JiHIAHUX piBHSHB APYroro nopax-

KY:
Wi 121,10 + Wi,nZa) = 4y,

Wi,121,n + Win2nn == Qin.
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Y pesyabraTi ubOro mepuworo erany RicTaeMo nepuinit Ta OCTaHHif crosm-
uyukd Matpuui W Ta mepuuii i octanHii paaku Marpuui Z. AHanoriuHo
BH3HAYAIOTbCA iHIII eleMeHTH MaTpuib W, Z, and yoro noTpiGHO BUKOHATH
(n — 1,/2 eramnis.
Micas uboro poss’szanHs cucTeMH Ax = b 3BOAMTBCA 1O PO3B’sA3aHHs
IBOX CHCTEM:
Zx = Y, Wy = b,

Ie y — ponoMixHuit BekTop. Cucrema Wy = b Mae BHrIIAR

1 0 0 A b,
w2,l l e w2_n . .
Ws 1 W3 0 vee W3n x b N .
Wp—1,l Wpel2 oo Wnein . .
0 0 1 Yn b,

3 niei cHcTeMH MOXHA OZHOYACHO 3HAHTH Yy, Y,, MOTIM Y, TA Yp—1 1 T. A.
Po3s’a30Kk cHcTeMH Zx = y 3HaXOAATh aHa/oTiyHO. M He GyZxemo 3apa3
3YNMHHATHCA Ha NMHTAHHAX PO3MillleHHA JaHHX Ha Mpolecopax Ta B3aeMO-
Ril 1HX mpouecopiB, OGMEXUBLIHCh NPHHIUIIOBOIO MOXJIHBiCTIO po3napa-
JIeJIIOBAHHA.

7.3b.4. MapanensunA anroput™ uuceabHoro iHrerpysanns. IHterpai

I = Sp (%) f (x) dx, siK Ma 6auuau B ra1. 5, 4. 1, HaGIUKEHO OGUHC/TIOETHCH
a

AK CyMa BHALALY
N

J(N)y =3 csf (%)), b))

=1

Ie x; — 3anaHi By3/M iHTerpyBaHHs; ¢; — BifoMi KoedinieHTH KBagpaTyp-
HOi ¢opMynu. BBaxkarumemo, o sHaueHHa ¢yHKUIT f (x;) B oqHOMY BYy3Ji
x; OOYHC/TIOIOTLCA 32 y; TakTiB abo obuyucieni 3asjanerinb (toai vy = 0).
Anroputd o6uncieHHs CYMH (2) Ha mNoc/aifoBHi# (oAHOmpoLeCOpHii)
EOM mae Buraspg -

J (0) «0; 3

J(i)<—"(i_l)+clfl; i=lv Nv
le < — 3HaK onepauii npucBoeHHs. Llefi anropuT™ BHKOHYETLCA 32
T,(N)=@2+y) N7,

TakTiB. HeBaxkko nmoMiTurH, mo

P ng
JIN) =3 = =1, p.
( ) q:{ ZQ) zq i=n(§l)+l Cifh 4 1. P
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Tenep oGuncienHs Ha p-mpouecopHifi EOM wmoxHa oprauisyBaTH Tak:

1) koxHy cyMy 2z, o6unc/auTH Ha npouecopi Il,, poamicTHBLIM B foro nam’s-

Ti Bci Heo6xiani sHaueHHs ¢yHKuii f; Ta BaroBux koediuienrie ¢, { =

=n{g—1)+1, .., ng, 1 3acrocoByioun aaroputMm THOy (3), ToGTO

20, <2z, Fef; i=n@—1)+4+1, ng, q=1, p (ana uporo

notpi6uo Ty, = (2 + v),% TakTiB 411 BCixX ¢ pasom), 2) cymy J (N) =
p

=Y 2, OOUHCIHTH 3a aJrOpPHTMOM JOrapHMiyHOro MiACYMOBYBAHHR.
q=1
Bes 3agaua Ha p-npouecoprifi EOM 6yzae poss’sasana 3a

Tp (N) = (2 + YI) nt, + (tg + 7 + 17(.‘) log,p
TaKTiB, i TOMy NPHCKOPEHHA
Sp = P . (4)

plogy p
1+N—(2fg)—(l+m+uc)

plogs p
Akmo x, -+ %, T2 N+ v)
o EOM mae IBHAKI KaHaH 3B’S3KY Ta BeJHKe 3aBaHTa)KEHHS KOXHOIO
npouecopa), To epekTuBHicTb p-npouecopHoi EOM Ha pauiil sagaui uco-
Ka, 60 Tofi Sp ~ p. MeHmwa ebektHBHicTb Gyne Ana EOM 3 noBiabHuMH
KaHa/JaMH 3B’A3KY i 3 MaJIHM 3aBaHTAXKEHHAM MpoLecopiB. _

PoarasHyTHi napaneNbHHNl aaroput™ o6uMC/aeHH cyMH (2) MOXKHA
3aCTOCYBaTH i ANA PO3B’A3yBaHHA {HIIHX 3aAad.

Hexafi, nanpukaan, Ha p-npouecopHii EOM morpiGHo o6uHCAHTH
KBaApat HOpMH ciTKoBOi OYHKUIT 7 (x), x€ @ = {x = (X3, X3) 1 X1y, =
= [h, Xy, = igh, i = 1, Ny, h = 1/N,}, To610

N, N
IrE=ht 3 _2, ity

I=!
TMNonaswH r (x), x € ® y Burasni Bekropa R = (R,), i, posMipHocTi N=
= Nf = l/hf (ue MOHA 3pOOHTH, HaNpHKJal, MOKMaBWH R; = ryy,
i=(@a— 1N, +i,i, =1, Ny, i, =1, N}) mu 3BeieMo fo 3aaui BUAA-
Ry (2):

MaJi (ue MOXKHa TPAaKTyBaTH BiANOBiZHO TaK,

N
br P = h? Z_,:l R:. (5)

Slkuio BBaXkaTH, IO Bci esnemeHTH ry,;, o6uucneHi 3ajaHi (3ajaua A), To
HeBaXXKO 3HAHTH NpHCKOpeHHA (auB. (4))
A
Sp = 1 4 . (6)
14 = h?p logg p (I + %s + %)
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Sximo X KOXKHe 3HayeHHA r;; OOUHCHIOETHCHA 33 apudMeTHUHHX oIe-
o the r
pauif (3agaya B), To mpucKopeHHs

B p
Sp = —1 ;3 . (7)
V4 2+ v)7 hiplogy p (1 + %s + %)
[lin 3agauero b moxHa, HanpukJIaz, po3yMiTh o6UHCAEHHA HOPMH HEB'A3KH
r = Ay — [ HabmuxeHoro po3p’A3ky y piBHAHHA Au = [ pisHHUEBUM
onepaTtopoM Ha N'ATHTOYKOBOMY ILAGJIOHI B CiTKOBOMY NpPAMOKYTHHKY
(zuB. m. 5.1-5.3)

(AY)ii, = bi,i,Yi0—1 + @Y, —10, — CutYuye, +
+ a1, + Elll,y{,,l,+ly

ne ap i, Ay, bir,, biy, — KoedilieHTH pi3HHUEBOro omeparopa; Yo =
= Yn+i, = Y10 = Yi N1 = 0. Y ubomy BHUNaaky Hes'a3ka oO6uHc-
moetbea 3a v, = 10 apugmernunux onepauift. [llo6 HaouHO ysABHTH Be-
JIHYHHH [PHCKOPEHb, HABOAHMO TaKy TaGJHLIO:

p =16, ncs+ =

A B B
*p. Sp ‘: %

p = G4, u'+‘)¢c=3

Kpok
CiTKy

1/32 14,2 15,6 36,5 56,9
1/64 15,6 15,9 53,9 62,0
1/128 15,8 15,98 61,1 63,5

7.3.5. Napanennunit aaroput po3s’a3ysannsa 3apaui Kowli. 3HoBy o6-
MEXHMOCS PO3IVIAAOM NMPHHIMIOBOI MOXJ/MBOCTI po3napaseioBaHHs 6e3
BpaxyBaHHfi NHTaHb PO3MillEHHA [aHMX Ha mnpouecopax i B3aeMopii
npolecopiB.

Hexalt Maemo 3HaueHHs y, po3B’s3ky sagaui Kouwdi

d
Tr=ft ), w0 =uy (8)
y Toulti £, = nv citku oy = {f; =iv:i =0, 1, ...}. Toni Ha k npoue-
—————— copax MOXXHa ofHOYacHo Mmerolom Eisiepa

3HaiiTy 6JI0K 3HAYeHb

! I

e Y e R G R )

i & ! J ! ae yn = f (¢, y,) (mani obmexxumoca BH-

\ h o Ynet Yne | NagkoM JBOXTOUKOBOTO GJOKY (kR = 2)).

i | ITpore metox (9) Mae HEBUCOKY TOUHiCTH —

- nopsaaky O (12) Ha Kpouii O (1) Ha inTep-
Puc. 39 BaJi iHTerpyBaHHs (auB. n. 3.3—3.5). 106



MiABHUIMTH TOYHICTH, MOGYAYEMO CMOYATKY TPHTOUKOBI GOPMYNH METOAOM
Apamca (puc. 39).
I3 Bupasy (8) maemo

In41

ultnp)=ulta)+ { F6 u@)d, (10)
’n
Into

U (tnye) = u(ty) + 5 F(t, u(tyadt. (11)

fn

3aminnmo B (10), (11, pyukuio F (¢j = [ (¢, u (f)) HabanxxeHo iHTepnoss-
LiAHHM OOJIIHOMOM O TOYKAX £, lnyi, fnyal

=t ) (E—1, ) t—=t) =1,
P2 (t) = fn n+1212 + —fn+l "Tz At +
C—1) (t—1 1) L
+ frte ng.tf = oer (Yn (¢ — lngt) (¢ = tny) —

~2Ypp (E—t) (E—tagd) + Ynta t — 1n) ¢t — tat)),
Be fo = f(tys Yo) = ,
Tuterpyioun B (10), (11) i 3aaminioloun u (¢,) HaGAHKEHHAM y,, AicTaeMo
BiAnoBiaHO ' ‘

Ynt1 = Yn + <3~ BYa + 8Yn+1 — Ynso), (10"

Ynt2 = Y + 5 U + 4Ynt1 + ynio). ()
Hesaxko 3naiitu, uo ¢opmyaa (10°) mae tperif, a popmyaa (11°) — ger-
BepTHil NOPSAOK aNpoKCHMALT Ha TOYHOMY PO3B’A3KY, TOGTO

Untr = Uy + % (5Un + 8ting1 — tnya) + O (v4);
(12)
Unyo = Uy, + —:,;— (un + 4tnt + tnys) + 0 (7.

. . ¢
BisbMeMO  Yni1,0 = Y + TYn, Yn+2,0 = Yn + 2TYn (!/n+l,q — lUpp1 =
= 0 (%), Ynt+20 — Unye = O (T)) 32 noyaTKoBe HaGNHKeHHA i0CUHCAUMO

Ynr,l = Yp + %(5!/;: + 8y:.+|.o - !/:u+2.o), (13
)
Ynta1 =y, + % (Yn + 4yn+10 + Ynt2.0)
Je y,'..o = f (tn, Ynp). TIpH moctatHift raaaxocti dyukuii f (¢, u) 3 Bupasis
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(12), (13) aerko 3Haxoaumo (y, — u, = O (1*) y n)
Yngt,) — Unp1 = 0 (%),  Yni21 — Unta = O(12).

Ananoriyso nicraeMo Yng13 — Ungt = 0 (W),  Ynio3 — UUpyo =
=0 (v), ne

Ynt1i41 = Yo + TT?_- (54 + 8ynt1.4 — Ynt2.)s

Ynt2,i41 == Yn + % (Yo dgntrs + Ynaod)y i=1, 2,

TakuMm UHHOM, 3HAXONMMO TaKuil NapaJeibHUiA aAropHTM:
a) Ha ABOX mpouecopax OGYHC/IHTH 32 OJHH TAKT

Yni20=Yn +TYm =1, 2 (14)
6) aasi s = 0, 1, 2 o6uncautu
Yntlstl =Yn + =5 (5yn 4+ 8yn+1,s —_ yn+2.u).
(15)
Ynt2s+1 = Yn + 'E‘ (Yn + 4Ynt1s + Yni2.0)

BHKOpHCTOBY!O'-lH llJlﬂ KOXHOro s ABa NIPOLECOPH MPH . OAHOYACHOMY 00-
YHCJERHI y,,.Hs Ta yn+2s

Bnpasa. [leperonatucs, mo mocainosHi ¢opMynH past OGUHCAEHHSA Y, +1 Ta
Ynyo (32 BinoMEM yo):

Ynt1,0 = ¥n + T_l/;,
T . .
Unp11="¥Unt 5 Wn+ ¥ny1,0
Ynt2,1=Yn + 27!/,(,4.1.1. (16)

T , -
Yntr2=Yn+ T3 ¥+ 8Uny1 1 — Unsal)

T . . ¢
Ynto2=9n+ 7 Wn+ Way12+ Unpo)
MaloTh ueTBepTHA NMOpPANOK ampokcuMalii Ha po3B’a3ky 3agaui Kowl.

Slkmo koediuieHT NPHCKOPEHHs paxyBaTH 3a KidbKicTio of6uHciaeHb
npaBoi 4YacTHHH, TO HEBAXKO NOMITHTH, LIO Y BHNAaAKYy napaJejbHoro
anroput™y (14), (15) Ta nocnizosHoro (16) BiH popiBHioe 5/3. MoxHa
nofynyBaTH aHajaoriudi GopMyJu i A1s k-TOYKOBOro 6/0KY 3 NPHCKOpPEH-
nam (k + 3)/(2 (1 + 1/k)), a we GinbiLoro NpHCKOpPeHHs, a came R, MOXKHa
ROCAITTH 33 ZOMOMOrolo 6araToTOYKOBHX METOLIB THIY MPEAUKTOP — KOpPEeK-
TOp (4HB., Hanpukaad, Worland, P. B. Parallel methods for the numerical
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solution of ordinary differential equations, IEEE Trans. Comp., C—28,
10 (1976) 1045—8; Schampie L. F, Watts H. A. Block implicit one-step
methods).

7.3.6. MapaneabHuit aAropuT™M AJA ABHOI ABOX'ApycHOi cxemu. Poa-
TISiHeMO cXeMy

Yet1 — Yy
Teti
ae A — (21 + 1) — niaronanpHa matpuus posmipHocti N X N, N = pn,
Te+1 — 3aJaHi YHCJA, 3 KOXEH eJIeMEHT BEKTOPiB @, Ta Ay, — ¢, Moxe
6yTH o6Guuc/eHHi BiNOBiZHO 32 Y, Ta Y4 apHOMETHYHHX oMepauin.
Hesaxxko nigpaxyBatu, mo Ha oxHonpouecopHili EOM koxeH Kpok
3a cxemoto (17) MOXXHa BHKOHATH 3a

Ty (N) = (24 v4 + yo) N7q

+ Ay, =@, k=0, 1, ...; y,— 3anao, a7

TaKTIB.

[Mapanesbuuii anropuT™M BHKOHAHHA OZHOro KPOKy 3a cxemoio (17)
noGyxyemo Takum yuHoM. Y npouecopi II, Homepa g 6yaemo o6uucoBaTH
n eneMeHTiB BEKTOPA Yit1 = Yp — Tay1 (AYyy, — @) 3 iHOEKcamMu { =
=n(@—1)+1, ..., ng. 3paxkawoun Ha CTPyYKTYpy Martpuui A, 3aypa-
JKUMO, IO Lie MOXKJIHBO TOAi, KoaH B nam’ati npouecopa 1, sbepiraiotbes
n + 2! enemeHTiB BeKTOpa Yy, 3 iHEekcamMH { =n{g— 1)+ 1—1, ...,
ng + I. llo6 nepefith f0 o6GUHCAEHb HA HACTYNHOMY Kpoli, MOTPi6GHO
nepecsatd ! nepwux i [ ocTaHHiX 3 OGYHCJIEHHX eJeMEHTIB BEKTOPa Y41
8 nam’sari npouecopa I1, y nam’arb npouecopin II,—; i Il,4+; BiznosixHo.

Otmxe, Ha KOXHOMY Kpoui peanizauii cxemu (17) npouecopamu
OGUYHCIOETbCA BEKTOP Y4 1 MPOBOAHTBCHA OOMiH mo 2/ gucen. Hesaxko
nigpaxyBaTH, 1WO.

TP(N)= (2+YA -|-‘Y¢)fl'ta+‘ts+ 11,".,

Sp = P
P %s - 1%,

L et vatvy
Hanpukaan, npul = 1, yp = 4, y4 = 6, N = 64, %, + %, = 8 nicraemo

s = 15, s, = 51,2.
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