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OT PEJAKTOPA

B momorpadun uccsremyiores 3aaun KOMIIIEKCHOTO aHAIN3a, Pellre-
HIe KOTOPBIX Hamnbojee 3PpOEKTUBHO MOJYIAETCS TOCPEICTBOM MIPUMeE-
HEHWsI TEOMETPUYECKHX U TOIOJIOIMIECKIX METOJIOB B COBOKYITHOCTH. 3a-
TPOHYTasl B KHUT'e IIPODJIEMATHKA CBI3bIBAET B OJIUH y3€JI IPOOJIEMBI KOM-
ILUIEKCHOT'O AHAJIN3a, TEOMETPUN U TOIIOJIOTUH.

[TepBoiit UK paccMaTPUBAEMBbIX 33189 — 9TO BOIIPOCHI, CBA3AHHBIE C
JTAJIEKO Y TIIUMHU 0DOOIIEHUSIME KJIACCHIECKOTO "TIPUHIIAITA TPAHUTHOTO
coorBercTBust". [lomydenubie 371ech pe3yabTaThl, HIarogapst MeTOLy, mo-
3BOJISIIOT, HE OTPAHUYNBASCH IJIOCKUM CJIy4aeM U aHAJIMTUIECKUMU (DyH-
KIWSIMY, TTOJIY9UTH ODIIME yTBEPKIEeHUsT 00 0TOOPaKeHUsIX BHYTPEHHO-
creit 0bJ1acTeil MpU HEKOTOPBIX, 10 BO3MOXKHOCTH MUHUMAJBHBIX, YCJIO-
BUSX Ha TPAHUIIE.

Bropast 9acTh mocBsiIena uCCae0BaAHIIO 33189 Te€OMETPUIECKON Te-
opun (GYHKIUNA KOMIIJIEKCHOIO IIEpeMeHHOro. B uacTHOCTH, Ha OCHOBe
METO/Ia PA3JIEJISIONEro Mpeodbpa3oBaHusl IPEJIATAIOTCS HOBBIE IIOIXO-
JIbl K MCCJIEJJOBAHMIO 3a/[ad O HEHAJIEralouX 00JIACTSIX, UYTO IIO3BOJIUIIO
3HAYUTEIHFHO O0ODIUTh U YCUIUTDh PAHEE M3BECTHBIE PE3YJIBTATHI. DTUM
BOIIPOCAM TIOCBSIIIIEHBI TJIABBI CO BTOPOIi TIO TIATYIO.

B monorpaduu nceieayorces mpobieMbl, KOTOPBIE IPEICTABIIIOT Ha-
y4HBIE HHTEpeCchl aBTOpoB. Ho pa3zpaboraHHble B Heil IOHSITHS ¥ METOJIBI
MMO3BOJISIOT CTABUTH BOIPOC O PEIIEHNM MHOTUX JAPYTHUX 339 KOMILIe-
KCHOT'O aHAJn3a U MPUMEHEHUN N€OMETPUIECKAX M TOMOJIOTMIECKIX Me-
TOJNOB B aHajin3e. B KHUTe TPUBEJIEHbI Hanbojiee WHTEPECHDBIE, C TOYKU
3peHnsi aBTOPOB, HEPEIIEHHBIE JI0 HACTOSIIEr0 BPEMEHU 3aJadu, Mpejl-
CTABJISIIOIINE MIMPOKYI 0a3y M MCTOYHUK TEM Il JUILJIOMHBIX U JIHC-
CEePTAIMOHHBIX PabOT.

I0.10. Tpoxrumuyk, MOKTOpP (PUSNKO-MATEMATUYECKUX HAYK, IPO-
deccop, wnen-xkoppecnongenT HanmonaibHOi akajeMun HayK YKpau-
HBI, [JIABHBIN HAYYIHBINA COTPYIHUK OT/E/Ia KOMILIEKCHOTO aHAJNU3a U TEO-
pun norennuana Uucruryra maremarnku HanmonasnbHoit akagemun Ha-
VK YKpauHBbI.



ITPEIVCJIOBUE

[IpuBomuMbIe B MOHOrpaduu pe3yIbTaThl He TPETEH IyIOT Ha TOJTHOE
OCBeIeHEe BO3MOYKHOCTEH TeOMETPUIECKUX W TOIOJOIMIECKIX METOI0B
B KOMILIEKCHOM aHajm3e. OHU OTparkaroT OTHOIIEHHE aBTOPOB K MeoMe-
TPUYECKOMY TIOIXO/Ly K BOIIPOCAM AHAJIU3A U B MOJABJISIONIEM OOJIBIITIH-
CTBE OCHOBaHBI HA PE3YJbTATAX UX COOCTBEHHBIX HAYJHBIX HCCJIEI0Ba-
Huit. PesysibraTel Apyrux aBTOPOB, KOTOPBIE 3/1€CH TPUBOJSTCS, TPUBJIE-
YeHBI JIJIsT TPUJIAHUST TIPEIMETY UCCJIJOBAHNS OPE/ICJIEHHON 3aBepPIeH-
HOCTH, XOTsl, KAK BUJIHO M3 TE€KCTA, 3aTPOHYyTasl TeMa ellle OYeHb JIajieKa,
OT TOro, YTOOBI YTBEPXKJAaTh, UYTO B HEl peIleHbl BC€ OCHOBHBIE IIPO-
6s1eMbI. ABTODBI HAJICIOTCS, YTO MOHOTPAMDUS MOCTYZKUT TOJIKOM JIJIst
IPUBJICYCHAS MOJIOABIX UCCJIeNOBaTeNell K MHTEePECHON pa3BUBaloIIeiics
TeMaTuKe, B KOTOPOil 3(DHEKTUBHO UCIIOIB3YIOTCS METObI KOMILIEKCHO-
ro aHaJN3a, FEOMETPUU U TOIOJIOTHN.

Kuura mMoxkeT MCIOIB30BATHCS M KaK MOCOOME, W JIaXKe MIPOCTO KakK
CIpaBoYHUK. B 1IepBOM ciydae, MpU MOCIEIOBATESIBHOM YTEHHH — 3TO
BBEJIEHNE B IIPEJIMET, BO BTOPOM — 5TO BO3MOXKHOCTH BBIOOPOYHOI'O 3HA-
KOMCTBAa, C Pe3yJIbTaTaMU U HEPEIIeHHbIMU IIPO0IeMaMy JTaHHOW TEMATH-
KU, B YACTHOCTHU, C TIPUMEHEHUSIMUA T€OMETPUYECKUX U TOMOJOTUICCKUX
METO/IOB B KOMIIJIEKCHOM aHAJII3E.

[Tepeiiiem K KpaTKOMY COAEPKAHUIO PAOOTHI U IOPSIIKY €€ U3y IeHUS .

[Tk BOIIPOCOB, KOTOPBIE 3/1€CH U3JIATAIOTCS, MOYXKHO pa30UTh Ha JIBE
qaCTHU: IepBasi MOCBSIIIEHa 3a/1a9aM, CBI3aHHBIX ¢ 0000IeHnsIMu " TIpuH-
[UI1a, TPAHUYHOIO COOTBETCTBHUS", BTOpasi — BOIPOCHI T€OMETPUIECKON
Teopuu (DYHKITHIA.

B cBsizu ¢ 3TMM, B 3aBUCHMOCTH OT MHTEPECOB YUTATEJIs, BO3MOYKHBI
pa3/IMIHbIe MOJXOIbI K U3y4YeHuio 3Toil Kuauru. Ecau, Hanpumep, duta-
TeJist GOJIbIE TPUBJIEKAIOT UCCIEIOBAHUST KPATHOCTH OTOODAYKEHUSI, TO
eMmy OyayT O60JIee MHTEPECHBI MIePBbIe IMeCTh naparpadoB MepBoil TJIABEI.
Wcropusi BOSHUKHOBEHMSI M PEIIEeHUs U3JIaraeMbIX 33129 [IPUBOIUTCS B
paszesie 1.7, I09TOMY BO BBEJEHUU yjeJ UM OOJIbIlle BHUMAHUS CBS3U
MEXKJY YTBEP:KICHUSIMU U KOHCIIEKTHUBHOM 0030pe cojepxKanus. Jura-
TeJib, KOTOPOMY 0o0Jiee OJIM3KN BOIPOCHI MCCJIEIOBAHUST T€OMETPUIECKON
Teopun GyHKIHN KOMIIJIEKCHOTO IEPEMEHHOT0, MOYKET CPa3y MePeXOiTh
KO BTODO# riase.

[lepBas cepust nmpobiem m3aioxkena B Hamucanuoit F0.B. 3esmnckum
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[EPBOI IJ1aBe, KOTOPast MOCBIIEHA UCCIETOBAHNIO CYIIECTBOBAHUS Kpa-
THBIX TOYEK HPH OTOOpayKeHWH 00JacTell, €Cau U3BECTHO IOBEJICHUE
OrpaHUYeHHs 0TOOpaKeHWsl Ha TPAHUIly WK ee JYacTb. llepBblil mapa-
rpad HOCHT BCIOMOTATEILHBIN XapakTep. B HeEM TPUBOAATCS OCHOBHBIE
OTIpeJiesIeHnsl KJacca OTOOpayKeHWi U CTENeHW OTOOParKEHUSs, MCIIOJIb-
3yeMble B TIepBoii TyiaBe. Bo BTopom maparpade BBOIUTCS MOHSTHE JIO-
KaJIbHOW CTENeHN 0TOOPaKeHHsI, KOTOPOE SIBJISIETCS OJTHUM N3 OCHOBHBIX
B II€PBOii IVIaBe, IPUBOJATCS KPUTEpUU ee cyliecTBoBaHusA. [Ipnmene-
HUE JIOKAJILHOM CTereHn O0TOOpayKeHUsl MO3BOJISET B TPEThEM Iaparpa-
de ycTaHOBUTH PsJi TEOPEM O CTHUPAHUUA OCOOEHHOCTEH HermpepbIBHBIX
yHKIMIT 1 KpUTEPHUl MOHOTOHHOCTH OTOOPayKeHUsl P HAJMYUAU ILI0-
THOT'O MHOKECTBA TOUYEK, MMEIOIUX CBsI3HbIE TPooOpa3bl. B derBepTOM
naparpade u3ydarTcs MUHUMAJbHBIE YCJIOBUSI Ha IIOBEJICHUE OI'DAHU-
qeHHsI OTOOPaKEHUsT Ha IPAHUILY 00JIACTH, KOTOPbIE HO3BOJISIOT CYIUTD
0 MOHOTOHHOCTH OTOOpaKeHUsl BHYTpU ODJACTH, a B CIydae HyJIbMep-
HOTO BHYTpH 00JIACTH OTOOparKeHUsT JAIOT OOIIe TPUHIIUITBI TPAHNTHO-
ro COOTBETCTBHs. B msitoM maparpade cTposiTcss TpUMepHI, [TOKa3bIBa-
IOMIHE CYIIECTBEHHOCTh T€X OIPAHUYEHUil, KOTOPbIe HAKJIA/IBIBAIOTCI B
[PEBIILYIIAX UCCIE0BAHUAX. B YaCTHOCTH IMTOKA3aHO, YTO KJIACCHUe-
CKUIi TPUHITUI TPAHUIHOIO COOTBETCTBUSI IEPECTAET OBITH BEPHBIM JIJTst
obJracTeit, rpaHnIla KOTOPBIX OTJIMTHA OT »KOpAaHoBoit kpusoii. [1lecToit
naparpad MMOCBAIIEH PEIeHNI0 HEKOTOPBIX TPp0objeM KpaTHOCTH OTOOpa-
JKeHHs 00J1acTeil, HEKOTOPbIe U3 KOTOPBIX HMOCTABJIEHBI TOJIBCKAM MaTe-
maTtukoM A. Kocurckum B 1957 roay [309].

Bropas wactp mamHoit MOHOTrpaduu IMMOCBAIIEHA pa3pabOTKe MeTo-
JIOB DeIleHus] 3a/1a9d TeOMEeTPUYIECKOi Teopun (PYyHKIM KOMILJIEKCHOTO
nepementoro. OCHOBHOe BHUMAaHWUE 3/ICh Y/EJIEHO NAJIbHENHIIeMy Pa3BH-
THIO M3BECTHOTO HAIIPABJIEHUSI T€OMETPUYECKON Teopuu (DyHKIHN KOM-
IJIEKCHOTO TIEPEMEHHOT0, 8 UMEHHO, S9KCTPEMAJILHBIM 3aJIa9aM O HEeHAJIe-
raomux obacTax (Bropasi — IsTasl IJIaBbl).

OcCHOBHBIMEU OO'BEKTAMY UCCJIEIOBAHUST SIBJISIIOTCS (OYyHKITMOHAIIBI, 3a-
JaHHBbIE JIMOO Ha KJIACCAX OJHOJIMCTHBIX (QYHKIMIA, Ju00 Ha Kjaccax
OTKPBITHIX MHOYKECTB PACIIUPEHHON KOMILIEKCHOM TIOCKOCTH. B MOHO-
rpadun U3/1araloTCs HOBbBIE HOAXObI (B YACTHOCTH, MeTO[ " yIIpaBJIsio-
mux" GYHKIIMOHAIIOB), KOTOPBIE TIO3BOJISIFOT TIOJIyIUTh MOJHOE PEIeHIe
HEKOTOPBIX KJIACCOB JIOCTATOYHO OOIUX 3a/1at, 0600IIAIOT U, B PsJIe CIIy-
9aeB, YCUJIMBAIOT PaHee U3BECTHBIE PE3YIIbTaThI.

B kuure npejcrasieHa pe3yJbTaTUBHOCTh CHCTEMHOTO HUCIIOJIH30Ba~
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HUSI METOJIOB Pa3/IeJIAIoNIero mpeodpa3oBaHmsl, BADUAIIMOHHBIX, KB Ipa-
TUYHBIX AU(DEPEHIINATIOB, CHMMETPUBAIMK, TEOPUH OTEHIINAJIOB [IPU
peIleHn HOBBIX KJIACCOB 9KCTPEMAJIbHBIX 33ad. [JiaBel 2 — 5 Hammca-
vbl Baxtunabim A.K. u Baxrunoit I'.II. Ha ocHOBe aBTOPCKHUX, a TakxKe
COBMECTHO IIOJIyI€HHBIX PE3YILTATOB.

Jammast paboTa He SBJISIETCS MOJTHBIM 0030pOM TIO TIPOOIEMaM reoMe-
TpUUIecKoi Teopun MYHKINNE KOMILIEKCHO! niepeMenHoit. JIist o3HaKoM-
JIEHUsI CO BCeM OOTaTCTBOM WHJIEd, METOJOB U PE3yJIbTaTOB MeOMeTpUIe-
CKOIl Teopuu cjemyer oOpaTuThCsa K DyHIAMEHTAILHBIM MOHOTDAMDUIM
u o63opam: Lostysun I.M. [94], Txxenkunc Ix. [104], Xeiiman B.K. [229],
Jle6enes H.A. [162], M .M. [169], leddep A.C. u Cuencep J1.C.
[338], Kysbmuna I.B. [145], Jy6unnn B.H. [110], dropen II. [276], Axe-
kcanapos VLA, [2], Combirun A.FO. [201], Bacuiwses A.FO. [350].

Hamnucanne HacTosIeil KHUTH CTAJIO0 BO3MOXKHBIM 0J1ar01apsi aKTHB-
HOM TOJIIEPXKKE WIEHOB CEMUHAPA 110 KOMILIEKCHOMY aHaJju3y VHcTuTy-
ta maremarukun HAH Ykpaunsl. BeceM nM, NpHHSABIIAM aKTHBHOE yda-
CcTHEe B ODOCY?KJIEHUN MHOTHX PACCMOTPEHHBIX B KHUI'€ PE3Y/IbTATOB, aB-
TOPBI BBIPAXKAIOT CEPIAEYHYIO TPU3HATETHHOCTb.

ABTODBI.



I'NIABA 1

HEITPEPBIBHBIE OTOBPAKEHN {1
OBJIACTEN HA MHOTI'OOBPA3NAX

OcHoOBHas TIe/Tb HACTOAIIEH TJIaBbl — HANTH TaKne MUHUMAJIbHBIE
YCJIOBHSI, HAKJIaIbIBAEMbIE HA [TOBEJIEHNE 0TOOPaYKEeHUs HA IPAHUIIE TLIO-
cKoit obJtacTu, 06ECIIeInBAIOIINE OTHOTUCTHOCTh OTOOPaXKEeHUsT BHYTPU
obJractu. MeToipl, KOTOpbIE JIJIsi 3TOrO IIPUMEHSIFOTCSI, TIO3BOJISIIOT Pac-
CMOTpPeTH boJtee OOIIY 0 CUTyalrno. A IMEeHHO, MbI He Oy/1eM OrpaHIINBA-
ThCS IJIOCKUAM CJIy9aeM, U U3y9IUM IIOCTABJIEHHBIN BOIPOC OTHOCUTEIHHO
obJracTeil n-MePHOTO €BKJIMIOBOTO IIPOCTpancTBa R™ min ke n-MepHOro
MHOT000pa3nsi.

JIJ1st TIOHUMAaHUsI TOM TJIABbI HEOOXO/MMO BJIAJIETh HEKOTOPBIMHU I10-
HITUSIMM OOIEdl 1 ajrebpamvecKkoil TOIOJIOMUU, B YACTHOCTU, TAKUMU
KaK: JIOKAJIbHO KOMIIAKTHOE IIPOCTPAHCTBO, NM-MEPHOE MHOroodpaswue,
OpHUEHTHUPYEMOe MHOroobpasue, IpyIiia KOroMoJIoruil (¢ KOMIIAK THBIME
HocuTessiMu) ¢ KoaddupentaMu B rpyiie Z esiblX 9Ucesl WK IPYIIIe
Z5 BBIYETOB 110 MOJIYJIIO 2, TOYHBIE [TOCJIE0BATEILHOCTH TPYIIIL.

1.1 OcHOBHBIE IIOHATUS

IIycts M™ u N™ — n-mepubie muoroobpasus. [log obmacreio D C
M™ OyneM NMOHUMATH OTKPBITOE CBsI3HOE mojMHOX)KecTBO M™. Coydan,
korjma Ha M™ m N™ HAKIaJIBIBAIOTCS JIOMOJHUTEIbHBIE OTDAHUYCHUSI,
OyayT 0c00O OroBapUBATHCS.

Ecmn X — JI0KaJIbHO KOMIIAKTHOE TPOCTPAHCTBO, To TycTh HE(X) —
€ro i-s IPYIIa KOTOMOJIOTHII ¢ KOMIAKTHBIMU HOCUTEISME, ¢ KO3 du-
[UeHTaMu B rpyime Z neabix quces [202].

Ecsm M™ — opuenTupyemoe n-mepHoe MHOTOOOpasue, To H (M™) =
Z. Opuentupyemoe MHOrooOpasue ¢ BuIOpaHHON obpasyiomeit 1™ (M™)
rpynnsl H? (M™) HasbiBaercst opueHTHpoBaHHbIM. Ecan M™ — opueH-
TUpOBaHHOE MHOroobpasme, a D — obmactb B M™, TO W3BEeCTHO, 9TO
KaHoHu4yeckuii romomopdusm j : H? (D) — H? (M™) 6ynem uzomopdu-
amom. osoxkus 7™ (D) = jn™ (M™), OSyIUM OPUEHTAIIUIO TPOU3BOIIH-
Hoit obsactu B M. B naibHelinieM Bce MHOT0OOOpa3ust IIPEIII0IaraloTCst
OPHUEHTHPOBAHHBIMU.

1.1.1. Onpenenenne. Ecau X uY — a0xarvmo xomnaxmmovie npo-
cmparcmea, mo omobpasicenue f: X — Y wHasweaemcs cobcmeenHviMm,
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ecau mpoobpas NpPou3coALHO20 KOMNAKMA, npunadiedcauwezo Y, ecmob
rxomnaxm 6 X.
1.1.2. Ecm f : M™ — N™ — cobcrBeHHOE OTOOpaykeHune U @ =

f‘ : D — N" to0 musa npousBoibHOM Touku y € N™ \ ¢(0D) mo-
D

2KHO OIPENIEIUTh CTEMEeHb OTOOPaYKeHWs CJeIYIONuM obpas3oM. Boibe-
peM HEKOTOPYIO OTKPBITYIO OKpecTHOCTb U(y) TOYKM Yy Takylo, 9To
»(0D) N U(y) = @. Cymecryer Takoe nesnoe k, uaro jo* (n™(U)) =
kn™(D), tne j: HY ((p_lU) — H (D) — KaHOHHYECKHUI TOMOMOPDU3M,
a*: HY(U) — H (gp‘lU) UHYIIUPOBAHO oTobOpazkenuem . M3se-
crHo, yTo k He 3aBucur or BbGOpa U(y). B masnbueiimem sT1o uumciio
Gynem obosuauars deped y(D, f,y). Ussecrno, uro v (M™, f,y) — no-
cTostHHO Jyist Bcex y € N, a makxke, ecmm D; N Dy = @ nupu 1 # j,
TO

1.1.3. v (U Dy, f, y) = > v (D, f,y) (Tak Ha3bIBaeMBbIH "TPUHIHAI
i i

aprymenTa').
1.2 JlokaJsibHasi CTeNeHb OTOGpaXkKeHust

1.2.1. Byunem wusyuarb JIOKaJbHOE IOBeJeHUE oToOpakeHus f:
M™ — N™, a mo3TOMy JOCTATOYHO CUUTATH, UYTO MMEEM OTODparKeHue
obmactu D C M™ B obmacte D; C N”. Jlns kaxmoir Toudrku y € Dy
npoobpas f~1(y) npu cobeTernom orobpaykermn f : D — D pacra-
JlaeTcs Ha KOMIIAKTHBIE KOMIIOHeHTH. Kaxiyto m3 kommonent f~1(y)
Oy/IeM Ha3bIBATh KOHTUHYYMOM OTOODarKeHHs.

JTio6asi OKpecTHOCTh KOHTHHYyMa oTobpaxkenns ¢ C f~1(y) comep-
JKUT OTKPBITO-KOMITAKTHYIO Topiio Q MEOXKecTBa f~1(y), comeprkamntyio
c. UzBecTHO, uTO cOGCTBEHHOE OTOGpAYKEHME 3aMKHYTO, T.e. 0b6pa3 3a-
MKHYTOT'O MHOYKECTBa 3aMKHYT. B cuity 3aMKHyTOCTH OTOOpaskeHus [ u
KOMIIAKTHOCTH () Haiijercsa OTKpbiTas okpecrnoctb U(y) C Di Touku
y = f(c¢) rakas, uro sobasg kommnonenrta Vi, 1 < i < ig, upoobpasa
f~1(y), nepecexatomas kommakT @, He mepecekaet f 1 f(c)\ Q, u ee 3a-
MBIKaHIe V; KOMIIAKTHO ¥ JIEXKHUT B 1. DTO CJIeIyeT U3 U3BECTHBIX TEOPeM

JUIsl 3aMKHYTBIX oroOpaxkenuit [154]. Orpanuuenue f; = f| :V; - U
Vi

— cOOCTBEHHOE, U CJIe0BaTeIbHO, coryiacuo 1.1.2; ompeseneHa cremnenb
5 (Us, fiy) orobpaenns fi, 1 < i < io.
1.2.2. Ounpenenenne.  Ileaoe  wucao (Ui, f,v) =
i
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Sy (Ui, fiyy) = ¥(Q) nasosem Q-cmenenvro omobpasicenua f.

Jlerko ybenuThest, 9TO onpeesenne (Q-CTereHn KOPPEKTHO, T. €. He
3aBUCAT OT BbIGOpa okpectHOCTH U (Y).

1.2.3. Onpenenenune. Cobcmeernoe omobpasicernue f Hazosem no-
AOXHCUMEABHO (COOMBEMCMEEHHO OMPUUGTNEALHO) OPUEHIMUDOBAHHBIM
HA KOHWMUHYYME 0TOOPAICEHUS C, ECAU cYwecmaeyem nopuus Q@ D ¢ ma-
kas, wmo npu ecex Q' C Q Q' -cmenensv v (Q') > 0 (coomeememeerno
7(Q) <0).

Ecin ykazanHnoe HepaBEeHCTBO BBIMIOJIHIETCST HA KAYKJIOM KOHTHHYYMe
0T00OpaKeH!sl, TO FOBOPUM O HOJIOYKUTEIHHON (OTPHUIATEILHON) OpUeH-
TUpOBaHOCTH OTOOpaxKkenusi f objactu D, u OyjeM roBOPUTH O CTPOrOi
OPHUEHTHPOBAHOCTH, €CJIN BCE HEDABEHCTBA He 0OPAIAIOTCA B HYJIb.

1.2.4. Onpegenenne. Ckasicem, 4mo cobcmsennoe omobpastcerue
UMEEM HA KOHMURYYME OMOBPAHCERUA C AOKANLHYI cmenenb Y(c), ecau
cywecmeyem omxpuimo-komnarmuas nopuua Q C f~1f(c) maxas, wmo
OAA MPOUBBOALHOTE OTKEPLMO-KoMNaxmHot nopyuu Q' C Q maxoti, wmo
Q' D¢, y(Q') =const (=(c))-

1.2.5. Omnpenenenne. Hazosem cobecmeenmnoe omobpascerue f:
D — Dj u304uposartvim HG KOHMUHYYME OMOOPANCERUA C, €CAU C
— usoauposarnan Komnonenma mmosicecmea 1 f(c). Ecau yxasamnnoe
€BOTCMBO UMEEM MECTNO HA BCEXT KOHMUHYYMAT omobpasicenus ¢ C D,
mo nazosem [ usoauposarnvim omobpascenuem (de — omobpasiceruem
om discrete u continuum).

1.2.6. 3ameuanne. Kraccudeckoe ompemenrenne — caydail, Koraa
KOHTHUHYYM BBIPOXK/JIEH, T.€. COCTOUT U3 TOYKH, HE UCKIIIOUAETCS.

1.2.7. Jlemma. Ecau omobpasicenue f u304upo8anto ma KOHMUHY-
yme ¢ C D, mo wa ¢ cywecmeyem A0kaAbHAA CMENEHD 0MOOPAAHCEHUA.

JokazaTenbcTBO cielyeT U3 ompejnesienus 1.2.4, Tak Kak ¢ Oyaer
OTKPBITO-KOMIaKTHO# roprmeit f~1 f(c).

1.2.8. Jlemma. /Jlas mozo wmobv. aokaavras cmenens Y(c) cy-
WECMBO8aAAL HA KOHMUHYYMe omobpasicenus ¢ C D, neobrodumo u
docmamouro, wmobv, 0Af MEKOMOPOT OMKEDOIMO-KOMNAKMHOT NOPUUL
Q C f71f(e) na wascdoti xomnonenme ¢ C Q \ ¢ cywecmeosana no-
Kaavras cmenens 7y ('), npuuem v () = 0.

Heobxomumocts cirepyer us oupegeienus y(c). Ecau Teneps pacemo-
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TPUM OTKPBITO-KOMITaKTHYI0 ropimio Q C f~1f(c)mmpuc C Q, ¢ # ¢,
v () =0, 0o v(Q) = v(c) + > v (') = v(c), uro moxazbIBaeT HOCTATO-
YHOCTb. ¢

1.2.9. B HeKOTOpBIX CIydasx yA00HO JPyroe OINpeJiesIeHIe JIOKAIb-
Hoit crenenu. COOTHOIIEHUE MEXKJLy ONPE/IeJICHUSIMU U3y IeHO HUKE.

JIJ1st TTPOMBBOMBHOTO KOHTHHYYMa oTobpaskenns ¢ C f~1(y) u mpon-
3BosibHON OKpectHOCTU U(Yy) Touku y rakoii, uro U(y) N f(0D) = &,
BBIGEpeM cBaA3HYyI0 Kommorenty V C f~1(U) Takyio, ato V D c. Torma,
cormacuo 1.1.2, onpenenena crenenb orobpaxkenust Y(V, f,y,U). Cka-
JKeM, 4TO f WMeeT Ha KOHTHHyyMe oToOpazkenus ¢ C [ JIOKaJLHYTO
crenenb 71 (¢), eciu cymecrByer okpectHocTh U (y) Takasi, 9TO 1IpU BCEX

Uly) cU(y), vV, fy,U") = const (= 1(c)),

rie V! O ¢ — xommonenrta f~1(U)'. Crenens v(V, f,y,U) npu Takom
ompeJieJieHun yKe 3aBucutr ot Boibopa U(y), a umenno: eciu U’ C U, 1o

7(‘/7 fa Y, U) =7 (V/a fa Y, U/) + 27 (‘/27 f7 Y, U/)v rae ‘/Z — KOMIIOHEHTBI
f~HU"), nexarmue B V u He copnasatonue ¢ V.

1.2.10. JIemma. Ecau y(c) cywecmeyem, mo cyuecmeyem u y1(c),
puiess 1 (€) = 7(c).

Aoxazameavemso. Ilycts (Q D ¢ Takast, 9T0 JJisd IPOU3BOIHHOM
Q' C Q,v(Q) =~(Q). Buibepem U(y) nyst y = f(¢) rakyro, 4ro ecsau
Ui C fFAU)nU;NQ # @, 10 U;N [f71f(c)\ Q] = @. Basas toraa
obmacts V C f~HU), V D¢, ana Q' = Q NV, momyanm

V(e) =7(Q) =7(Q) =7 (V. f, £(¢), U) = m(o).

ITocsieiHee paBEHCTBO CJIELyeT U3 TOTO, UTO TIPEBLILYIIIE PABEHCTBA Oy-
JLyT BBIIOJHATHCA Ayist poussossaoit U’ (y) C U(y).

1.2.11. Onpeaenenune. Cobcmeennoe omobpasicerue f @ D — Dy
HA306EM KEAZUOMKPOIMHLM Ha KOHWMURYYME OMOOPAAHCEHUA C, €CAU AR
NPOUSBOALHOLO OMKEPLIMO20 MHodcecmaa V , codeporcawsezo ¢, obpas f(c)
npunadaesrcum Int f(V') no omnowenuro x Dy .

1.2.12. Jlemma. Iycmv f @ D — Dj, u daa cosokynnocmu
omxpwumux obaacmets {U;} maxuzx, wmo U;11 C U; u(\U; =y = f(c),
i

umeem v (Vi, f,y,U;) # 0. Toeda f — Keaguomxpumo na Kommunyyme
omobpasicenus c.
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oxazameavcmaeo. llpennonoxkum mporusHoe. Torma s HEKOTO-
poit kommonentst V (c) mz f~1 (U(y)), V C D touka y = f(c) Gyaer rpa-
ununoit gy W = f(V). OueBugno, uro Int W £ Wu U(y) \ W # U(y)\
W, nosromy HI(W) = 0. Tomomopdusm f* : H? (U(y)) — HZ (V(c))
uynupoBan orobpaxenueMm f : V(c) — U(y), Koropoe MOXKHO LpeJi-
CTABUTH B BUJIE

f i
V(e) === fIV(e] =W —— Uly),
rzue ¢ — Byoxkenue. Torma f* = fi ¥,

n i n fo n

HE (U(y) —— HX(W) —— H(V(0)).

Ho tak xaxk H}(W) = 0, monyunm ¢* [H? (U(y))] = 0, ciaenosaresbHo,
FIH2UW)] = 0u vV, f,y,U) = 0. 3HaK paBeHCTBA BBIIOIHACTCSI
st Beex U; C U. IlomydyeHHOE TpOTHBOPEYHE JIOKA3BIBAET JIEMMY.

1.2.13. JIemma. [Tycmo f — cobecmsento u noaodcumesvho (ompu-
UYAMEALHO) OPUEHIMUPOBAHHO HA 6CET KOMNOHEHMAT U3 MHONCECMEA
fif(e), ¢ C D. Tozda nodmmosicecmeo 6cexr KOMMUHYYMOS OMO-
bpastcernua ¢ C f7Lf(c), na waorcdom uz womopwx v (Vi, f,y,U;) >
0 (v(Vi, f,y,U;) < 0) 0dan Geckoneunot nocaedosamenvrocmu {U;},
U1 CU;, NU; =y = f(c), Vi — xomnonenma f=(U;), V; D ¢ acase-
MEA US0AUPOSANHBLIM 6 D U Ha Kancdom U3 HUT CYWECMEYEm cmenets
omobpascenus 7y (c').

Zloxazameavbcmeo. 3ajada CBOIUTCA K JIOKA3ATE]LCTBY IOJIO-
JKUTEJBHOCTH CTEIEHW MPU OTOOPAXKEHWH IMPOU3BOJIBHON OTKPBITO-
KOMIAaKTHOM nopruu. [locste 91010, B MPE/IITOIOKEHNN CYIIeCTBOBAHUS
PeJIeIbHOTO KOHTUHYYMa OTOOParKeHUsI ¢y BO MHOXKECTBE CTPOTO TOJIO-
JKUTEJILHO (CTPOrO OTPUIATEIBHO) OPUEHTHPYEMBIX KOHTUHYYMOB OTO-
6paxkerms u3 f 1 f(c), BHIOMpAIOTCS HellepeceKalomuecss OKPeCTHOCTH
st L KOHTUHYYMOB OTOOpaXKeHWsT U3 3TO0 MHOXKeCTBa, L > 7o, Yo =
v(Q, f, f (co)) (Q — OTKPBITO-KOMIIAKTHASI IIOPIHsl KOHTUHYYMOB OTO-
GpaxkeHUsl ¢y, cofepKammasi L BHIOPAHHBIX KOHTHHYYMOB OTOOPasKeHusl).
W3 "npunnuma aprymenta 1.1.3 mosryynM nmpoTuBopedne, JIOKa3bIBAIO-
mee jeMMy. JIerKo BUJIETH, UTO yKa3aHHBIE HEEPECEKAIONINeCs OKpe-
CTHOCTHU CYIECTBYIOT B CHJTy 3aMKHYTOCTH OTOOpazkeHnus f.
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1.3 IIpuMmeHeHUe JIOKAJILHOI CTENEHU

1.3.1. Teopema. IIycmv 6 M™ 3adan npousdsosvroli xomnaxm E
u nycms omobpasicenue f : M™ — N™ maxoe, 4mo 6 xastcdoti Komno-
newme mmooicecmea M™\ E f — cobecmeenno u y(c) > 0 cywecmsy-
em ma Kadcdom Konmunyyme omobpascerus ¢ C M™ \ E. Tozda aubo
f(M™) = N", aubo f(E) D f(M"™\ E), m.e. 6 nocaednem cayuae ece
3HAUENUA, KOMOPBle omobpasicernue npurumaem ene E, ono npurnumaem
u Ha E.

Aoxazameavcmeo. Ecim f(M™) = N™ To Teopema JOKazaHa.
Ecmu xe f(M™) # N™, 1o H? (f (M"™)) = 0, Tak KaKk B 9TOM CJIydae
f (M™) — xomuaxTHoe nogmuozkecTBo N™. Torya crenens orobpazkeHnust
vy (M™, f,y) = 0 mas Bcex y € N™. Tak Kak Ha KaxK/OM KOHTHHyyMe
orobpaxkenust ¢ C M™ \ E cymecrsyer crenenb y(c) > 0, To Haiigercs
okpecrHocTh U(y) Toukn y = f(c) Takas, aro V(c) C M" \ E, V(c) —
kommonenta f~H(U) u v (V, f,y,U) > 0. Torja naiijercs KOMIIOHEHTa
Vl C fﬁl(U)a PARAEZS KOTOpOf;I ’Y(‘/lafaya Ul) < Oa f(Vl) D Y, IOTOMY YTO
cyMMapHasi CTEIeHb 7y (f_lU, 1, U) =5 (M", f,y) = 0. A Tak Kax Ha
BCeX KOHTHHYyyMax oTobpaykenus u3z M™\ E jiokaabHas crenedb 6obiie
mys, To Vi N E = &, u snaunT, cymectsyer ¢; C f~1f(c), c; C E. B
CHJIY TIPOU3BOJILHOCTU BBIOOPA ¢ TEOpeMa JOKa3aHa.

1.3.2. Teopema. IIycmsv f : D — D — cobcmeenrnoe omobpasice-
nue, D — obaacmo 6 M™ v E C D — 3amxnymoe nodmmostcecmeo
KOHMUHYYMOE 0MOOPANCERUA MAKUT, MO 0Af Kasicdozo ¢ C E natide-
MeA NOCAEO0BANEABHOCTND KORMUKYYMO8 omobpasicerus {c, }, Komopas
cxodumes k ¢, ¢, C D\ E. Ha kaotcdoli Komnonenme omgpuimozo mmo-
orcecmea D\ E cywecmeyem aokasvras cmenens omobpascenus y(c),
npusem y(c) >0 u f(E) = f(D) = Dy. Toeda 6 Dy cywecmeyem mro-
orcecmeo D) 6crody emopoti kamezopuu (na D1), das xascdol mouku
Yo KOMOPo20 Halidemcsa OeCKOHEUHAA NOCALOOSAMENLHOCML {Cm} KOH-
MURYYMO8 omobpancenus ¢y, C D\ E maxux, wmo f (¢m) = yo-

Hoxaszameawvcmeo. Oupenenum B D muoxkecrsa Fy, (p=0,1,2,...)
BCEX TOYEK Y, KayKJION M3 KOTOPBIX COOTBETCTBYET He Oojiee YeM p KOH-
tunyymoB orobpazkenus uz D \ E. Tak kax f kBaszuorkpbiro B D \ E,
TO JIETKO BUIETD, UTO JOMONIHeHne K F), oTKpeITO, T.€. F}, (p =0,1,2,...)
3aMKHYTO B D, ipn aToM m1g p > 1 MHOXKeCTBO F), /1aske KOMIIAKTHO B
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D.

OquI/I,J:LHO, 9TO NMET MECTO BKJIFOUEHU A
KhwCclky, ...CF,C....

ITokazkeM Telepb, YTO B HAIIMX YCJIOBHAX KaKJI0€ U3 MHOXKECTB Fj,
(p=0,1,2,...) murzme we mrorso B H = f(D). Homycrum, uro F,, comep-
2KAT HEKOTOPBIH OTKpPBITHIN map V u mycrs yg € V — onHa n3 Todek
nomycrumoit "kparaoctu" cpeiu Bcex Touek V' eit coorBeTCTBYET He 60-
Jiee 9eM p KOHTHHYyMOB oTobpaxenus ¢, C D\ (k= 1,2, ..., ko; ko < p).
Hasee, BO3bMeEM TaKue MOIAPHO Hellepecekaonuecst okpecraoctu U (cg),
3aMBbIKaHUs KOTOPBIX HpuHaiexkar D\ F: o6pa3bl 9TUX 3aMbIKAHUI CyTh
3aMKHYTBIe obstacTtu Vy, comepKariue TOUKy Yo cTporo BuyTpu. Ilepece-
4yeHue Beex Vi COJEepKUT HEeKOTOPYIO OKPecTHOCTh V' Touku yy B cuiry
KOHeYHOCTH k.

OueBuano, ygandas 3amkayTble obactu U(cg) uz D, nomydum He-
KOTOpyI0 00macTh D', comepkannyto KOMIAakT F 1 Takyio, 9TO HU OJHA
touka u3 D'\ E me mmeer obpasa sayTpm V.

ITo Teopeme 1.3.1 nj1g HEKOTOPOTrO KOHTHHYYMa OTOOpakenus ¢y € F
Gynem ummerwb: f(co) = yo. Tak kak F uurge He miorHo B D' =

ko
D\ | Ul(ex), To cymecTByer HOCI€0BATEIBHOCTh KOHTUHYYMOB OTO-
k=1

Gpaxkenust {¢p}, ¢ C D'\ E, cxoggmuxcst K ¢g : ¢y — Co M — 00.
Hauunas ¢ mekoroporo m, Bce 3uadenust f(¢,,) IONaIyT BHYTPb OKpPe-
craoctu V' touku f(cp) = yo, HO ITO NPOTUBOPEUUT TIOCTPOeHUIO V.

Bnaunt, MHOKecTBO F = | J F), ecTb MHOMKECTBO IIEPBOI KATETOPUU B

P
. oo
H u cieposaressuo, D] = H\F = (] (H\F,) 6yer Bropoit Kareropuy,
p=0
KOTOpOe, KaK JIETKO BUIETh, 00/1a1aeT TpeOyeMbIM CBOMCTBOM.

1.3.3. Teopema (o upogoskenun). Ifycmo f : D — Dy — co6-
cmeenno, npuvem y(c) > 0 (y(c) < 0) scrody 6 D, xpome, 603Mm0-
HCHO, MHOHCECTNBG KOHMUKYYMOE omobpascenus E C D maxoeo, wmo
Ff(D)\ f(E) scrody naomno s f(D). Tozda:

uay, omobpasicernue f asasemea de u xeaszuomrpuwmo 6 D, npuuem
~v(e) >0 (y(c) <0) das ecex ¢ C D;

uau natidemes nodmmooicecmseo E(0) C E konwmunyymos omobpa-
HCEHUA CO CACOYOUUMU CEOTCTNEAMU:
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a) E(0) omxpwmo 6 D;

6) E(0) cosnadaem co mMHOMHCECTNEOM 6CET KOHMUHYYMOG, OAA KOMO-
Pz () = 0;

6) na D\ E(0) omobpascenue f aeasemca de u scrody y(c) > 0
(v(c) <0);

2) umeem mecmo pasencmso f (D \ E(0)) = f(D).

Zoxazameavcmeo. Ilycrs ¢ — xouTunyym orobpazkenus, U(y)
— NPOM3BOJIbHAS OKpeCcTHOCTH Toukn y = f(¢). Ecom must xaxknoit
U(y) B cessnoit kommonente V(c) C f~Y(U) comepxarcs KoHTHHYY-
Mbl orobpazkenus u3 D\ E, To noaydaem a). Eciu xe Haiinerca okpe-
craocts U(y) Takasi, aro V(c) mosHOCTBIO JIe)KUT B E, 10 f* = fii*,
fo=1f . V — f(V) C f(E),i: f(V) - D;. Orobpaxenue fo —
cobcrBennoe orobpazkenne V' B U, obpa3 koToporo He copmagaer ¢ U.
IMosromy amamornaro jgemme 1.2.13 nosmyqaem, uro f* [H? (U(y))] = 0
u vy(c) =0, rak kak H? (f(V)) =0.

Muoxectso E(0) orkpsito B D. Torga D\ E(0) 3aMKHYTO, a 3HAYNT,
samkayTo u f (D\ E(0)) D f(D)\ f(E). U3 mnoraoctu f(D)\ f(E) B
f(D) u 3amxuyroctu f (D \ E(0)) ciexyer, uro f (D \ E(0)) = f(D).
Teopema mokazana.

1.3.4. Bameuanune. [Ilycte M"™ u N" — nucddepennupyembie MHO-
roobpasua kmacca C' mw f : M™ — N" — muddepennupyeMoe 0TO-
6paxkenne knacca Cl. Torma obpas muoxkectsa E(0) Touek, B KOTOPHIX
sxobuan J () obpamaercs B HysIb, cormacHo Teopeme Capra [205], nmeer
mepy Hyab B N™. Crienosaresbho, mononsenne K f (F(0)) Beromy mio-
THO B N". B TOuKax, B KOTOPBIX SIKOOMaH He PaBeH HYJIIO, CYIIECTBYET
CTereHb OTOOpaskeHust, paBHasd +1, B 3aBUCHMOCTH OT 3HaKa AKOOWa-
Ha [144]. Ucosnb3ys A0KA3aHHYIO HAME T€OPEMY O [IPOJIOJIXKEHUH, [0y~
YaeM yTBEPIKICHHE.

1.3.5. Teopema. ITycmv f : D — Dy — Juddeperyupyemoe cob-
emeennoe omobpasicenue kaacca C1 (D u Dy — obaacmu dugddepenuu-
pyemuiz mnoz006pasuti xaacca C') maxoe, wmo

1) J(x) >0 (J(xz) <0) danr scex x € D;

2) ecau ¢ — Kowmunyym omobpasicerus maxol, wmo npu T € ¢ (eciu
Cc — MesvPoAHcIenHbIl KOHMUHYYM O0MOOPANCEHUA, MO 0UEBUIHO, YMO
J(x) = 0 daa scex x € c) natdemes nocredoaAMENLHOCTb Ty — Lo,
o € ¢, maxaa, ¥mo J (py) > 0 (J (zn) < 0). Toeda omobpasicerue f
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asasemes de u keasuomrpomo 6 D, npuuem y(c) > 0 (y(c) < 0), dan
6cexr Konmunyymos omobpasicerus ¢ C D.

1.3.6. Ompenenenne. Omobpasicerue f : X — Y nasweaemesa mo-
HOMOHHBLM, €CAU 08 NPOU3EoALHOT mowku Yy € Y npoobpas f~ 'y ces-

3€H.

Puc. 1

1.3.7. IIpumep. IlycTh ToUuka ¢ ecTh 0bOmIas TOYKa ABYX cdep Oy-
kera S?\/S? u mycrs g : S? — S?\/S? — mMoHOTOHHOE OTOGpasKeHwe,
CTATUBAIOIIEE SKBATOD B TOUYKY ¢ U IOMEOMOP(HOe BHE 9KBaTOpa (CM.
puc. 1).

IIycts L — mmamerp onuoi m3 cdep Oykera, comepKamuii TOUKy ¢;
m: S? — L — oproroHaibHas IIpoeKius chepbl Ha OTPE30K. 3aaeM
orobpaxenme h : S?\/ S? — S?\/ L 6ykeToB IIPOCTPAHCTB, TOKIECTBEH-
HBIM Ha HepBoii cdepe, W MPOEKIMIo T — Ha BTopoit. Ilyers ¢ @ L — S?
— orobpaxkenue kjiaacca C ¢ ycaosueM ¢(q) = ¢ U yCTh OTOOpaXKEHUE
¥ : S?\/ L — S? 1o nepBoit KOMIOHEHTE TOXK/IeCTBEHHO, U 110 BTOPOii —
cosragarotiee ¢ ¢. Cynepnosurus f = 1phq — orobpaxkenne rracca C'™
Beiony f: 5% — §2.

1.3.8. Teopema. IIycmv M"™ u N" — Jupdepenvyupyemovie MmHo-
2006pasus waacca Ct u f @ M™ — N™ — duddepenuupyemoe omo-
bpasicenue waacca C' makoe, wmo MHOJICECTNEO0 MOYEK, 6 KOMOPHIT
J(x) # 0 naomno 6 mHodcecmee KOHMURYYMOS 0MOOPANCEHUA, . €.
ecau J(x) = 0, x € ¢, mo natdemces nocaedo8aMEALPHOCTb Ty — X0,
o € ¢, makas, wmo J(x,) # 0. Jas mozo, wmobv, f 6bii0 MOHOMOH-
nom U "ma”", neobrodumo u docmamouno, wmobo aubo v (M™, f,y) =1

u J(x) >0, aubo v (M™, f,y) = -1 u J(x) <0.
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Zoxazameavcmeo. HeobxonMocTh cpa3y BBITEKAET U3 TEOPEMBI
Capna [205]. HocrarognocTs cireiyer 1o teopeme 1.3.5, Tak Kak IpH
YKa3aHHBIX B HaIllell TeopeMe YCJIOBHUSIX ee YTBepKJeHWe obecrednBa-
€T CyIECTBOBAaHNE CTENEHN OTOOPAsKEHUST Ha KaXKJIOM KOHTHHYYME OTO-
Gpaxenus u y(c) > 0 (y(c) < 0). Ilpennonarasi, 910 it HEKOTOPOIL
Toukn y € N cymecTByeT Oojiee YeM ONUH KOHTHHYYM OTOOparkeHust
B 1poobpase, u npumMeHsisi "tpuHiun aprymenta 1.1.3, mogydaem mpo-
tuBopeune. Teopema 1.3.6 0606maer reopemy Hepua [266], B KoTOpOI
TpebOBaJIOCh HEOOPAIIlEHNEe B HyJIb SKOOMAHA HA KaXKIOM OTKPBITOM II0-
nmuOXKecTBe D (KOHTHHYYM OTOOPazKeHUsl MOXKET COJEPKATH OTKPBITOE
[IOIMHOZKECTBO).

1.3.9. /I HysapMepHBIX 0TOOpaKeHuit MeeT MeCTO CJIeIyIoliee Ba-
KHOe yrBepkIeHue [226]. Muoxecrso E(0) Tex Touek € D, B KOTO-
PBIX CymiecTByer crerenb v(x), upudeM () = 0 He COIEPKUT BHYTPEH-
HUX TOUeK, T. e. D\ E Bciogy wiotao B D. AHAJIOrOM 3TOro yrBepiKie-
Hus 6610 ObI yTBepKIeHue: 00pa3 MuoxkectBa F(0) TeX KOHTHHYYMOB
orobpaxkenust ¢ C D, Ha KOTOPBIX CyLIECTBYeT creneHb 7y(c), mpudem
~v(¢) = 0, He comep:kur BHyTpeHHUX Touek, T.e. Dy \ f (F(0)) Bcroxy
wiorHo B D1 = f(D).

Ecim 6b1 9T0 yTBepKIEeHWE UMEJIO MECTO, OHO OBLIO ObI AHAJOTOM
Teopembl Cappa s nuddepeHImpyeMblx OTOOpaXKeHnil, TaK KaK JIO-
KaJbHAs CTEIEeHb OTOOParKEHUsI WI'PAET JIJIsi HEIPEPBIBHBIX OTOOParKe-
HUl POJIb, AHAJIOTUYIHYIO POJIH siKoOmaHa B AudPepeHItupyeMoM CiIy-
yae. OHAKO I TPOU3BOJILHBIX HENPEPBIBHBIX OTOOPAYKEHWH yKa3aH-
HOE yTBep:KJeHne He BepHO. [lokazxkeM 310.

[TocTponm HenmpepbIBHOE COOGCTBEHHOE 0TOOPaXKEHNEe OTKPBITOTO KBa-
mpata Q? C R? ma OTKpLITLIN KBaIpaT, JOKATLHAS CTEIIEHb KOTOPOTO
pPaBHsIETCST HYJTIO HA KayKJIOM KOHTHHYyyMe oToOpazkeHust. Vmest mocTpo-
€HUsI COCTOUT B TOM, YTO CHadaJa Mbl orobpazkaeM Kmajpar (—1,1) X
(=1, 1) Ha eguamaHbI moaynaTepBad [0, 1), a 3aTem crponM Kpusyto Ile-
aHO, 0TOOPAaXKAIOIILY0 9TOT IOJAyUHTEepBas Ha kBajpar (—1,1) x (—=1,1).
[TepBoe orobpazkenue h Jierko ycrpouTh 1o 3akony h(A) = a, rue

A={@yl(zl<all=0\ (2l =all<a)}. 0<a<l

Jls1st 3a1aHIs BTOPOTO OTOOpaKeHUs IOy HHTEPBAJIA Ha KBAIPAT pa-
306peM nosyunrepsas [0,1) Ha CYETHYIO HOCJIEIOBATEIHHOCTD 3aMKHY-
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TBIX OTPE3KOB

1 13 27 —1 27t 1
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11 11
= _— = X —_—. =
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Kazxmomy mrrepsasy I; mocTaBuM B COOTBETCTBHE 00J1aCTh (). VI3Be-
craO [154], 9TO JIOKAJILHO CBS3HBIA KOHTHHYYM OYJET HelpepbIBHBIM
obpa3oMm orpeska. Bosbmem Takme orobpaxkenus: g; : I; — @Qj, npm
STOM CYIIECTBEHHO TO, YTO §; MOXKHO COIVIACOBATH TaK, YTOOLI 0TOOpa-

xemme g, g| = Gj OBLIIO HEIIPEPBIBHBIM. JIerKO BUIETh, UTO TaK IOCTPO-
E€HHOE OTO6p§i}KeHI/Ie g — cobcTBeHHO. B3sB cyreprno3unuio oTooparkenmit
f = gh, nonydaem Tpebyemoe orobpazkeHue.

[Tycts U(y) — orkpwitas obmacts B Q2, f~1(U) = V — ee mpo-
obpas npu orobpazkenuu f. Torma U = f(V) = gh(V). B srom ciyuae
f*H2F(U) = h*g*H2(U), tem ne menee g*H2(U) = 0, Tak xkax dim
g U = 1. Orciona caenyer, uro f*H2F(U) = 0, a B Cujly IpOU3BO/Ib-
HocTu BBIGOpa U mosiydaeM, 4ro CTeleHb y(¢) CyIecTByeT Ha KarxKJOoM
KOHTHHYYME OTOOPayKeHUsI U PABHA HYJIIO.

HoxkazkeM erre oqHy TeopeMy 0 auddepeHIupyeMbIX OTOOPAYKEHISTX.
st 3TOTO TOTpEdYEeTCsT CIIEAYIONAsl JeMMa, CIIpaBeIuBasi U B OOIIEeM
ciIyJae.

1.3.10. JIlemMma. Ecau f : D — D; — cobcmeennoe omobpasicenue,
¢ — KOWMUHYyYym omobpasicerus, mo 0as 106010 nocaedosamervHocmu
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{¢;} = ¢, ¢; C D, u omxpwmo-komnaxmuol nopyuu Q, aexcauets 8
HEKOMOPOM OMEPLIMOM MHooicecmee V. C D, cywecmsyem makot Ho-
mep ig = g (Qo), wmo das Kascdozo i > iy Hatidemes Maxas NOPUUsL

Qi D¢y, QZ - V; “mo V(Qlafaf(cl)) = ’Y(QOafaf(CO))‘

Aoxazameavecmeo. Ilycts ¢; C D uc; — ¢g C D npu ¢ — oo.
Bosbmenm okpectroctb U (yg) Touku yg = f(co) Takyro, aro U (yo) N
f(OV) = @, rorma mobas kommouenta Vi, 1 < k < kg, npoobGpasa
f~YU), nepecekarommas @, 1exuT BMecTe ¢ 3aMbikanueM B V. Torna,
yautbiBas "npuHiun aprymerTta' 1.1.3, mpuxoauM K BBIBOJLY, 9TO OYIyT
uMeTh MecTo cooTHomenus 1.3.11 u 1.3.12.

1.3.11. v (Qo, f, f (c0)) = %v%ﬁf (c0))-

Tak Kak ¢; — ¢p, TO Haiijiercss HOMep 4o Takoii, 410 f (¢;) € U (yo).
Homoxum Q; = (U Vi) f~1f (¢;) . Jlerko Busets, uTo Q; — OTKPHITO-
k

komnakTHag noprus fLf (¢;).

1.3.12. v(Qi, f, f (c) = 2270 (Vi £ f (c0)) = ;V(Vk,f,f(co))

K2
CpasuuBas 1.3.11 u 1.3.12, mosiygaem yTBepKICHUE JIEMMBI.
1.3.13. Onpeaesnenune. [lycmo f: D — Dy. Konmunyym omobpa-
atcenus ¢g C D naszvieaemces KoOHMuUKYYMom 63aUMHOT 00HOZHAYHOCTU,
ecau f71f (co) = co.

1.3.14. Teopema. Ecau f: D —" ., D, — cobcmesennoe dugpe-
peryupyemoe omobpasicerue xaacca Ct (D u Dy — omxprimyie obaa-
cmu duddeperyupyemor mmuozoobpazuti xaacca C', M™ w N™ coo-
meemcemeento), obaadamouyue naommoim mnooicecmeom E - wonmunyy-
MO8 63aUMHOT, 00HOZHAYHOCTU (00 NAOTHOCTBIO NOHUMAEM, 4O 0N
a106020 ¢y C D natidemes nocaedogamesvHocms KOWMUHYYMOE 0mobpa-
orcenun {em} — co, ¢m C E), mo f — monomonmo.

Zloxazameavcmeo. Ha kaxxjom KoHTHHYyMe oTobpaxkenus: ¢ C E
CYIIECTBYET JIOKaJIbHas crenenb y(c). O6oznaunm depes E,,, MHOKECTBO
Tex KOHTUHYyMOB orobpazkenusi ¢ C F, na koropsix v(c) = m. Vmeer
MECTO JIEMMA.

1.3.15. JIemma. Ecau mmoocecneo E(m) (E\E(m)) ectody naomno
6 nexomopotl okpecmuocmu V. C D, cocmoawed us KOHMuHyymos omo-
Gpasicerus, Mo na 6Cex KONMunyymax omobpasicernus ¢ C V. umeem me-
c¢mo pasercmeo y(c) = m (natidemes nocaedosamesvnocmo {Q;}, Q; —



26 I'nasal Henpepuienvie omobpasicenusn obaacmeti Ha MHO2000pA3UAT

Komnaxmmo-omxpviman nopyus f 1 f (¢;) maxaa, vmo v (Qi, f, f (ci)) #
m {¢;} — ¢).

Aoxazameavemeo. Ilycrs ¢g C V u (Q — npousBoJibHAsT OTKPBITO-
KoMmmaxTHas noprus f 1 f (cg), conepskamiast co. B cuity Toro, ato E(m)
(E'\ E(m)) Bciogy mwiotao B V, HalijileTcs HOCIEA0BATEILHOCTD KOH-
THHYYMOB oTobpaxkenus ¢; C E(m) (E \ E(m)), KoTopble CXOAATCHA
K cg. Torma, cormacuo Jiemme 1.3.10, Haiigercs HOMEpP iy Takoil, UTO
1T KasKJIoro i > 4o Haiimercss Takoi sjmeMeHT QQ; D ¢;, @; C V, uro
Y(Qi, f, f (i) = v(Qo, f, f (co)). Ho mak kak ¢; C E, 10 Q; = ¢;, u

carepoBarensio, v (Qo, f, f (co)) = v(¢;) = m (# m). B cuny upon-
3BOJILHOCTH BBIGOpa Qo JIEMMa JIOKA3AHA.

oxazameavcmeo meopemot 1.3.14. [lokaxkem, 9TO0 MHOKECTBO
E(0) He Moxker 6bITH Berogy mutotHbM B V. IIpeonoxum obparHoe. To-
raa 1o jemme 1.3.15 y(c¢) = 0 ayia Beex ¢ C V. Muoxkecrso f(V') uurme
He TIOTHO B D, Tak Kak obpa3 Hyseil CTelneHn BKJIIOYAaeTCs B 00pa3 Hy-
seit sikobuana. IlycTb ¢y — KOHTHHYYM B3aUMHON OJHO3HAYHOCTH, TIPH-
Ha yexamuii V. Beibepem mocienosaTenbHocTh TOYeK {yn} — f(co),
Yn ¢ f(V). IIpoobpas kommaxta A = (|Jyn) U f(co) — xommaxr. Bribe-

n

peM 1o Touke T, € [~ (yn), Torma {z,} — xo, w0 ¢ V, u f(xg) =
lim f(x,) = f (¢co). 3mech BO3HUKaET NPOTUBOpPEYNE C BEIGOPOM o KaK
Ty —T0

KOHTHHYyMa B3auMHO# opnosnagnoctu. VI 3aagnt muoxecrso F \ F(0)
B V Bcrogy wiorHO u, corstacHo Jjemme 1.3.15, y(¢) # 0 nyia Beex ¢ C V.
W3 jnemmbr 1.2.12 BbITEKaer, 9T0 f — KBA3UOTKPHITO.

ITokaxkem Temepnb, aTo f — MOHOTOHHO. Kcu 310 He Tak, TO HaltTyTCsT
JIBa KOHTUHYYMa OTODpaKeHus ¢ U cp Takue, 410 f (c1) = f(c2) = y.
Bri6epem okpecrrocTs U(y) Takylo, 4TO CBsI3HBIE KOMIOHEHTHI Vi 1 Va
us f~1(U), conepzaiiue ¢1 u ¢z COOTBETCTBEHHO, TIONIAPHO HE MePeceKaio-
tcsi. Orpannyenue f Ha KOMOOHEHTHI V;, ¢ = 1,2, — cobCcTBEHHOE, KBa3U-
oTkpbiToe. OTCI0/Ia BEITEKAET, 9TO 06pa3 V; J10J2KeH OBbITh OJTHOBPEMEHHO
3aMKHYT 1 OTKpPBIT B U (y), ciaenoBarensho, f(Vi) = f(Va) = U. Onnako
[0 YCJIOBUIO B V] JIOJKEH HAfTUCh KOHTUHYYM C B3aUMHOW OJIHO3HA-
qHOCTH OTOOpaxkeHust f, aro nporusopeunt pasercrsy f(V1) = f(V2).
Teopema jrokazana.

Ha

1.3.16. Caencreue. Ecau f : M —2 - N™ — dudpepenyupy-
emoe cobemeennoe omobpasicenue Jupdeperuyupyemvir MHo2000pasud,
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06./Lada10u46€ NAOMHBIM MHOHCECTNEOM KOHMUHYYMOE 683aUMHOT 00HO-
3HaYHOCMU, MO f — MOHOMOHHO.

1.3.17. Ilpumep 1.3.9 noKa3bIBaeT, 9TO yTBEPKJICHUE, aHAJIOTHIHOE
Teopeme 1.3.12; He UMeeT MEeCTO JJisi TPOU3BOIBLHBIX HEMPEPBIBHBIX OTO-
6pazkenwuii. [IpuBenennoe B mpumepe 0TOOparKEHWE MOXKHO ITOCTPOUTH
TakK, 9TOOBI OHO 0O0JIAIAJIO TLIOTHBIM MHOXKECTBOM KOHTHHYYMOB B3aMM-
HOH OJIHO3HAYHOCTHU, HO He ObLI0O MOHOTOHHBIM. Teopema 1.3.14 mepe-
HOCUT Ha coOCTBeHHBbIE quddepeHnupyeMble 0TOOPaYKEHHS CIIEIYIONLYIO
TeopeMy (cM. [226]).

IIycts f : D — R™ — HynbMepHOe orobpazkenue. Eciam MHOXKECTBO
TOYEK B3aWMHOW OJHO3HAYHOCTH TJIOTHO B D, T0 f — romeomopdusm.

AHAJIOrNYIHYI0 TEopeMy JIJisl HEMPEPBIBHBIX COOCTBEHHBIX OTOOpasKe-
HUIT MO2KHO JIOKA3aTh, €CJI OTOOpaskeHue [ armKJINIHO B PA3MEPHOCTSIX,
OTJINYHBIX OT HYyJIs, & UMEHHO.

1.3.18. Teopema. Ecau [ : D — D1 — cobcmsennoe omobpasicerue,
QUUKAUMHOE 6 PA3MEPHOCTIAT, OMAUNHOLE OM HYAf, m.e. H' ( f _1(y)) =
0 npu ¢ > 0, u obaadarouwee NAOMHBIM MHONCECNEOM KOHMUHYYMOS
830UMMHOT, 00HO3HANHOCU, MO f — MOHOMONHMO.

Zoxazameavemeo. Vcnoib3yst GpakTOpU3aIMOHHYIO TeopeMy Dii-
senbepra [353], upexcrasum f B Buge f = gh, rae h — MOHOTOHHOe,
a g — HyJIbMepHOe oTOOpaKkeHwusi. B Hamem cirydae h amukJImIHO BO
Bcex pasmepHOCTsX. Torma ms teopembr Boeropuca—Berma [202] ciemy-
et, uto h(D) — 060BIIEHHOEe KOTOMOJIOTHIECKOE MHOTOOOPA3He, T.€. Ta-
KO€, y KOTOPOI'0 TOIIOJIOTUYECKOE ITPOCTPAHCTBO I'PYIIT KOIOMOJIOTHUI, U
rnocjieiHre U30MOPQHBI COOTBETCTBYIOMMM rpymmnaMm obyactu D. To xke
UMeeT MECTO M Jisi TPYIIl MPOU3BOJIbHBIX Hojgobuacreit V- C h(D) u
h=1V C D. Orobpaskenne g GyjeT HyibMepHBIM oTobpaskerneM h(D) B
D1, obsraiaromuM BCIOLY IJIOTHBIM MHOXKECTBOM TOYEK B3aHMMHON OJTHO-
3nagHocTU. Torma, mo Teopeme 1.3.12 g — TOMOJIOTUYIECKOE BJIOXKEHIE.
Orcrona BeiTekaeT, uto f — MOHOTOHHO. Vcxomst u3 Teopemsr 1.3.18, Te-
opeme Breropuca—Beria MOXXHO IPUIATE CIEAYIONLYI0 (DOPMYIUPOBKY.

1.3.19. Teopema. Ecau f : M™ — N™ (uau D — Dy) — cobcmeen-
noe omobpasicerue maxoe, wmo H' (f’l(y)) =0 nput > 0 daa scex
y € N"™, a H° (f’l(y)) = 0 daa mHooICECMBA MOYEK Y, 8CIOAY NAOMHO-

20 6 N", mo H* (M™) ~ H* (N™) npu scex i.
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1.4 Kpurepnu MOHOTOHHOCTH

1.4.1. JIemma. Ilyecmv D — obaacms ¢ M™ u nycmo Uy u Us —
nenepecexarouueca obaacmu 6 D makue, wmo OU, = OUs u U UU, # D.

He cywecmeyem cobecmeenwnozo omobpasicenus f : D — Dy
(D1 C N™) makoeo, wmo 6binoAHEHbL YCAOBUA:

1) f(Ul) = f(U2)7'

2) fOUN)NfU;) =2,i=1,2

3) f*: HM 1 (f(0Uy)) — HI1(0U;) — anumopdusm.

Zoxazameavcmeo. Ilycth Takoe orobpazkenue cyiecTtByer. Pac-
CMOTPUM KOMMYTATHBHYIO JIHAIPAMMY C TOYHBIME CTPOKAMU:

HE=H(f (0Uh)) —— H (f (Uh)

| |5

n—1 J n n (77.
HP L OU) s HP(U)  —— 12 (T))

I'pynma H} (Ui) =0, tak Kak U; # D.

W3 rouHOCTH HIKHEN CTPOKHU JTUATPAMMBI CJIEJIYET, 9TO § — SMUMOP-
dusm, Torga §f* — smuMopdu3M U U3 KOMMYTATHBHOCTH JIAArPaMMBbI
¥ — suamopdusm. I'pymmna H? (U;) = Z Kak rpynna OTKpbITOi 061a-
cru, Ho torga H? (f (U1)) = Z (ona moxker GbITh Hy/IeBOI nin Z, Kak
n-MepHas TPYIIa CBI3HOIO MOJIMHOXKECTBA; HETPUBUAILHOCTD €€ CJIey-
eT u3 HeTpuBHAIbHOCTH f;) U f — m3omopdusm. Orcrona ciemyer, 4To
oTOobpaXKeHme

frofy  HE(f(Uh) — H (U UUz) = H (Uh) @ Hi! (Us)

— MOHOMOP(U3M.
B komMmyTaTmBHOM IuarpaMMe ¢ TOYHBIMU CTPOKAME

HEH(f () ——  HZ (f(T)

el ot

Hr=1(0Uy)  —— H» (Uh) @ H? (Uy) —— H? (T7UT5) =0

H? (ﬁlum) = 0, TaKk Kak ﬁUE#D.
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Torpma i* u i* f* — smMMOPdU3MBI U3 TOYHOCTH HUZKHEH CTPOKH, & U3
KOMMYTaTUBHOCTH JUArPaMMBbl BBIT€KaeT, 4To fi @ f5 — suumopdusm,
oTciosa cienyer, 4to fi & f5 — uzomopdusm.

Ho rpynna H? (f (U1)) = Z nwe moxeT GbITb m30MOpdHOI rpyIie
Z&7Z=H!U)®H! (Us).

JlemMma jgokazaHa.

1.4.2. Jlemma. [lycmo D — obaacmos 6 M™ u nycmo Uy u Uy —
nenepecexarowyuecs obaacmu 8 D maxue, wmo OU, = 0Us uw U1 UU; = D.

He cywecmsyem cobemeenwnozo omobpaosicenus f : D — Dy
(f (U1) C N™) maxoeo, 4mo evnoarenvs 00HOBPEMEHHO:

1) yeaosusa 1 — 3 aemmo, 1.4.1;

2) emenenv v (Uy, f,y) >0 npu i =1,2.

oxazameavcmeo. Ecin Takoe oTobpaskeHne CymecTByeT, TO CO-
riacuo jemme 1.4.1 oro6paxkenus fF : H? (f (U1)) — HP (U;) — uso-
MOpGU3MBI. 3aIUIeM KOMMYTATUBHYIO JTHATDAMMY:

HZH(f (0h) ——  HE(f(Uh)  —— HZ(f(D))

lh* lf{‘ Of; l

Hr=1(0U;) —2— HY(Uy) ® H (Us) ——  H'(D) —s

Tomomopdusm i* numeer HerpusnanabHoe syipo Keri* D {a, —a}, a #
0. B cuiy Tounoctn mmxkueit crpokn Imd = Keri*. Torma Imdh* =
Keri*.

U3 kommyTraruBHOCTH AuarpamMMmbl ciaexyer, 9ro Im (ff @ f3) D
Iméh* DO {a,—a}. B cuny yciaoBus 2 jJeMMBI 9TO BO3MOXKHO TOJIBKO
upu a = 0.

IMosyueHHOE TPOTUBOPEYUNE JTOKA3BIBAET JIEMMY.

1.4.3. Onpenenenne. Jlisa samxuymozo noommoocecmsa L C K
mnooiceemea K C M™ nasosem mnoocecmso Cy (f, L) (uau npocmo
C(f)) npedeavrwim, m.e. mmoscecmeo écex mouek o uz f(K) maxuz,
wmo cywecmeyem nocaedosamenvrocmo {z, } C K\L, HILH;O Zn =20 €L

u lim f(z,) = a.
n—oo
1.4.4. Oupenenenune. Ilycmv f — nenpepuehoe omobpasicerue

omxpwvimozo 6 M™ mmoorcecmsa D 6 mo oice npocmparcmeo M™. Haso-
sem omobpasicerue f 3amyrarouwum K 2panuye, ecat s nPpou3soNbHO-



30 Inasal Henpepuienvie omobpasicenusn obaacmeti Ha MHO2000pA3UAT

20 € > 0 natidemes § > 0 makoe, wmo uz p (x,0D) < & caedyem, wmo
p(z',0D) < e, 2de x' € f~1 f(z).

1.4.5. Onpenenenne. /s eparuyve 0D obaacmu D C M™ ha-
3oeem mmoorcecmeo Cp (f,0D) (uau npocmo C(f)) npedesvrvim, m.e.
MHOSICECME0 cer movex v u3 f(D) MmaKuT, wmo cywecmeyem nocie-
dosamenvrocmsv {z,} C D, nlirrgo Zn =420 € 0D u nILrgO f(zn) = a.

Eciu f onpeneneno na 0D, npeneabHoe MHOKECTBO IPOCTO 00paIia-
ercs B f (OD).

1.4.6. JIlemma. Yeaosue C(f) N f(D) = @ docmamouno, a npu
v(x) > 0 u Heobxrodumo das mozo, wmobv, [ GvLA0 3AMYTAIOUUM K 2P0~
Huye.

Loxazameavcmeo. Jocmamournocms. Ilycrs Bomonneno C(f) N
f(D) = @, o cymecTByer € Takoe, 9T0 s Beex O, > 0, {0,} — 0 naii-
JLYTCH Ty, U T}, TAKUE, 9TO p (L, dD) < 6, 1 p (x},,0D) > ¢, tne a}, € Fy.
Torpma u3 {z),} J€rko BBIIETUTH CXOZSILYIOCS TIOJIIOCIIEI0BATENLHOCTD,
HOTOMY 9TO BCE T), MOXKHO MOMECTHTH B KOMIAKTHOE IOJMHOMKECTEO,
rpaHHUIZ KOTOPOTO HAXOAUTCS Ha HOJIOXKUTEILHOM paccrogaun oT OD.
ITycts sTa moxmocienoBareasnocTs {@, } — o € D, Ho mpn sToM

{n} = OD; f(ea) = f (ah,) w lim f(a),) = lim f(an,) =

f(z0), a orciona ciemyer, 9TO HaIlle YCJIOBHUE He BBIIIOJIHEHO.

Heobxodumocmo. IlycTb BBIIOIHEHO yCJIOBUE 3aTyXaHUs K TDAHUIIE,
o C(f)N f(D) = A # @. Torna naitnyrea Toukn yo € A, g € D
takue, 910 f (x9) = Yo, U HOCIEAOBATEILHOCTD {Xy, } — 0D Takasy, 4To
{f ()} = f(x0). Haiigercs Takzke u 1ocsenoBaresbHOCTb {2, } — X
rakast, uro f (z]) = f (zp).

Torma st npoumssoJsibHOrO 6, > 0 cylmecTByer I, TaKoe, UTO
p (xn,0D) < §,. O6oznauum p (xg,0D) = €1, u Boibepem N Takoe, 4TO
p(x),w0) < G ana Bcex n > N.

Torma u3 ycnoua saryxamms ansg € = 5, p(x,,0D) > ¢ u
p(p,0D) > § nug Kaxkiuoro , € Fyr mpn n > N, a 310 o3Havaer,
aro {x,} /4 dD. IlogyueHHOE TPOTUBOPETNE TOKA3BIBAELT JIEMMY.

1.4.7. JIemma. Yeaosue C(f)N f(D) = & neobrodumo u docmamo-
YHO OAA MO020, ¥Mobv, omobpastcenue f 60 cOOCMEEHHBIM.

oxazameavcmeo. Jlocmamowrnocms. Ilyctsh s10 He Tak. Torma
Haiigyrcs komnakt A C f(D) u nocienosarenbHOCTS {2y, b — 0D Takue,
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aro p (f71(A),0D) =0 u z, € f~'A. Orciona Bbitekaer, uto f (z,) €
A C f(D). Ho, rak xak A — gomnaxr, {f (x,)} — yo € A, T0 ecThb

{ lir%Df (xn)] N f(D) = yo # @. Honyumin npoTuBopeUe.

Heobxodumocmo. Ilycrs nuist mpoussosibHOro kKomnakra A C f(D),
FY(A) — xommaxt, u nycrs C(f) N f(D) = B # @ Torna Haiijiercs 10~
CJIEJIOBATENBHOCTD {X,} — 0D Takas, aro {f (z,)} — yo € B. Muoxe-
ctBo A = {f ()} Uyo — Kommakr, a ero mpoobpas f~!(A) sxmouaer B
cebst TI0CIIeI0BATENILHOCTD { Xy, }, KOTOPAsi CXOAUTCS K TPAHUIE U HE MMe-
er npesesbroit Touku B D. To ects f~1(A) ne xommaxt. Ilomyuennoe
[IPOTUBOPEYNE JTOKA3BIBACT JIEMMY.

1.4.8. JIemma. U3 ycaosus C(f) N f(D) = & caedyem, wmo das
npousgosvrozo € > 0, natidemea § > 0 makoe, wmo das ecex x € D
maxux, wmo p (x,0D) < 4, p(f(x),0f(D)) <e.

Zloxazameavcmeo. Eciim 310 He Tak, TO HaiijleTcsl IIOCJIEI0Ba-
resbHOCTD {Tn} — 0D Ttakag, uaro y, = [ (zn), p(yn,0f(D)) > e,
limy, = yo € f(D), o tak kak A = {f (x,,)} U yo — KOMIaKT, TO 10
aevme 1.4.7 f~1(A) Takske sBIFIeTCS KOMIIAKTOM, a 3HAYHUT, {2, } /> OD.
Jlemma nokazana.

1.4.9. JIemma. Yeaosue C(f) N f(D) = @ docmamouno, das moeo,
wmobv, cmenens omobpasicenua f cywecmsosana 6 kKancdot movke yoy €
f(D) u 6vira odunaxosoi.

Hoxasamenwvcmeo. zsectro [349], 4T0 /151 BCAKOrO COGCTBEHHOTO
orobpaxkenust f : D — Y — crenedb 0TOOpayKeHUsl CYLIECTBYET JIJIst
Beex ToueK Y\ f(OD) u mocTostHHA HA KaxK IO CBA3HON KOMITOHEHTE Y \
f(0D). Kak nokazano B semMMme 1.4.7 0ToOpakeHue, yI0BIETBOPSIIOIIEE
YKa3aHHOMY BBIIIIE YCJIOBHIO, COBEPIIEHHO, KpoMe Toro, f(D) — cesa3HO
KaK HEeIPEePLIBHLII 00pa3 cBst3HOil obnactu D. Jlemma mokazana.

1.4.10. Teopema. ITycmov f : D — N™ (D — omxpwoimoe mnooice-
cmeo 6 M™) u ewnoanenv ycaosus:

1) C(f) N £(D) = &;

2) das xaorcdoli Komnonenmu, D; C D natidemes omxpwumasn nop-
yus 'y = U;NOD eparuys 0D maxas, 4mo ecau nocaedosamessbHocms

! ’
{zn} — 0 €T (zy, € D), mo nocaedosamervrocms {xn} — xg, ede x,,

— npoussoavhas mowka us f L f (x,), uT'; pasbusaem ceoro omxpuimyro
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oxpecmnocmov U; ¢ M™;
3) na kaoicdom wowmunyyme ¢ C D cywecmeyem aokasvhas cme-
nens y(c) > 0.

Tozda 1) f| — monomonnoe omobpasicenue; 2) 2omomoppusm f*

H? (f(D)) — H (D), undyyuposarnwviii omobpascenuem [ — u3o-
MOpPHu3M.

Joxazameavcmeo. a) Eciu D — orkpbiTag 06JacTb U B IPOU-
3BOJIbHOI OKpecTHOCTH | HaliyTCd TOYKHU, He puHAAIeKarue D, Haii-
nerca Uy — orkpbiTas obsactb B R™ rTakas, uro I'y = Uy NnoD C T.
Paszbuenne ua Uy \ D 100npesiesinM oHOTOUETHBIM.

Takum obpaszom ompemeneHHoe pa3buenne BMecTe ¢ pa3dueHneM, nH-
JyrupoBaHHBIM oTobpaxkenneM f ma D, 3amaer npoekiuio P : U — Y,
rae Y — npocrpanctso pasbuenus. Crenens orobparkenust P|p coBnaia-
er co cremeHbio orobpaxkenust f. Jljist mpoekiuu P BBIIOJIHEHO yCJIOBUE
aemmsbl 1.4.9 Cy (P, 0U) (P(U) = @, a 1103TOMy, COINIACHO 3TOii JleMMe,
CTeleHb OJMHAKOBa BO Beex Toukax P(U).

g 3amgryToro B U muoxkectBa D U 'y = F mMmeeT MecTo TOUHAA
[I0CJIeI0BATEILHOCTD

rie H!(X) — rpynmbl KOTOMOJIOTHET ¢ KOMIAKTHBIME HOCHTENISMHI C KO-
s dunmenTaMu B rpynie 7Z — HeJbIX IUCEL.

Tpynuet HY (U\ F) u H? (U) paBHBl Z KaK n-MepHbIE IPYIIIBI KO-
IOMOJIOTHUHi N-MEPHBIX OTKPBITBIX ObsiacTeil.

H!(F) =0, tak kax F = F # U.

O6osnaunm V = P(U), H = P(F). Torga nMeer MecTo KOMMyTa-
TUBHAsI JarpaMMa

H!(V\H) —— H! (V)
0 lp* l,n
HM(U\F) —~— H"(U) —— H"(F)=0

Ananornano npenpymemy samedannio H (V\ H) =Z, H? (V) =

c
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Z, P* — uzomopdusM B CHUJIy OZHOTOYeIHOCTH P . Orobpaxkenue
U\F

p*: H» (V) — H? (U) onpesiessier creneHb 0TOOparKeHMsl.

Orobpaxenne i : HY(U\ F) — H (U) — suumopdusm (B cuiry
TOYHOCTH TocieoBaTeabrocTr napsl (U, F')). VI3 sToro BbITEKaeT, 4To
n orobpaxenne p* : Z = H' (V) — H! (U) = Z — suumopdusm (B
CUITy KOMMYTATHBHOCTH JMArPAMMBI), & 9TO BO3MOXKHO TOJBKO TOT/IA,
Korja 1 — uzomopdusM, T.e. crerenb oTobpazkenus v = +1. Kak 6b110
3aMedeHO BBIIIe, (L Oy/IeT cTerneHbio oTobpaxkeHus f.

Tax xak y(c¢) > 0, To umeer mecro "upuHnUn aprymenTa”

l=v= > 7(),

ceFc

u 3aa4uT, v (¢') = 1. I3 TOro, 4To JIOKaJabHAs CTeleHb 0ToOparKkeHust f
TOXKJIECTBEHHO DaBHA €JIMHUIIE, CJEJYeT, ITO [ MMeeT TOYHO OJIUH KOH-

TuHyyM orobpazkenus mig rouku y € f(D). Caenosaresnbuo f|  — mo-
D

HOTOHHOE OTOOpaskeHue.
6) Ecnu D = |J D;, tme D; — orxpoirsie obmacru, u I'; # I'; upu ¢ #
i

J, TO Jyist JOKA3aTeIbCTBA JOCTATOYHO IOKA3aTh, UTO IIPH 0TOOPaKeHIH
f 0Bpasbl pa3IUUHBIX KOMIIOHEHT MHOXKeCTBa D He IIepeceKaroTCsl.
Paccmorpum cityuait, korja obpassl f (D) u f (D2) JBYX KOMIIOHEHT
D nepecekarorcst, HO He cOBIamaioT. Torja mo MenbIneil Mepe Jiis OtHOI
u3 aByx obusacreit f (D) u f(Ds), mycrsb i OIpeIeIeHHOCTH 9TO Oy-
ner f(D1), Haiimercss npezesibHas TOUKA Yy, KOTOpas JEXKUT B JAPYroii
06JacTy, a 3HAYNUT, Ha MOJIOXKATEIHHOM paccTosiHuu or rpanunst f (D).
B cuity MOHOTOHHOCTH OTOOpArKEHHsI HA KaXKJOf KOMIIOHEHTE JIjIsi 1I0-
caegosarensrocta {y,} C f(D1) N f(D2); {yn} — y Haitmyrcsa mocie-
noBarensuoctn {z,} € Dy, {z),} — 0Dy u{z]'} € Do, {z]}} — x¢ € Do,

f () = f(«). Torna I/Hj%pf ()| N f (zo) =y, 9To npoTHBOPEUUT
ycaosuio 1. ’

Ocraercst TOKa3aTh OMUOOTHOCTD IIPEJIIOJIOKEHNUSI, ITO 0OPA3BI JIBYX
pas3IuaHbIX KOMIOHEHT Dy u Dy muOXKecTBa D cOBIAIaIOT.

Ecim noprmst Ty # T's, MBI cpa3y monydaem mnporuopeune. Ilycrs
x1 € Ty, o € T, Torma miust {z,} — 1, {r,} € D;, nHaiinercs
{an} € Dos {al,} — ODa, f(an) = f(27), {27} — 2 # 21, a snaunr
Hafinercs ancao N, aro myst Beex n > N, p (x,, 2),) > a Ay1a HEKOTOPOTO
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GbUKCUPOBAHHOTO YHCA G, YTO TPOTUBOPEUUT YCIOBUIO 2.

IIycts Teepns 'y =T =T

ITycts U orkpeitas obiacts B R™ Takast, uro UNOD; = UNOD, =T
HomnomanMm pasbuenne, nHAyIHpOBaHHOe oTobparkennem f uHa D1 U Day,
onuoroueunsiM Ha U \ (D1 U Ds). Jlerko Bugers, uro npoekuus P 1o-
JIYIEHHOTO Pa30meHust OyJIeT OTKPBITO-3aMKHYTBIM OTOOpaKEeHUEM, st
KOTOPOT'O BBITIOJTHEHBI Bee yesioBust jieMMbl 1.4.9. Ilycte X = UUD{UDs,
F=X\D,,Y=P(X),V=P(Dy).

Ucnonp3yst TOIHOCTH KOTOMOJIOTHYECKUX TTOCTIEIOBATEIFHOCTEH map
¥ KOMMYTATABHOCTD JIMATPAMM IIOJIYIAeM

H (V) —— HI(Y)

lh* lu*
HE (D) —— HI(X) —— HI(F) =0,

rjie h* — nzoMopduU3M B CHJIy TOHOJOrHYIHOCTH f, a 3Ha4uT, U P Ha
Dy, H(F) =0, tak kak F' = F # X (3aMblKaHHe PacCMaTpPUBAETCS B
npocrpascrse X )

H'(X)=17, H!'(Y)=L.

AHaJIOrMYHO O0KA3ATENHLCTBAM MPEJBIIYIIAX TEOPEM MOy IAEM, UTO
~v = 1. Ho Tak kak Mbl npeanosaranu, aro f (D) = f (Ds), T0 crenensb
orobpaxkenust f, B cuiry HepaseHcTBa y(z) > 0, He MOXKeT ObITh MEHbIIE
2. TlostyueHHOE IPOTUBOPEYNE NOKA3BIBAET YTBEPKICHUE.

B) Ilycre D = |J D; u maiizercs napa MHIEKCOB § # j Takas, 9TO
i

I'j = I';. Paccmorpum obacThb D = D; UD; UTl;. Cobecreennoe oro-
6paxkenre f upaynupyer Ha D; U D; nosyHenpepbIBHOE CBEPXy pa3bue-
uue [154]. JTonosaum 910 pasbuenne 10 pastuenns obmacti D oxHOTO-
geunbIM Ha ;. JIerko yoeuThest, UCIob3ysl YCJIOBHUE 2 TEOPEMbI, IYTO MbI
MOJIyYMM TIOJTyHEIIPEPBIBHOE CBEPXY pa30ueHune objiacTu D'. lnst obna-
cru D' mmeem: D; N D; = @, 0D; = 0D; (paccMaTpuBaeTCsl OTHOCH-
TeJbHAs TPAHUIIA B Dl) D;uU Fj =D

U3 nyHkTa a) J0Ka3aTeIbCTBA CJIELYET, 4TO OTPAHNICHNUS f’ u f‘
D; D,

MOHOTOHHBI. LITO6I)I JI0Ka3aTb, 4TO f MOHOTOHHO, JOCTaTOYHO IIO-
D;UD;

kazarh, 910 f (D;)Nf (D;) = @. [Ipenmomozkum, 4T0 3TO IepecedeHne He
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nycro. B cuiy cobcrBeHHOCTH OTOOparkKeHUs U IIOJIOKUTEILHOCTH CTelle-
HI Ha KazKJI0it kommonenre, ecu f (D;)Nf (D;) # @, 1o f (D;) = f (D)
(vuHaue cTeneHb HA OMHOM M3 KOMIIOHEHT PaBHSIACH Obl HYJIO). Paccmo-
TpuM mpoekIimio P pa3buenus: obractu D'

Ha D;, D; npoexiusa P coBnajaer ¢ f. 9To 3HaUUT, YTO MBI IIOCTPOU-
s oTobpaxkerue P co cBoiicTBamu:

1) P(D;) = P (Dj);

2) P(T;,)NP(Dy) =@, k =1,j; (B Cluly OHOTOYEIHOCTH PA3OUECHIIs
Ha I[';);

3) P*: H» 1 (P(T;)) — H* ! (T;) — uzomopdusm, tak xak P

T

— TOMeOMOp(U3M;

4) creunens 7y (Dy, P,y) = v (Dg, f,y) > 0 upu k =14, j.

Ho B cuty semmbr 1.4.2 Takoe otobparkenue e cyiiecrByeT. [TyHKT
B) JIOKa3aH.

r) Ilycte D — orkpbiTas 061acTh, HO B OKpecTHOCTU [ HeT TOYeK, He
npunasyrexkarmux D (I' — gacrs BHyTpenneii rpanuipr). Beibepem V. —
OTKPBITYI0 OKpecTHOCTD I Taxyto, uro VNOD =T, f~1f (V\I') = V\I.
Hnst sroro gocrarouno nonoxute Vo= I'U (D\f~'f(D\U)). Torxa
V\ID pacnanaercs Ha OTKpbITBIe obsactu V; u jyist V\OD BBIIOJHEHDL

IIYHKTBI 6) U B) JI0Ka3bIBaeMOil TeopeMbl. 3HAUUT, f ‘ — MOHOTOHHO U
uv;

fo - HY (f (UV;)) — HI (UV;) — m3oMopdusM.

PaCCMOTpI/II\l KOMMYTaTUBHYIO JUarpaMMy:

H(f(WV) —— HI(f(D))

| |

HI (V) —— HXD) —— HND\UV)

Ipynna H? (D\ UV;) =0, rak kak D\UV; = D\UV; # D.

Amnasornano nemme 1.4.1 ycranasiusaem, 9ro f* — uzomopdusm,
rorya crenens 7y (D, f,y) = 1.

Tax xak y(c) > 0, To f~1f(c) cocrout U3 W30IMPOBAHHOTO MHOZKE-
CTBa KOHTHHYYMOB OTOOpasKeHUsI U MMeeT MecTo "TpuHIui apryMmenTa:

1=~v(D, fy)= Y, v(c'),

'Cf=1f(c)
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!
3HAYUNT, Y (c) = 1. Uz sroro pasencrsa BuguM, uato f~1f(c) = c, Te.
orobpaxkenue f — MOHOTOHHO.

Teopema mokazaHa.

3ameuanne. Yike U3 X0/a JJOKA3aTEJIbCTBA TEOPEMBI JIETKO BBITEKA-
€T, UTO OHA OCTAHETCS BEPHOI mpu 3aMeHe ycjoBus 2), ecau f onpeze-
gerno Ha [' ycioBuem 2l) JJ1sI HEKOTOPOM OTKPBITOH mopruu ' rpanuiisr
dD Taxoit, uro H?1(T') # 0, Torma f wHIyTMpPYeT STHMOPQOHU3M

froHTH(fD) — HXTH(T) m f(D)NCp (f,0D\T) = 2.

1.4.11. Teopema. Ilycmv f: D — N™ u 86inoanens, Ycaosus:

1) Cp (f,0D)N f(D) = 2;

2) natidemcs samrnymoe muooicecmeo F | npunadaesicawsee epanuue,
u omxpumoe nodmnooicecrneo U C 0D, 2de U — (n — 1)-meproe mhnozo-
obpasue maxoe, wmo U\F — necesaszno, npusvem 6 10600 okpecmuocmu
U aseosrcam enewnue mouku x D u f nenpepwieno npodossicaemces wa U ;

3) Hr2(FNU) # @ u h* : H 2 (Fy) — H» 2(FNU) — snu-
moppuam, 20e Fy = f(FNU), a 2omomoppusm h* 2pynn xozomorozud
uHIYyUposar omodpasicenuem f;

4) fF(ENU)N(f (U\F)UCp (f,0D\V)) = ;
5) Ha Kasrcdom Kowmuryyme omobpastcenus ¢ C D cywecmeyem ao-
Kaavras cmenens y(c) > 0.
Tozda 1) f| — monomonnoe omobpasicerue;
D
2) 2omomoppusm f* : H? (f(D)) — HZ (D), undyyuposan-
Houll

omobpastceruem f, bydem uzomopphudmonm.

oxazameavcmaeo. B cuny ycioBusd 4 HaliieTCsT OTKPBITOE ITOIMHO-
xectBo Uy C U Taxoe, uto Uy = f~1f (Us) n F pasbusaer Us. Ilyctnb
Uy — casnas xkommonenta Us\F, Uy # Us.

a) Iycrs f~1f (Ug) = Up. B atom ciryuae Uy — CBsA3HAST KOMIIOHEHTa
U\ F, BOsu3u KOTOPOIi UMEIOTCsl BHENIHUE TOYKHU. 3aMETUM, 9TO B CUJLY
ycoBus 2 Takas KOMIIOHEeHTa Bcerma cymectsyet, Vo = f (Up), Uy =
Up U F. Ucrnionb3ysi TOYHBIE MOCJIEIOBATEILHOCTH U KOMMYTATUBHOCTH
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JuarpaMm IIojrydaeM CJACJAYIONLYIO JuarpaMmy:

Hy=2(Fy) —— H7H (Vo)

lh* lf&
H'=2(F) 0 HM ' (Uy) —— H = (Uo) =0.

ITpu sToM h* — smuMopduU3M 110 YCIOBUIO TEOPEMBI, d7 — SMUMOPdU3IM
13 TOYHOCTU KOTOMOJIOTHIECKOIT ITOCJIeI0BATEIHHOCTH IIaPhI (70, F) To-
Ija, B CUIy KOMMYTATUBHOCTH AUarpaMMbl, fi — snuMopdusM.

Mycrs Dy = f(D), Torga MOXKHO 3a0MCATH KOMMYTATUBHYIO IIHa-
rpaMMy

HE=t (Vo) —— HE (Dy)

s b
H =Y (Uy) —>— H'(D) —— H?(DUUp) = 0.

Ipynna H? (D UUp) — paBHa HyJI0 noromy, 4ro Bosmsu Uy MMeroTcs
BHemHue To4ukK. Kak ObLI0 MOKa3aHO BbIIe, fj — smuMopdusm; & —
SMUMOPGMU3M U3 TOTHOCTU KOTOMOJIOTMYECKON MMOCIIEIOBATEIbHOCTH T1a-
pst (D U Uy, Up) .

Torma B culy KOMMYTATHBHOCTH JHATCPAMMEL (1* — smumopdusm. [o-
MomopdusM p*, kak u B Teopeme 1.4.10, onpesessier crerensb 0TOOparke-
uusi. COrIacHO TOCJIeTHEMY, PACCYKJICHNUSI, AHAJIOTUIHBIE TPUBEICHHBIM
B KOHIIE JI0Ka3aTesbeTBa TeopeMbl 1.4.10, mokaseisator, uro f|p — ro-
MeomeopdusM. B aTom cirydae Teopema J0Ka3aHA.

B) Ilycrs f~1f (Ug) # Uy. Torna A = f~1f (Uy) — necsizno. Bribe-
pem otkpbITyio obsacts Wy C D rakyto, uro Uy C Wy, HO tipu 3TOM
OWo N (A\Up) = @ u Wy — xommonenta 1 f (Wp). Hocennee Bozmo-
JKHO B CHJTy Toro, uto Uy — xommonenta f~1f (Up).

ITpu Takom BhIOOpPE OrpaHudeHue f ‘ — cobcrBeHHOE. AHAJIOTHMYHO
Wo

CJIydalo a) MOXKHO II0Ka3aTh, 4ro f — MOHOTOHHOE OTOOpasKeHue u
Wo

romomopdusm f* o HP (f (Wy)) — H (Wy) — usomopdusm. Same-

THM, YTO B CHJIy TOTO, UTO JIOKAJIbHAsI CTEIeHb He 0OpAIAeTCs B HYJIb,

kaxtas komnonenta W; C f~1f (Wy) orobpaxaerca na f (Wy). Eciu

obozuaunts U; = OW;NOD, To, B cuity ycaoBusi 1 1 HAIIIETO 3aMedaHus,
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f(U;) = f(Up) . Bamernm, uro A — obaacts B (n — 1)-MepHOM MHOTO-
obpasuu U, F D OU; (ecam paccMaTpuBaTh IPAHUIYY OTHOCUTENHHO A).
[Ipeamonoskum, aro KommonenT W, 6osbine gem 2. Torma nmeem:

1) f(U:) = f (Uo);

2) f(F)N f(Us) = &

3) KOMMYTATUBHYIO JUAIPAMMY

H? 2 (Fy) —— HI'(f (Uy))

s I+

H" 2 (FNU) —>— H''(U;) —— H*™ ' (U;UF)

Ipymma H? 1 (U; UF) =0, tak xak U; UF = U; U F # A.

Tora u3 TOYHOCTU HIXKHEN CTPOKU JHarpaMMbl BBITEKAET, YTO NOMO-
Mopduambl § u §h* — snuMOpPdHBL, a U3 KOMMYTATUBHOCTH JIAATPAMMBI
cienyet, 9ro f; — smuMopdusM.

Ho, xak mbI ycranoBmwim B jtemme 1.4.1, oToOpazkeHus C IepeInCIeH-
HBIMH CBOMCTBAMH HE CyIIECTByeT. 3Ha4nT, dacreil W; ne GoJbIle JIBYX,
a ecsim u ase, To Ug UU; U F = A.

ITycre Bomodseno f (Ug) = f(U)) n UgU U, UF = A.

st obstacreit Uy u Uy BBINOJTHEHBI TIEPEYNC/IEHHBIE DAHEE TPHU YCJIO-
Bus. PaccMOTpUM JHarpaMmy:

HH(f (Uo)) —— HI (f (W)

I+ Js

HY(U) —— HIXW,)) —— HI(W,UuU;)=0

Wcnonb3ys npeapliylye PacCcy kK IeHus, IPUXOIUM K BBIBOLY, 4To f/ —
srmumopduam. V3 mogoKuTeTHLHOCTH CTENEHU CJIeIyeT, IYTO TOMOMOP(U-
*
3MBI f COXPAHSIOT OPUEHTALNIO, HO B 9TOM CJIydae JOJIKHBI COXPAHATD
OpHEHTAINNIO U roMoMOpdu3Mb! [
Dro B cBotO Ouepens 3Hauwt, uto ¥ (U;, f,y) > 0, i = 1,0. Ho, kak
YCTAHOBJIEHO B JieMMe 1.4.2; Takoe 0OTOoDparkeHrne HeBO3MOXKHO. VTak, MbI

yeranosuin, uro fLf (Wy) = Wo, f ‘W — MOHOTOHHOE OTODparKeHue u
2 D (f (Wo)) — HZ (Wo) — snmopdusy.
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Tora, ncnosib3ys KOMMYTATUBHYIO JTHATDAMMY

He (f (Wo)) —— HI (f(D))

| !
Hr (W) —— HI (D) —— HI(D\Wo) =0

U PacCyKJIeHWs], AHAJJOTTYHbIE IPUMEHSIEMBIM [IPU J0KA3aTEIbCTBE TEO-
pembl 1.4.10, ycTanaBInBaeM yTBEPIKJIEHUE TEOPEMBI.

Ilycts f: D — N™, tme D = D; x Dy x ... x Dy, D; — obmnactu B
ni-MepHbIX MHOroobpazusax M, D; # M, >~ n; = n. OueBnHo, 4TO
torga H (D;) =0, H.(D;) = H. (D;) = 0 upu [ > n,.

Baenem obo3nadenus
D1 XDQ X ... XDi_l Xﬁiani—&-l X ... ><8Dk :Ai, 1= 1,...,]{}7

Dy x Dy x...xDj_1x9D; x..x 0D, =B;

Ouesnnno, uro A;\B; = B;41 udim A, = n—k+i,dim B; = n—k+i—1.
Nnmeer mecTo Teopema.

1.4.12. Teopema. ITycmo f: D — N™ (2de D umeem eviueyrkasar-
nolll 6ud) makoe, wmo:
D f (aD)ﬂf( ) =2;
2) f(Bi)Nf(Biy1)=9,i=1,2,...,k—1;
3) f(Br) N f (D\By) = 2;
4) omobpasicenue hi : HP =% (f (By)) — HM % (By), undyyuposan-

Hoe o2paHuveruem f — anumoppuam;
B,
5) na kasicdom Konwmunyyme omobpastcerus ¢ C D cywecmeyem ao-

Kaavras cmenens y(c) > 0.
Tozda 1) f| — monomonnoe omobpasicerue;
D

2) 2omomoppusm f* . H? (f(D)) — HZ (D), undyyuposan-
HouTl
omobpastceruem f — usomoppusm.

Jloxaszameavcmeo. O603HAINM

h, s HEZM 7 (f (Bn)) — HETH 1 (By)

roMoMOpdu3M, UHIYIIUPOBAHHBII OrpaHnyeHuem f

m
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PaccmoTprM KOMMYTaTUBHYIO JiMarpaMMy:

HE=Mm=(f(B)) —— HE ™" "(f(Bta)

J/h:n lh;+l

HEoRm =4 (By) =" HETMM(B) s HITH(A).

ITo dbopmyne Kronunera
H =M (A,,) =

HZL_IH_m (Dl X Dy X ... x D;_1 X E X BDiJrl X .o X f)Dk) =

= Z Hi (Dl X D2 X .o X Di,1 X 8Di+1 X ..o X 3Dk)*Hg (E) ©®
l4+j=n—k+m

® Z H! (D1 % Dy X ... X Di_q X 0Dy % ... x 0Dy)*H} (D;)
l+j=n—k+m+1

d1m(D1 X D2 X ... X Di,]_ X 8Di+1 X ... X 8Dk) =n— k—&—m—dlle

Torna Hé (Dl X Dy X ... x D;_1 % 8DZ-+1 X ... X aDk) = 0 upm [ >
n—k+m—dimD,;.

Ho nuia Bemmosnenust pasencrsa |+ j = n — k + m — 1 Heobxoumo,
9TOOBI UMEJIO MECTO OJIHO U3 HEPaBEHCTB: Jjinbo [ > n — k +m — dim D,
aubo 5 > dim D;.

Orciozia cieyer, 9To BTOpas CyMMa paBHa HyJ0. AHAJOMMIHO, Tep-
Basl CyMMa, JIaeT B PE3yJIbTATe TOJBKO OJIHO CJIATAEMOE:

H;l_k—i_m_dlmDi (Dl X D2 X ... X Di,1 X 8DZ-+1 X ... X aDk) ®
dim D; (7.
®Hc B (Dz) s
mo Hdim D (E) = 0, u snaunt, H?**™ (A,,) = 0, a mostomy, B cuTy
TOYHOCTU HUZKHEH CTPOKHU JUarpaMMbl, d,, — suuMopdusM. Yciosue 2)
obecrieamBaer coOCTBEHHOCTH oToOpaxkenuit. Torma smuMop@dHOCTH 0TO-
Opazkenusa Ny, BjaedeT 3a coboit snuMopdHOCTD Ay, . OTobparkenue hi
— 3MUMOP(MHO IO YCJIOBHUIO TeopeMbl. [TocsieoBaTe IbHBIM IPUMEHEHIEM
IPEJBIAYIIX PACCYKISHUH Oy InM, ITO hj, — SIIMOpdU3M.
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PaccmoTpuM KOMMYTATUBHYIO JirarpaMMy

HEH(f (Br) —— HE(f(D))

| |7
- s —
H™'(By) —— HP(D) —— H}(D)=0;

ee KOMMYTATHBHOCTb oObecredeHa yciaosusmu 1 u 3. I'pynma H (E)
obpamaeTcss B Hyjlb, TaK KaKk ) — 3aMKHYTOe COOCTBEHHOE IOJIMHO-
xkecrBo M™. I'pyunet H? (D) u H? (f(D)) — usomopdust Z. Teuepn
YTBEPKJEHUE TEOPEMBI JIETKO CJIELyeT U3 PACCY2KJIEHWN, [IPUBEICHHDBIX
B KOHIIE JIoKa3aTeabcTBa TeopeMbl 1.4.10.

1.5 Ilpumepsl U IpUMEHEHUA

1.5.1. Ilocrpoum mnpumep, KOTOPBI MMOKA3BIBAET CYIECTBEHHOCTH
TpeboBaHusi, 9TO mopuus rpaHuiel I' B Teopeme 1.4.10 momkua OBITH
OTKPBITOM.

Orobpaszum obJiactsb ¢ aAByMsi "KoHnamu" Ha 00J1aCTh C OJHUM "KOH-
nom" (cM. puc. 2).

TELIT]

Gend

Puc. 2
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I'panunamu stux obiacreit OyyT crimpaseodpa3Hble JUHUN 0e3 Kpa-
THBIX TOYEK, KOTOPBIE ACUMIITOTHYECKHU MPUOITHAKAIOTCS K OKPYZKHOCTSIM
' u f(T) coorsercrBenno. s ynpoienus o0bsacHeHus 3aJaHust [ Ha
obimactn D (obmacte ¢ aByms "KoHiamn") ¢JiesIaeM BCIIOMOTaTe/IbHBIE
paspessr: obiactu D — 1o orpeskam AB u C'D, KOTOpBIE JIeXKAT Ha
ocu Ox; a obmactun F(D) — no orpesky A’'B’, KOTOpBIi JIe?KUT Ha OCH
O'z’. Tak xak obsactb K orpanudena kourypom ABC D n npeicrasiis-
eT coboii TOMOJIOTMIECKUi KPYT, €€ MOYKHO OTOOPA3UTh HA €IUHUIHBII
KPYT TOMOJIOTMYECKUM OTOOpaskeHneM T Tak, 91obbl orpesku AB u C'D
[IepeNuId B eHTPaJIbHO-CAMMETPUYHbIE Ay Ha oKpykHoctu OT(K), a
touka O — B mentp kpyra. K 7(K) npumenum orobpazkenue z2. OHo
obmaaer cpoiictsom: z27T[AB] = 227[CD], u orobpaxaer 7(K) na enu-
HugHbI Kpyr. Tenepb K mosydyeHHOMY 06pasy JIOCTATOYHO MPUMEHUTH
TOMOJIOIUYIECKOe OTOOpaXKeHue 7', KOTOpoe OTOOparKkaer ero Ha TOIO-
JIOTUMECKA KPyT, OorpaHmveHHbiii koutypom A’'B’, m mepesomur ayry
2?7 [AB] B orpesok [A'B’], a Touky 2270 — B O'.

Bynem cuurare f ‘ = 7/227. Ocrajoch ompenejuTs f Ha 060X
K

"kounax" u okpyzkuoctu I'. OTobpasum oba "konmna" obsiactu D, Ka-
Kbl romeomopdHo, Ha "koHer" obiactu f(D) 1o ciemyromeMy mpa-
Buity. Bysem nposoauts jiyun uz rouek O u O obacreit D u f(D). Pac-
CMOTPUM TIPOU3BOJIbHBIH Jiyd O, Borxoasmuii u3 Touku O MoJ| yIJIoM (v K
ocu Ozx. ITocraBum emy B coorBercTre Jiyd O'l’, BRIXOAAMIUI U3 TOUYKH
O’ nox, yrutom « k ocu O'z’.

O6a Jsryua mepecekaroTcst co cBoumu "koumamu" coorBeTcTBeHHO. Tak
kak repecedenne Ol ¢ oboumu "koHmamu" geperyroTcs, pa3odbeM Tu
nepeceveHnsl Ha IOCIeI0BaTe IbHbIE TTapbl, HaunHas ¢ Toukun O. Ha sTux
napax sazaauM orobpaxenue f Tak, urobsl flo, 8] = f[v,d] = [/, 5],
npudeM f — roMmeoMOp(dHO Ha KayKJIOM OTPe3Ke W IPEJICTABJISIET COOOM
HEeIpepBIBHOE Tpojoikerne orobpaxkenusi [ ¢ obsactu K. Touke me-
pecedernsa Ol ¢ T' mocraBuM B cooTBeTcTBUE TOUKY mepecedenue Ol ¢

f(). Jlerko BuzeTh, YTO IPU TAKOM OILpPEIEJCHUH f| HMEeT CTEleHb
D

orobpaxkenust Y = 2, a f ’ ABJISIETCST TOMEOMOp(MU3MOM. BoImosHsttoTcs
r

Bce ycaoBust TeopeMbl 1.4.10, kpome oot — I' He dABJIsI€TCS OTKPBITOM
nopueil rpaHuIbl. AHAJOTUIHOE 0TOOPAYKEHNE MOYKHO IOCTPOUTD JIJIst
MIPOU3BOJILHOTO 7Y = M, YBEJIUIUBAsI COOTBETCTBEHHO KOJIMYECTBO "KOH-
noB". IIpumep MOXKHO PACHIPOCTPAHUTH HA TPOU3BOJILHYIO PA3MEPHOCTD
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n > 2, ocymectsisig Hag D u f(D) KOHMUEeCKne HaJICTPOHKH.

1.5.2. Ecin B npumepe 1.5.1 u3 obsractu D uckirounts obsacts K
(cM. puc. 2), JIerKo MOJIyYUTh NPUMep OTOOparKeHHsl HECKOJIBKUX 00JIa-
creit ("konios") Ha ommy. Kaxkmas o6sacTh 0TOOpazkaeTcsi roMeoMOop-
duo. Bee obmactu nmeror oKpyKHOCTH I’ Kak ODIIyI0 9acTh I'DAHUIILL.
Teopema 1.4.10 B 3TOM cIydae He IPUMEHNMA, TaK KaK ' He IpesicTas-
JIIET COOO OTKPBITOH MTOPIIUN TPAHUIIDI.

Puc. 3
1.5.3. Cuemayromuii npuMep IOKA3bIBAET CYIIECTBEHHOCTH TpebOoBa-
HUsl, 9TOOBI MHOXKecTBO F mMmesno okpecrHocts U, tiae U — (n — 2)-

muoroobpasue (cMm. teopemy 1.4.11, yenosue 2). 3agamum orobpazkenue
obmactu D (cm. puc. 3) Ha obsacts Dj.

IIposenem Bemomorarensuble paspesst A'B’, A”B", A;B;. Jlerko
BHJIETh, 4TO HoJy4usinuecs objaactu D’ u D" romeomopdusl obracrtu
W = D\ [41B1]. OrobpasuM kaxayro u3 3tux objacreii roMeoMop-
dbuo Ha W (BMecTe ¢ 3aMbiKaHIeM Kaxk10i). Tomeomopdusmbl BeIGEpeM
rakumu, uro f (A'B') = f(A"B") = A1By; f(A') = f(A") = Ay
f(B') = f(B") = By. Torna, eciu B kauecrse F' Boibpars Touku «, (3;
f(a) = a1, £(8) = B, Synen mvers HO(F) = 7, HO(F) ~ H° (Fy) n
MHOXKecTBO F' Oymer pa3buBarh CBOIO OKpecTHOCTH. Teopema 1.4.11 He
[PUMEHNMa, TaK KaK OKPEeCTHOCTb MHOXKecTBa F' He mMHOroobpasme. B
JIAHHOM TIpuUMepe creredb orobpaxenus y(f, D) = 2.

1.5.4. Onpenenenne. Mnooicecmeom eemesenua By omobpadice-
nusa f: M™ — N™ nasvieaemca mMHodcecmeo mouek, 6 xomopuxr f ne
b6ydem NOKANLHBIM 20MEOMOPPUSMOM.

IIycts M?" u N?" — KoMIuIeKcHBIe MHOroo6pasus u f : D — N2»
— rosomopduoe orobpaxkenue obsactu D C M?". Ilycrs B  — MHO-
»xecTBO BeTByieHus f. V3BecTHO, 9TO J171sT TOJIOMOP(MHOTO 0TOOpaKeHMsT
dimB; < 2n — 2, . e. D\By — cBszuo. B cuny Teopemsr Capna,

Ff(D)\f (By) Bcrogy miaorno B f(D). mocKoIbKy 0TOOpazKeHne f’D\B —
h
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JIOKAJIbHO TOMeOMOPGHO, TO JIjIs Kaxk10ii Toukn x € D\Bj cymecrByer
JIOKaJIbHAsI CTelleHb oTobpakenus y(x) = +1, u B cuiy casuoctu D\ By
— oxuoro 3uaka. IIycts y(z) = 1, ecim @ € D\By. B cuity TeopeMsl 0
nponokennn 1.3.3 Ha KaxkKJI0M KOHTHHYYyME OTOODParKeHUsi CYIIECTBYET
JokasbHag crernedb Y(c¢) > 0. Torma mis rosomopdHbix 0TOOparkeHuit
KPpUTEPUN MOHOTOHHOCTH MOXKHO 3aIiChbiBaTh B Buae TeopeM 1.4.10 —
1.4.12, onyckasi TpeGoBaHue cylecTBoBanusi crernenn y(c) > 0, Koropoe
BCET/Ia BBINIOJIHSIETCS. YCJIOBH, HAKIaIbIBaeMble Ha OTOOpAXKEHNEe B 9TUX
TeopeMax, 00ecedanBaT ero cobcrBeHHocTh. Ecmu D u Dy — obmactu
€BKJIMIOBOIO KOMILJIeKCHOro mpocrpancTBa C™, TO n3BeCTHO, 9TO BCAKOE
cobcTBeHHOE ToJIoMOpgHOe orobpazkenune f : D — Dy OTKPBITO U HU30-
smpoBaHo. s Takux 0TOOparKeHUil MOHOTOHHOCTD OY/IeT COBIAIATD C
roMeoMOP(MHOCTHIO. 3HAUNT, YCTAHOBJIEHHbIE HAMU KPUTEPHH MOHOTOH-
HOCTH COZIepKAT B cebe IPUHIUIBI TPAHITIHOTO COOTBETCTBUS HYIbMED-
HBIX OTKPBITBIX OTOOparKeHnit KAK YaCTHBIN CJIydail.

1.5.5. IIpumep. U3BecTHo, 9T0 KIaccutdeckas GpOPMYIUPOBKA ITPUH-
M8 TPAHIIHOTO COOTBETCTBHs Tpebyer jmmib, uTobel f : D — R?
ObLIO BHYTPEHHUM (T. €. M30JIMPOBAHHBIM U HYJIBMEPHBIM) OTOOPAIKEHN-
eM KOpJaHoBoii obsiactu D u romeomopdusmonm ua 0D. B dopmysiupos-
KaX HAIIX TeOPeM BXOJNT, Ka3aJ0Ch Obl, U3JIUIIHEEe TPEOOBAHNE

f(D)nf(OD) =2 (%)

(nmm ero Bugonamenenust). OKa3bIBaeTCs, KaK Mbl YBUJUM HUXKE, €CIIH

He TpeboBaTh HUKAKUX OrpaHudenuil na rpaxuily (tuma 0D — cBa3Hoe

MHOroo6pasue), ycjuosue (*) HeOOXOIUMO JlazKe B IJIOCKOM CJIydae.
Paccymorpum orobpazkenne

D={@u|[*+y* <A [@-17+y* 21]}
Ha KpyT
D, = {(m,y) ’xQ +y° < 4}.
JIjist SICHOCTH ONMCAHHS OrPAHIYHMCS CHAYAIA OTOOPaKeHHeM o100 ra-
ctu D' C D na noyjobnacts D) C Dy:

D ={(@v)|[(w.9) € D] Al 2 0]},

D7 ={(@y)|[@y) e D] A @z 0)v [@- 1" +y2 <1]]}.
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Jlerko BuseTh, 9TO ObJIACTH D' u D’1 roMmeoMopdHBI MEXKTy CODOii,
boJiee TOro, UX MOXKHO OTOOPA3UTh JPYr HA JIpyra HEKOTOPBIM I'OMEO-
MOPGU3MOM , OCTABJISIONIMM Ha MECTE€ COBIAJAIONIYI0 9aCTh IPAHUIIBI
7 TIEPEBOISATITIM

A={@y|[@-17+y

1}A[x>o]}

Alz{(x,y)‘ [(x—1)2+y2=1} /\[x<0]},

AC D', \ C D).
Hoompenennm p no orobpakenus f obmactu D 1o TPUHITALY CHM-
METpUH:
e ={ 4%
o(z), 2 ¢ D
(Z 1 P KOMILJIEKCHO COIPSIZKEHHbIE K Z U (9 COOTBETCTBEHHO ).
Herpyamno yGemurbesi, 9T0 Tak IOCTPOEHHOE OTOOpakenwe f Jio-

KaJbHO ToMeoMOp(dHO BO Bcex Toukax z € D wm f — TOMeo-

mopduzm. [mobamsro f — me romeomopdusm, mnomobiacte Vo=
2

{(x,y) ‘ (r—1)"+¢y> < 1} obmactu D1 mpu oTobparkeHun [ IMOKPBIBa-

ercst iBaxKIbl. EcrecTBeHHO, yciaoBue (%) He BBITOJHEHO.

1.5.6. YrBepxkaeuue. Ecau f ‘ — omKpuIMoe omobpastcerue, mo
D
yeaosue (%) a8MOMAMUMECKY 8LINOAHAEMCA NPU mpebosaruu, wmo 0D

— €8A3HOE MH02000DA3UE U f‘ — 20MEOMOPPUSM.
oD

Loxasameavcmeo. B cuny orkpeiroctu f, 0f(D) C  f(0D).
ITycrs ycooBue (x) mHe BBINONHEHO, Torma Of(D) # f(OD). Paccmo-
tpum G = f(OD)\Of(D) — orkpsiroe nogmuoxecreo f(9D). B cuny
HeTpepLIBHOCTH oTOoOpaskennss f mpoobpas f~1(G) — oTkpwIToe TOJ-
mmrozkectso OD. Torma D\ f~1(G) romeomopduo df (D) B cuty romeo-
MopdusMa na rpanune. Orcioma ciemyer, uro H™ 1 (aD\ f_l(G)) =
H"=1(0f(D)) # 0. HepasencTso HyIto MOC/E/IHEl TPYTIILI CleyeT 13
TOUHOI KoroMosiornieckoii nocseaosareasnocru napst (f (D) ,0f(D)).
Ho 0D\ f~}(G) # 0D — 3amxnyTOE TIOJMHOKECTBO MHOrooGpasust OD,
nosromy H"~* (8D\ f~(G)) = 0. V3 nosyuenHoro npoTusopednst cie-
JIyeT UCTUHHOCTH YTBEDPIK/ICHMUSI.
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1.6 KparHOoCcTh oTOOpakeHuii obsacreit

A. Kocunckuit B pabore [309] moctaBui ciemyromnue BOIPOCH.

1. IlycTh MBI IMeeM KOHETHOKPATHOE HElPEPBIBHOE OTOOPAYKEHUE 1~
MepHoro Jjincta Mebuyca M™ B e quHIYHBIM map Q" Takoe, 4To f oToOpa-
xkaer rpanuity M"™ romeomopdHOo Ha rpanuily Q™. Byaer jin MHOXKeCTBO
Touek u3 (Q", KOTOphle MMEIOT 110 MEHbIIell Mepe Tpu Ipoobpasa, UMeTh
pasMepHOCTh N7

2. IIycre f — HenpepbiBHOE 0TODOPaskeHue n-MepHoro Jjmcra Mebuyca
M™ B enuanuHbl map Q" Takoe, 9ro f orobpaxkaer rpanuryy M" Ha
rpanuiy Q" co crenennio 1. CyiiecTByer Jin IpH 9TUX YCJIOBUAX TOYKA
y € Q", uMerorias Mo MeHbIeil Mepe Tpu 1mpoobpasza? BeimosHeHo Jin
pasencrso f (M™) = Q™7

B sTom naparpade mano moKazaTesbCTBO ODIMErO yTBEPKIEHUs, U3
KOTOPOT'O KaK CJIEJICTBUSI TIOJIy9IaeM YTBEPIUTETbHbIE OTBETHI HA MTOCTAB-
JICHHBbI€ BbIIIIE€ BOIIPOCHI.

[TockosibKy MBI He MpejoaraeM aAlpuopu OPUEHTHPYEMOCTH MHO-
roobpasuii (a B ciaydae sucra Mebuyca ee u He 6yJer), TO Mbl 4yTb
0600ITM KOHCTPYKIIMIO CTelleHn oToOpaxkeHust B 11. 1.1, paccMmarpuBast
rpymmsl ¢ KoddgduiuenTaMu B rpyime Zs BbIYETOB 110 MOAy0 2. Ecim
D C M"™ — orkpbiTas 00JIaCTh, TO JJIs IPyII KOTOMOJIOTHIA C KOM-
nakTHeIME HocuTeasmu mod 2 umeem HY (D;Zs) = Zg. 3ameTnM, 9ro
opuentupyemoctu M™ nHe mpeanonaraercs. Mbl MoxkeM BuIOpaTh 0Opa-
sytomyto rpynust H? (D;Zs), KoTopyro obo3HadaeMm uepe3 ¢p. llpes-
nojaraeM takxke, uro f : D — Dy (D; C N™) — cobcrBeHHOE OTO-
OpaskeHne OTKPBITBIX 0bjacTeil , T.e. IPooOpa3 MPOU3BOJIHLHOTO KOMITa-
KTa, npuHasexamero Dy, ectb kKommakT B D. Beibepem ajs mpown-
3BOJIBHON TOYKH Yy € D1 HEKOTOPYIO CBI3HYIO OTKPBITYIO OKPECTHOCTH
U(y) C D;. Cymecrsyer uncio k = {0, 1} Taxoe, aro jf* (gv) =k - gp,
e j: HY (f_l(U); Zg) — H" (D;Zy) — xaHOHWYeCKuii romoMopbusm,
a romomopdusm f* : HY (U;Zs) — HY (f_l(U); Zg) WHTyIIUPOBAH OTO-
OpaxkenueM f. D10 unciao obozuauum deped Yo (D, f,y) u Hazosem cre-
meHbio oroOpaxkenuss mod 2. Jlerko mpoBepuTh, UYTO B OPUEHTHUPYEMOM
ciIyuae

VQ(Dafay) = "Y(Dafay)m()dQ?

rue v(D, f,y) — crenennb orobpaxkenus. Kpome Toro, eciu {D;} — co-
BOKYTIHOCTb OTKPBLITBEIX Tofobmacreit D Taknx, uro D; N D; = & npu



1.6 Kpamnocms omobpasicenuti obaacmets 47

i # j n orpanmuenus: f Ha D; u Ha |J D; — cobcTBeHHBIE OTOOpAYKEHWsT
i

B f(UD;) = f(D), To nmeer mecto caenyromuii "npuanumn aprymenTta:
i

72 Uthay :sz(Di,f,y)modz

CyMmMa B TIpaBoii 94acTH ONPEJIeIeHa KOPPEKTHO, MOCKOIbKY, KAK JIEI'KO
ybemurbes, o (D, f,y) OWIMYHA OT HYJS TOJIBKO HA KOHEYHOM YHUCJIE
CJIaraeMbIX.

1.6.1. Omnpenenenune. Ilenoe wucao yo <UUi,f,y) =
i
S v (Ui, fiyg) mod2 = ~2(Q) nasosem Q-cmenenvro mod2 omo-
i

bpastcenun f.

1.6.2. Onpenenenune. Bydem 2080pums, wmo cobcmeernoe omoopa-
IHCEHUE UMEEM HA KOHMUHYYME O0MOOPAHCEHUA C NOKAADHYIO CMENEHD
y2(c), ecau cywecmeyem omxpvimo-xomnaxmmuas nopyua Q O f71f(c)
MaKas, 4o OAf NPouseoaLHots omKpLmo-Komnarmiot nopyuu Q C

Q, makot, wmo Q' D ¢, Yo (Q/> = const (= y2(c)).

Takum 0Opa30M BBEJIEHHAs! CTEIEHb IPHUCIOCOOJIeHA Ui U3y JIeHUs
oTobpazkeHuit obJiacTeil HEOPUEHTUPYEMBbIX MHOrOOOpasuii. B opuenTu-
PYEMOM CJIydae OHA COBIAJAET C JIOKAJBHOW CTEIEHBI0 HA KOHTUHYYME
oTobpakeHusi, npuBefieHHONH 1m0 mod 2. JIerko ycTaHOBUTH CBOWCTBa U
YCJIOBUSI CYIIECTBOBAHUS CTEIEHN 7o (c). Bee 9Th yesioBust JIETKO MOJTy-
YAIOTCSl U3 yTBEPXKJICHU, aHAJOMMIHBIX YTBEPKICHUSIM TIEPBOro Iapa-
rpada. MeTospl ux 10Ka3aTeIbCTBA TOBTOPSIOTCS ¢ OUEBUIIHBIMU U3Me-
HEHUSIMH, TIO9TOMY MbI He OyJIeM Ha HUX OCTAHABJIUBATHCS.

OrmeruM TOJIBKO "mpuHIUIT apryMeHTa" s JIOKAJBHON CTEeleHwu:
€CJIM JIOKAJIbHASI CTEIEHb CYIIEeCTBYET HA BCEX KOHTUHYYMaX OTOOpayke-
mus ¢; C f~1f(c) C D, To mMeeT MecTo paBeHCTBO

(D, fy) = 3 Aa(c)mod2.
cCfly

CyMmma B mpaBoii 4acTu OIpeJiejieHa KOPPEKTHO, TaK KaK M3 yCJIO-
BHS CYIIIECTBOBAHUS CTEIIEHN HA KOHTHHYYME OTOOPaKEHUs CIIEIYET, 9TO
TOJIBKO KOHETHOE UHCJIO CJIAra€MbIX OTJIUIHO OT HYJIS.
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1.6.3. Ompenenienne. Cobcmeennoe omobpascenue [+ D — Dy
HA306EM KEAZUOTMKPOIMLLM HA KOHMURYYME OMOOPAHCEHUA C, ECAU ONA
NPOUSBOALHOLO OMKPLIMO20 MHodcecmea V , codeporcawsezo ¢, 0bpas f(c)
npunadaesrcum Int f(V)) no omuowenuro x Dy.

1.6.4. Jlemma. IIycmo f : D — D — cobemeennoe omobpastce-
nue. Ecau f ne xeazuomxpoimo na Konwmunyyme omobpasicerus ¢, mo
cywecmeyem aAokaavraA cmenens ya(c) = 0.

loxazameavcmeo. Ilycts orobpazkenne f He KBa3HOTKPBITO Ha
KOHTHHyyMe orobpaxkenusi c¢. Haiimercs okpecraocts V(c) Takas, 9ro
fle) € 9f(V). Torma f(c) € Of (Vi) g IPOU3BOJIILHOIO OTKPBITO-
ro mHOXKectBa Vi C V mmeer mecro Bkiodenume Vi, DO c. Ecmm U
— orkpartast okpectrocts f(c), To f(f~1(UNWV1)) # U n snaun,
H? (f (f_1 Un Vl)) ;Zg) = 0. Ho orcroma cinemyer, 9To JIJ1sT TPOU3BOTb-
HO# OTKPBITO-KOMIIaKTHOH moprmu Q@ C 1 f(c), mpunamtexameit V,
cymecrByer Q-crenenb mod2 v2(Q) = 0, a Torga u3 oupeieaeHus Jo-
KaJIbHOI CTEIIEHN BLITEKAET PABEeHCTBO Y2 (c) = 0.

[Tepeiitem K OCHOBHOMY yTBEP2KIEHHIO TTaparpada. 3aMeTuM, 9To BO
BCEX IOCJIEYIOIINX paccykaeHusx [ — oTkpbiTast objacts M"™, a D —
OTKpbITas 0b/1acTh MHOr00Opasus N” ¢ KOMIAKTHBIM 3aMblKanueM D1

B N™.

1.6.5. Teopema. ITycmo f : D — Dy — cobemeennoe omobpastcerue
maxoe, wmo:

1) f(0D)N f (Int D) = &;

2) H2 =1 (0D; Zs) #0;

3) eomomoppusm fi : HP 1 (f(OD);Ze) — HP 1 (OD;Zs), undyyu-

posannvill oeparuvenuem f| . — uzomoppusdm;
aD

Tozda aubo f ‘ — eomeomoppusm, subo natdemcs mouka Yy €
D

Int Dy, umerowan no menvwed mepe mpu npoobpasa ¢ D. Ecau orce
u3eecmmno, wmo omobpasicenue [ HYAbMEPHO, MO 60 GMOPOM CAYUGE
mnooceemeo A = {y|f~1(y) cocmoum ne menee wem us mpex mouer}
UMEEM. PASMEPHOCTL M.

,HOKaBaTeJIBCTBO TeoOpeMbl pa3J1eJIMM Ha HECKOJIbKO JIEMM.

1.6.6. JIemmMma. I[lycmv 6bnoAHeHdbL YCAOBUA MEOPEMBL U Y €

f (Int D).
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Toz0a natidemea xowmunyym omobpadicerus c C f~1(y) maxoti, wmo
f ma ¢ xeazuomrpumo.

Aoxazameavemeo. B camom gese, ecim orobpaxkenue f He KBa-
3MOTKPHITO Ha KOHTHHyyMax oTobpaxkenns ¢ C f~1(y), To mo jemme 1
v2(¢) = 0. CorsacHo ONpesIeIeHNIO CTeneHn Yo (¢), HAWIeTCsT OTKPBITO-

koMmakTHag mopmasa @, f~1f(c) D Q D ¢, Taxad, 9TO 7o (Ql) =0

!
s Becex () C (). Bribupasi KOHEUHOE TTOTIAPHO HEITEPECEKAIOIIEeCs 110~
kpoitue {Q;} mna xommakta fLf(c) ¢ 2 (Q;) = 0, B cuny "npunruna
aprymenTa" Iosydaem

%2(D, fy) = 12 (Qi) =0
i=1

C apyroit CTOPOHBI, PACCMOTPUM KOMMYTATUBHYIO [IHATDAMMY

HEH(£(0D); Zy) —— HE (f(D);Z2)

| |

H? =1 (0D;Zy) —— HP(D;Zo) —— HY (Do)

Jlerxo BunmeTh, uro H (ﬁ; Zg) = ( KaK rpymnma 3aMKHYTOIH T0100acTh
M™. Torna W3 TOYHOCTH IMOCJIEIOBATENLHOCTH TPYII B HUXKHEH CTPOKE
BBITEKAET, UTO TOMOMOPhU3M § — snuMopdusm. OTCIoa Oy IUM, ITO
cymepnosunus fid, a B Cuily KOMMYTATHBHOCTH JUATPAMMBI 1 TOMOMOD-
dbusm f* — summopdusmbl. Suaunt, H? (f(D);Zs) # 0, a 910 BO3MO-
JKHO JIjIsi COOCTBEHHBIX 0TOOpazkeHuil jmiib Toraa, korga f(D) = Dy u
H! (f(D);Zs) =~ H (D1;Zs) =~ Zsy. Ho suumopdusm rpyuisl Zy Ha cebst
Beerja uzoMopdusM, T. e. crenenb Yo (D, f,y), KOTOPYIO OH OlIpeesisier,
paBHa 1.
IMosrydenHoe IpoTHUBOPEUNe JOKA3LIBACT JIEMMY.

[Ipeanomoxum, aro f . He romeoMopdusM. B nagpHeitmux paccy-

JKJIEHUSIX HAC UHTEPECYET CIydail, KOraa BCe KOHTHHYYMbI OTOOPAYKEHHS
SIBJISIFOTCsT TOYKaMU (T.e. OTOOpasKeHHe HyJIbMEPHO), MHAYe, eCJId XOTsI
ObI OJIMH KOHTUHYYM HE BBIPOXKJICH, TO TeOpeMa TPUBUAILHA: HA HEBBIPO-
JKJIEHHOM KOHTHHYYME CYIIECTBYET TPU PA3IMIHBIC TOUKH, TIEPEXOISIIIIE
[IpU OTOOPaKeHUH [ B OIHY.
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1.6.7. JlemMma. IIpu 6vinoamenuu Ycao8uti MeEopembv, He CYULLCMEY-
em omxpumozo muoocecmea W C f(D) makozo, wmo xadicdas mouka
y € W umeem 6 mounocmu dea npoobpasa.

Aoxazameavcmeo. llycts naiizercs oTkpbiToe MHOXKecTBO W C
f(D) rakoe, uro Kaxnas Touka y € W uMeeT B TOYHOCTH JiBa IPOOGDa-
3a. Beibepem y € W, Torma f~1(y) cocrour u3 apyx Todex x; u xz. Co-
riacHo jgemMe 1.6.5 xoTst OBl 11t OJHON U3 9TUX TOYEK, IIyCTh ITO OyIeT
1, oTobparkeHue OyJIeT KBA3MOTKPBITBIM B 1, T.€. JJI TPOU3BOJILHON
okpecraoctu V' 3 z1, y € Intf(V). Beibepem okpecraocrs V (z1) Ta-
Koit, arobbl V (1) Nze = @ u f(V (x1)) C W, a okpecrHOoCTh V (22) —
takoit, urobbl V (21) NV (z2) = @ u f (V (x2)) C f(V (21)). Torma, co-
[JIACHO CTPOTOil AByKpaTrHOocTH To4YeK u3 W, f Ve — romeoMopdusM,

T2

HO ToryiAa W f MOXKET OBITH TOJIBKO NOMEOMOPMU3IMOM.
V()N f=1f(V(22))
Ms1 mostygmsin, 9TO B HEKOTOPBIX OKPECTHOCTSX TOYeK X1 U T f Oy-

JIET JIOKAJIbHBIM TOMEOMOPMU3MOM, & 3HAYMT, Vs (1) = Y2 (x2) = 1. U3
"puHIMna aprymesTa cieayer, 9ro

Y2(D; f,y) = [v2 (z1) + 72 (¥2)] mod 2 = 0,

a 9TO, KaK yzKe TOKa3aHo B jJeMMe 1.6.5, HEBOZMOXKHO.
1.6.8. Onpenenenune. Touka x € D nasveaemca moukoli 83aumHoli
0dnosnaumocmu omobpasicenua f: D — Dy, ecou f71f(x) = 2.

1.6.9. Jlemma. ITycmo f: D — N — nyavmeproe omobpasicerue.
Ecau mmooicecmeo movex 83aumnoti odnosnawnocmu E naomno 6 D,
mo [ — eomeomoppusm (mouree — MONOAOZUMECKOE BAOIHCEHUE).

Ora semma jokazaHa B 1. 1.3 (Teopema 1.3.18) jisi MOHOTOHHBIX
OTOOPAKEHUIA.

1.6.10. JIemma. Ecau f — nyasvmeproe omobpascerue, 045 KOMOpo-
20 GUINOAHEHDL YCAOBUS TNEOPEMDL, O MHOHCECTBO MOYUeEK 00pa3a, ume-
0WUT 68 MoYHocmy 06a npoobpasa nuzde He naomro 6 Di.

oxazameavcmeo. Ilyctr Jsiemma HeBepua. Torma Haiimercs
oTKpbITOe TIoaMHOKecTBO W C f(D) takoe, uro B W ILIOTHBI TOUKH,
HMeIoIue B TOYHOCTH 1aBa npoobpasa. Ilycrs y € W rakas Touka, 9ro
f~Y(y) cocrout B TOUHOCTH W3 ABYX TOUEK Ti U To. Kak u B Jemme
1.6.7, BeIbepeM jjist 9TuX TOYeK okpectHocth V (x1) u V (x2) Takue, 4ro
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y € Intf (V(x;)), V(1) NV (x2) =2 u f(V(x2)) C f(V(x1)) B cn-
JIy IJIOTHOCTH TOYEK ¢ JaByMs npoobpasamu B f (V (z3)) (3amernm, aro
HyJIbMepHOe oToOparkeHue [ He IMOHUKAET PA3MEPHOCTHU) OIPAHUYEHUE

f MMeeT ILJIOTHOe MHOXKECTBO TOYeK B3aUMHOI OJIHO3HAYHOCTH U U3
V(z2)

gemmbl 1.6.9 ciemyer, aro f — romeomopduszm. Ho Torna, corura-
V(IQ

CHO aHAJIOTMYHBIM DPACCYXKIEHUsIM, U OrpanudeHue f
V(@) f=1f(V(22))
— romeomopdusM. MbI Oy 9uIn, YTO B HEKOTOPBIX OKPECTHOCTSX TO-

9eK 1 U Ty OTOOpakeHme JIOKAJIbHO romeomopduo. Orcrooma cirery-
€T, YTO HAWyTCsl OKPECTHOCTH TOYEK L1 M Ty, COOTBETCTBEHHO, V (Z1)
u V (x9), npuuem, He Hapymiash OOIIHOCTH DACCYKJIEHUH, Takue, UTO
f(V(x1)) = f(V(22)) n orpaHnveHnst Ha 3TH OKPECTHOCTH — T'OMEO-
mMopdusmbl. B cmity nykparsocTn f Ha f~1(y) 3TH OKPECTHOCTH MOYKHO
BBIOpATH TAKUM 00pa30M, ITOODLI

FV ()N DNV (21) UV (22))) =2, i=1,2.

n 3HAYUT MBI IIOJIY9IUJIN, 9TO KazK/Jad TOIKa U3 OTKPBITOI'O MHOXKECTBa
f(V (z;)) umeer B TounOCTH ABa NPO0Opa3a, 9To 1o jemme 1.6.7, HeBo-
amoxkHo. Jlemma 1.6.10 mokazama.

Bepremcst K J10Ka3aT€ILCTBY TEOPEMBI.

s siemmbr 1.6.9 ciemyer, uro eciu orobpazkeHue [ HE TOMEOMOp-
du3M, TO OHO HE MOXKET UMEThH ILJIOTHOTO B 1) MHOXKECTBa TOYEK B3aUM-
HOH omHO3HaYHOCTH. JIerKO BUIETH, B CHJIy HYJIbMEPHOCTH, YTO TOTJA
00pa3 TOUYeK B3AMMHON OHO3HAYHOCTH HE MOYXKET ObITh IJI0TeH B Di.
3HaunT, HARJIETCST OTKPBITOEe MHOXKecTBO W C D Takoe, 9To KayKjasi
Touka n3 W mmeer 1o KpaitHeii Mepe jBa mpoobpasa. [Ipemamosoxum,
qro dim A < n—1, Torja ToYKH ¢ JABYMsI TpooOpa3saMu BCIOJLY ILJIOTHBI B
W. Ho 1o HeBo3moxkHO coryiacao jemme 1.6.10. CiemoBaresibHO, Hale
npeanonoxenue, yro dim A < n — 1, — HeBepHO.

Teopema jfokazaHa.

Hamomuamm, aTo n-mepubiit guct Mebuyca mosydaercss u3 n-MepHOTO
n

koJibria A™ % < Y 2?2 < 1 mpenrudukanueii AHTUIONATBHBIX TOTEK
i=1

n
chepnr > 22 =1.
i=1
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TTosoxkurebubI OTBET Ha 00a BOIpOCa, cHOPMYJTUPOBAHHBIE B Ha-
qajie naparpada, COIepKUTCs B IPOCTOM CJIEJICTBUU U3 JOKA3aHHON Te-
OpEMBL.

1.6.11. CuenctBue. IIycmv [ — HenpepwvisHoe omobpasicenue n-
meproeo aucma Mebuyca M™ 6 edunuunvitl wap Q™ maxoe, wmo f omo-
bpasrcaem epanuyy M™ na eparnuyy Q" co cmenenvio 1.

Tozda f (M™) = Q™ u natidemes mouka y € Q™, uMeUas no MeHb-
wel Mepe mpu npoobpasa.

Ecau orce omobpasicerue f HyavbmepHro, mo MHodcecmeo movex y €
Q", KOmopvle UMEIOM HE MEHDWE MPET NPoodPa3os, uMeem pasmep-
HOCTIL M.

Zoxaszameavcmeo. Paccmorpum sinct Mebuyca M7, 10Ty deHHBIH

n
u3 Kosbia AY : % < Y 2? < 1 uaenrudukanueil aHTHIONATLHBIX TOUEK
i=1
n n
cepnr > 22 =1, umap Q7 : Y a? < 2.
i=1 i=1
OueBunno, uro Int M7 D M"™ u Int QF D Q™, kpoMme Toro,

MM\M™ = B" :

Wl

n n
<Y<y QNQi=0mi1<Y al <o

i=1 =1

Touku xosibila B™ MOXKHO OJHO3HAYHO BBIPDA3UTH B KOOPIMHATAX
(z,7), tme x npunagexur chepe IM™, a % <r< %, 9TO AHAJIOTH-
ano (y, R) ast rouex C™, y € S"1 =0Q", 1 < R < 2.

IIyctb ¢ — HEKOTOPOE TOMEOMOPGHOE OTOOparKEHNE OTPE3KA [%, %]
Ha oTpe3ok [1,2] rakoe, 4ro ¢ (%) = 2. IIponoxum orobpaxkenue f 10
orobpaxkenust f1 : M{* — QF cienyiormum obpa3om:

fl‘M" :f7
filz,r) = (f(2),¢(r)), (z,7)€ B".

Ouesmno, uro f (OM]) = ST~1 = 9QY, fi opgn TMEET CTOIEHE 1,
1

fiOMM N fLIntMP) = @ u fi (MP\M™) N fi ((M™) = @. 3uaunt

BBINIOJTHEHBI BCE YCJIOBUST TeopeMbl 1.6.5 IPUMEHUTETBHO K 0TOOParKEHHIO

f1, Tak Kak orobpaxkenwue fi crerrenn 1 MHIYIMPyeT U30MOPhU3IM
oMy

FioHETH(fL (OMY) Za) — H ™ (OMY' Zs)
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rpymun koromosioruit. 3amerum, uto M{' He romeomopdHO QF, mO3dTO-
My Jjis oToDpakeHust f1 cjeicTBue joKa3aHo. lIpeanosioxkum, Tem He

MeHee, 9To st [ = fi ciaencreue He BepHo. Torma Ha Q" BClO-
M’n

JIy TUIOTHBI TOYKH, MMEIONIe He OOJIbINe JABYX IPOOOpa30B, HO TOUYKH,
MMeIre B TOYHOCTH JIBa poobpa3a, corsiacHo jgemme 1.6.10, ve moryT
OBITH IVIOTHBIMH HU B Kakoii mojiobsactu QF, B ToM uncie u B Q", Tak
KaK B IMPOTUBHOM CJIydae OHU ObLIM OB TOYKAMU C JABYMs MpooOpasa-
Mu Jist oToOparkenust f1, mockoabky f1 (M7P\M™) N f1 (M™) = &. Ho
Torga B Q" ILUIOTHBI TOYKU C OJHMM IIPOOODPA30M. SHAYUT, MO JIEMME
1.6.9, f’f_l(Qn\Sn_l) S (Q™MS™TY) — QST — romeomopduam.
Muozxkecrso f~1 (S"71) murae ne nmorno M™, Tak Kak HyJIbMEPHOE OTO-
Opaxkenme f He TOHMKAET Pa3sMepHOCTH. VI3 3TOro BBITEKAET, 9TO MHO-
sKecTBO f 1 (Q”\Sn’l) wrotHo B Int M™, 1. e. B Int M™ morHO MHOXKeE-
CTBO TOYEK B3AWMHOI OJIHO3HAYTHOCTH oToOpaxkenus f. CoryiacHo yieMme

1.6.9 orobpazkenue f ) — roMeoMopdu3M, UTO HEBO3MOXKHO, TaK
Int M™

Kak JimctT Mebuyca ne romeoMopdeH mapy.

CrencrBre qJ0Ka3aHo.

Amnajioruyno Teopeme 1.6.5, jierko jioka3arh CJIeIyOIlee yTBepKie-
HUe JJisT 0TOOPaKEHU, alMKJINIHBIX B PA3MEPHOCTSIX, OTJIMYHBIX OT HY-
JIEBOIA.

1.6.12. Teopema. ITycmo f : D — Dy — cobcmeenioe, auukAuMHoe
8 PA3MEPHOCTNAT, OMAUMHLE om HYss Ha Int D, omobpasicenue maxoe,
Ymo:

1) f(0D)N f(Int D) = @;

2) H2 1 (0D; Z,) # 0;

3) eomomopdusm fi : H2=1 (f(0D);Zs) — H? 1 (OD;Zs), undyyu-

POBAHHBIL O2paruveHuem f| , ecmvb u3oMopPusm.
oD

Tozda aubo f’D — ayursuNHoe omobpascerue, AubO Cywecmseyem

mmootcecmeo A C Dy, dim A = n maxoe, wmo ecau y € A, mo f~1(y)
COCMOUM. He MEHEE YeM U3 MPET KOMNOHEHM.

1.6.13. Jlemma. IIycmo f : D — Dy — nenpepuienoe omobpasice-
nue damrnymoir obaacmets, maxoe wmo f(OD)N f(D) = @. Toeda aubo

oepanuvenue f|  — 2omeomoppusm, subo cywecmsyem moyuka 6 obpa-
D
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3€e, UMEWAA He Merbwe J8YT NPoodpa3os, ecau e oz2panuverue f ’
— HYALMEPHO, MO 60 8MOPOM CAYHAE MHONCECNEO MOYUEK, umemwu[o):
HE MeHbWE J8YT NPoobpasos uMeem NoAHY PA3MEPHOCTNL, M.€. COOED-
otcum omkpwimoe 6 Dy nodmmootcecmao.

oxazamenavbcmeo. EcrecTBeHHO TPEINONOXKUATL, UTO OT'PAHIYIE-
HUE f — HYJIbMEPHO U HE ABJIACTCA I‘OMeOMOp(bI/ISMOI\l, TaK KaK B IIPO-
D

THUBHOM CJIy9a€e BBITIOJTHEHO OJTHO U3 yTBEPIKIEHWI JeMMbL. B ety Toro,
YTO HyJIbMEPHOE OTOOpasKeHWe He MOHMKAET PA3MEPHOCTH, CYIIECTBYeT
touka y € Int f(D) Takas, uto f~1(y) comepxuT He MeHee JBYX TOUEK.
[lycts Touku o1 u 3 € f~1(y).

Paccmorpum Henepecekaromyecst OKpectHocT 31ux Todek U (z1) u
U (x2); oueBunno, aro o6passr f (U (x1)) n f (U (z2)) umeror obmue To-
uku (110 KpaiiHeil Mepe TOUKY ).

Eciu muoxectBo f (U (21)) () f (U (z2)) COAEPKUT OTKPHITOE MHO-
KeCcTBO V, TO OHO M GyJeT MCKOMBIM, HOCKOJIbKY KarKJas €ro TOYKa
nMeeT KaK MUHUMYM J1Ba poobpasa: omuH B U (21), apyroit — B U (z2).
Ecou ke Bayrpennocts nepecedernss f (U (z1)) () f (U (z2)) nycra, To
JUUIsL IPOU3BOJILHON OKpecTHOCTH V(YY) TOUKM y orpaHuueHue f Ha MHO-
xecrso W1 = U (z1) () f~! (V(y)) He MoxkeT 6bITH OTKPBITHIM B TOUKE
21 oTobpazkKeHHeM U 0TOOparxKaThCs Ha BCIO OKPeCTHOCTH V (y), OfHAKO
B CILy COBCTBEHHOCTH [, OrDAHHYEHUE €r0 Ha MHOXKECTBO Wi 3aMKHY-
ro. CrenoBarenbro, obpas f (W) Gymer 3aMKHYTBIM HOIMHOXKECTBOM
okpecrrocta V (y).

Orciofia BbITEKAET, 9TO OoTOOpakeHune [ WHIYIUPYET TPUBHATIHLHOE
oTOOpaXkKeHue rpynn KOroMoJIOruit

froHY (Wy) aV) — H" (W, 077) .

Kpowme sToro, o6pas mMuoxectsa Wi COREPKAT BHYTPEHHUE TOYKH.
BoibepeM ojiHy M3 TaKUX TOYEK Yy U HEKOTOPYIO OKpecTHOCTH G (yo)
9TOI TOUYKH, JexKallyio BHyTpHu V (y). BHyTpHn TOr0 MHOXKECTBa HE MO-
JKeT ObITh IJIOTHOI'O MHOXKECTBA TOYEK, MMEIOIIUX [0 OJHOMY IIpoobpa-
3y. B mporusHOM cilydae, B coOTBeTCTBUM C JlemMoii 1.6.9 orpanudenue

) 66110 ObI TOMeoMOpdu3MoM. Ho Torma orpanmdenne orobpa-
f=H(G(yo))



1.6 Kpamnocms omobpasicenuti obaacmets 55

xenust f ‘ AHAYIUPYeT n30MOPMU3M TPy KOTOMOJIOT T
F=1(G(yo))

fi 11" (G 00), 0G (o)) — H" (777G (o), 00 (G ) )
YTO IIPOTUBOPECUIUT KOMIVIyTaTI/IBHOIU/I JuarpamMmme rpyIinr KOT'OMOJIOTHAN
o (EEAw) L (VTG i m
Y l.f; l.f; lh‘
B (FEC0m, 0 () +2— B W W\s7@) —o  &*(,0W)

B KOTOPO#l n3oMOpduU3MsI ¥, 47, j*, /7 HoIydaroTcs Kak FOMOMOP(U3MEL,
coorBercrByomue reopeMam o Bbipesanuu [202]. C ommoit croponst, fj
— TpusnabHbLi roMomopdusM, a ¢ apyroit, fi = ji (7*) " fi (i5)7 —
uzomopdusM Henysesoil rpymusl. U 3magnt, BuyTpu V(y) cymecrByer
OTKPBITOE BCIO/Y IJIOTHOE MHOXKECTBO TOYEK, NMEIOIINX He MEHbIIE IBYX
mpoobpa3os. Jlemma jgokazaHa.

1.6.14. CaencrBue. Ecau f : D — D1 — nyavmeproe omobpasice-
HUe HYAEBOT CMenenu, mo 6 0bpase CYW,ECmeyem Omrpvimoe MHOHCe-
CMB0, KANHCIAL TOYKG KOMOPO20 UMEEM, HE MeHee I8YT NpPoobpasos.

1.6.15. JIemma. IIycmo f : D — D1 — nenpepuishoe omobpasicerue
obnacmeti cmenenu k maxoe, wmo f(OD) N f(D) = @. Toeda mmoorce-
cmeo mouex obpasa, umerwur ne menee |k| npoobpasos, codeporcum
omEpwuimoe 6¢100y NAOMHOE 8 06pa3e MHOHCECTNEO.

oxazameavcmeo. Ilycts cymecrByeT oTKpbiToe B 0Opa3e IMO-
MHOXKeCTBO V' TOUeK, KaxkJias U3 KOTOPBIX UMeeT MeHee ueM |k| Touek B
npoobpaze. Torma orobpazkenue f — KOHEIHOKPATHOE OTOOparKEHUE, B
KaXK IO TOUKe KOTOPOro CYIIECTBYET JIOKAIbHAA CTENEeHb OTOOPAYKEHUS,
I IOTOMY MHOYKECTBO BeTBJIEHUS By (MHOXKECTBO TOUEK, B KOTOPLIX f
He OyJIeT JIOKAJIbHBIM FOMeOMOP(hU3MOM) UMEET PA3MEPHOCTb HE BBIIIE
geM n — 1 [267|u o6pas f (By) — nurge He mwioren B obpase. Ciienosa-
TeJIbHO, cylecTByeT Touka y € V' \ f (By) Takas, 410 B KaxKJI0il TOUKe
npoobpasa = € f~1(y) orobpazkenne f — JoKaIbHBI! roMeoMOpbU3M 1
CTeleHb OTOOpAarKEHHsI He MOYKET PaBHATHLCS k, TaK KakK Mpoobpa3oB TO-
9KH Y MeHbIne ueM |k| 1 B Kax10it Touke v € f~1(y) ToKanbHAS CTENeHD
|v(z)| = 1. Jlemma nokazama.
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1.6.16. Teopema. ITycmo f: D — Di — nenpepuisroe omobpasice-
Hue obaacmets cmenenu k maxoe, wmo f(OD) N f(D) = &. Toeda aubo
f — enympennee omobpasicenue, AubO cywecmsyem mowka, UMeOULGA
ne menvwe wem |k| + 2 npoobpasa. Ecau oce [ — nyavmeproe omobpa-
IHCENHUE, MO B0 BMOPOM CAYHAE MHONCECTNGO MOYEK, UMEIOULUT He MEHEE
wem |k| 4+ 2 npoobpasa, umeem noanyo pasmeprocmo.

Aoxazameavemeo. Kak u B iemme 1.6.13, He HapyImas oOnHOCTH,
MOXKHO CYUTATh, 9TO f — HyJabMepHOe oToOpakenwme. [lanbHeiintee 10-
Ka3aTeJbCTBO MpoBeaéM 1o mHaykiuu. [Ipu k& = 0 Teopema pokasana
B semme 1.6.13, mpu |k| = 1 — B Teopeme 1.6.5. IIpeamonokum, aTo
TeopeMa JIoKazaHa JId |k| = m u jokaxkem eé qust |k| = m + 1.

[Mycth Kaxkgast TOYKA HEKOTOPOTO OTKPBITONO MHOXKECTBa B 0Opasze
umeer poBHO |k| mpoobpazos. Torma, ananorugno jemme 1.6.15, B Ka-
JKJI0¥ TOYKe 1poobpasa JoKaidbHas crenedb |y(x)| = 1. Bosee Toro, Bo
BCEX TOYKAX OHA JIOJ’KHA MMETh OJ[MH 3HAK, TAK KaK B COOTBETCTBUU C
"puHIUIOM aprymeHTa Jjist JIOKAJBbHOI CTENeHH, MOJIydaeM ITPOTHBO-

peune. Ho torma f — BHyTpeHHee oTobpazkenue. Ecim f ‘ H
f=1V) (V)
SBJISIETCSI BHYTPEHHUM Ha BCeX KOMITOHEHTaX, TO pa3o0beM mpoobdpas V'

Ha 00bemHeHne 1ByX MHOXKeCTB. Ilycrs W — 00beinHeHNE KOMIIOHEHT

poobpaaa, TJie orpannydenue f — BHyTpeHHee oTobpazkenue. Torma f ‘

— f: W7 — V — Buyrpennee orobpaxkenue kparuoctu |k1|, [k1] < |k|,
umeromee B V' IJIOTHOE OTKPBITOE MHOYKECTBO TOYEK, JJIsl KarxKIOH n3
KOTODBIX CYIIECTBYeT POBHO |k1| mpooGpasos. Uro ke Kacaercss orpa-
Huuennst f Ha muoxkectso Wo = f~1(V)\ Wy, ne Gyner BHyTpeHHUM
u Oyzer umerh creneHb ko = k — k1. Torma, coriacHO mpeaoIozKeHnIO
HHJIyKIIH, CYIIECTBYeT OTKPBITOE MoAMHOXKecTBo U C V| mMeromee s
kaxk0it Toukn y € U He Menee 4yeM |ko| + 2 npoobpaza. CienoBaresib-
HO, JIJIT HEKOTOPOT'O OTKPLITOro nogaMuoxkectsa Uy C U Kaxkgas TOYKa
umeer |ki| mpoobpaz B Wi u He menee ueM |ko| + 2 npooGpasza B Wa, u
BCEro — He MEHee YeM

|E1] + |ko| +2 > |k + ko +2 = |k| +2

mpoobpa3za. Teopema mokasaHa.
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1.7 I/ICTOPI/I‘-IeCKI/Ie CCBIJIKX 1 KOMMEHTapun

Mmuorue riybokue CBOMCTBA aHAJUTUIECKUX (DYHKIUN OTPAKAIOTCS
HA TOIIOJIOTUYECKUX CBOMCTBAX COOTBETCTBYIOIIUX UM PHUMAHOBBIX II0-
BEpXHOCTel U MHOXKecTB. [loHsSTHE pUMAaHOBOW ITOBEPXHOCTH, BBEIIEH-
Hoe B BbLiamomieiics pabore Bb. Pumana [332], meXuT B 0CHOBE MHOTHX
KJIACCUIECKUX UCCICTOBAHNUIT TeoMeTpruaecKoit Teopuu dpyuknnmii. I[Lmomo-
TBOPHOE Pa3BUTHE dTOTO HAIpaBjeHus cBs3ano ¢ pabotamu . Kieiina,
A. Tlyankape, I1. KéGe [322]. CTporyro 3aKOHYEHHOCTh TEOPHsI PHMAHO-
BBIX [TOBEPXHOCTEN TOJIYYU/IA JIWIIb TIOCEe PA3BUTHS TEOPUU TOIOJIOTHU-
YeCKUX MHOr00Opa3nii Ha OCHOBAHWH MOHSITHS aOCTPAKTHON PUMaHOBOI
oBepxHocTH, npejgoxkentuoro I'. Beitiem [352].

Wcropuyecku cyIiecTBEHHOE IPOHUKHOBEHIE TOIIOJOTTIECKUX MeTO-
JIOB B Teopuio pyHKIH cBa3ano ¢ paboramu K. Kapareomopu u I1. Kébe
[262] o Teopuu NPOCTHIX KOHIOB. TOmoMOrnuecKnii acekT 3Toil Teopu,
ee CBA3b ¢ KOH(POPMHO-UHBAPUAHTHBIMYU KOMIIAKTH(MOUKAIUIMA 00JIaCTH
rry6oko u3ydensl B 70 — 80 rr. mporuioro Beka B paborax . Cysoposa
u ero yuenukos [166,184,207-209).

C. Crounos [210, 211] BbLaeana TOMOJIOrMYECKUil Kiace oTobpaske-
HUIi, TOJHOCTBHIO ONMUCHIBAIOIINX TOIOJOIMYECKNE XapaKTEPUCTUKU TO-
JIOMOPMHBIX OTOOPaAXKEHUI OJHOIO0 KOMILJIEKCHOTO IepeMeHHOro. B ero
U3BECTHON TeopeMe yTBEepPXKIaeTcs, YTO IIPOU3BOJIbHOE BHyTpeHHee (T. e.
OTKPBITOE U HYJIbMEPHOE) OTOODarKeHHE OJHOIO JABYMEDHOIO OPHUEHTHU-
pyeMoro MHOroobpasusi Ha JIpyroe eCThb CYIEPHO3UIHs ToMeoMOpQH-
3Ma 1 MepOMOP(HOro OTOOpaykeHWs; B YACTHOCTH, Ipoobpa3 Jroboi
TOYKN €CTh W30JUPOBAHHOE MHOXKECTBO, TpPUYEM BOJM3U KaXKIOW TO-
9KH XapaKTep OpHeHTaruu oTobparkeHuss ommH u TOT ke. Coemmue-
uue uneir C. Cromnosa ¢ waesmu [. Bopa, [. Jlymana, JI. Menbimo-
Ba [258,313] nossosmo FO. Tpoxumuyky [222] mocTpouTh CTPORHYTO Te-
OPHI0 MHOYXKECTB MOHOTE€HHOCTH IIPOU3BOJIBHBIX HEIPEPBIBHBIX (DYHKIIUAN
Ha, KOMILIEKCHOH IJIOCKOCTH U, OIUPAsiCh Ha Hee, HANTU MUHUMAJIbHBIE
JIOKAJIbHO-T€OMETPUIECKIE YCJIOBUS aHAJIUTUIHOCTH DyHKImi. Muoro-
MEpHBIE aHAJIOI'M 3TOH TEOPHUM IIOCTPOEHBI B paborax A. Bonmapst u ero
yuaennkos [81-83,193,195]. Onucanne MHOKECTB MOHOTEHHOCTH JIATIIIA-
[EBBIX (DYHKIHIT, CYyIIECTBEHHO HUCIIOJIb3YIOIIEe MHOIO3HAYHBIE O0TOOpa-
JKEHUsI, OCYIIECTBUJIA OJWH U3 aBTOPOB IMPEJCTABIIeMOil paboThI COBME-
crao ¢ M. Arabaes [130,131].

IIpu ucciremoBanny M30JMPOBAHHBIX KPUTHIECKAX TOYEK DYHKITHI
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IIIPOKO TIPUBJIEKAETCsI TOMOJIOrMYecKuii ammapar Teopun Mopcea [171,
180] B BemecTBeHHOM catyuae u Teopun [lukapa—Jledmena [12] — B Kom-
ILIEKCHOM.

[IpoGaema mojiceTa BEIYETOB, HAYAJIA UCCJIEI0BAHNST KOTOPO B MHO-
romepHOM ciryuae 3anoxkeHo A. ITyamkape [322], a 3aTeM npomosKeHO
B padorax A. Maprunesum [316], A. FOxakosa [245], A. Iuxa [230],
UCIOJIB3YeT JBOWCTBEHHOCTHL AJiekcamnjiepa—lloHTpsruna, MOHATHE CTe-
[MeHU OTODOPAYKEHUS U JIPYTHUE TOMOJOTHICCKUE UJIEH.

OcobeHHO Pe3y/IbTaTUBHOE ITPOHUKHOBEHUE TOIIOJOMMYECKHX METO-
JIOB B TeOpHIO (PYHKIUNIl MHOIMX KOMILJIEKCHBIX IIePEMEHHBIX Oas3upye-
TCsl Ha anmapaTre TEOPUHU IIYIKOB, KOTOPBIA MTO3BOJIMI TPUIATH TEOPUU
Oka—Kaprana cospemennyio dhopmy. Ha srom dymmamente mpoBou-
s con uccnenoBarust . I'payspr mw P. Pemmepr [286] mo xomrute-
KCHBIM aHAJUTHIECKUM IPOCTPAHCTBAM. JOCTIKEHUS JIOKAJILHONW Teo-
pUH KOMILJIEKCHO-aHAJIUTHIECKAX MHOXKECTB OIUCAHBI B U3BECTHBIX MO-
Horpadusax M. Opse, P. Tanunara u X. Poccu [90, 244]. Bakueiimne
JIOCTUKEHUS B TEOMETPUUECKOM MOJXOJEe K TEOPUHU KOMILJIEKCHBIX aHa-
JINTUYECKUX MHOYKECTB U OIUCAHUE WX TVIODAJIBHBIX CBOMCTB U3JIOXKEHBI
B MoHorpadun E. Yupkn [237]. KpatHocTs 0TOOpaXkeHus obacreii Ha
MHOIroo0pa3usix — BaykKHas 00JIaCTh MCCJIEIOBAHUN KOMILJIEKCHOI'O aHa-
Jmu3a u Teopun orobpaxkenuit. OcobGEHHO MHTEPECHBI MCCIEIOBAHUS KO-
HEYHOKPATHBIX OTODPAXKEHUi, KOTOPBIM TOCBSIIEHA ODIIUPHAs JIUTEpa-
Typa. Bormenum u3 meé, He mpereHays Ha mogaHoTy, paborsr 1. Hepua
n T. Xemunrcena [263-269], A. Yepnasckoro [232-235|, @. Muoxymes-
ckoro [319], FO. Bsitcsus [349]. JIpyrue cChIIKM MOYKHO HalTH B 6UOJIH-
orpadun UTUPYEMBIX PabOT.

C 2T0it TEMATUKOM TECHO CBSI3aHBI BOIMPOCHI OJJHOJIMCTHOCTH, T. €. T'O-
MeOMOPGHOCTH OTPAHUIEHUsT 0TOOparkKeHusI Ha BHYTPEHHOCTH OOJIACTH.
Pesynbrarer pasmgenos 1.4 u 1.5 uncnupupoBasbl pedyiabratom A. Yep-
HaBckoro [235] m mosydenst B paborax [120-125, 127-129]. OcHosHble
yTBepKIenus paszea 1.6 Buepsble mosydennl B paborax [126,133]. Ouu
CBA3AHBI C DENIEHUSIMU Psifia TpobsieM, chOpMyInpPOBAHHBIX B pabore
A. Kocunckoro [309]. TnaBHbIit MeTOJ MCCIIENOBAHUS TI€PBO IIABBI —
AKTHBHOE HCIIOJIb30BAHUE AIlapaTa JOKAJIBLHOU CTEIeHH OTOOPaYKEeHUs.
OcHoBHBIE pe3yJIbTAThI, HA KOTOPBIX IOCTPOEHA TEOPHs JIOKAJIBHOIM CTe-
eHn 0TOOparKeHUst HyJIbMEPHOTO OTOOpakeHust, 6a3upyroTcs Ha paboTax
JI. Kynpsasuesa [144], FO. Tpoxumuyka, A. Bougaps [223-226]. Hekoro-
pbie 00OOIIEeHNsT Pe3yIHbTATOB IUTUPYEMBIX aBTOPOB Ha OTOOPAXKEHWSI,
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JOIIyCKarone OTJINYIHbIE OT TOY€YHBbIX KOMIIOHEHTDI Hp006pa30B TOYEK
[OJTyYeHbl OfHUM 13 aBTOpoB [123]. B MoHOrpadun oHM 3aHUMAIOT pa-
3mensl 1.1 — 1.3. lasee oHI MCHOJB3YIOTCS JAJI MOJIyYEHUs] OCHOBHBIX
pPe3yJIbTATOB TJIABHI.

Huzke npuBOUTCS IEPEYEHD TOMOJIOIMYECKUX PE3YIBTATOB, HCIIOJIb-
3yeMbIX B 1epBoii rase. st yruryOg€HHOro 3HAaKOMCTBA € ITUMHU ITOHSI-
TUSMU CJIeJyeT 0OpaTUThCA K COOTBETCTBYIONIEH sureparype [202,206].

Iapoti monoaoeuueckuxr npocmpancms (X, A) HasbIBaeTCs Hapa, Co-
CTOSINAsT M3 TOIOJIOTMYECKOr0 NPOCTPAHCTBA X M €ro IIOIIPOCTPAHC-
™a A C X. Omobpasicenuem nap mononozudeckuxr npocmpancms f
(X,A) — (Y, B) nasbiBaercs HenpepbiBHOe orobpaxenue f : X — Y
takoe, 410 f(A) C B. Ecym noxupocrpancrso A nycro (A = &), to
pasmmuarh napy (X, A) u nupocrpancrso X He GyeM.

Hpa orobpaxkenus f, g : (X,A) — (Y,B) Ha3bBaIOTCA 20MOMO-
NHObLMU, €CITA €CTh TAKOE 0TOOPaKEHHUE MMaphl JeKAPTOBBIX [TPOU3BEJCHNN
(romoTomnust)

he (X x[0,1, A x [0,1]) — (Y, B),

aro h(z,0) = f(x) u h(z,1) = g(z) mua Beex x € X. Tomoronus na-
3BIBAETCS U30TOIUEH, eciu Jijid Kaxkaoro t orobpazkenus h(x,t) romeo-
MOPQHBI.

HenpepoiBaoe otobpazkenue g : Y — X Ha3bIBAETCsI TOMOTOIIAIECKT
obpaTHbIM HempepbiBHOMY orobpaxkennio f : X — Y, ecim xkommosu-
muu gf u fg TOMOTONHBI TOXKJIECTBEHHBIM OTOOPAYKEHUSIM TPOCTPAHCTB
X u Y coorBercrBenno. HempepbiBHOEe oTOOparkenue, 0b6J1a1aroriee ro-
MOTONUYECKN OOPATHBIM, HA3BIBAETCS 20MOMONUYECKOT IKEUBAAEHMHO-
cmuto. TomoTonmueckast SKBUBAJIEHTHOCTh Pa30MBAET TOMOJOTMIECKUE
MIPOCTPAHCTBA HA KJIACCHI TOMOTOIIMYIECKN SKBUBAJIEHTHBIX TPOCTPAHCTB.
ODTH KJIaCChl HA3BIBAIOTCS TOMOTOIMYECKUMU THTIAMHU.

IMycrs xaxmoit mape (X, A) comocraBieHo ceMefcTBO abeseBbIX
rpyun HP (X, A), p — nenoe, a Beakomy orobpazkenuio nap f : (X, A) —
(Y, B) — cemeiicrBo romomopduzmos f*(Y,B) — HP(X,A). Hauee,
MyCTh JIsi KaxKJ0ro npocrparcrea A C X 3a7aH HEKOTOPBIA TOMOMOD-
busm § : HP(A) — HPTY(X, A). Dru tpu obbekra: HP, f*, § MOKHDI
VJIOBJIETBOPSITH CJIEIYIOIIEN cucreMe akCuoM I, MMeHHO:

Axkcuoma 1. Ecau [ : (X, A) — (X, A) — moowcdecmeennoe omo-
bpaoicenue npocmpancmea X, mo f* — moorcdecmeenroe omobpasicernue

epynno. HP (X, A).
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Axcuoma 2. Ecau h = gf, mo h* = f*g*.

Axcuoma 3. FEcau f ecomomonno g, mo f* = g*.

Axcuoma 4. Jas aoboeo omobpasicenusn nap f : (X, A) — (Y, B)

UMEET, MECTNO KOMMYMAIMUSHAA ()UG,ZPG,MMG,

HY(B) ——  HP(Y,B)

f*l lf*

HP(A) —2— HPHY(X, A), 56 = 6f*.

Axcuoma 5. Ilycmov das napo. (X, A) omxpoimoe nodmmoorcecrneo U
maxoso, wmo U C int A, a omobpasicernue swpesarnus j : (X\U, A\U) C
(X, A) undyyupyem uzomopdusm

j5 i HP(X,A) = HP(X\ U, A\ U).

Axkcuoma 6. Kozomonrozuueckas nocaedosamenvrocms napv (X, A),
m. e. NocaedosamesbHOCNb

.— HP(X,A) — H?(X) — HP(A) — HPTH (X, A) — ...
MOYHA, M. €. 8 KAHCIOM €€ wAeHe 00Pa3 BLOAWE20 20MOMOPPHPUIMA Pa-
6eH A0PY BVIT00AULE20.

Ecsin mHe oroBopeno apyroe, OyiieM paccMaTpUBaTh I'PYIIIB KOTOMO-
Jioruit ¢ KoadunuenTaMu B TPYIIIE MEJIBIX IUCeNT Z.

Axkcuoma 7. Jas 00HOMOUEUHO20 NPOCTNPAHCNGEA * UMEEM, MECTO
UBOMOPPUM

H(x)~Z w HP(x)=0 npu p>0.

WNuorma jutst ynobersa Oy/ieM HMCIOJIB30BATH MMPUBEIEHHBIE TPYIIIBI
KOT'OMOJIOT' I
HP(x) =0 muasa Bcex p = 0.
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B ciyuae BoinosHenusi akcuoMm 1 — 7 OyJZieM TOBOPHUTH, 9TO 3a/[aHA
HEKOTOpasl TeOPHsT KOTOMOJIOTHH.

Tpuanoii (X; A, B) HasblBaercs JIOKAJILHO KOMIIAKTHOE IIPOCTPAHC-
T80 X C JBYyMsI 3aMKHYTBIME TofnpocrpanctBamu A u B. s takoit
TPHUa/IbI TOYHA KOTOMOJIOIMYECKAsT II0CJIEIOBATETFHOCTE

*

— Y, YA, ANB) —>— HP(X,AUB) ——

2 gr(x,B) ———

Ecmu B Tpuase umeer mecto BKIOYenue A D B, To Takas Tpuaja
HasbiBaercsa Tpoiikoit (X, A, B) u TOYHAs MOC/IEA0BATEIHLHOCTD KOTOMO-
JIOTHil CBOJUTCH K II0CJIE/I0BATEILHOCTHI

i*

—— HPY(A,B) ., H?(X,A) —— H?(X,B) ——

Ecin M — n-mMepHOE TOIOJIOrnyecKkoe MHOTOOOpa3ue, TO JIJis 3aMKHY-
Toro nogMmuoxkecrsa F' C M, F # M,

a Juist OTKpbIToit obsactu D C M umeer mecTo
"(D,0D) ~ 7
Eciiu ke, anaaoruvno npeaplymemy, Kaxaoi nape (X, A) conocras-
JIeHO ceMeltcTBO abeneBbix rpymn H, (X, A), 0T06pa>KeHmo (X, A) —
(Y, B) — cemeiictBo romopmodusmos f, @ Hp(X, A) — H,(Y, B) u mox-

npocrparctey A C X — rpanmunsiii romopmodusm 0 @ Hy(X, A) —
H,_1(A), 10 Hy, fi 1 O NOJIKHBI yIOBIETBOPUTEL CUCTEME AKCHOM:

Axkcuoma 1'. Axcuoma 1.

Axkcuoma 2. Ecau h = gf, mo hy = gu f.
Axcuoma 3'. Axcuoma 3.

Axkcuoma 4'. Jaa omobpasicenus nap Of, = [0

Axkcuoma 5'. j, — usomoppusm.
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Axkcmoma 6. Touna 2omonozuneckas nocaedo6amenvHocms napwl

L= Hy(X,A) —— Hy 1(A) — Hy 1(X) — Hy 1 (X, 4) —

Axcuoma 7. Axcuoma 7 us cucmemv, axcuom I.

Torya roBOPSAT, UTO 3aJ]aHA HEKOTOPAst TEOPHs TOMOJIOTHH (IO COB-
NaJIeHUEeM aKCHOM IIOHMMAaeM WX COBIQJCHHE IIpu 3aMmene [* Ha f., a
HP(...) na Hy(...)). Takue Teopun roMOJIOIME ¥ KOTOMOJIOTHH, BOOG-
e roBopsi, HEeJIWHCTBEHHBI, HO B MOHOTPa(bMM HCIIONb3yeTCA TOJIBKO
TOT (PaKT, 9TO OHU CYMECTBYIOT, YJAOBIETBOPSIOT MEPEIUCIECHHBIM CBOM-
cTBaM |, 60JIee TOrO, CyIECTBYIOT TEOPHH, JJI KOTOPBIX CHPABEIJIABO
CJIEJIYIONIEE YTBEPIK ICHHE.

Teopema (sBoiictBenHOCTh Astekcanzepa) [202]. ITyemv A — Kxom-
NAKMHOE NOOMHONHCECTNEO Npocmpancmea R™.
Tozda 0as 6CET “UCEA D UMEEM MECTNO USOMOPHUIM

H,(R™\ A) ~ H" P~1(A).

Bagamum B (p + 1)-MepHOM eBKIMIOBOM TIpocTpancTBe RPFL pe
MEpHBII CTAHJAPTHBINA CUMILIEKC 0P KakK MHOXKECTBO TOYEK

{z =(z0,...,2p): ;o + 21 +...+2p =1, 2; =0}

OmpenenuM oTOGpaskeHIe CTAHAAPTHOTO cHMILIeKkca oP ! ma rpanb
~1

o? cnemyromum obpasom. Ilycrs o 7" — rpanb o, 3anaBaemast yciosuem

z; = 0. HazoBeM BepIIuHoi €, TOUKY ¢ KOOPIAUHATON Xy, = 1 U MOJTOKAM

hi(em) =em (m <), hilem) =e€m+1, i <m<p—1.

Hamee moompenesuM h; B OTAENBHBIX Toukax oP~! kax addunHOE
orobpakeHue, MIPUHUMAIOIIEe 3aJaHHOEe 3HadeHWe B BepmnHax. Haszo-
BEM pP-MEPHBIM CHMILIEKCOM TOIOJOTMYECKOr0 MpocTpancTBa X Jroboe
HempepbiBHOE oTOOparkenue tP : oP — X. HasoBem p-mepHOi TenbIO
X dhopMaIbHYIO KOHETHYIO JTUHEHHYI0 KOMOMHAIIIIO C TEJI0UNCICHHBIMU
KO3 pUIImeHTaAMI CUMILIEKCOB tf :
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MuoxkectBo |c,| = Ut (o) C X naswBator tenom nemn. Takune ne-
1 06pasyoT cBobOAHYIO abeseBy Ipymy p-MepHbIX neneii Cp(X). Dire-
MenThl npsMoit cymmbl C(X) = &Cp(X) nazoseM nemamu. I'panuanrit
romMoMopdu3M 0 JIOCTATOYHO 33/1aTh Ha obpasytomux. [Tomoxum

P
TP =Py, P =Y (—1)'7t”.
i=0
Jlerko mposeputb, uro 9P = 0, u smaunt, 0° = 0. Ouesumno,

9(Cp(X)) C Cp_1(X). Oupenenum oAy
Zpy(X) =KeronNCy(X) C Cp(X),

Z(X) =8Zy(X) C C(X),
B,(X) =ImdNC,(X) C C,p(X),
B(X) = @B,(X) C C(X),

rie Ker, Im — gapo u o6pas romomopdusmMa COOTBETCTBEHHO.

Ipynny Z,(X) masplBaiorT rpymmoil p-MepHBIX IHKIOB, B,(X) —
IPYIIOI p-MEPHBIX TPAHUI. | eOMEeTpHYeCKN MUKl MOXKHO IPEICTAB-
JIATH cebe KaK 3aMKHYTbIE OPMEHTHPOBAHHBIE TIOBEPXHOCTH, 8 TPAHUIIBI
— KaK I'PaHUIBI OPUEHTUPOBAHHBIX [TOBEPXHOCTEH.

QakToprpynna

H,(X) = Z,(X)/By(X)

JaeT MpUMep T'PYIITGI TOMOJIOTUH TpocTpaHcTBa X .

JIemma [202]. Ecau 3a0ahma KOMMYMAMUGHas OUazpamma a6esesus
2pynn U 20MoMOPPHUIMO6

Gs Gy G Ga Gy
N R M
Hs Hy Hs Hy H,.

8 KOmopot Kastcdas cmpoka mouwha, U Y1, Y2, Y4 U Y5 — U30MOPPHUIMbL,
Mo Y3 — MaKHce U3OMOPHUIM.



I'JIABA 2
INPEBAPUTEJ/IbHBIE CBEJEHNA

2.1 OcHoBHbBIE 0003HAYEHUS U OIIPEAEJIEHUS

IIycts N, R — MHOXKECTBa HATYPAJTBHBIX U BEIIECTBEHHBIX UHUCEJ CO-
orsercrsenno, C — miockocTs Kommiekcawx ancest, C = C|J{oo} — e
oznHOTOUeYHAs KoMnakTudukarmmsa n RT = (0, 00).

Iycts r(B, a) oboznadgaer BHyTpennuii paauyc obiactu B C C orro-
cuTesbHO ToYKM ¢ € B (cM., Hanpumep, [109,112,229]), cap E — sora-
pudmmuyecKyo eMKocTh MHOXKecTBa, E (cm. [109,112,229]),

Uy ={weC: |w<p}, peRT, U =U
ux(t) =3 (t+t7h).

2.1.1. Ksagparuunsie nuddepeHnuabi. [Ipusesem neobxo-
JIUMBIE CBEJCHUS U3 TEOPUH KBAIPATUIHOTO JuddepeHnuaia — OIHOro
U3 OCHOBHBIX NOHSITUH B Hacrosmell pabore. JlerajabHoe U3JI0KEHUE Te-
OpHHU U JIOKA3aTEeILCTBA IIPUBEJIECHHBIX HUXKE TEOPEM UUTATENH CMOYKET
Haiitu B kiaaccuueckoii monorpadun JIx. Txxenkunca [104].

Ounpenenenne 2.1.1. ITycme R — (opuenmuposarnas) pumarosa
noseprHocmy (OMKPUMas uau 3amkryman). Bydem 2osopumsb, wmo na
R onpedenen xeadpamuunvti duddeperyuan, eca KarHcoomy A0KAALHO-
MY NAPAMEMPY Z NOBEPTHOCTNY R CONOCMABAEHA HEKOMOPAS PYHKUUA
Q(2), mepomopdnasn 6 coomeemcemeyrouet; oxkpecmrocmu u Yydosaemaeo-
DANOUGAA CACOYIOUWEMY YCAOBUIO, ecau z¥ — Opyeotl A0KaAAbHbIG Napa-
memp das R u Q*(2*) — makas orce Pynryus dasn z*, npuvem oxpe-
CMHOCTU, COOMBEMCMEYIOWUE Z U 2, NEPECEKAIOMCA, O 8 00ULULT MO~
YKAT IMUT OKPECmHocmed

@ =ae (&)

Ksagparuunbie muddepennuabl OyyT 0603HAYATHCS CUMBOJIOM
Q(z)dz2.

Touka P moBepxHOCTH R HA3BIBAETCS HYJIEM UJIU MOJIIOCOM MOPAIKa k
b depenmmana Q(z)dz?, ecm 1y KazKI0T0 JIOKATLHOTO TTapaMeTpa 2
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oHa M300paKaeTcss TOUYKOHN, 001a/1aI0Mel COOTBETCTBYIOMINM CBOHCTBOM
orHOCUTENBHO Q(2). Hymu u nostockt Q(2)dz? Ha3biBalOTCS KPUTHICCKH-
MU TOYKAMH 9TOr0 KBajparudHoro mauddepennuaia. Hymun u npocrbie
MTOJTIOCHI HA3BIBAIOTCS KOHEYHBIMU KPUTHIECKUMHU TOYKAMU; UX COBOKY-
MHOCTH OyieT 0003HadaThCs Yepe3 C. MHOXKEeCTBO BCeX MOJIOCOB TTOPSIIKA,
He HU2Ke BTOPOro Oymer obo3HadaThes depes H.

OueBuIHO, 9TO KPUTHIECKUE TOUKHM KBaIPATUIHOrO juddepeHiua-
JIa U30JIUPOBAHHDI.

Onpenenenne 2.1.2. Ilycmv R — pumanosa nNoseprHocMb,
Q(z)dz? — weadpamuunwiti Juddeperyuan, sadannwiti na R. Maxcu-
MANOHAA DE2YAAPHAA Kpueas, na xomopoti Q(z)dz? > 0, nasweae-
mea mpaexmopueti duddepenyuana Q(z)dz?. Maxcumarvras pezyrap-
naa xpueas, na xomopoti Q(z)dz? < 0, nasvieaemca opmoeonasvrol
mpaexmopueti duggpeperyuana Q(z)dz2.

JIerko BUIETH, 9TO TPAEKTOPUU U OPTOrOHAJIBHBIE TPACKTOPUU BHY-
TPEHHUM 00pPa30M CBS3aHLI C KBaJApaTUIHBIM JuddepeHumaioM, T. €.
OHM HE 3aBUCAT OT BHIOOPA JIOKAJIHHBIX MaPaMETPOB.

Ecim SR — pumanoBa moBepxHOCTB, a Q(z)dz? — samamubiii ma R
kBagpaTnyHblii nuddepennuai, To zHa Muoxkectse R\ (CUH) Jg0KaabHO

1
OIIpeJIeSIeH MHTETPAJT f (Q(z)) *dz kak peryisipHas (QyHKIUs, HE 3aBU-
cSIIasi OT BBIOOpA JIOKAJIbHBIX TapamMerpoB. Ho, BooOIIEe roBopsi, 3TOT
UHTErpaJj He OyjeT, KOHETHO, OJTHOZHATHO OIIPEJIEJIEH B IIEJIOM.

Teopema 2.1.1. Kaxosa 6v nu 6viaa movwka P mmoorcecmea R\ (CU
H), cywecmeyem okpecmuocms N amot mowku va R u 2omeomopproe
omobpasicenue N na xpye |w| < 1 (w = u+ ), npu Komopom maxcu-
MANOHAA OMEPLMAA dyea Hexkomopot mpaexmopuyu u3d N neperodum 6
0Ompesok, 20e v NOCMOAHHA.

Caencrue 2.1.1. Yepes xascdyro moury us R\ (CUH) nporodum
mpaexmopus Juddpepenvyuana Q(z)dz?, acamowancs aubo omrpvmot
dyzoti, Aubo scopdanosoti kKpusol Ha R.

Teopema 2.1.2. Kakosa 6v, Hu 6vina mouwka P € C nopadka [
(u > 0, ecau P — nyav; u = —1, ecau P — npocmoti noaroc), cy-
wecmsyem oxkpecmuocmd N amot mouku wa R u 20meomopdroe omo-
opasicenue N na kpye |w| < 1, npu xomopom marxcumansvruas 0y2a Ka-
arcdots mpaexmopuu u3 N nepexodum 6 omxpomyro dyey, Ha Komopot
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pt2
Imw = nocmosarna. Cyw,ecmeyem 12 + 2 mpaexmopuu, ¢ KORuamu 6

P u ¢ npedeavrvimu KacamesvHbMU HANPABAEHUAMY, COCMABAAIOULUMU
dpye ¢ dpy2om PasHvLE YeAbl BEAUNUHDL “2%

Teopema 2.1.3. [Tycmo mouxa P € H — noatoc nopadka p (pn > 2).
Ecau nexomopas mpaekmopus umeem xoney 6 P, mo ona cmpemumcs
x P no odnomy us (u — 2) nanpasaenud, pacnoioHcernuvx nod pasHbMmuU
YeAamMU (f_TrQ), Cywecmeyem oxpecmmuocmo N mouxu P na R co caedy-
OWUMU CBOTUCTNBAMU:

1) scaran mpaexmopus, NPOTOOAULLL HEPE3 HEKOTNOPYIO MOYKY OKpe-
cmuocmu N 6 oboux nanpasienuax, aAubo cmpemumcs x P, aubo evxo-
dum u3 N;

2) cywecmsyem okpecmmnocmov N* mouxu P, codeporcawasncs 6 N u
MAKAA, 4MO BCAKAA MPAEKMOPUS, NPOTOOAWAA YEPE3 HEKOMOPYIO MO~
yky ud N*, zomasa 6v. 6 00HoM U3 HanpasaseHutll, cmpemumces x P, ocma-
6asacv 8 N*;

3) ecau nexomopas mpaexmopus uyeaurom aedtcum 6 N u nosmo-
MY 68 000UT HANPABACHUAT cmpemumcs x P, mo xacameavhas x amot
mpaexmopuu npu npubiusiceruy ¥ P 6 coomsemcemeyrowem Hanpasae-
HUL CMPEMUMCA K OOHOMY U3 08YT CMEHCHHLT NPEJENLHBLT NOAOAHCEHUT.
2Kopdanosa kpueas, nosyuennas npucoedureHuem K MO MpPaexmo-
puu mouwku P, oepanuvusaem obaacmv D, codepotcawyro mouku yeaa,
COCMABAEHH020 08YMSA COCEIHUMU NPEJesbHUMU Kacameavhoumu. Kaca-
meavhas K 4106017 mpaekmopuu, umerwet odbusue mowku ¢ D, cmpemu-
mesa npu npubaustcenuy ¥ P 6 08yr HANPABAEHUAT COOMEEMCMEEHHO K
IMUM CMENCHBIM NPEdesbvim nosodceruim. Obaacmv D omobpasica-

emea npu nomouwsu nodrodawetd semeu Pynryuu ( = f(Q(z))%dz HaQ
noaynaockocms Im¢ > ¢ (¢ — sewecmeenoe wucao);

4) an %ascdol napv, cMEHCHBT NPEJEALHBIT NOAOHCERUT CYule-
cmeyem mpaexkmopus, 064adaowan c60UCMBaMuy, ONUCAHHLMY & 3).

Teopema 2.1.4. Ilycmov mouxka P € H — noaoc emopozo nopsadka,
Uz — A0KAALHOIT napamemp, npuiem movwke P coomsemcemeyem z = 0.

_1
Iycmw [Q(z)] 2 umeem (npu wexomopom ewvibope eemeu KopHs)
cAEOYIOWEE PABAOHCEHUE 6 okpecmHocmu mowky z = 0 :

[Q(2)] % = (a+ib)z{1 +byz + bpz® + ..}, (2.1.1)
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2de a, b — sewecmsennvie, a by, by, ... — KOMNAEKCHDIE NOCTNOAHHDIE.
Cmpoenue obpaszos mpaexmoputi duddepenyuana Q(z)dz* 6 naockocmu
z onpedeasemca mem, KaKol u3 cAedyowur MPex CAYHLES UMEET Me-
cmo.

Caywat 1: a # 0, b # 0. Jas docmamouno manrozo o > 0 06pas
6caKkolt mpaexmopuu, nepecexaowull kpye |z| < a, 8 odhom nanpagae-
nuu cmpemumes k z = 0, a 6 dpyeom — evixodum u3 kpyea |z| < a. U
MOOYAL, U GPLYMERTT Z USMEHAIOMCA MOHOMOHHO HG 0bpase mpaexmo-
puu 6 kpyee |z| < a. Bearull o6pas mpaekmopul 3aKpyHuEaemcs 0KoAo
moukyu z = 0 u eedem ceba acumnmomuyecku, KK A02aAPUPMUYECKALA,
CNUPAD.

Caywati 2: a #0, b= 0. Jasa docmamouno manrozo o > 0 06pas 6cs-
Kol mpaexmopuu, nepecexarowull kpye |z| < a, 6 00HOM HANPABAEHUL
empemumes k z =0, a 6 dpyzom — ewxodum u3 kpyea |z| < a. Modyaw
2 UBMEHAEMCA MOHOMOHKO Ha 0bpade mpaexmopuu 6 kpyze |z| < a. Pa-
3Hvle 00pasv, MPAeKMoputi UMEIM Pa3Hvle NPedesvbHble HANPABACHUSA 6
mouke z = 0.

Cayuat 3: a =0, b#£0. Jlaa ecaxozo € > 0 Mmoorcho natimu makoe
wucao ae) > 0, umo npu 0 < a < a(e) o6pas mpaekmopuu, nepecexaro-
wul okpyostcnocms |z| = «, npedemasasem cobotl Hcopodanosy Kpueyo,
aedrcawyro 6 xpyzoeom xoavye al + )71 < |z| < a(l +¢).

Teiixmrosuiep [347] mepBbIM OIIUCAT JIOKATBHOE CTPOEHUE TPACKTOPHI
KBajpaTuaHoro quddepennuaia, He gaBas Jokasareabersa, a A. [led-
dep u . Cuencep [338] — nepsoe oapobHOE UCCIIEIOBAHME TIPY JIOTIOJ-
HUTEJIBHOM HECYIIECTBEHHOM YCJIOBUU THUIEPITUITHIHOCTH KBAJIPATH-
qHoro jauddepeHIuaia.

[Ipu anajm3e CTPYKTYPHI B [IEJIOM TPAEKTOPHH KBAIPATHIHOTO Jiuidb-
depennmaa yro0HO pacCMOTPETh KOHEYHBIE OPUEHTUPOBAHHbIE PUMAHO-
BbI moBepxHOCTH. KOHEUHAsT OpHEeHTUPOBAHHAS PUMAHOBA MTOBEPXHOCTD
R uMeeT KOHEYHBI POJ M MOXKET UMETh KOHEYHOE YHUCJIO THrnepbo-
JIMYECKUX TPAHWYHBIX KOMIIOHEHT. Fcjin Takuwe rpaHUYHBIE KOMIIOHEH-
TBI JIEHCTBUTEIHHO UMEIOTCS, TO CYMECTBYIOT COOTBETCTBYIOIIIE I'DAHI-
YHBbIe YHU(POPMHU3UPYIONIHE MapaMeTPbl, KOTOPble OTOOPAaYKAIOT I'DAHU-
YHBbIE OKPECTHOCTHU MOBEPXHOCTH R Ha MHOXKECTBA, JIesKaIlie B BepXHEH
MOJIYIIJIOCKOCTH, TaK YTO I'PAHUYHBIE TOUYKKU R BO BIIOJHE OIPEJIE/ICH-
HOM CMBICJIE TIEPEXOJSIT B HEKOTOPBIH cerMeHT BerecTBeHno ocu. Ko-
HEYHAs] OPUEHTUPOBAHHAS PUMAHOBA MOBEPXHOCTH KOH(MOPMHO SKBUBA-
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JIEHTHa OOJIaCTH, JieXKalllell Ha 3aMKHYTOH PHMAaHOBOIH ITOBEPXHOCTU U
OIPpAHMYEHHON KOHEYHBIM (BO3MOXKHO, HYJIEBBIM) UHCJOM IPOCTHIX 3a-
MKHYTBIX AHAJUTUIECKUX KPUBBIX. VcX0/Ist U3 9TOro mjm OcTraBasich Ha,
abCTPAKTHON TOYKE 3PEHUs], MOXKEM CUUTATH, YTO IPAHUIHBIE TOUKH ‘R
(ecsin R He 3aMKHyTa) OPUCOEIUHEHBI K R; HOJydeHHbIE 06pa3 OyieMm
0603HaYATE CIMBOJIOM ‘R.

Onpenenenne 2.1.3. Keadpamuurvim duddepenyuarom Ha xore-
YHOU OPUEHMUPOBAHHOT PUMar060l noseprrocmu R bydem Ha3v18aMb
weadpamuunsiti duddepenyuan Q(z)dz? 6 cmvicae onpederenus 2.1.1,
KOmMopultl ydosaemeopaem cAedyOWEMY YCAOBUIO: 8 MEPMUHAT 2PAHU-
wHo20 YHuPopmusupyrowezo napamempa z gynkyus Q(z) oxasveaemesn
pe2YAAPHOT 8C100Y, 34 UCKAMOYEHUEM NPOCTBLL NOAIOCO8, U BEULLCTNEEH-
HOT HA OMPEIKE BEUECNBEHHOT OCU, COOMBEMCMBYIOWEM 2PEHULHBLM
moykam R.

MmuoxectBom C st KBaJApaTUIHOTO auddepeHimaia B CMBICTE
onpenesenus 2.1.3 HA30BEM MHOXKECTBO HYyJIeHl 1 IIPOCTBIX ITOJIIOCOB ud-
depermmana Q(z)dz? ma rpamunme R. I'panudHble KpUBBE, Ha KOTO-
poix Q(2)dz? > 0, cHOBa Ha30BEM TPACKTODUSMH, a Te, Ha KOTOPbIX
Q(z)dz? < 0, — OpTOTOHALHBLIMI TPaeKTOPUAME. Ecim moBepxaocTsh R
3aMKHYTa, TO JOIOJHUATEIbHOE YCJIOBHE onpeiesienns 2.1.3 m3aunime.

Onpenenenne 2.1.4. Ioaroorcumenvrvim rkeadpamuyurowm Judde-
peryuarom Q(2)dz? na xomeunoti opuenmuposannoti pumarosoti no-
seprHocmu R Hasosem makol keadpamuunoil duddeperyuan na R, 0as
KOMOP020 6 MEPMUNAT 2PAHUYH020 YHUPOPMUSUPYIOW,L20 NaAPAMEMPQ
z Pynkyus Q(2) noaocsicumesvha 6 MOUKAT OMPE3KA BEUWLCMEEHHOT
0CU, COOMBEMCMBYIOWE20 2PAHUNHBIM MOYKaM R, OMAUNHBIM O, HY-
aet Q(z).

TTomoxkuTeTbHBIN KBaAPATUIHBIH TuddepeHualt peryaspeH Ha rpa-
nute R. Qopmysiupyst obmme pe3ysabraThl JJisi KOHEYHBIX OPUEHTUPO-
BAHHBIX PUMAHOBBIX ITOBEPXHOCTEM, YCJOBUMCS PacCMaTPUBATEL JIFOOOH
auddepeHuan Ha 3aMKHYTONH PUMAHOBOW MOBEPXHOCTH KAK IMOJIOKU-
TeJbHBIN, XOTs ycjioBue onpeenenus 2.1.4 B aToMm ciryuae OGeccomeprka-
TEJILHO.

Ilo-BuauMoMy, BIlepBBIe KBaJpaTUIHbIe MuddOepeHra bl BOSHUKIN
[IpU WM3yYEHUHN SKCTPeMaJibHBIX 3aja4 B paborax M.A. JlaBpenTbera
[158], T. T'perma [289], M. Muddepa [339, 340]. Pynnamenraibhast
POJIb KBaAPATUIHBIX MM HEPEHITNATIOB KAK YHUBEPCAIBHOTO CPEICTBA
JIJTsT PEIIeHrs] SKCTPEMAJIBHBIX 3318 NeOMETPUIECKON Teopun (hyHKIHMA
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6bL1a Brepsbie ormedena O. Tefixmromnepom [347], chopmynmuposasmmm
B 19391. mpuHIUI, COTJIACHO KOTOPOMY pelleHne KaxKJIoil Takoil 3a-
Ja9u CBS3aHO C HEKOTOPBIM KBaJIPATHIHBIM UM (HEpPEeHTIATIOM. DTOT
MPUHIUIT HAIeJ CBOe BhIpayKeHWe B BUJE Tak Ha3biBaemoil "oOrieit
TeopeMbl 0 KO3 dunmentax", chOpMyJIMPOBAHHONR U JIOKA3AHHOHN II0-
snuee JIxk. Jxenkuucom (cm. [104]), koropast B mambHefieM 101mos-
HsJIACh M YTOYHSIJIACh B paboTax MHOTHUX aBTOPOB. Jlpyrme moHaTHS
U Pe3yJsIbTaThbl, OTHOCAIINECS K TEOPUH KBaJpaTUYIHBbIX Juddepennna-
JIOB U UX MPUJIOXKEHUSIM, a Takke Oojiee TOApOOHBIE UCTOPUIECKUE KOM-
MEHTAPHUH CO CCHIIKAMU Ha pabOThI MEPEUNCIEHHBIX BBIIIE aBTOPOB CM.

B [104,110,112,145,201, 214, 350).

2.1.2. F—mHOXKecTBa U TUNLI obJiacTeil (OTHOCUTEJILHO KBa-
aparngHoro auddepeHnuana).

Onpenenenne 2.1.5. Mnoowcecmso K na R wHaswveaemcsa F-
mmootcecmeom  (ommocumenvro Q(z)dz%), ecau ecaxas mpaexmopusa
duppepenyuana Q(z)dz?, nepecexarowanca c K, ueauxom aescum 6 K.

Omnpepenenne 2.1.6. Buympernum 3aMoiKGHUEM MHOHCECTEA MO~
yex noseprrocmu R 6ydem HA3BIBAMD SHYMPEHHOCTND 3AMBIKAHUA IMO-
20 mnooicecmea. Buympennee samvikarnue mmooicecmea K- 6ydem 06o-
anavams vepes K.

[Tycts R — KOHEYHAsT OPUEHTUPOBAHHAS PUMAHOBAs MMOBEPXHOCTD, a
Q(2)dz? — kBagpaTuunbli quddepeHTan Ha Heil.

Onpepenenune 2.1.7. Konuesoli obaacmvro §  (ommocumenn-
no Q(z)dz?) mnasweaemca maxcumarvnoe ceaznoe omxpuimoe F-
MHOICECMB0 Ha KR, obaadarousee cAedYIoUUMY CEOTCMEAMIU:

1) § ne codeparcum xpumuneckus mouex Juddepernyuana Q(z)dz?;

2) § aanoaneno mpaexmopuamu Judpeperyuana Q(z)dz?, xascdaa
U3 KOMOPHIT UMEEM NPEJEALHYIO KOHUEBYI MOUKY 6 KaxHcdom u3 06Yx
B03MONCHBLT Hanpasienull 6 3adannotli mouwke A € H;

3) §F xongopmmno omobpasicaemesn dynwyuet ¢ = f[Q(z)]%dz Ha
BEPTHIOI0 UAU HUICHION NOAYNAOCKOCTD naockocmu ¢ (6 3agucumocmu
om 6wvlbopa 3HAKA KOPHA).

Cpagzy sicHO, 4TO TO4YKa A N0oJIzKHA OBITH MOJIIOCOM JudpepeHIralia
Q(2)dz? He HUIKe TPETHETO TIOPSIIKA.

Onpenenenne 2.1.8. Iloaocoobpasroti obaacmvio &  (ommocu-
meavno Q(2)dz?) nasvisaemes maxcumarvroe ceaznoe omxpvimoe -
MHOoIcecmBo Ha R, obaadarousee cAeOYIOUUMY CBOTCMBAMU:
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1) & ne codeporcum xpumuneckuxr mouex dugpdeperyuana Q(z)dz?%;

2) & sanoaneno mpaexkmopuamu Juddeperyuana Q(z)dz?, xasrcdas
U3 KOmMopux umeem 6 nexkomopoti mouke A € H xonuesyo npedesvryio
MOYKY 8 00HOM HANPABAEHUY, 0 6 OpY20l (603M0oICHO, cosnadaroweli ¢
A) mouke B € H — konyesyio npedeavhyio mouky 6 opyzom Hanpasie-
HUU;

3) & xongopmmro omobpasicaemcs dynrxyuets ¢ = f(Q(z))%dz Ha No-
aocy a < Im({ < b (a, b — xoneunve sewecmeennvie wucaa, a < b).

Onpenenenue 2.1.9. Kpyzosoti obaacmovio &  (ommocumenn-
no Q(z)dz?) masweaemca maxcumarvnoe ceaznoe omrpuimoe F-
MHOHCECTNB0 Ha R, obaadarousee cAedYOUWUMY CEOTUCTNEAMU:

1) & codeporcum eduncmeennoili dsotinot noamoc A dugddepenyuana
Q(:)d=*;

2) &\ A sanoaneno mpaexkmopuamu Juddepenyuana Q(z)dz?, xa-
orcdas u3 Komopux npedcmasasem coboli 2#copodarosy KPUeYo, omaoes-
rougro A om epanuyor S;

3) npu nadaesrcawem 6vbope HUCMO MHUMOT NOCTNOARHOT ¢ PyH-

KUuA W = exp {cf(Q(z))%dz} DONOAHEHHAS BHAMENHUEM HYAD 8 TNOYKE

A, omobpasicaem & xongopmro na kpye |lw| < R, npuuem A nepexodum
6 mouky w = 0.

Onpenenenue 2.1.10. Koavuesol obracmuvio D (ommocumenn-
no Judpepernyuara Q(z)dz%) nasveaemca maxcumasvHoe Cc6AZNHOE
omxpwumoe F'-mnoocecmeo wa R, obaadarouwee caedyrowumu c6oticmea-
MU

1) ® me codeporcum wpumumneckux movek Jugdepenyuana Q(z)dz?;

2) ® sanoaneno mpaexmopuamu Jugdepenvyuana Q(z)dz?, xascdas
U3 KOMopur npedcmaesnsem coboli Hcopdanosy Kpusyro;

3) npu nadaeosrcawem eubope HuUCmMmo MHUMOU NOCMOANHOT ¢ PyH-

1
KUUA W = exp {cf[Q(z)] Edz} omobpasicaem D KoHPOPMHO HA KPY2080€
Koavyo 1 < |w| <re (0 <ry <ry).

Teopema 2.1.5. (OcHoBHas cTpyKTypHasi Teopema). ITycms R —
KOHEUHAA OPUEHMUPOGANHAA PUMAN06a noceprhocmy u Q(2)dz? — no-
A02HCUMEAbHOIT Keadpamuuhoil duddeperyuan Ha R, npuvem UCKAOUG-
10MeA cAedyrousue nNoGePTHOCMU (U KOHPHOPMHO IKEUCAAEHTIHVLE UM):

1. R ecmwv z-cpepa, Q(2)dz? = dz?;

(xeY 2
2. R ecmv z-cepa, Q(2)dz? = KEZ%, a — eewecmeennoe, K —
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NONOAHCUMENDHOE;

3. M ecmv mop, Q(2)dz? peayaapen na R.

Hycms © obosnawaem obsedunenue 6cex Mpaekmoputi, UMEIOUUT
NPeJeAbHYI0 KOHUEBYIO MOUKY 68 Hekomopot movke mmuoocecmea C. To-
2da:

1) R\ © cocmoum us KOHEUH020 “UCAA KOHUELEHIT, NOAOCO0OPASHVLT,
KPY208bT U KOADUESHLT 00AacMed;

2) xaotcdan maxas 06AGCTVD 02PAHUMERG KOHEUHBLM HUCAOM MPaA-
exmoputl emecme € MOYKAMU, 6 KOMOPHLLT MPOEKMOPUL NePEeCceraro-
MCA; BCAKAA 2PAHUNHAA KOMNOHEHMA Makol obaacmu codepatcum mo-
wky muooicecmea C, 30 UCKAIOYEHUEM KPY208HIL UAU KONDUEGHIT 0040~
cmeti, 2panuNHble KOMNOHEHMbL KOMOPLIL MO2YM CO8NAdamsd ¢ 2paHu-
yHol Komnonenmot R; 066 ePAHUYHLT IAEMEHMA NOAOCO0OPa3HOT 06.Aa-
cmu, evrodaujue u3 mover muoocecmsa H, pasdeasiom epanuyy na 0se
wacmu, Kaotcoas u3 Komopux codepotcum mouky muoscecmsa C;

3) waoicowiti nomoc Juddepenyuana Q(z)dz? nopadka m > 2 umeem
OKPECTVHOCTND, NMOKPBIBAEMYIO GHYMPEHHUM 3AMBIKGHUEM M — 2 KOHUE-
66T 06AaCTNET U KOHEUH020 HUCAL (603MONCHO, PAGHO20 HYAIO) NOAOCO-
06pasHvlr obaacmeti;

4) ®aotcovidi noaoc 6mopozo nopadka duddepenvuana Q(z)dz* ume-
em AuUb0 OKPECTIHOCTb, NOKPHIBAEMYIO BHYMPEHHUM 3AMBIKAGHUEM, KO-
HEUHO20 YUCAG NOAOCO0OPAHBIT 0baacmet, AUOO 0KpeCMHOCTD, Codep-
AHCAQULYIOCA 8 KPY20680T 004aCMAU;

5) enympennee 3amvikaHue ® wmoocecmea ®  asasemca F-
MHOIHCECTNBOM, COCTNOAWUM U3 KOHEUHO20 “UCAa obaacmell noeeprHo-
cmu R, Kasrcdas u3 KOMOPbT uMeem KOHEHHOE YUCAO (803MOAHCHO, PAG-
HOE HYAI0) 2PAHUMHOLT KOMNOHEHTT;

6) Kaoicdas 2panuNHaA KOMNOKEHMA MaKOlT 06AACTIU ABAALTNCA
KYCOUWHO-AHAAUMUYECKOT KPUBOT, COCMABAEHHOUT U3 MpPaexmopul U UL
NPEJEALHVIT KOHUEBHT movek, aedxcauux 6 C.

2.1.3. Dyukmua I'puHa u BHyTpeHHUii pagunyc oodaacru. la-
nuM Gosiee TOIPOOHOE TTOsICHEHUE TIOHSITAS BHYTPEHHErO pajmyca obJia-
CTH, KOTOPOE sIBJISIETCST OJJHUM U3 OCHOBHBIX B JIAHHOU paboTe.

Omnpeaenenne 2.1.11. ITyemv G — obaacmov 6 C, G # C. Oyn-
xyuet 'puna obaacmu G Ha3vi6aeMCA MAKAA BEULLCTNBEHHAA PYHKUUA
ga(z,w), onpedesernasn npu ecex z,w € G, z # w, WMo npu KaHcIoM
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Purcuposarrom w € G 6bNOAHENDL CACOYIOULUE YCAOBUA:

1) pynruyua go(z,w) eapmonuvna Kax Gyrkyus om z 6 obaacmu
G\{w};

2) ecau z — w, mo gg(z,w) — 400, NPu IMOM PAZHOCTND
ga(z,w) — log rlwl 0CTMAEMCA 02PAHUMERHOT, 0N KOHEUH020 W, U Pa-
anocmv ga(z,00) — log |z| vepanunena das w = oo;

3) npu npubauscenuu x epanuye OG Pyrnkyus go(z,w) cmpemumes
K HYAI0.

Eciu mia obmnactu G cymecrsyer dynkiusa ['puna (mocsiesnnee, Ha-
IPUMEpP, UMEET MECTO B Ciydae, Korja OG COCTONT M3 KOHETHOTO TUC/Ia
3aMKHYTBIX KODJIAHOBBIX KDUBBIX), TO M3 [PUBEIEHHOIO OIPEJEJICHNUSI
BbITEKaeT CUMMETPUIHOCTDb U ITOJIO2KUTEJIbHOCTH (l)yHKLH/II/I ga (Cl\I.7 Ha-
npumep, [94]):

ge(z,w) = ga(w,2) >0 VzyweqG, z#w.

I[Ipoussosbuyio obmacts G C C Beerja MOXKHO MCHEpHATD MOCIEIO0-
BaTeJIbHOCTHIO obsiacreit G1 C Gy C . . ., JJIsI KaXKJ0l U3 KOTOPBIX CyIIe-
crByer ¢dyuknus ['punra. B sTom ciryuae u3 Teopembr XapHaka O BO3pa-
CTAIONIUX IOCJIE0BATEIbHOCTAX rapMoHndeckux Gynkimit [94] coemy-
eT, 9ro jyist Kaxkaoro w € G\{oco} mocseroBaTessHOCTh TAPMOHIIECKAX
byHKII

1
hG,w(2) == ga, (z,w) — log |7 z € G\{w},

z—wl|’
JIOOMpeJIeJIeHHasl 10 HEIIPEPBIBHOCTU B TOYKE W, PABHOMEPHO CXOJUTCS
Ha KOMITAKTHBIX MMOJIMHOXKeCTBax obsiactu G mipu k — 0o mbo K 400,
b0 K HEKOTOPOi rapMoHm4eckoit dyHkmun hg ., (z), KoTopas He 3a-
BHCUT OT BbIOOpa mcyeptbiBaromux objacreit Gy, Go, . ... B mociemnem
caydae QyHKITUS

96(2,w) := hew(2) + log L

|z — wl
Ha3bIBaeTcs 0000meHHol ¢yHKiueil ['puna obsactu G, a BeJMYMHA
(G, w) = exp (hgw(w)) HasBIBaCTCI SHYMPENHUM paduycom obaacmu
G omnocumenvro mowku w (cm. [110,229]). B ciyuae, Korga mocseno-
BATEILHOCTD Ay 1 (%) PABHOMEDHO CXOQUTCH HA KOMIIAKTHBLIX HOIMHO-
kecrBax obiacru G K 400 upu k — oo, Mbl nosaraeM (G, w) = +o00.
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Bce ckazammoe Bbile crrpaBeyInBo s w = OO CO CJIeAYIoINIeit Moaudu-
Kamueil: GyHKImn hg, oo(2) ONPEIEIAIOTCS pABEHCTBAME

hGi,00(2) := g, (2,00) — log |z].

Ecmu obnacts G omnocsszna, G # C, To jyist KaxK 10 Touku w € G
CYIIECTBYeT eIMHCTBEHHOe KOH(MOpPMHOE orobparkenne f obsactu G Ha
KpyT |z| < 79, HOpMEpoBanHOe yeaosusmu f(w) = 0 m f/(w) = 1,
[IpH 9TOM HMMeeT MecrTo paseHcTBO 19 = 7(G,w), a BeJnvuHA T( Ha-
3BIBAETCST KOHPBOPMHDbIM Paduycom obaacmu G OMHOCUMEALHO MOUKY W
(em. [94,229]). Kaxnast obiacts G, jjist KOTOPOH CyliecTByeT 0600IIeH-
nas dynknus ['puna, obramaer cBoilcTBoM: ays Beex Touek ( € OG,
38 MCKJIIOYEHUEM, OBITH MOKET, HEKOTOPOTO MHOXKECTBA HYJIEBOM Jora-
pudMuIecKoit eMKocTH U it BceX w € (G CyIecTByeT U paBeH HYJIO
npeet lilré 96 (2, w); Takme TOYKU ( HASBIBAIOTCS PETYJIAPHBIMU TDAHNU-

ZzZ—

gHpIME TOUYKaMu obsactu G [94].

B jasbHElIeM O emMKoCmbio Mbl BCerja OyaeM II0Apa3yMeBaTh
sorapudmundeckyo emrocTb. st komnakra F C C ero (norapudmn-
YecKasi) eMKOCTDb OIPEIE/IAeTcs CAAYIONMMU paBeHcTBaMu: cap F =
m, ecrm emmamna r(C\ F, 00) komewna; cap F := 0 — B TIpoTHB-
HOM cJiy4dae. JIjis Mpou3BoIBHOro GOPEIEBCKOTO MHOXKECTBA F, jexKare-
ro B C, mbI onpejensier cap £ Kak TOYHYIO BEPXHIOI I'DAHb BEJIUUHH
cap F', B3aryio no Bcem komuakram F' C F (| C. Ormerum, uro Gopesies-
CKM€ MHOYKECTBA HYJIEBOH eMKOCTH BCET/IA MMEIOT HYJIEBYIO XayCa0pdhoBy
Pa3sMepHOCTD U NIPU KOH(MOPMHBIX OTOOPAKEHUX TIEPEXOJIAT BO MHOXKE-
CTBa HYJIEBO €MKOCTH.

2.2 CucremMbl TOYEK, KJIACCHI OTKPBITBIX MHOXKECTB U THUIbI
bYyHKIIMOHAJIOB

Onpenenenune 2.2.1. ITycmv n,m € N. Cucmemy mouex

Apm i ={arp €C: k=1T,n, p=1,m}

nazosem (n, m)-ayuesod, ecau npu écex k =1, n u p =1, m ewunoansio-
MCA COOMHOULEHUSA:

0<lagi| <...<l|agm| < oo;
argag1 = argar s = ... = arg ag,m =: O =: 0 (An.m); (2.2.1)
0=0,<0<...<0, <0Opq1:=27.
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B cayuae m =1 (n,1)-ayuesyio cucmemy mouer 6ydem nasveamov n-
AYUEBOT U UCTOAD30B8AMD boACE NPOCBLE 0003HAMEHUA:

a1 =: Gk, k= 1,n, An,l =: An

Ounpenesnenne 2.2.2. Ha muooicecmae (n, m)-Ayuesus cucmem pac-
CMOMPUM CAEOYIOWSUE BENULUNDL

Qg 1= ak(An,m) = % [0k+1(An,m) - Hk(An,m)} y

2.2.2
k=1,n, api1:=0a1, Q= Q. ( )

Beauwunol o (An.m), k = 1,n, 6ydem nasvieams y2ao6vimu napamempa-
mu cucmemvs Ay, . Ouesudro, wmo

Zak(An,m) = Zak = 2.
k=1 k=1

Ecnu (n, m)-ntydeBas cucreMa TOUeK A, ,, 00I1a7aeT CBOHCTBOM

2
ak:(An,m) = Ev k= 1ana

TO TaKylo cucTeMy OyneM Ha3bIBATb PAGHOAYHEGOU.
JIoGoit (n, m)-mydeBoit cucreMe TOUeK A, ,, IMOCTABEM B COOTBET-
crBue Habop obmacreit P(Ap ) = {Py}p_y, Tae

Py, = Py(Ay ) = {w € C\{0} : 0x(Ap ;) < argw < Op1(Anm)}, k=1,n.

$lcHO, 9TO ¢ paBHOJYHYEBOi CHCTEMOIl TOYEK COIOCTABJIAETCS (DUKCHPO-
PO(A,m) = {P2}"
Bannas cucreMa PY(A,, ) = { P} s 1€

P) =P (Apm) = {w e C\{0}: 2—7T(k: —1)<argw < Q—Wk} ,k=1,n.
n n

Ymuozxkenne (n,m)-iaydeBoii cucreMmsl A, , = {ap,} Ha ducio t €
RT onpegenmm ciegyomumM 06pasom:

t‘An’m ::{t~ak1p}, k:l,—nvpzl’m
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Cay4ait (n, m)-paBHOJYYIEBBIX CHCTEM TOUEK, MO-BUIUMOMY, BIIEDBBIE
paccMarpuBagcs B padore [111].

s mopoussosbHON  (n,m)-mydesoil  cucremsl A, o, =
{arp: k=T1,n,p=T,m} obozmaum:

I

MAnm) = TTTT [ (latal ™) - x (Jora 5] langly 223

k=1p=1
" 1 \1%
MO (A n) 1= [T [x (lonnl ™) - x (Janol 7)oyl 2:20)
k=1
M (A0, ) =TI TIx (1) 1) - oo, (2.2.5)
k=1p=1
M@ (AD,) = T x (Lo 1%) - lansl (2.2.6)
k=1
1
M(A,) ™™
R, := Rl(An,m) = ( (17) ) s (227)
M(An,nL)

rme p=1,m B (2.2.3) — (2.2.6),

A(l,) :{ag’)p:kzl,n,p:Lm}’ 1=1,2,3

— crenuasbHbie (n,1M)-Jlyd4eBble CUCTEMbI TOYEK, OIPEJIesdeMble MPU
Bcex k=1,n, p=1,m u l = 1,3 paBencrsamu:

2
2p—1 " 2
ag’; = {tg (p—ﬂ')] ~expi%(k: - 1),

4m
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Hns duxcuposannoro R € RT u npoussoabHoil (n, m)-1y4eBoil cu-
cTeMbl ToueK A, ,,, paccMoTpuM ciaeyrontuii "ynpasmsatonuit" byHKIN-

OHaJI:
() (%

Ouesnuo, aro Mi(A,,m) = M(An.m). Kpome Toro,

1 \13
QH)} Naw,l (2.2.9)

=
s

MR(A’I’L m) =

)

=
Il

1

1p

1
Mgr(Apm)=R™ -M (E “Apm |- (2.2.10)

Ecmu T,, — npou3Bo/bHBIH HAOOP U3 N PA3IUIHBIX TOUYEK €TUHUIHOMN
okpyxuoctu u OU\T,, cocTouT u3 OObEeIUHEHUS N HENePECeKAIOIIUXC ST
AYT € JJIAHAMHA Y] = 01T, ..., Vn = OpT, TO

w(Tn) =[] on- (2.2.11)
k=1

IMpu kaxgom k = 1,n ob6o3uaunm 4epes zi(w) Ty BETBb MHOIO3HA-
YHOI aHAJIMTUIECKON DYHKIUK z = —i (e‘gkiw) ”—k, KOTOpasl peaju3yer
OJIHOJIUCTHOE U KOH(MOPMHOE 0ToOpazkeHue obyractu Py, Ha paByto moJTy-

_1
mockocth Rez > 0, mpu srom sy argw = 5 (0 + 0x41) npeobpasyercs
B HOJIOKUTEJIbHYIO JeHCTBUTENIbHYIO 110J1yoCh (6 U (v OlpeesieHbl co-
oreercTBenHO B (2.2.1) u (2.2.2)). Torna dbyskms

B Rﬁ — zp(w)

VO (w) = =
Rk + 2z, (w)

(2.2.12)

OHOJICTHO U KOH(POPMHO 0TOOpazkaeT 001acTh Py Ha e TUHUIHBIN KPyT
U = Uy, k = 1,n. O6oznaunm w,(iz))(R) = C,ER) (ak,p), Wz(j;),(R) =
R 2 2 — —
G (@hs1p): Gnery = a1, w6 (R) = wilp(R), (k= Tn, p = Tm).
IIpu Beex k = 1, n MHOMXKECTBO {w,(clz))(R) mau {w,(fl))(R) 7, COCTOHT H3

2m pazmngabix Touek Ha OUR. IlycThb

S

r(R) = 1 (Anm) = ({wlp (R U (BN ) k=T,
(2.2.13)
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IIpu R = 1 nosoxxum

wr = pr(l), k=1,n. (2.2.14)

Taxum obpaszoM, ¢ KaxzIoi (n,m)-1ydeBoii cucreMoit A, ., U ¢ Heko-
TOPBIM (PUKCHPOBaHHLIM unciaoM R € RT conocrasiserca mabop umces
{ur(R)}?_, C RY, npuuem, ui(R) < m™?™, R € RT. B nocsienuem co-
OTHOINEHNN 3HAK PABEHCTBA JOCTHTAETCS TOTJA W TOJHKO TOTJIA, KOTJIA

i

p=1m,s=1,2).
I[Ipu 3ajannom R sesmaunbt g (R), k = 1,n, 6yiem Hasssath Koab-

(R) ABJIAIOTCA BEPUIIMHAMH LPABUIBHOTO 2m-yrosibHuka (k = 1,n,

1
dbunmenTamu cmenieHns CucTeMbl A,, ,;, OTHOCUTEIBLHO CUCTEMBL Rr-AN,
n .
ITycrs {Bi}),_, — cuCTeMa B3aUMHO HeIEPeCEKAIONINXCsl 00acTeii.
IIpu xaxmom k = 1,n TOJBKO KOHEYHOE YHCJIO KOMIOHEHT CBA3HOCTH

muOKecTBa C\ By, MOTYT Co/lep:KaTh BHYTPH cebsi KaKyro-To u3 obsacreit

Bj, j =1,n, j # k; TaKue KOMIOHEHTb! MBI HA3bIBAEM CYIIECTBEHHBIMHU.

Ob6utactb, nostyvennyio BeibpaceiBanneMm u3 C Bcex CyIMIeCTBEHHBIX KOM-

oHeHT cBaznocTu MHOKecTBa C\ By, 6ynem obosnauars By. OueBuino,
n

uro By, C By npuBcex k =1,nu {Bk} — CHCTeMa, KOHEYHOCBSI3HBIX

B3aMMHO HEIIEPECEKAIOIINXCsT 00IacTell 6€3 W30 IMPOBAHHBIX IPAHIMIHBIX

o n o
touek. Ilepexon or cucremsr obmacreit {Bj},_, K cucreme obsacreit
n

Ek} HA3BIBACTCA ONepayuets 3anoAHeHUs HECYUW,LCTNEEHHDIT 2PAHU-

il ommonenm.

IIycrs D, D C C, — mpon3BOIbHOE OTKPBITOE MHOMKECTBO M W = @ €
D, rorma D(a) obo3Hagaer CBA3HYIO KOMIIOHEHTY D, COIEPKAILYIO G.
s mpousBonbHOit (1, m)-iydesoit cucreMsl Ay, »,, = {ak ,} 1 OTKpPEITO-
ro muoxkectBa D, A, ,, C D, obosuaunm Dy (ap, s) CBISHYIO KOMIOHEHTY
muozkectBa D(ap s) () Pk (An,m), COOEPKALIYIO TOUKY Gy s, P = k, k + 1,
s =1,m, k = 1,n. Yepes Dy(0) (coorBercTBenno Dy (00)) Gymem 06o-
3HauaTh CBA3HyI0 KommonenTy muokectsa D(0) () Pk(An m) (coorser-
crserto D(00) (| Pr(Anm)), conepzxantyio Touky w = 0 (cooTBeTCTBEH-
HO W = 00).

Ha MHOXKecTBe nap IeJI0UNCIIEHHBIX UHIEKCOB (k, p) ONpesiesnM pa-
BEHCTBO ciienyromum oopasom:(k,p) = (¢,8) ©k=q u p=s.

Onpenenenune 2.2.3. bydem 2060pumv, 4wmo omrpumoe MmHotce-
emeo D, Ap. C D, ydosaemsopsaem nepeomy Ycaro6ulo HEHANE2G-
HUA OMHOCUMEALHO 3a0anHoTl (N, M)-Ayuesoli cucmemv, movek Ay m =
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{akp} ecau
Di(ap.) (| Dr(ags) = @ (2.2.15)

npu Kastcdom Purcuposarrom k = 1,1 u 0as 6CET PA3AUMHBIT THOYEK
Api U Qg s, Npunadsedcauul Pr(Apy m).

Onpegnenenne 2.2.4. Omxpwmoe mnoorcecmso D, {0} JAnm C
D (coomsemcemeenno {0,00} | JAnm C D) ydosaemsopaem emopomy
(coomsememeenno mpemvemy) Ycao6uio HEHAACLANUA OTNHOCUTIEADHO
(n, m)-ayuesot cucmemvr Ap m = {arp}, €cAu 6vNOARAEMCA YCAOBUE
(2.2.15) u, xpome mozo

Dk(O) ﬂ Dk(ap}l) =9

(coomeemcmeeHHO

240 Dx00)| U [Du(0) () Dilay) | [ Pilag.) () Di(o0)| = 2)

npu Kxaostcdom Purcuposarnrom k = 1,n u daa 6cex passuvHbL Mover
ap1 U Qg s, Npunadsescauu Pr(Ay m).
IMonoxnwm (D, a) := r(D(a),a),

0, w e C\D(a),
gp(w,a) := { 9p(a)(w,a), w € D(a),
i 9p(@ (C;a), ¢ € D(a), w € dD(a).

st ymobcrBa OpMyNIMPOBOK (DYHKIIMOHAJBI, PACCMATPUBAEMBIE B
FnaBax 2, 3, 4, 5, pazobbeM HA TPU THUIIA.

Onpenenenne 2.2.5. OyHKUUOHAAGMU NEPEO20 Muna bydem Ha-
36L6aMb HYHKUUOHANDE CAEIYOWE20 UG

n m
J= H H r7%r (D, agp),

k=1p=1

2de Vkp ERY, Ay ={akp}, k=1,n, p=1,m — (n,m)-ayuesan cu-
cmema, D — omxpwmoe mnoocecmeo, Ay, . C D C C. B wacmmuom cay-
yae D mootcem bvimod 06BedUHEHUEM NONGPHO HENEPECEKAOWUTCA 00N~

cmeti By, p, arp € B p.
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Onpenenenne 2.2.6. QyHKUUOHAAGMU 6MOPO20 MUNG HA306EM,
PyrryuoHab, 6uda

J =17 (D,0) ﬁ ﬁ e (D arp),

k=1p=1

ade Y05 Vk,p S R+7 k= 17—”7 p= 17m; An,m = {ak,p} :(n,m)—ﬂy%eeaﬂ
cucmema, D — omxpoumoe mmoorcecmso, Ap ., C D CC, 0 € D.
Onpenenenne 2.2.7. Qynryuonaiv, 6uda

n m

J=1[r(D,0)r(D,o0)]™ H H ke (D, ag,p) ,

k=1p=1

2de Y0, Yep ERT, k=1,n, p=1,m, Apm = {arp} — (n,m)-ayuesasn
cucmema, D — omxpumoe muosicecmeo, Ay, ., C D C C,0e D, o0 €D,
HA3VBAOMCA GYHKUUOHAAGMU TPEMbE20 TUNA.

Onpenenenune 2.2.8. 3adayu, 6 KOMOPHT PACCMAMPUBAEMCA GO-
nPOC 06 OMVLCKAHULU MOYHBLET OUEHOK CEEPTY PYNKUUOHAA0E NePEo20 (co-
OMBEMCMBEHHO 8MOPO20 UAU MPEMbe20) muna 6ydem Ha3vieams 3ada-
YAMU NEPBO20 (COOMBEMCMBEHHO BMOPO20 UAU MPEMBE20) MUN.

2.3 IkcrpeMasibHble MPOGJEeMbl HA KJaccax
HemepeceKamoInuxcs objacreii

2.3.1. Wcrokm »KCTpeMaJIbHBIX 3aJla4 O HeHAaJIerarolnuxX
obuiactax. Hampasienne, cBsI3aHHOE ¢ 9KCTPEMAIBLHBIME 33 IAYAMU JIJTs
HeHaJierajomux oobjacreit, 6epeT Hadaa0 B (yHIaMEHTAJIbLHONU padoTe
M.A. Jlaspenrbesa [158], B KoTOpOii, B uacTHOCTH, cHOPMYINPOBAHA
¥ perreHa 3ajada 0 MaKCHMyMe MMPOU3BeJeHNs KOH(POPMHBIX PaJINyCOB
JBYX OJTHOCBS3HBIX B3ANMHO HETIEPECEKAIONNXCs 00/ IacTel KOMILIEKCHOI
ILJIOCKOCTH.

Teopema 2.3.1. (M.A. JlaBpeurnes). [Tycms a1 u as — pasausmbie
PuKCuUPosarHBIE MOUKU KOMNACKCHOU Naockocmu u Dy, Do — a06vie
HENEPeceKauuecs 00Hocea3nve obaacmu maxue, umo ay, € Dy C C,
k= 1,2. Toeda dasn dpymxyuii w = fr(2), k = 1,2, peeyaapnox 6 wpyee
|2| < 1 u odnoaucmuo omobpascarouur ezo wa obaacmu Dy mak, wmo
fx(0) = ag, cnpasedauso nepasencmso

[FO)] - [£0)] < lax = asf*.
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3nak pasencmea docmuzaemcs mozda u Moavko mozda, x020a

Dlz{wE(C: ’%’<1}, DQZ{U}E(CZ |%’>1}.
—as — a2

Ceituac Teopemoii JlaBpeHTheBa Ha3bIBaeTCs 6oJiee 00Nl PE3yJILTAT.
Hamee MbI 6y1eM UCIIO/TBE30BATH MOHATHE BHYTPEHHETO paanyca o0Jia-
cru B oTHOCHTENBHO TOUKY @ € B (em. 1. 2.1.3).

Teopema 2.3.2. [lycmv a1 u as — Hexomopvie GUKCUPOSAHHDLE
mouky xKomnaexchot naockocmu C, Dy, ar € Dy, k = 1,2, — ato-
6vie eaaummo nenepecexarougueca obnacmu na C. Tozda umeem mecmo
caedyrowsee HEPABEHCMBO

r(Dl,al) . ’I“(Dg,ag) < |a1 — a2|2. (2.3.1)

Ilpunem, dasn obaracmets Dy, k = 1,2, xomopovie umerom KiaCCU%ECKyo
dynruuro I'puna, 3nax pasencmsa 6 nepasencmee (2.3.1) docmuzaemes
mozda u moavko mozda, kozda obaacmu D1, Dy 02paHuyuenv, 0OKpYHCHO-

zZ—ay
—asg

cmbovto = C, 2de C' — npou3eonAbHaAA NOAOHCUMENOHAA KOHCTAH-

ma.

Crenyromuit mar B passuTun 3Toil TeMatuku B 1951 romy cuesas
I'"M. Tomysun [93]. On 0606mur 3amady JlaBpeHTheBa Ha Ciydail Ko-
HEeYHOro uuciaa n (n > 3) B3aUMHO HENEPECEKAIOIUXCsl OJHOCBI3HBIX
obmacreit Dy, ar € Dy C C ({ag}}_, — mobble dbuKCHpOBaHHbIE KO-
HEYHble U PA3JIMYHbIEe TOYKHM KOMIIJIEKCHO HJIOCKOCTH), & IpU N = 3 —
HOJIY YU €€ TIOJIHOE PeIleHHe.

0 _ - 2T 0 _ . s

Iycrs ap = expiZ(k—1) u B = {w eC: |argw — argag| < g},
k =1,3. OrmernM, uTo BY) SIBISAIOTCS KPYTOBBIME OOJIACTSIME, & TOYKH

013
{a}};_, — momocamu kBagpaTuIHOro muddepenuaa

Cnpasenyms cienyromuii pesynbrar I.M. Tomysuna [93].

Teopema 2.3.3. Kako6v, 6v, HU OblAL PASAUMHBIE KOHEYHBIE TOYKY
{ax }3_; u nonapro nenepecexarouwuecs odnoceasnvie obaacmu { By }i_;,
ay € By C C, dan dynxyui w = fi(z) (k = 1,2,3), peeyaspuvx (3a
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UCKAIOMEHUEM, BO3MONCHO, 00HOT, KOMOPAA MEPOMOPPHHA) 6 OMKPHIMOM
edununnom wpyee |z| < 1 u odnoaucmmo omobpasicaowus amom xpye,
coomeemcemeenno, na obaacmu {By}i_,, [r(0) = ay, evnoansemcs ne-
PaBEHCTNGEO

> 64
H|fl'c(0)| S m|a1 —az| - a1 — az| - [az — as|.
k=1

3nark pasercmea 8 IMOM HEPABGEHCIMNBE docmueaemes mozda U MoAb-

Ko mozda, wozda By, = T(BY), k = 1,3, 2de T(w) — eduncmeenoui
Kongopmnoi asmomopdusm naockocmu C makot, wmo ar = T(ad),
k=1,3.

Jlajlee HaYAIOCh CTPEMHUTEIBHOE DA3BUTHE ITOH TeMaTWKu. B cBs-
3u ¢ 9TUM TpuBeneM caeaytomume paborer: H.A. JleGemera [160-164],
H.A. Jle6enesa u JI.JI. I'pomosoit [99], JI.JI. I'pomosoit [100], II.M. Tam-
pasosa [212-219], IL.II. Kydapesa, ILII. Kydapesa u A.E. ®aseca
[156,157], H.W1. Koubunoii [140,141], Ix. Txeunxunca [104,303,304],
Hexapu [320], }0.E. Anenununa [4-8|, A.3. punmmnana [98], 11.A. Ase-
kcauaposa [2], B.A. Aunpeesa [10], I.B. Kysbmunoit [145-153], II. Hro-
pena [276,277], II. Hwopena u M. Iluddepa [278,279], B.H. Hy6u-
Huna [105-115], C.JI. ®emoposa [228], E.I. EmenbsiroBa [116-119],
A10O. Conbiruna [197-201], A.IO. Bacuiabesa [85-87, 350, I'.II. Ba-
xrunoii [65-80], A.K. Baxruna [18-44|, A.K. Baxtuna u I.Il. Baxru-
HOM [45-55] n apyrux.

H.A. JleGenen [160-164] Ha ocHOBe MeTOMA MIIOMAEH permaeT GoJTh-
II0€ KOJIAIECTBO OCHOBOIIOJIATAIONINX 3a/1a4. I[pUMEPHO B 9TO Ke BPeMsI
k. TxxeHkuHC B cBoefi pabore [104] nmokasbiBaer 06IILyI0 TEOPEMY O KO-
s durmenTax, KOTopas SIBJIAETCA peIleHneM OOIeil 3a1a4un IJIsi B3AMM-
HO HeIepeceKaromuxcesa objacrell Ha KOHEYHBIX PHMAHOBBIX MOBEPXHO-
crax. B 1967 roxy I1.M. Tampasos B pa6ote [214] cymecTsenHo momos-
HII 3Ty TeopeMmy. Boobire roBopsi, u3 00111eit TeopeMbl 0 KodhPUItneHTax
MOKHO TIOJTyIUTh GOJIBITHHCTBO MU3BECTHBLIX HA TO BPeMsl Pe3yJIbTaTOB B
TEOPHU OJHOJUCTHBLIX (PYHKIIUIL.

B nozasistioniem GOJILIIMHCTBE CJIyYaeB PACCMOTPEHHBIE BBIIIE 3a/1a-
YU 0 HEHAJIETAIONIUX O0JIACTAX OTHOCHIMCH K KJIACCY 3aJ1a4 ¢ (PUKCUPO-
BaHHBIMH IIOJIIOCAMH COOTBETCTBYIOMMX KBAIPATHIHBIX JuddepeHna-
JIOB.
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B 1968 roay II.M. Tampasos B pabore [215] BBLABHHYI HJEI0 O TOM,
9TO MPEJCTAB/SIET 3HAYUTE/ILHBIN HHTEPEC U3y IeHNe IKCTPEMAJIBHBIX 3a-
Jiad, TIOJIIOCHI COOTBETCTBYIONIUX KBAIPATHIHBIX JUMDMEPEHINATIOB KOTO-
pbIX He (PUKCUPOBAHBI, & 00JIaJAI0T HEKOTOPOI creneHbio "cBobob" .

B 1974 roxy, B cooTBeTCTBHH C 3TOH ujeeil, B KaHIUJIATCKON JIMC-
cepraruu [69] I'.II. Baxruna Buepeble choOpMyINpOBaIa U PEIIIIA DSl
IKCTPEMAJIBHBIX 3829 Ha KJIACCe B3AUMHO HEIEePeCceKalouxcs 0bIacTei
¢ Tak HazbiBaeMbiMu "cBOOOMHBIMU" TOsIOCaMu. PakTuuecku, B pabo-
Te [69] mosIozkeHO HAYATIO HOBOMY HATIPABJICHUIO B TEOPUU HEHAJIETAIO-
mux obsacreil.

Cdopmynupyem HEKOTOPBIE 00IMME 3312491 O I00HOTO THIIA.

IIycto n € Ny n > 2, «agp, a1, aa, ..., Gy, Qs — PUKCUPOBAHHDBIE HEO-
TpULATEJIbHBIE YUCIA, Ky, — KJIACC BCEX IMPOU3BOJBHBIX HAOOPOB Pasiiu-
YIHBIX TOUEK eIUHUYIHON OKkpykHocTH {ax}p_,, 0= arga; < argas <
... <argay, < 2w. Ilycrs K, obo3HadaeT Kiracc BCeX MPOU3BOJIBLHBIX CH-
CTeM IIONAPHO HellepeceKaloIuxcs objaacteil (BoobIe roBopsi, MHOIOCBsI-
subix) By, By, B, ..., By, Bs Taxux, uro 0 € By C C, oo € By, C C,
ar € By, C C, {ax}}?_, € ky. Buyrpennuit paguyc obiactu B oTHOCH-
TeJIbHO ¢ € B obosnaunM r (B, a).

3amadva 1. Haiitu Besmmauny

max max r*°(Bp, 0) 7%= (B, 00) H 7% (B, ax)
k=1

n n

U yKa3aTh BCe 9KCTpPEMaJIl.
IIycts k;, obo3mataeT COBOKYNIHOCTH BCex HAbOOpPOB {ay}j_, pasiu-
YHBIX TOYEK OTKDPBITOTO €MHUYHOTO Kpyra, a K/ — kimacc Bcex HAbO-
POB IONApHO Helepecekaroluxcst obaacreit { B}y, ar € By, C Uy =
{lz] <1}, {ar}i—y €k
3amadva 2. OupeesuTb BeJUIUHY

n
max max H r** (B, ar)
k;L K':L
k=1
U BCe 3KCTPEMAJI.

Cayuail as, = 0 3a7a4un 1 (a1 0HOCBA3HBIX 061acTell) pACCMOTPEH
B 1974 rogy I''I1. Baxrunoii B pa6ore [69]. DKcTpemasbHble 381891 TUIIA
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3a7a49 1 1 2 oIy IuIin Ha3BaHMe SKCTPEMAJIbLHDBIX 33/1a9 CO CBOOOTHBIMU
TIOJTIOCAMU.

Bamaqu Trmna 3amauu 1 oIy YnIr Ha3BaHUe SKCTPEMAIbLHBIX 33189 CO
CBOGOJIHBIMY TIOJIFOCAMU Ha OKpyzkHOcTU. B [69] pemena 3amaga 1 npu
n=4umay) =0 =0, ap =1, k = 1,4 1719 0THOCBA3HBIX CUMMETPHU-
YHBIX OTHOCUTEJILHO eJIMHUYHON OKPY?KHOCTHU ObJIacTeii.

B 1978 rony B patore B.H. Jy6ununa [106] mosydeHo, B 9aCTHOCTH,
MIOJTHOE PerIenne 3amadn 1 mpn g = oo = 0, a, = 1, kK = 1,n u Bcex
n € N, n > 2. B 1988 rogy B [108] mosyueno pemenue 3amadau 1 s
caydasg 0 < ag < 1, oo =0, ap =1, k = 1,n 1 Bcex n > 2, a TakkKe
mpu 0 < ag = Qo < %, ar =1, k=1,n, n onaTh,-TaKu IpH Bcex n = 2.

[Tocsie aTUX PE3YALTATOB TEMATHUKA TOJIYYaeT HOBBIA UMILYJILC JJIst
cBOero pasBuTus. I1ogBMIOCHE MHOTO PaboT, IOCBSIIEHHBIX SKCTPEeMAaJ/lb-
HBIM 3aJ1a9aM O HeHAJIeralomunx obaacTax co "cpobomubivu"" momocaMu
(cm., manpumep, [149-153], [105-115], [116-119]).

B pabore [108] Gbuin cdhopmysuposasbl Gosiee obIHe, 0 CpaBHE-
HUIO C 3a7adaMi 1 U 2, 3KCTpeMaJibHble 3aJa49d CMEIIAHHOrO THIIA, B
KOTOPBIX YaCTh IIOJIIOCOB (PUKCUPOBaHA, & 9acTh — cBOOoaHa. OTMeTHUM,
uTo Gaaromaps uiesaMm u MertomaMm pabor [108-112] crano Bo3MOXKHBIM
[OJIy9eHNEe TOYHBIX OIEHOK CBEPXY It (DYHKIMOHAJIOB, 3aJaHHBIX Ha
OTKPBITBIX MHOXKECTBAX.

Qynryuonasv, "muna cymmo”. B 3amadax o Henajeramommx obJa-
CTSX, KaK MPABUJIO, PACCMATPUBAJINCH (MOYHKIMOHAJBI Buma J =

[T 7 (Bg,ax), rne v, € R, k = 1,n. B 1974 r. I.II. BaxTuna pac-
k=1

cMoOTpesa 337ady O MakcuMyMe (byHKImoHama J = ‘ f1 (0)‘ + ‘ fé(O)‘,
rae dyskmmn w = fi(2), ar = fx(0), Br = fx(U), k = 1, 2, pery-

sggapubsl B U 1 omHOIMCTHO O0TOOparkaioT enuanydnbii Kpyr U Ha B3amM-
HO Helepecekawluecs objactu By, a Touku a1, ag dpurcupoBanb B C.
OkazaJjioch, 9TO B 9TOM CJIy4uae HEOOXOINMO KOMIIAKTH(MHUIIUPOBATE YKa-
3aHHBII BBIIIE KJACC AP PEryJsipDHBIX W OXHOJUCTHBIX B U QyHKIUH

"BBIpOXKJIEHHBIME TTapaMu BUJA | a, fg(z)) (f1(2) = a1 ommonucrHast
u peryngphas B U dyukuus fo(z) takosa, aro fo(U)Saq), <f1 (2), a2>
(f1(2) — perynsipua u opnosuerha B U u f1(U)Sas, f2(2) = az) u, Hako-

Her, (a1, az ) (fx(2) = ag, k =1, 2). KomnaktudunupoBaHHbIH TAKIM
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obpas3oM KJacc map ( fi1(2), fg(z)) obozuaunm depe3 M. CrpaBeinBo
CJIEJIYIONIEE YTBEPIK ICHHE.

Teopema 2.3.4. (I'Il. Baxruna). Ha xaacce M evinoansemces me-
DPaBEHCTNEO

J(f1, f2)] = |F1(0)] + | f5(0)] < 4]ar — aa).

3nar paserncmea docmu2aemesa moavko 044 Nap 6uda

£z
(ah as + 4(a1 — a2)m> )

EZ
<al+(a2al)m) , |€|:1

Pacemorpnn nogkiace M C M (ay, az), COCTOANII 13 TEX I TOBKO
rex nap (fi, f2) € M(a1,az), aust Koropbix fi(z), k = 1,2, apisitorcst
BhIMYKJIbIMU DyHKImsMuA (T. e. f(U) — Bbimykias obiacts, k = 1,2).

Teopema 2.3.5. (J. Stankiewicz, Z. Stankiewicz [344]) Ha xaacce
M cnpasedauso nepasercmeo

10)] + [ £0)] < 2la1 = asl.

3nax pasencmea docmuzaemces mozda u moavko mozda, kozda f1(U) u
f2(U) asasomesn noaynaockocmsmu, obuel epanuyed KOmopux A6Ad-
EMCa NPAMAR, OPMO20HAAHA ompesky (a1, as) U Nepecexanu,as e2o 60
srympennet movke.

2.3.2. HekoTopble pe3yabTaThl, IMPeIBAPUBIINE COBPEMEH-
HOe pa3BUTHE HampasJieHus. [IpuBe1eM HECKOIBKO, MOy YeHHBIX pa-
3IMYHBIME aBTOPAMH, BasKHBIX PE3yJILTATOB, BBHULY TOTO, UTO OHHU CyIIe-
CTBEHHO UCIIONBL3YIOTCs B Hamleil pabore. [lepBbIM IpuBeIeM pesyIbTarT
B.H. Hy6ununa 1985 roga st dbukcuposanubix mosocos [107], ycunin-
Baroruil Kiaccudeckuii pesyavrar Ix. Ixenkunca [104].

Teopema 2.3.6. [107|. ITycmov Q(2)dz? — noaoorcumenrvnnidi xea-
dpamuanwidl dugdeperyuan na G, peyasapnorl 6ezde, 3a UCKAOUEHUEM
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N NPOCNBIT NOAIOCO8 U T, NOMOCO8 8MOoPo20 nopadka by, by, ..., by, 6
OKPECTIHOCTNAL KOMOPUL (6 MEPMUNAT HEKOMOPO20 AOKAALHOZ0 NAPA-
mempa, Komopouli usobpasicaem by, 1 = 1,2,....m, xax mouxy z = 0),
UMEETN. MECTMO PA3AONCENHUE

Q(2)dz* = (—% +.. ) dz?,

ap>0,l=1,....m (n >0, m > 1, mMrootcecmso npocmuix noA0co8
moorcem 6vimov nyemuim). Jasn =0, m = 2 u G = C odnospemerino
nyemos G1 u Gy — am06vie 004acmu, Komopvle 02paHuserts, 00not u mot
otce mpaexmopueti keadpamumurozo Jugpdeperyuana Q(2)dz?. B dpyeux
CcAYHGAT nYcmov G- ABAAEMCA BHYMPEHHUM 3AMBIKAGHUEM KPY206DLT 0040~
cmeti G1,Ga, ..., Gy, coomeememsyrowux noatocam by, ba, ... by To-
2da das aobvx obaacmets D1, Do, ..., Dy, by € D C G, 1 =1,2,...,m,
06BedUHEHUE KOMOPLLT CO0ePIHCUM He BOADWE, YeM KOHEUHOE HUCAO 30~
MBIKGHUT OPMO20HAALHOLL Mpaekmopuli keadpamuuhozo dupgeperyua-
aa Q(2)dz?, cnpasedauso nepasercmeo

=

I Dna) < T r (Gryan). (2.3.2)
k=1

k=1

Ecau, donoanumenvro, obaacmu Dy, I = 1,...,m, umerom xaiaccuve-
ckue Pynrkyuu I'puna, mo pasencmeo e (2.8.2) docmueaemes moavko
6 MoM CAYHaE, K020a AUHUY YPOGHA IMUT GyHKyull cocmoam u3 3a-
mokaruti mpaexmoputi xeadpamuynozo dugddepenyuana Q(z)dz%. Tax,
oas 00noceasnux ooaacmeti Dy, ..., D, suax pasencmea umeem mecmo
mozda u moavko moeda, koeda D; =G, l=1,...,m.

IlepBeIit pe3yabraT B 9KCTPEMAJIBHBIX 33J[a9aX CO CBOOOIHBIMU IIO-
JIFOCAMHU Ha OKPYKHOCTH TOJIydeH B padore [69]. IIpusesem ero.

Teopema 2.3.7. ( Baxruna I'IL. [69]). [aa mobux pasawuroix mo-
wex ax, k = 1,4, xomopwie npunadiescam edunuuHol OKPYHCHOCTIU
|z] = 1, u wm06ux nonapro HenepecekaouuTcs 00HOCEAIHUT 0baacmed
Dy, ar, € Dy C C, k = 1,4, xomopvle cuMMempuyms 0MHOCUMENHO
eQUHUYHOT, OKPYIICHOCTAU, CNPABEIAUBO HEPABEHCTILE0

4
[IACIESE (2.3.3)
k=1



86 I'nasa?2 Ilpedsapumenvrvie ceederus

20e w = fi(2) aAsasemca 00HOAUCTHBIM KORPOPMHVOLM 0OTNOOPANHCEHUEM
edunuunozo xpyea na obaacmyv Dy, ar = fr(0), k = 1,4. Pasencmeo 6
(2.8.3) docmuzaemcs mozda u moavko mozda, koz2da ap u Dy ssasomces,
COOMBEMCMEEHHO, NOAOCAMU U KPY206LLMU 0GAACTAMYU KEAOPATUMHOZ0
Juppeperyuana

U3 pesynbraTos pabotst [106] BeITeKkaeT TeopeMa, CymecTBEHHO 0606~
marorias Teopemy 2.3.7. Ilpusenem ee.

Teopema 2.3.8. (dy6unun B.H. [106]). Jaa a06vx passusmoir
mouex ag, k =1,2,...,n (n = 3), xomopvie npunadaesicam eduruurot
oxpysrcnoemu |z| = 1 u a06ux nonapho Henepecekarowures obaacmet
Dy, a, € D, CC, k=1,...,n, cnpagediuso nepasercmeo

Iﬁlr(Dk,ak) < <%>n (2.3.4)

Ecau, donoanumenvno, obaacmu Dy, k = 1,...,n, umerom xiaccuve-
cxue pynryuu Ipuna, mo pasencmso 6 (2.3.4) docmuzaemcs mozda u

moAavko moeda, xKoz2da
((o+5))
ap=exp|i|0+ — ,
n

2k
Dk—{z:‘argzﬂL <E}, k=1,...,n,
n n

2de 0 — deticmsumenvHas NOCMOAHHASA.
Jpyrum BasKHBIM YaCTHBIM ciydaeM paborsl [106] sBisiercs ciesy-

IOIIUI pe3yJIbTaT.

Teopema 2.3.9. [106]. ITycmvn >3, n € N, \, R € R*, A < R.
Tozda dns MobHT M pasauvnbs mouex ay, |ax] = X, k = 1,n, u npou-
3604b10T cucmemv. nonapro nenepecexarouuxcs obaacmets {Dy}y_,.
ar € D, C Ug, k =1,n cnpasedauso nepagercmaso

- AN\" R — ]
D <|l—) = - 2.3.
117 ee (n> [R”H“] (239
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Ecau, donoarnumenvro, obaacmu Dy, k = 1,...,n, umeom xaiaccuve-
cxue pynryuu I'puna, mo pasencmeso 6 (2.3.5) docmueaemces mozda u
moavko moeda, ko2da ai u Dy A6aA10MCA, COOMBEMCMBEHHO, TLOAOCAMU
U KPY208bLMU 00AACTNAMU KEAOPAMUTHO20 Juddepenyuana

wn72(wn+Rn) J 9

2 _
Q(w)dw” = (wn — Am)2(R2n — pnqn)2 “0

2de Ur, RY, N onpedeaenvs 6 n. 2.1.
Crnenyromee yreepxkaenne npunapiexut E.I. EmenssanoBy [117].

Teopema 2.3.10. [117]. IIycmo dasn k = 1,n, by, = pe'®, b}, =
Re% 0 =0, <0y <...<0,<2m, 0<p<R. IIycmv Dy, D, k =
1,n, — wmobve odnoceasnve obaacmu makue, wmo by € Dy, bl € D,
Di\Dj =0, DiN\Dj =0 npui+#j, Di(\Dj =0 npui,j=T1,n. Toeda

4J/Rp R} p%)%

- RT 1% (2.3.6)

[ #(Dibu) - R(Dyb}) < (
k=1

2de R (Dy, b)) — xongopmmrodi paduyc D omnocumeavno b € D. Pasen-
cm6o 6 (2.3.6) docmueaemca moavko npu O = 2= (k — 1), k =1,n.

Yerepras riaBa MOCBAIIEHA ODOOIIEHUIO W YCUJIEHUIO CJIEMYIONEit
reopemsl I'.B. Kyssmunoit [153].

Teopema 2.3.11. [153]| ITycmo o € (0,1), n > 2. Tas a06vix mouer
ag, lax] =1, k = 1,2n u w060t cucmemvr NoNAPHO HENEPECEKAIOULUTCA
00noceaAsHIT 0baacmet {Bk}iil, ar € B, C C, k =1,2n, cnpasedruso
Hepasencmeo

H r(Bak—1, a2k—1)7"(Bag, a2x) < H T (Béz),la aé?f,l) re (Béz), aé?ﬁ) .
P k=1

(2.3.7)
Pasencmeo 6 (2.8.7) docmuzaemes moeda u moavko mozda, Kozda ay, u
By, A8AAI0MCSH, COOMBEMCMEEHHO, NOAMOCAMU U KPY20GHMU 00AACTAMU
xeadpamuurozo Juddepernyuana

Q(w)de — w2 (a — 1)w2n _(112]2(7{ i_ ?));Un + (a — 1) dw?.
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2.3.3. Merton pazzensroniero mnmpeobpasoBaHusi. B rirasax 3
— 5 CyIIeCTBEHHO UCIOIB3yIoTCsa pedynbraThl B.H. Jlybunnna, mosyden-
Hble B padorax [108-110]. ITpusenem HeoOXoAMMbBIE HAM B JAJbHEHIIEM
qaCTHBIE CJIyYand ITUX Pe3yJIbTaTOB.

KongencaropoM Ha pacmmpeHHON KOMILIEKCHOH TIIOCKOCTH C, na-
3bIBAETCH BCsgKag ynopsuodennas napa C = (Eg, Fy) Henepecekamoonu-
XCsl HEITyCTBIX 3aMKHYTBIX MHOxkKecTB Fo u FEj, npumamiexammux C,.
Otxpoitoe MuOoxkecTBo G = C, \ (Ep U E)) HazoBeM noiem, a camu
MHuoxkecTBa Ey, F1 — naacmunamu kougencaropa C. [lpunaro Takxke
oboznauenne C = {G, Ey, E1 }.

Kongencarop C = {G, Ey, E1} HazoBeM 0onycmumbim, eCiid CyIie-
cTByer BellecTBeHHast PYHKIW w(z), HenpepbiBaas Ha C,, paBHas HYJIIO
Ha Ey, enuaune — Ha ) u rapmorndeckas B G. @yHkiums w(z) Ha3bIBae-
TC NOMenyuarbhots pyrryuet xondencamopa C. KoniencaTop Ha30BeM
NPABUALHBIM, €CJIN KazKasi U3 0bJ1acTell, COCTABIIAIONINX €ro [0Je, nMe-
€T TPaHUYHbIE TOYKH Ha 006enX MJIACTHHAX 9TON0 KOHEHCATOPA.

O6o0zmaunm gepes L£1(C) copokynnocTs Beex dbynxmuii w : C, — R,
HEIPEePBIBHBIX U JIAMIIHAIEBEIX Ha C,, PaBHBIX HY/IO Ha MHOMKecTBE ),
enunune — Ha Fp. EMrocTh KoHjieHCcaTopa C' OIpeIelsieTcst CJie 1y oM
obpazom:

2
‘C" = inf //‘Vu)’ dzx dy, z=x+1y.
C.

weLL(C)
[ycts C = (Ep, E1) — npoussonbHbIi KoHjeHcatop Ha z-cepe C.;
B;, Il = 1,...,m, — OIHOCBSI3HBLIE IONAPHO HEIEPECEKAIOIINecs 00JIa-

ctu Ha C,, orpaHMYeHHBbIC KOHEYHBIM YHCJIOM KyCOYHO-IVIAJIKHX KpH-
BBIX U yJlOBJIeTBOpstionue yeiaosuio E; N By # 0, j=0,1, [ = 1,...,m.
ITycrs {p;}}*, — Hekoropoe cemeiicTBo dynkImii ( = p;(z), KoHbOPMHO
U OJIHOJIUCTHO OTOOPAYKAIOIINX COOTBETCTBEHHO Ob6j1acTu B Ha IIpaByio
nojymiockocts Re( > 0. Obo3nauum gepe3 EJ@ o0beIMHEHNE MHOXKE-
cra pi(E; N Bj) ¢ ero orpaxeHneM OTHOCUTEIHHO MHHUMOI ocu. Pe-
3yJILTATOM Dasessiomero npeobpasosanus kKonencaropa C = (Eg, Ey)
OTHOCHTEJIBHO ceMeiicTBa dynkumit {p;}]”, Ha30BeM CeMeHCTBO KOH-
nencaropos {C)}",, cocrosiiee U3 M CHMMETPUYHBIX KOHJIEHCATOPOB

= él),Eil)), Il =1,...,m. Unorma Bmecto nosymiockoctu Re > 0
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B OIpejieleHny HeKoTopbix yHKImit ¢ = pi(z), 1 < I < m, paccma-
tpuBatoT Kpyr |(| < 1. B arom cayuae mosx E](-l) IIOHMMAIOT O0'beIuHe-
Hue MHOXKecTBa Py (E; N B;) ¢ ero mHBepcHeii OTHOCUTEILHO OKPYZKHOCTI
I¢] =1, j =0,1. Cemeiicro xonmencaropos {C;}*,, C; = (E(()l),Ey)),
[ =1,...,m, Ho-pe:KHEeMY Ha3bIBAIOT PE3YJIbTATOM Pa3/IeJISIOIEro Ipe-
obpaszoBanusi KoHjeHcaTopa C.

Teopema 2.3.12. Cnpasediuso HepaseHcmeo
1 m
o> 1355l

Ecau, donoanumenvro, xondencamop C = {G, Ey, E1} npasuavrod u

donycmumsill, Mo 3HaK PABEHCMEA 68 IMOM HEpasercmaee JOCU2AeMCEs
n —

moeda u moavko mozda, kozda G C |J B; u 6 nexomopot oxpecmuocmu
1=1

A10600 anarumureckol dyeu, npunadaestcawetd OB NG, 1 <1 < n, no-

meryuarvhas gynryus xondencamopa C' CuMMEMPUIHA OMHOCUMEND-

1o amotl dyeu. B wacmuocmu, ecau C' — donycmumwill Kondercamop co

CBAZHBIM nosem, u mHoocecmseo OB NG, 1 <1 < n, codeporcum ompe-

30K HEKOMOPOTL NPAMOT UM OKPYIHCHOCTIU Y, MO 8 CAYUAE PABEHCMEA

xonderncamop C cummempuuer 0mHocumessHo .

PaccMmoTpum cuctemy pa3iimaHbIX TOUEK PACIIHPEHHON KOMILIEKCHOMN
mwiockoctu 0, aq,aa, ..., Gnp, 00 TAKAX, UTO

0 =arga; < argas < ... < arga, < 27.

Bgenem oboznauenus

arga, 11 = 2w, ag:=an, af:=— (argagy1 —argag), k=1,n.

3=

n
OueBusHo, ut0 Y . o = 2. Ilycrs
k=1

P, :={w: argay < argw < argagy1}, k=1,2,...,n,

PO = Pn, Pn+1 = Pl.
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Torpa dpyuknus

A EN
2k (W) = —1 (e*”rg“’“w) o k=1,2,..,n, 20 1= Zn, Znil = 21

KOH(POPMHO U OJHOJUCTHO oToOpazkaeT obmactu Py, k = 1,2,...,n, Ha
npaByio moyIiockoctb Rez > (0 Takum 00pa3oM, UTO BBIMOJIHAIOTCS
cireayromuue aCCUMIITOTUYIECKHNE paBEHCTBaA:

1 _ .
26 (w) = 2% (am)| ~ = am| Yw = ap|, weP, w—anm,

k=1,2,...n, m=k,k+1; apt1 := aq;

|zk(w)\=\w|$, we P, w—0, w— o0.

1 . .,
IIyctn {Dk}ZiO — ceMeiicTBO 00J1acTell, YI0BIETBOPSIIONIUX CIeIYT0-
IIAX YCJIOBUSIM:

0cDycC, areDyCcC,k=1,n, oco€ D,y cC.
DkﬂDm:;a, k#m, k,m=0,1,...,n,n+1.

1 — .
O6o3HaunMm Gé ), k = 1,n, obbeauHeHNe CBSI3HONM KOMIIOHEHTHI MHO-
KECTBa,

2 (DkﬂPk), KOTOpasi COIEpKUT TOYKYy zk (ax), k = 1,n, ¢ ee oro-

. 2 —

OpakeHrneM OTHOCUTEJbHO MHHUMON OCH, a depe3 G,(v_)l, k = 1,n,
G(Q) L G(2) — o6 o

o = Gy, 00beIUHEHNEe CBSI3HOW KOMIIOHEHTBI MHOYKECTBA

Zh—1 (Dk ﬂPk_l), KOTOpasi CONEPKUT TOUKY 2k—1 (ar), k = 1,n, ¢ ee
oTOOparkeHrueM OTHOCUTEILHO MHUMOI oc. CeMeiicTBO JBYX CUMMETPH-

" 6 ” G(l) G(2)
YHBIX OTHOCUTEJIBbHO MHHMOUM OCHU OOJIaCTeunu k k—1 HA30BEM pe—

3YJTLTATOM PAa3/IeJIAIONIET0 Mpeodpa3oBannd obgacTn Dy OTHOCHTETHHO
cemeitcTBa BYX byHkumit {2k, 2x_1}, k = 1,n.

Anajiornuno, Ha30BEM PE3YJILTATOM Pa3/Ie/IAIONIEro IPeoOPa30BaAHIA
obmnactu Dy oTHOCHTEJIBHO ceMeficTBa DyHKITI {zk}Z:1 CEMECTBO CUM-

METPHYHBLIX OTHOCHTEJBLHO MHUMOI ocu obJsacreil Gg)), k = 1,n, xoro-
PphIe Oy YeHbl OObEMHEHIEM cojleprKaleil Touky 0 CBA3HONW KOMITOHEH-
T MEOZKECTBA 2 (Do () Pr), k = 1,7, ¢ ee 0TOOpazkeHneM OTHOCUTEILHO
MHHAMOI OCH; a pe3yJIbTaTOM pasJIesIAaIonero nmpeodpasoBaHns 0OJaCTH
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.o .o n .o
D, 1 orHOCHTENBHO ceMeiicTBa yHKIWMiT {25}, _;, ceMeicTBO cHMMe-

T i 6nacreit G\ k=T,n

PUYIHBIX OTHOCUTEJIbHO MHUMOU OCHU OO0JIaCTEn k y = 1, N, KOTOpbIE
IIOJIY9€HbI O6'be,HI/IHeHI/I€M Coﬂep}Kameﬂ TO4YIKY OO CBSI3HOII KOMIIOHEHTBHI
muokecTBa 2k (Dpy1 () Pr), K = 1,n, ¢ ee orobpazkeHueM OTHOCUTE b~

HO MHMMOM ocu. Cucrema objacreit {G;O),Gl(ﬂl),Gf),G,(fo)} SIBJISIETCSI

CUCTEMOI ITOIIAPHO-HEIIEPECEKAIOIINXCsT 0DIacTeli.

Teopema 2.3.13. Cnpasedausn, credyroujue HepaseHcmea:

1
2

(6 0) (62 )

r (D, ar) < - — — Vk=1,2,..,n,
ar |ak|ak ozkl,l . ‘ak|°‘k—1
(2.3.8)
n a?
r(Do,0) < [] [r (G,(j’),o)} : (2.3.9)
k=1
r (Dpy1,00) < H |:’I“ (Gg’o),oo)} . (2.3.10)
k=1
Ipuvem, ecau dasn obaacmet Dy, k = 0,n+ 1, cywecmsyrom xaac-

cuneckue Pynkyuu Ipuna, mo 6 nepasencmear (4.1.1) docmuzaemcs
3HAK PABEHCMBa Mo20a U MOAbKO moz2da, Kkozda obaacmu Dy, k =
1,n, COOMEEMEMEEHHO CUMMEMPUUHDBL OMHOCUMEALHO NPAMBIT W =
p-exp{i-2Z(k—1)}, p > 0, k = I,n; a 6 nepasencmeaz (4.1.2) u
(4.1.3) coomeememeento snak pasencmea 6ydem moz0a U MOALKO Mo-
2da, xo02da obaacmu Dy u Dpy1 cumMmempushsv, 0MHOCUMEAbHO cemeli-

cmsanpﬂmmczw:p-exp{i~27—?(16—1)},p>0,kzl,—n.

B mexoTOpBIX citydasx yaobHo BMecTo mnosyitockoctu Re z > 0 pac-
CMAaTpUBaTh KPYT €IUHUIHOIO pasmyca. lIpmBemeM COOTBETCTBYIOIINE
dopmyasr B.H. /Iybunuma /st 9TOr0 acTHOTO CJIyvasd.

IlycTs
_1+z
1=z

T(2)
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QOyukuun & (w), k = 1,n, KOHGOPMHO U OJHOIUCTHO OTOGPAZKAIOT
obymactu Py, k = 1,2,...,n, Ha BHYTPEHHIOI YaCTh €IUHUYHOTO KpPY-
ra U := {£: |¢| <1} Takum 06pa3oM, 4TO BBIIOJHAIOTCH CIIEyOIue

ACUMIITOTUYIECKHUE PaBEHCTBa:
‘gk (w)_fk (am)|Nﬂm7k'|w_a’Tl’L|) ’UJEE, W — Am,
k=1,2,...n, m=k,k+1;

€k (w) — &k (0)] ~ Bok - |w

1 __
%, wé€ P, w—0,

€k () = & (00)] ~ o - 0| 35, wePr, w— ox,

rie Bk k, k= 1,1, Bok, Book — HEKOTODBIE MOJIOXKUTEIBHBIE UUCJIA, KO-
TOpPLIE HECJTIOKHO BLIMHUCJIUTD (IPEIOCTABIIACM STO UUTATEIIO), U B o i=
B

ITycre npeoGpasosanne T'(z) mepeBouT 06IACTH G,(Cj ) 5 obmactn Qg ),
k=1,n,j=1,2, conepxamyto 104Ky 2zj(@k+j—1), Qéz) = Qg). Amnajo-
ruuHo, T'(z) nepeBogur 06aacTh G;O) B 00/1aCTH Q,(CO), k =1, n, xoTopas
couepxkur TouKy zk(0); a obuacrb Gf:o) — B 00J1aCTh Q,(:O), k=1n,
coJiepKAaILy o TOUKY 2k (00). Cucrema obacreit {Qéo), Q;@l), ng), Qg’c)}
ABJISIETCS CUCTEMOI TIONAPHO HENEepeCceKarommxcst 06acTel, CUMMETPH-

YHBIX OTHOCUTEJILHO OKpy2KHOCTH |£| = 1.

Teopema 2.3.14. Cnpasedausn, credyroujue HepaeeHcmaea:

r (246 (@) -7 (2420601 (@)

7 (Dg,ar) < Vk=1,2,...,n,
(D, ar) Bk * Brok—1
2.3.11

p ( )

n [ (2, 6(0)]
r (Do, 0) < 3 , (2.3.12)

h=1 0,k
o2
=+
n [ (97,6 ()

7 (Dpy1,00) < (2.3.13)
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Ilpunem, ecau das obaacmet Dy, k = 0,n+ 1, cywecmsyrom xaac-
cuneckue Pynkyuu I'puna, mo 6 nepasencmeax (4.1.6) docmuzaemes
3HAK PABEHCMBa Mo20a U MoAbko mozda, kozda obaacmu Dy, k =
1,1, COOMBEMCMBENHO CUMMEMPUNHDL OTMHOCUMEALHO NPAMOT W =
X exp{zW%”(k— 1)}, p >0,k =1,n; a6 nepasencmeax (4.1.7) u
(4.1.8) coomeemcmeenno 3nax pasercmea 6ydem mozda u MoALKO MO-
2da, ko2da obaacmu Dg i Dpy1 CUMMEMPUUHDL OMHOCUMENDHO Cemeli-
cmea npﬂmmxwzp-exp{i-27“(16—1)}, p>0,k=1,n.

2.3.4. AcuMITOTHKA MOYJIsI BBIPOXKIAIOIIEroCs KOHIEHCa-
Topa. Ciuexyst pabore [112], npusesnem Hekoropble pesyibrarsl B.H. Ily-
Gunnna [111,112].

BamkryToe MHOKecTBO E(z0,7), 20 € C,, 3aBucamee oT mapamerpa
7 > (0, HA30BEM IIOYTH KPYIOM B TOYKE 2y PAJAUYCA ", €CJIH JJIS IOCTATO-
YHO MaJIoro € > () CyIeCTBYIOT HEIIPEPBIBHBIE ITOJI0YKUTEJIbHbIE (DYHKITUN
ri(r), 0 <r <e, j=1,2, Takue, 410

Ul(zo,71(r)) C E(20,7) C U(20,72(1)),

rie U(zo,7) ={z: |2—20| <7}, 20 € C,uU(oo,r) ={z: |z| >r '}, u
KpoMe Toro, 7;(r) ~ r upu r — 0, j = 1, 2. Beiony umxe B — OoTKpBITOE
vuOxecTBo Ha C, momosmenne Kotoporo Ey = C\ B mMeeT MoI0KHTe b
HyIO rapMoOHHYecKyio Mepy. Ilycrs z;, [ = 1,m, — pasamdHble TOUKH
MHOXKecTBa, B; d;, | = 1, m, — IIpon3BoJIbHBIE BelleCTBeHHbIE InCa, He

BCe paBHbBIE HYJIO, U MYCTH [, Vi, | = 1,m — NpOU3BOJIbHBIE BEIIECTBEH-

HBIE YHCJIA.

Beenem obobmenus: Z = {z}, A = {0}, ¥ = {4}, b = ¢(r) =
it L =1, m. 31ech u HIXKE, €CJIM HE OTOBOPEHO MPOTUBHOE, CUMBOJIBI
{}, > u ] o3HauaIOT COOTBETCTBEHHO COBOKYIHOCTBH, CYyMMHUPOBAHUE
U IPOU3BEJEHNE TI0 BCEBO3MOXKHBIM UHIEKCAM, YKA3aHHBIM B KOHTEKCTE,
38 UCKJIIOUEHNEM TeX, IPU KOTOPBIX CJaraeMoe B y , Jnb0o paBHO 00, TG0
HE OIIPEJIEICHO, & COMHOXKUTE/b B IPOU3BEICHUHU PaBeH JINOO HYJIIO, JTHO0
00.

Hasee npu goctaTodno Masbix r > (0 paccMoTpuM 0OOOIEHHBIH KOH-
JIGHCATOP KAaK YIOPSJIOYEHHYIO COBOKYITHOCTD

C(T; Bv Za Aa \II) = {E07E(217¢1(T))7' . '7E(Zm7'l/)m(r))}

C TIPEeJIIMCAHHBIMA 3HAYEHUSIMH COOTBETCTBEHHO 0, d1,. .., 0. Momymas
9TOTO KOHJEHCATOPA ‘C (r; B, Z, A, \IJ)| €CTh BeJIMYuHa, oOpaTHasl ero
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€MKOCTHU, KOTOpasd, B CBOIO O4Y€pe/ib, OIIpe/IesideTCd KaK TOYHad HU2KHAA
rpanb unterpanos lupuxie I(v, B) 10 BeeM JOMycTHMbIM (bYyHKITHSM
v, TO ecTb DYyHKIUSAM v Kiaacca Lip paBHBIM HYJIIO B HEKOTOPOW OKpe-
ctHocTH MHOXKecTBa Fo m pasabiM &) Ha E(z;, (7)), | = 1,m (31ech
& = +00). IIpuBeJIEHHBIM MOJIY/IeM MHOKECTB B OTHOCHTE/IBHO COBOKY-
naocreit Z, A u U Ha30BeM Ipejies

. 1%
M (B, Z, A, W) = lim (|C(r; B, Z, A, W)| + %logr) ,(2.3.14)

— 2 —1\~1
e v = (Zélyl ) )
VMeeT MecTO CJIeIyIomast TeopeMa.

Teopema 2.3.15. I[lycmov mnoorcecmea B u cosoxynnocmu Z, A u
U — maxkue oice, kax u eviwe. Tozda cnpasediusa acumMnmomuieckas,

popmysa

|C(r; B, 2, A, 0)| = f%bngrM(B, Z, A, 0) +o(1), r—0,

(2.3.15)
2de

v? 62 r(B, z) 01 0
M(B7 Za Aa \Ij) - % {Zy_lglogT +Z;ly_ng(ZjaZl)}a

QB(a)(Z,_a)_,
gB(Z7a): 0, (LG(C\B(G),
Chm gB(a)(C?"’)a g € B(a)7Z € aB((l),

B(a) — c8a3Ha4 KOMNOKEHMA OMEPBLIMO020 MHodcecmea B, codepoica-
Was MoKy a.

Hekoropsie BbIBOABI. HecMmoTpst Ha GOIBIIOE KOJTHIECTBO TOJIY-
YEHHBIX KOHKPETHBIX PE3yJIbTATOB, OKA3bIBAETCs, YTO B OOJILITUHCTBE
9KCTPEMAJIBHBIX 3a/a4, N3y9YEeHHBIX MHOTMME aBTOPAMU, HA T€OMETPHUIO
PAaCIIOJIOKEHNST CBOOOIHBIX ITOJIFOCOB HAKJIAIBIBAETCS OYEHb OTPAHUIH-
TeJIbHOE yCJIOBUE, & UMEHHO: CBOOOHBIE ITOJTIOCHI PACIIOJIOYKEHBI Ha OKPY-
KHOCTU (DUKCUPOBAHHOTO pajimyca. BO3HUKAET eCTeCTBEHHBIN BOIIPOC:
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HEJIb3sl JIM BBISICHUTH IIPU KAKUX YCJIOBUSIX MOXKHO OCJIa0UTh 3T0 TPebo-
panue?

Jamee BO3ZHHKAET He MeHee MHTEPECHBINH BOIPOC: JJIA KAKUX KJac-
COB OTKPBITBIX MHOYKECTB CIIPABEINBLI HEPABEHCTBA, aHAJOTHIHBIE CO-
OTBETCTBYIONIUM PE3YJIbTaTaM JJjis HEHAJIerajomux objacreii?

W HakoHerl, HEJIB3s JIM TOJIYYUTH 0OJIee TOUHBIE OIEHKH, YINTHIBAIO-
1ye, HEKOTOPBIM 00pPa30M, OTKJIOHEHNE HE SKCTPEMAaJIbHON KOH(pUrypa-
I OT 9KCTPEMAJILHOMN?



I'JIABA 3

9QKCTPEMAJIBHBIE 3AJTAYN J1JIA
(n,m)-JIYHEBBIX CUCTEM TOYEK

3.1 OmueHku (HYyHKIMOHAJIOB [IEPBOrO THUIA JJIsl
(n, m)-JIy4eBBIX CHCTEM TOYEK

3.1.1. OcHoBHasi TeopeMa 00 orieHKe (DYHKIIMOHATIA TEPBO-
ro TUma.

CdopmynupyeM OJIMH U3 OCHOBHBIX PE3YJILTATOB TJIABBI 3, HOJIYJIEH-
ueiit A K. Baxtunbivm B paborax [30,41,42].

Teopema 3.1.1. Ilycmv duxcuposarnvs R € RY, n,m € N u
n > 3. Toeda, xaxosvr b Hu Oviau (N, M)-AYUEEAH CUCTNEMAE TROYEK
Apm = {akp}, K = 1,n, p = 1,m, u npouzeoavhas cucmema 63aum-
no menepecexarowuzca obnacmeti {Byp}, agp € Brp C C, k = 1,n,
p=1,m, cnpasediuso HepaseHcmMEo

N

H H r (Bkvp’akvp) < A (H ak) ) <H Mk(R)> . MR(An,m)'
k=1 k=1

k=1p=1

(3.1.1)
3nax pasencmea 6 (3.1.1) docmueaemea mozda u moavko mozda, koz2da
mowKy agp U obaacmu By ,, k= 1,n, p=1,m, asasomcsa, coomsem-
CMBEHHO, TOACAMU U KPY208bMU 00AGCMAMUY KE8aIPAMUYHO20 Judde-

DEHUUANA

n—2 n n\2m—2
w R"+w
Qw)dw? = ——— — ( n) — 5 dw?, (3.1.2)
[(R% —iw?)?™ + (R% +iw?)?"|

u cap (E;W\Bk,p) =0 npuecexr k=1,n, p=1,m. Yerosve napame-

mpow u Koapdunyuernmo. cmewenun 6 (3.1.1) onpedenerve coOmHowEHUA-

s mokazarenbeTBa TeopeMbl 3.1.1 HaMm 1moHa00s1TCst TeMMbr 3.1.1 —
3.1.3, u ¢ yuerom crieruduKn KaK TEPMUHOJIOIMIECKOTO XapaKTepa, TaKk
W caMoif METOIUKN M3JI0KEHUsT, BOZHUKAET HEOOXOANMOCTh BKJIIOTYCHUS
YKa3aHHBIX BBIIIE JIEMM HEIIOCPEJICTBEHHO B CAMO JI0KA3aTeIbCTBO.
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oxazameavcmeo. B ocHoBe 10Ka3aTebCTBa JIEKUT IPUME-
HEHHE MEeTOJa KyCOUHO-pasiessdmomeit cummerpusanun ( [108-110]).

n
Ilycrb R € RT. Torma cemeiictBo yHKImIt { ,gR)(w)} 3a-

b
k=1
JAHHBIX paBeHCTBOM (2.2.12), gBJisiercst IONYCTUMBIM JJIS KyCOIHO-

paszessiionero npeobpazosanus (cM., napumep, [108-110]) obaacreit
{Bk,p ck=1,np=1, m} OTHOCHTEJIbHO CUCTEMBI yIJI0B { Pk}z= .-

Beenem o6osHavenne (A)* = {w eC: % S A} I JIFOOOTO MHO-

(1)
k.,p

HEHTY MHOXKECTBA (,(CR) (Bkyp ﬂ?k) U ( ,iR) (Bk,p ﬂ?k)) , comepxKa-
yI0 TOYKY w,(;;(R), a Q,(f

xectBa A € C. U mycrs Q) (R) 0603Ha4aeT CBA3HYIO KOMIIO-

’Z))(R) — CBSI3HYI0O KOMIIOHEHTY MHOXKe-
CTBa Clglj)l (Bk,p ﬂﬁk,l) U ( ,ilj)l (Bk,p ﬂﬁk,l)) , COJIeP>KAIIlyl0 TOUKY
w(z) (R), k = Tnp=1m (R) ._ ~(R) Q( ) R) = 9(2) R). O ~

k,p 9 =Ln p=1m, CO L C’n ) 0,p( ) L n,p( ) 1€BI
JIHO, 1TO Q,(:;(R) k=1,n,p=1,m,s=1,2, apasiorcs, BoobIIe TOBOP,

o 2 1
MHOT'OCBA3HBIMU OOs1acTsMH. [lapa obracTeit Q,(czl p(R) u Qé ;(R) ABJIA-
eTCsl pe3yIbTaTOM Pa3/IelISIoNIero mpeobpa3oBanns obgacTu By, OTHO-

curesibrO cemeitcts { Py_1, Px}, {C,(f)l, ,iR) }, k=1,n,p=1,m BrTouke
ag.p. I3 dopmyser (2.2.12) nomydaeM CieLyIomue BEIPAsKEHIS:

R R R !
G0 W) = (Pary) + (P @) (w—ar) + -

W=ag,p

IPU W — G p, TE

(4 w))’

QRﬁ < 1 ) | |L_1
= — — . B ak,p A =
R —ilay % * \w

W=ag,p
1 ag a R a -
o o1 Ak,p | ok A ey _
e (5 ]
Qo | ar -t
= [akx(‘% CYk)|a’k,p|:| s kzla”) pzlvm

OTCIOﬂ‘a BBITEKAIOT aCUMIITOTUYCCKUE BbIPpAa>KEeHU A

L _1
ok
)mw@ o~ ag ),

R e (5
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w— agp, wE Py

(3.1.3)

1 —1
) |ak,p|} o — ag ),

W — Ak p, w € Pp_1.

R R ag,
) = ) an)| ~ o x |2

AHBajOrmaHbIM 06pa30M noJsrydaeM COOTHOINECHUA

2 1 _
[P w) 1|~ 2ol w0, w e P k=Tn.
Rex

(3.1.4)

’CéR)(w) —1—1‘ ~ 2R - |w\_<%k'7 w — 0o, w € Py, k=1,n.

Hanee myctb By ectb 00/acTb NpOU3BOJIbLHON cBsa3Hoctu u (0 €
= k
By C C. Yepes Q(() )(R) 0003HAYMM CBSI3HYIO KOMITOHEHTY MHOXKE-

CTBa (,gR) (BoN Pr) U( IER) (B ﬂﬁk)y, k = 1,n, comepKaIIyio To-

n
uky ¢ = 0. CemeiicTBo {Q(()k) (R)}k SBJIETCS PE3YJBTATOM Ppasie-

JISTIOITIETO  IIPeoOpa3oBanus 007acTu By OTHOCUTEILHO CUCTEMBI yIJIOB

n
{Py}7_, u cemeiicta dbyHKIMI { IER)} B Touke w = 0. Coepien-
= k=1

. k "
HO AHAJOTUTIHO BBOJIUTCS CEMENHCTBO {ng)(R)} , SIBJISIIOIIIEECS] pe-
k=1

3yIBTATOM PA3IEJISIONIET0 MTpeodpa30BaHMS ITPOU3BOILHON 001aCTH Ba,
o € Bo C C, ornocurensro cucreMbl yrio {Pj},_, u cemeiicrsa

n
byHKIMi { ISR)} B Touke w = oo. VI3 Teopemsbr 1.9 [110] (cm. Ta-

=1
ke [109,112]) u dopmya (3.1.3), (3.1.4) nomyuaem HepaBeHCTBa

7 (Brps @k p) <

< {7« (Q;{;(R),w;};(m) oy (Q;?;(R),w,f;(m) X (3.1.5)

o (1521 o] oo x (125215 ]}
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n r 0
7 (Bo,0) H — (3.1.6)

Eol
i
|

Q
”‘m\:

r (Qg;)(R), —1)

pyee (3.1.7)
ok

7 (Boo, 20) < H

Coy4ait paserncrsa B (3.1.5) — (3.1.7) IOJIHOCTBIO UCCJIEIOBAH B pa-
6orax [110,112)].

=R _ _
Besmaunnr ok x (|a’1}"’ k) lakpl, 1 , QR% k=1mn,p=1m,

Ha30BeM KO3(MDUIIMEHTAME KYCOTHO- paSﬂ;eJIHIomero npeobpazoBanus. B
JAJIbHENIIIEM TTOHAI00UTCS CJIeTYIONUil Pe3yIbTaT.

Jlemma 3.1.1. Iycmov 0,0, {vp}, R € R", k = 1,n, p = 1,m.
Tozda das a0b6ol (n, m)-ayuesol cucmemvr mouex Ay, m = {akpt, k=
1,n, p=1,m, u moboti cucmemwvi obaacmeti By, {Byp}, Boo, 0 € Bo,
00 € Boo, agp € Bip, k=1,n, p=1,m, cnpasedauso nepasercmeso

n m
J = ’I“U(Bo,O) . T'(;(BOO7OO) : H H Tﬂwp (Bk7p7ak7p) <
k=1p=1

N

n

1 - n a2 n 2
) 2(0+9) g::l k .R%(‘T*‘S)- [H azk""L+$k+l""L‘| X
k=1
m 1
Qk,p | ok ’ak,p
X — : B
TEIT [ (520) - (1%

T (o)) 7 [ (e, 1)) 7

k=1

S8 {[r (2@, el m)] " [ (22 @), w,i?;m))}““"“}% ,

- 1 %'Yk,p
kl)ahpz} x  (3.1.8)

3
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m —_—
20e Ty = Y Veps kB = 1,0, Tongim = Tims Yntlp = Vip. SHAK
p=1
pasencmea 6 (3.1.8) docmuzaemces mozda u moavko mozda, ko2da 6 He-
pasencmear (3.1.6), (3.1.7), a maxoce 6 (3.1.5) npu scex k = 1,n u

p=1,m pearusdyemcsa 3nax pasercmeaq.

Hoxaszameawvcmeo. Vcnonb3ys coorHomenus (3.1.5) — (3.1.7), mo-
JIy4HUM OLEHKY
J <

a2s

s ()] T o2, )

LT[ (o meym) v (02 e )]

ﬁ ﬁ [ (2 (R), w0 (B) - (22, (R).0, ,(R)] P _

“I10 {[r (2@, wiam)] " [ (22 m), w,?;(R))}”“’”}% ,

n m 1 n 1( )
3Vk,p __ 3 (Zk,m+TTht+1,m
T[T (o100 = T ,

k=1p=1 k=1

The Tk.m = Z Vi,ps k=1,n, Tn+1,p ‘= Y1,py P = 1,m, Tp+l,m ‘= Tim H
p_

> = 2. YuuTbiBag 3TU COOTHOIIEHHUSI, JIETKO HOJIyYATH HEPABEHCTBO

(3.1.8). Eciu xorst 661 B onHOM 13 HepasencTs (3.1.5) — (3.1.7) Gymer

cTporoe HepapeHCTBO, TO u B (3.1.8) 3HAK paBeHCTBA HE MOMKET OBITH

nocturuyT. Jlemma 3.1.1 mokazana.

Jlemma 3.1.1 saBasiercss hopmanuzanueil pa3aessonero Ipeodbpaso-
BaHUs JIJIsL JAHHOI'O YaCTHOIO CJydast (1, m)-JIy9eBbIX CHCTEM TOYEK.

Q
ohie

X
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ITpusenem reneps onun pesynsrar B.H. Jy6unnna [109,110] Bmecre
C JIOKa3aTeJIbCTBOM, IIOCKOJIBKY B JAJIbHEHIIIEM OH OyJeT UIpaThb CyIe-
CTBEHHYIO POJIb.

JIemma 3.1.2. (B.H. Iy6unun). /Jlas 410600 cucmembs pasiusHbiT
mouex A, = {ar}ti_y, lax]| =1, k = I,n, n > 3, u mobox 63aummo
nenepecexarouuxca obaacmets By, a, € By, C C, k = 1,n, cnpasedauso
HEPAGEHCTMEO

H 7 (Bg,ar) < 2" H ap =2"u (U ak> . (3.1.9)

3nax pasencmea 6 (3.1.9) docmueaemea mozda u moavko mozda, xkoz2da

2
ay = exp1 <—7r(k 1) +0),
n

argw—(9+%(k—1)>‘<f},

Ek:{MGC:
n

capB\B, =0, k=T1,n,0cR.
Hoxazameavcmso. [109,110]. Pacemorpum cemefictso dyHKImIA
_ , B
{ze(w)}i_,, & = Lin, toe z(w) = —i (e‘wkw) kO = O0k(An),
ar = ar(An), Ap = {ag}y_,. @yukuua zx(w), k = 1,n, orobpaxa-
et koudopMHO U oxHOMCTHO yroa Py(A) Ha mpaBymo MOJYILIOCKOCTD
(BbIGOp BeTBH 2z (w) ompeieneH mpu nocrpoeHun GyHkm(2.2.12)).

[IycTs G,(fl) obo3HavaeT 00bEINHEHNE CBSI3HON KOMIIOHEHTHI MHOXKECTBA
2k (Bi () Pr), comepxaimeil Touky g,il) = zp(ax) = —i, ¢ ee cummeTpu-
YHBIM OTPayKeHHEM OTHOCHTEIHHO MHUMOM OCH, & Ggf) — obbeMHEHNEe
CBS3HON KOMIIOHEHTHI MHOXKecTBa 2k (Bpi1 () Pk), comepxKamieil Touky

(2 ._ 1 ._ _ _
9y = 2k(aks1)s gn = Zn(@nt1) = zn(a1) = i, ¢ ee CUMMETPUYHBIM
. 1 2
OTpaykeHNeM OTHOCHUTEIBLHO MHUMOU ocu. OUeBHIHO, UTO G,g) u G,(c ),

k = 1,n, — (Boobmie rosopsi) Muorocesasnble obaacru. Torna us Teope-
mbl 1.9 [110] u Teopembr JlaBperTbena [158] mosyuaem

1

M

n

ﬁ (B, ag) < ﬁ Qg H T(Bl(cl)’ _i)r(Bl(€2)7z‘) <2m ﬁ .
= k=1

k=1 k=1 k=1
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— O/JJHOCBA3HbIC obsracTu IIpu BCeX

Hamee, oueBuIHO, ITO E,(Cl), é,(f)
k =1, n. Ecau B nocjieameM HepaBeHCTBE JOCTUTACTCH 3HAK PaBEHCTBA,
TO E,(Cl) COBHA/IAET C HUKHEHU HOJIYIIJIOCKOCTBIO, & E,(f) — C BEepxHeil.
Orciofia BRITEKaeT, 9TO TPo0OPa3 IepBoro KBajipaHTa IPU 0TOOPaKeHHH
zr(w) cosnamaer ¢ By () Pk, a mpoobpas uerseproro — ¢ By [ Pk,
k = 1,n. Torma u3 reopemsr 1.9 [110] u cuMMeTpun OTHOCHTEJILHO GUC-
cektpuchl yria Py, k = 1,n, nomyuaem pasenctso oy = 2, k = 1,n.
Jlasee, JIETKO BHUJIETDH, UTO JIJIsT SKCTPEMAJIBLHBIX 00JIaCTeHl BBITOJIHSIETCS

PaBEHCTBO
n n
I1Bea)=1]r (B, ax)
k=1 k=1

u caepoBarenbo, 1( By, ag) = r(Bg, ar), k = 1,n. Takum obpasom, ume-
IOT MECTO COOTHONICHHUS:

9B, (w,a;) =1n +Inr(Bg,ar) +0o(1), w — ag,

|lw — ag|

95, (w,ar) =In +lnr(§k,ak)+o(1), w— ay.

|lw — a|

s IIoCJIe THUX PaBEHCTB CJIeIyeT
th = gék (w7 ak?) - gBk ('LU7 a’k) = 0

JUIA BCEX PETYJIAPHBIX Todek OBy, u hp, (w) = o(1) mpu w — ay, k =
1,n. Torna h B, (w) =0 B obuactu By, B cuiy npunnmna Makcumyma. 11
OTCIO/Ia CJIEyeT, ITO cap Ek\Bk = 0 mpu Beex k = 1,n. Jlemma 3.1.2
JIOKa3aHa.

O6parnmcest K J1oKazaTeabcTBy HepasencTsa (3.1.1). U3 ycsosnit Te-
opemst 3.1.1 u mepasencrsa (3.1.8) (mpu o =0, =0, yx, =1, k =1,n,
p = 1,m) BbITEKAET COOTHOIIIEHNE

n m

H H 7 (Bk,p, ak,p) <

el

m

1 \73
e )} |k p| X

T [+ (1%

k=1p=1

n
[ o
k=1
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n =

<TLTL [ (2. - (9, (., )] =

k=1p=1

X ﬁ { i {7" (Ql(glz)v(R),w;(glz),(R)) oy (Q/(c2;))(R) w,(f)(R))}}z . (3.1.10)

. S
N3 crocoba mocTpoenus obJracreit Q,(“)O CJIEJIYET, UTO JIJI KaXKJI0TO

durcupoBannoro kg = 1,n obmactu Q,(C? p B3ANMHO He IepeceKaloTcst

npu Beex p = 1,m, s = 1,2. Orciona, yunthiBas HepaseHcTso (3.1.9)
steMMbl 3.1.2, ipu Bcex k = 1, n mojiy4aeM COOTHOIIEHUE:

H H r (Q(S wl(f;(R)) <22 p(R), (3.1.11)

rie Besmanssl (g (R), k = 1,n, onpenensitores: coorromennsmu (2.2.11)
~(2.2.14).
Ucnonbsys (3.1.11), uz wepasencrsa (3.1.10) mosyuaem

ﬁ ﬁT(Bk,p,ak,p <2 (H ak) : (ﬁ Mk(R)> *Mp(Anm) =

k=1p=1

2R”m-<Hak> <H/~‘k )é- (%Anym) (3.1.12)

Paccmorpum yeiosus, pu Kotopsix B (3.1.12) peanusyercst 3HaK paBeH-
cTtBa. BBemem BcrioMoraTerbHbIN (DYHKITHOHAI

Inm = (H ak> <H m(R)) T T Brpsarp) . (3.1.13)
k=1 k=1

k=1p=1

rae {akp} = A — HekoTOpas (1, m)-iIydeBas cucTeMa To4ueK, { By p}
— IIPOM3BOJIbHBI HAGOP B3AMMHO HEHEPECEKAIONMXCs 00IAcTel TAKHX,
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at0 ay, € By, C C, k =1,n, p =1, m. Conocrassas (3.1.12) u (3.1.13),
[IPUXOJUM K BBIParKEHUIO

Tnm < (2R)™™ - M (%An,m) . (3.1.14)

Pasencrso B (3.1.14) peajnu3yeTcsd TOrJla U TOJIBKO TOrJIa, KOrJia OHO
nocruraercd B (3.1.12). Eciu xe B (3.1.14) peanusyercs 3HaK paBeHCTBA,
TO 3HAK PABEHCTBA PEaJIU3yeTcsi, BO-EPBbIX, B HepaBeHcTse (3.1.5) npu
Becex k = 1,n, p = 1, m, u Bo-Bropuix, B HepaseHncrse (3.1.11) npu Bcex
k =1,n. Ilycrs

I =1k (Anm) ={w e C: argw = 6i}

s lo = ln7 ln—i—l = ll. (3115)

JIemma 3.1.3. IIyemov n > 3. Tozda dasn moeo, wmobw, 6 (3.1.14)
JdoCmu2ancs 3HAK PABENCNEA, HEOOTOOUMO BINONHEHUE COOMHOUEHUA

(Bro Mo ) U (BroNtesr) =2 (3.1.16)

npu ecex k=1,n, p=1,m.

Zoxazameawvcmeo. Ilycrs pasencrso (3.1.16) Hapyiaercs npu He-
KOTOpBIX ko = 1,n, po = 1,m, u mycrs, Hanpumep, B, po (k-1 # 9,
2 m
TOT, o
na orkpeitoe muoxkectso |J |J 7, umeer smemmue Touxku mpu
s=1p=1 ’
k = ko — 2. CiienoBaresnbho, nupu k = ko — 2 nepasencrso (3.1.11) ause-
TCSI CTPOI'MM, TAK KaK HAPYIIEHBI YCIOBHUS PEATU3aIlNN 3HAKA PABEHCTBA
B (3.1.9) nemmbr 3.1.2. TTosromy 3HaK paseHcrsa B (3.1.14) He gocTura-

ercd. Jlemma 3.1.3 gokasana.

Takum obpazom, 1pu n > 3 B Ciydae peajiM3al[iil PABEHCTBA B
(3.1.14) kaxgas obnacts By, MOXKeT Iepecekarnes ¢ cucTeMoit (3.1.15)
TOJBKO 0 TOUKaM jyda l, k = 1,n, npu moboMm p = 1,m, u Kpome
TOro, OTCIOfA OYJIET CJIe/I0BaTh, 9TO TOUYKA w = 0 M w = 0O He SBJISIO-
TCsL BHYTPEHHUMU HU JITst OfHOl U3 obmacreit By ,, k = 1,n,p = 1,m.
O6o3naunM

A(p) = {ceU: arg ¢ = %W_l)},
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k=1p, peN.

VuursiBag coornomtenue (2.2.12), IpuxXoIUM K BbIBOJLY, 4TO (DYHKIIUS

wg = wg(€) = R e (ﬁ%g)ak (3.1.17)

ocymecTsIgeT KondopMuoe orobpazkenne Kpyra U na Py, k = 1, n, upu-
yeMm BemauHbl Oy, o k = 1,71, onpejenens B (2.2.1) u (2.2.2), rie BeTBb
crenennoii dyukuu t = 2% B (3.1.17) 3amaerca caeayOMmUM 00PA30M:
t = r%e®?, 2 = re?,0 < ¢ < 2m. Cexrop kpyra U C C, orpamn-
YeHHBIl JIByMsl COCEJIHUME pajycaMu \,(2m) u Ag11(2m) ¢ = 1,2m,
A2m+1(2m) := A\1(2m), obosuaunm uepes A, (2m). Torga

B, ﬂpk =wg (As(2m)), s=1,m

Brir[ | Pr = wi (As(2m)) (3.1.18)

Bpt1p =By, s=(m+1),2m k=1n.

B cmiy csoiicts orobpaenns (3.1.17) obmactu By, () Pr u

Biy1,2m+1—p () Py CHMMETPHTIHBI OTHOCHTEILHO OHCCEKTPHUCH yrita Py,
k = 1,n. Boipaxkenus (3.1.18) 10cTaToO9YHO II0JIHO XaPAKTEPU3YIOT CHU-

cTeMy obsacreit {Ekp , k=T1,n,p=1,m, u (n,m)-n1ydesyto cucremy
TOYEK Ay, [ KOTOPEIX B (3.1.12) mocruraeTcs 3HAK paBeHCTBA. JTa
urdopmanyst 06 IKCTPEMAJILHOI CUCTEME TIOJIyYeHa 3a CUET U3yYdeHUs]
cyuas paseHCTBa B HepasencTse (3.1.11) mpu k = 1,n.

HomomanM 31y nHMOPMAIIIO 00 SKCTPEMAJIBHON CUCTEME N3y IeHUEM
cayuas pasenctsa B (3.1.5) pu Beex k = 1,n, p = 1, m. U3 Teopembr 1.9

[110] (cm. Takxe [112]) cemyer, aro must Besikoro kY = 1, n obuactu Byo
SKCTPEMAJILHON CHUCTEMBI 00/Ia/JAI0T CUMMETPUEN OTHOCUTEIBHO [po 1Ipn
Bcex p = 1,m. Kpome toro, dynxnus (2.2.12) obnamaer cummerpueit
OoTHOCHUTEILHO OmccekTpuckl yria Py, k = 1,n. OTcioma BbITEKaeT, 910
ap = %, k = 1,n, m 9To 1JIs SKCTPeMaIbHOl (1, M )-Ty9eBoil CHCTeMbI
TOYEK BBIIOJIHAIOTCS PABEHCTBA:

2m 2

. T i _ 2 2p71
ag.p = Wk (eXp Z%(Qp— 1)) = Re'™n k—1) tgn ( i 7T> s (3119)
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k=T1n, p=1m.

Tak kak HepaseHcTBO (3.1.10) mosydeno npu Jr06oM (GUKCHPOBAH-
HoM R € R*, 1o n3 (3.1.19) crenyer, uro A, ,, = R - Aﬁ})n Cucrema
IKCTPEMAJIBLHBIX ObJsacTeil jJeMMbl 3.1.2 ABISIETCS CHCTEMO KpPYTOBBIX
obJracTeil KBaIpaTUIHOrO auddepeHInaia

o Cn_QdCQ
o=

In| = 1. Yanrsmsas (3.1.20), mosydaem, 410 obaact €2

Q(¢)d¢* = (3.1.20)

() 11 rouxn w®
k,p k,p’
k=1,n,p=1,m,s=1,2, yig KOTOPBIX PEAN3yeTCs 3HAK PABEHCTBA, B
(3.1.11), ABIAIOTCA COOTBETCTBEHHO KPYTOBBIMU OBJIACTSIMY 1 LOJIFOCAMHE
muddepanImaga

C27rL—2dc2
OcytecTBisist 3aMeHy IIepeMEeHHOi
R% +iw?
C=R3 7wt (3.1.22)

B KBagparuaHoM ruddepennuae (3.1.21), noaydaeM, 1o obnacru By
1 TOUKH Gy, ,, ABIAIOTCS COOTBETCTBEHHO KPYTOBBIMI OOTACTSMHI ¥ OO
caM¥ KBaJ[PATUIHOTO IudDepeHIraia

wn—Z(Rn + wn)Qm—Q

Qdw? = — - - - ~
[(R% +iw?)?™ + (R% — iw¥)2m]”

dw?. (3.1.23)

B ciyuae peasmsanyn 3Haka paseHcTsa B (3.1.14) monygaem

n m n m - 1

[T 1T Brp arp) = [T TT (B anp) = 2R)™" M <EATL,m> :
k=1p=1 k=1p=1

Takum 06pa3oM, B 3TOM CJIy9ae BBITIOTHAIOTCS PABEHCTBA

T(Bk,p,a;w,) = T(Ek,p, ak,p), k= 1,TL, P = 1, m.

st coorBercTByOMUX dMyHknnit ['puna 6ygem uMeTnb

9B, (w, ayp) = log | +log r(Bg,p, ak.,p) + o(1),

W — G p|
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W — Ak.p,

1 ~
9B, (w, ay p) = log |w_— +log 7(By p, ak p) + o(1),

ak,pl

w—agp, k=1n, p=1m.

Jlerko BujieTh, UTO HA MHOXKECTBE BCEX PEryJIsPHBIX TOUYeK 0B}, ;, BBIIIOJI-
HSIETCSl HEPABEHCTBO

hip(w) = g5, (w0, akp) =g, , (W, axp) > 0.

Torma hyp(w) > 0 Belomy B obmactu By, C mpyroit cropomst,
hiplagp) = 0. Crenosarensuo [348|, B cuily HpHHIMI MaKCHMY-
Ma Juist TapMOHMYecKnX (GyHKIui BepHO ToxzaectBo h(w) = 0. Torma
ggk,p(w,ahp) —98,.,(w,arp) =0, k = 1,n, p=1,m. Orciona BhITEKA-

eT, 9To cap EM,\B;W =0,k =1,n, p =1, m. Hepasencrso (3.1.12) naer
uepasercTso (3.1.1) reopemsr 3.1.1. TpaekTopun KBagpaTudHoro aud-
depenimana (3.1.21) upu orobpazkenun (3.1.22) npeobpazyiorcs B Tpae-
kropuu KBajparuanoro auddepennuaia (3.1.2). Coornomenus (3.1.17)
— (3.1.23) mokassbiBaioT, 4To paseHcrso B (3.1.1) mocrmraercs Torma u

1 ~
TOJBKO TOrna, Koraa A, ., = R - A%gn U CHCTEMA, {Bkyp SIBJISIETCSL

cucTeMoit Kpyroeoix obsiacreit guddepenimana (3.1.2).
Teopema 3.1.1 TOTHOCTBIO JIOKA3aHA.

3.1.2. Ouenka QyHKOUOHAJIA MEPBOro TUIA s (2,m)-
JydeBbIX CHUCTEM.

Teopema 3.1.2. (A.K. Baxruu [42]). Tycmvn = 2, R € R*. Toeda,
KaKosv Ove HU Obumu (2, m)-ayvesas cucmema mover Ag . = {akp},
k=1,2, p=1,m, u cucmema 63aumno nenepecexarouuzcs obaacmet
{Bkp}, arp € Brp CC, k=1,2, p=1,m, cnpasedauso nepasencmeo

2 m
[T I17 (Brpsary) <22 - (a1 a2)™ - (ua(R) - pia(R))* - Mi(Asm).
k=1p=1
(3.1.24)
ITpu m > 2 snax pasencmea 6 (3.1.24) docmueaemcs, 6 wacmuocmu,
u mozda, xo2da mowku axp, u obaacmu By ,, k =1,2, p =1, m, asas-
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OMCA, COOMBEMCMEEHHO, NOAOCAMU U KPY208LMU 00AACMAMUY KE6aOPa-
muwhoz20o duddeperyuana

(R2 + w2)2’ﬂ7,72

[(R — iw)?™ + (R + iw)?m]?

Q(w)dw? = — dw?, (3.1.25)

a npu m = 1 suax pasencmea 6 (3.1.24) docmuezaemcs, Kozda Mmouky
a1,1 U a21 ABAAOMCA NOMOCAMU Keadpamuwhozo duddeperyuanra

dw?

Q(w)dw” = Tl =Ry

(3.1.26)

npu smom §171 = Bﬁp) = {w : ﬁm < P}: 52,1 = Bép) = E\ng) ona
mobozo p € RT.

Hoxazameavcmeo. llpu n = 2, m > 1 u3 (3.1.8) nonyuaem Hepa-
BEHCTBO

H H r (Bk‘,pv a}k,p) < <H ak) - Mg (AQ,m) X

k=1p=1 k=1

(3.1.27)

{1 i) (02, v )]

N3 coornomenns (3.1.9) memmsr 3.1.2 cieyer oreHka

TT [ (220,20 r (92 ()., ()]

p=1

Nf=

N

(3.1.28)
<22 u(R), k=1,2.

B cBoro ouepenn, u3z nepasencrs (3.1.27) u (3.1.28) nosygyaem yrBep-

JKaeHue
2 m

H H 7 (Bkp, ak,p) <

k=1p=1
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Nl

< (ara2)™ Mp(Asy) - ][22 w(R)]? < (3.1.29)

™

k

1
< (27" - (ra2)™ - (i (R)p2(R))? - Mp(Azm).
Taxum obpasom, nepaserctso (3.1.24) Teopemsr 3.1.2 nokazano. Yreep-
JKJEHHE O 3HAKE PABEHCTBA IPOBEPAeTCa HEMOCpeICTBeHHo. TeopeMa 10-
Ka3aHa.

1

3.1.3. OmueHku (PYHKIIMOHAJIOB MEPBOr0 THUMA AJISI HEKOTO-
PBIX OTKPBITBIX MHOXKECTB. [[/151 OTKPBITHIX MHOYKECTB, YIOBIETBOPSI-
IOIINX IIEPBOMY yCJIOBHIO HEHAJIETAHUS, CIIPABEJJINBO CJIETYIOIIee YTBED-
2KJIEHHE.

Teopema 3.1.3. [41] Ilyem» R € R, nym € N, n > 2. Toeda
das npouszeosvotl (n, m)-aywesot cucmemve movex Ap m = {agp}, k=
I,n, p = 1,m, u mobozo omxpwimozo mnoscecmsa D, Ay, ., C D C
C, ydosaemeopatouseeo Nepeomy Yea08ul0 HEHAAC2AHUA OMHOCUMENLHO
cucmemdvt Ay, CNPABEOAUBO HEPABEHCTNEO

H H r (D, ap) - H exp gp(Ak,p, aqs) <

k=1p=1 (k.p)#(q,s)

(3.1.30)

n m n
<2mm H o | - H e | - Mg (Anm) -
k=1 k=1

[N

3HaK PaBEHCMBA 6 IMOM HePasencmee JoCuU2aemces, 6 YaCmHOCMU, Ko-
2da mowku {ak p}, k=1,n, p=1,m, u mnoocecmso D asasomea, co-
OMBEMCMEEHHO, NOMOCAMU U 00BEIUHEHUEM BCET KPY208bix obaacmed
xeadpamuurozo Juddeperyuana

wn72(Rn + wn)2m72

Q(w)dw2 = - 2
[(R% — iw%)%n + (R% —|—iw%)2m}

dw?.  (3.1.31)

oxazameavcmeo. VI3 ycmoBusi HeHaJeTaHUS CJIEIYET, HYTO
capC\D > 0 n muOxkecTBo D 0obmamaer obobmiennoi dynxmueii I'pu-
Ha (cm. m. 2.1). Bee nanbreiinme paccyzkieHus IPOBOJATHCS B COOTBET-
crBuu ¢ paboroit [111].
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Bysnem paccmarpusarh muOwectBa FEy = C\D; E(agp,t) =
{fweC:|lw—agy <t}, k=1,n,p=1,m,n=>2nmeN,teR".
Jasee, mist 10CTATOIHO MaJbIX ¢ > () BBEJEM KOHJIEHCATOD

C(t, D, Apm) = {Eo, Ex}, (3.1.32)

n m
rae By = U U E(akp,t). Emxocrsio konnencaropa C (t, D, A, ) Ha-
k=1p=1
3pIBaercst BesmanHa (M. [111])

capC (t, D, A, ) = inf // [(Gh)? +(G)?] dady,

rae HH2KHAA I'paHb 6epeTc51 II0 BCEM B€IIECTBECHHBLIM, HCIIPCPBIBHBIM H

sununesbiM B C dynkuuam G = G(z) rakum, uro G| =0, G| = 1.
Eo E
Besmunna, obparnast emkocTu KongyieHcaTopa C, HA3bIBAETCS MOJLYJIEM

9TOro KOHIEeHCcaTopa

| C |= [capC] . (3.1.33)

Paccymorpum KommencaTopbl
R k k
CB (1, D, Ay ) = (Eg (R), E! )(R)) , (3.1.34)

rae

EO(R) = ¢ (B Pr(Anm) ) U [ (B PrAnm)]

k= 1,n, s = 0,1, ( = C,(CR) — BBeleHHas paHee QyHKIUS
(2.2.12), {Pi(anm)}ti_, = P(Anm) — cucrema yrjios, COOTBETCTBY-
jomas cucreMe ToueK A, .., ouepamusa [A]* comocrasiser JoGOMY
MHOKecTBY A C € MHOXKECTBO, CHMMETPHYHOE MHOXKECTBY A OTHO-
cuTesbHO OKpykHOCTH |w| = 1. OTcioma ciejyer, 4TO KOHJIEHCATO-
py C(t, D, Ay ), OPH Pa3esIAOmeM IPeoOpPa30BAHUN OTHOCUTEILHO

" R\"
P(A,, ) u cemeiicTBa {C,i )} , COOTBETCTBYET HAGOP KOHIEHCATOPOB
k=1

B =
{C’IER) (t, D, An’m)}k—f CHUMMETPUYHBIX OTHOCHTEIbHO QU = {z : |z| =

1}. B coorsercrBum ¢ paboroii [111] momyaaem

capC (t, D, Ap ) > Z capC™ (t,D, Ay ) . (3.1.35)

l\Dlr—l
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Orcroma cieayer

n —1
|C@J1AWQ<2<z]CfNLD¢%MH”> . (3.1.36)
k=1

W13 reopemst 1 [111] momyaaem

|C (t, D, An,m) | =
L roe l b M(D, A ) +0(1),  t—0 (3.1.37)
— — — A
2rnm 8 t T o ’
roe
M(D,Anm) =
1 n m
= W ZZlogr(D,ak@) + Z gD(ak,pvaq,s)
k=1p=1 (k,p)#(q,s)

Dopmyia (3.1.37) maer acummroruky Moyt C (t, D, A, ,,) upu t — 0,
a sesmanna M (D, Ay, ) €CTh HE 9TO MHOE KaK IPHBEICHHBIN MOJYIIb
MHOXKecTBa D oTHOCHTENBHO Ay, 1. Victions3yst dopmyssr (3.1.3), (3.1.5)
u tor dakT, 9To D YIOBIETBOPsieT NEePBOMY YCJIOBUIO HeHaJeraHus
OTHOCHTEJIBHO CHCTEMBL A, 1, HOJLY UM AHAIOIHIHBIC ACUMITOTHYCCKIE
npescrasienns ays kKoujgencaropos Cy (¢, D, Ay, ), k = 1,n, umenno:

R
ICY (1,D, A )| =

1 1 (R)
= —log -+ M, D, A,m 1), t , 1.
27T(2m) Ogt + My (D, , ) +o(1) —0 (3.1.38)
rie
MIER)(D’ An,m) =
m (1)
1 wy,
= 27 (2m)2 Zlog 3
p=1 [OékX (T) ak,p
m (2)
(2 (R),w
+E log o =
=1 Qhetlp ”k
P arX (| R 3 |ak+1 p
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(s) (R) BBenens! B 1. 3.1.1. TIpu nomormu

O6sactu Q,(:])D(R) ¥ TOUKH Wy )

(3.1.38) momyuaem
[CX™ (8D, Aum) | =

4 4 1 -t
- 1”—"} (1 + M (D, Ay ) + o( - )) = (3.1.39)
og log ¢ log &
4mm, d7m )\ 2 R 1 2
og t 0g t 0g i
Hasee, uz (3.1.39) caeayer, aro
S ICE (8D, A ) | =
k=1
(3.1.40)
4tnm drm \ % & (R) ( 1 )2
= — M D, Amm + o0 5 t— 0.
log % (log % ) kz=:1 e ) log %

B cBoto ouepenp, (3.1.40) mO3BOISIET TIOMYIUTh TAKOE ACHMIITOTUIE-

CKO€ COOTHOIIIEHHE:

n -1
(Z C (£, D, Ay ) rl) =
k=1

—1
log L 4 1 <& 1
(1 LS DA o (o)) -
n log;k:1 log;

(3.1.41)

logt 1 <~ .(r
- 47rn7§1+ﬁZMli )(D’AHM)JFO(D, t— 0.
k=1

Hepagencrsa (3.1.35) u (3.1.36) ¢ yuerom (3.1.37) u (3.1.41) nosso-

JIAIOT COeJIaTh BBIBOJ, ITO

1
log i +M(D, A, m) +o(l) <

2rnm

1 2 & (R)
< =+ =3 MDD, A + o(1).
2rnm Ogt n? Pt ko m) +o(1)

(3.1.42)
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N3 (3.1.42) npu t — 0 mosyuaeM, 91O
2 ¢ (R)
M(D,Apm) < g M, (D, Anm 3.1.43
( ) 5 n Pt ) ( )

dbopmyser (3.1.37), (3.1.38) u (3.1.43) npuBOAAT K CJEIYIONEMY BbIpa-
JKEHUIO:

n

1 m
artam)? | 2= 2108 (Piaks) £ D gn(anpags)| <

k=1p=1 (k,p)#(q,8)

< 2 1 X
= n2 2wdm?

n

Q) (R), wi) (R)r( Q) (R), 0> (R))

ak,p % Ak+1,p ocL -t
cwx (1 %52 175 ) Jawpl | Jenx (1 252 177) lags,l] )

Takum 00pa3oM, OKOHIATEIBHO IOJIYIaeM

n m

H H T(D’ ak?,p) . H €xXp gD(ak:,pa as,q) <

k=1p=1 (k,p)#(s,9)
n m
k=1

(3.1.44)

Nl

<II [H r(Q)(R),wi ) (R)r(Q7)(R), w?)(R))

k=1 Lp=1

1
1 2
a ak+17 a
)X(‘ " )] el <

con ({1n) (fm) dmiae
k=1 k=1

VTBepKIeHue TeopeMbl 0 CiIydae peadausanuu pasencrsa B (3.1.44) upo-
BepsETCS HEIMOCPeICTBEHHO. Teopema JoKa3aHa.

XHH[ (‘ak,l)

=
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3.1.4. Hekotopsie caencrBus. Teopema 3.1.1 umeer 10BOJIBHO
o0Imuii XapakTep, IO3TOMY IIPUBEJIEM DsIJT €€ CJIe/ICTBUN.

Caencrsue 3.1.1. ITycmv duxcuposarnvs B € RT, n,m € N u
n > 3. Tozda, xaxosv. 6w, Hu 6viau (M, M)-AYHEEAA CUCTIEMA TMOYUEK
Apm = {akp}, K = 1,n, p = 1,m, u npouzeoavhas cucmema 63aum-
no nenepecexarowuzca obaacmeti {Byp}, axp € Brp C C, k = 1,n,
p=1,m, cnpasediuco HepaseHcmeo

n m

H H 7 (Brep: r,p) <

k=1p=1

o () (fwen) L (o)

2de M @) (An,m) onpedeseno gopmyaot (2.2.6). 3nar pasencmaea 6 mom
Hepasencmee docmueaemca moz2da U MoAvKo mo2da, £020a MoK A p

N

u obaacmu By, k = 1,n, p = 1,m, asaaomeca, coomeemcmeenno,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 JuddepeHuuaa
—2 n n\2m—2
w2 (R” +w
Q(w)dw2 == n . n ( 'n,) . n 2 de’
[(R2 —iw?)?™ + (R% +iw?)?"]

U cap (E;w,\Bk,p) =0 npu scex k = 1,n, p = 1,m. Yaroevie napame-

mpovL U KoIPPuLueHmoL cmeuenus, onpedeservs coommoweruamy (2.2.2),
(2.2.13).

Zoxazameavcmeo. 113 pasencrsa (2.2.10) noaygyaem

Mp(Aym)=R"M (lAmm) =

R
L\
A —1 >:|

() (o
k=1p=1
_ o TT ) (L
i ().

p=1

Ak,p

R
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Orcioma n n3 teopembl 3.1.1 HEIOCPEJCTBEHHO CJIEyeT yTBEPXKIEHUE
caeacteus 3.1.1.

Caencreue 3.1.2. ITycmv dukcuposanv, B € RT, n,m € N u
n > 3. Tozda, xaxosv. Gvi Hu Gviau (N, M)-AYUEBAA CUCTNEMA MOUEK
Apm = {arp}, k= 1,n, p=1,m, u npoussosvras cucmema 63aum-
no menepecexarouwuxcs obaacmeti {Byp}, arp € Brp C C, k = 1,n,
p=1,m, cnpasedauso HepaseHcmeo

n m
H H 7 (Bk,p, ak,p) <

k=1p=1

_1 nm 1
nm 2

n o m n m n
< |2 H H lak,pl : H ag | - H pe(R) | %
k=1p=1 k=1 k=1

" m N L\

Ak,p | o Akp | ok 1
<ILIL [ () (5]
k=1p=1

Bnax pasencmea 6 amom nepasencmee_0ocmuzaemca mozda U MovKo
moeda, Koeda mowku ag, u obaacmu By, k = 1,n, p = 1,m, asas-
H0MCA, COOMBEMEMEEHHO, NOMOCAMU U KPY206bLMU 06AACTAMY, KEaIPa-
muwhoz20o duddeperyuana

n—2 n n\2m-—2
Qw)dw® = ——— - - B 4w n) n 5 dw?,
[(R2 —iw?)?™ + (R% +iw?)?"]

u cap (Ek,p\Bk,p) =0npuecerk=1,n,p=1,m.

Caencrsue 3.1.3. ITycmv durcuposarnvs B € RT, n,m € N u
n > 3. Toeda, xaxosvr Obt Hu Oviau (N, M)-AYUEEAH CUCTNEMAE TNOYUEK
Apm = {arp}, k= 1,n, p=1,m, u npoussosvras cucmema 63aum-
ro nenepecexaroujuxrca obaacmett {By p}, arp € B, C C, k = 1,n,
p=1,m, cnpasedauso repasencmeo

1
2

[T @pan < (2) - (TLmm) -
k=1

k=1p=1
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BHaK PaseHcmea 6 amom Hepasencmee_Jocmuzaemca mozda U MobKo
mozda, xo2da mouku aj, u obaacmu By ,, k = 1,n, p = 1,m, asa-
10MCA, COOMBEMCMEENHO, NOAOCAMU U KPY206bLMU 0OAGCTAMU KE6aODa-
muuno2o duddepertuana

n—2 R" n\2m—2
Q(w)dw? = — = (B 4w ) o 5 dw?,
[(R% —iw?)?™ + (R% +iw?)?"|

u cap (Ek,p\Bk,p) =0npuecerk=1,n,p=1,m.

CnencrBue 3.1.3 BbITeKaeT U3 yTBepKJaeHUsi TeopeMbl 3.1.1 BBHILY

n
n
OueBHJIHOIO HepaBeHCTBA || ap < (%) .
k=1
CaencrBue 3.1.4. ITycmo durcuposarnos B € RT, n,m € N u
n > 3. Tozda, kaxosv. Ov, Hu Oviau (N, M)-AYHEBAA CUCTNEME MOYEK
Anm = {akp}, k = 1Ln, p = 1,m, u npouseoavras cucmema 63aum-
ro nenepecexaroujuxca obaacmett {By p}, akp, € B, C C, k = 1,n,
p=1,m, cnpasedauso nepasercmeo

H H 7 (Bg,ps Gk,p) < <%> ' H ag | - Mg(Apm).
k=1

k=1p=1

BnaK pasencmea 6 amom Hepasencmee_JoCcmuzaemca mozda U MobKo
mozda, xozda mowku ay, u obaacmu By ,, k = 1,n, p = 1,m, asa-
10MCA, COOMBEMCMEEHHO, NOAOCAMU U KPY206bLMU 0OAGCTAMU KE6aODa-
muvwrozo duddeperyuana

n—2 R™ n\2m-—2
Q(w)dw2 == n = n ( + od 'n) n 2 de,
[(RZ —iw?)?™ + (R% +iw?)?"]

u cap (Ek,p\Bk,p) =0npuecerk=1,n,p=1m.

Cirencreue 3.1.4 BbITeKaeT u3 yrTBepxKjeHusi Teopembl 3.1.1 Beies-
creue HepaseHcTBa ik (R) < m~2™m k=1,n.

Cnenacreue 3.1.5. ITycmv durcuposann B € RY, n,m € N u
n > 3. Tozda, kaxosve Ov. Hu Gviau (n,M)-Ayuesas cucmema mouex
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Anm = {arp}, k = Ln, p = 1,m, u npouseoavras cucmema 63aum-
no nenepecexamouguzrcs obaacmels {By p}, akp, € Brp, C C, k = 1,n,
p=1,m, cnpasediuso HepaseHcmME0

f[ ﬁ 7 (Brp, ak,p) < (i)nm - Mgp(Anm).

nm
k=1p=1

3HaK PaseHcmea 6 IMoM HepaseHcmaee JoCmu2aemes moeada u MmoavKo
moeda, K020a MOKY G p U 00aacmu By ,, k= 1,n, p = 1,m, aeaa-
10MCA, COOMBEMCMBEHHO, NOMOCAMU U KPY208bLMU 00AACTNAMUY KEAOPa-
muwhoz2o duddeperyuana
9 wn—2(Rn + wn)Qm—Q 9
Q(w)dw* = — P P 5 dw=,
[(R% —iw?)?™ + (R% +iw?)?"|

u cap (Ek,p\B;wJ =0npuecexrk=1,n,p=1,m.

Caencreue 3.1.6. ITycmv duxcuposarnvs B € RT, n,m € N u
n > 3. Tozda, kaxosv. Ob. Hu Gviau (n,M)-Ayuesas cucmema mouex
Apm = {akp}, K =1,n, p = 1,m, u npouzeoavhas cucmema 63aum-
no nenepecexarowuzca obaacmeti {Byp}, app € Byp C C, k = 1,n,
p=1,m, cnpasediuso HepaseHcmMEo

H H 7 (Bi,p, ak,p) < (%) - M (EA"’M> .
k=1p=1

Bnax pasencmea 6 amom nepasencmee_0ocmuzaemca mozdd U MoavKo
moeda, Koeda mowku ag, u obaacmu By, k = 1,n, p = 1,m, asaa-
H0MCA, COOMBEMEMEEHHO, NOMOCAMU U KPY206bLMU 06AACTAMY KEaOPa-
muwho20o duddeperuuana

n—2 n n\2m—2
Qw)du? = — _ w n(R —I—wn) _ 2dw2,
[(R% —iw?)?™ + (R% +iw?)?"|

u cap (Ekyp\Bkyp) =0npuecerk=1n,p=1m.

Caencrsue 3.1.6 BbITeKaeT u3 cieacTBus 3.1.5, €Cau yIecTb COOTHO-
menue (2.2.10). Ipusenem ciaegcrsue Teopemsl 3.1.1 unoro pouna. Takue
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pe3yﬂbTaTbI BeCbMa ITOJIE3HbBI HpI/I peIIIeHI/II/I HeKOTOpI)IX SKCTpeMaJIbeIX
3a/1a4.

Caencteue 3.1.7. ITycmv nym € N, n > 3, R € RT. Tozda dan
scarols (n, m)-ayuesolt cucmemvr mouex Ay, m = {arpt, k=1,n, p =
— . 1 o
1, m, maxot, wmo M (%An,m) = M(Agl)m), U 10601 cucmemv, NONapHo
nenepecexarowgurca obaacmets {By p}, axp € Brp, k=1,n, p=1,m,
CNPABEINUBO HEPABEHCTNEO

n m

H H 7 (Bk,p, ak.p) <

k=1p=1

n m n 2
<SER™ - ([Jex] -(IIm@® | -M(AD),).
k=1 k=1

Bnax pasencmea 6 amom nepasencmee_0ocmuzaemca mozda U MobKo
moezda, xo2da mouku ay, u obaacmu By, k = 1,n, p = 1,m, asas-
10MCA, COOMBEMCMEENNO, NOMOCAMU U KPY206bLMU 0OAGCTAMY KEaODPa-
muwhoz2o duddeperyuana

n—2 n n\2m—2
Qw)du? = — _ w n(R —I—wn) _ 2dw2,
[(R% —iw?)?™ + (R% +iw?)?"|

u cap Ekﬁp\Bk,p =0npuecer k=1,n,p=1m.

Caencrsue 3.1.8. IIycmvn,m € N,n > 3, R € RT. Tozda das cca-
Kol (n, m)-ayuesoli cucmemv, movex Ay, ., ={arpt, k=1,n,p=1m,
. 1 .
maxot, wmo Mp(Apm) = R"’”M(A%,)m), w 100600 cucmemvs NoONapHo
nenepecexarowurcsa obaacmets {By p}, axp € Brp, k=1,n, p=1,m,
CNPABEINUBO HEPABEHCTNEO

ITTI7 (Bipsany) < <ﬁ> -M(AD).

nm
k=1p=1

3HAK PaBEHCMEa 6 IMOM HePaseHcmee JoCmuzaemcs moz2da u moavKo
moada, ko2da MmouKy ap u obaacmu By, k= 1,n, p = 1,m, asaa-
10MCA, COOMBEMCMEEHHO, NOMOCAMU U KPY208bLMU 00AACTNAMU KEAOPa-
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muwhoz20o duddeperuyuana

n—2 R" n\2m—2
Q(w)dw? = — = (B 4w ) o 5 dw?,
[(R% —iw?)?™ + (R% +iw?)?"]

e

U cap (Ek,p\BkJ)) =0npuecex k=1,n,p=1,

Caencrsue 3.1.9. IIycmvn,m,q € N, n > 3, m = 2¢q, R € R™. To-
2da 0ns npouzeosvnotl (n, m)-ayuesol cucmemo, movex Ap m = {akp},
lakp| = R*|(@r)|™, p+l=m+1, k=1n, p=1,m, umoboi cu-
cmemvt nonapno nenepecexarouguxca obaacmeti { By p}, axp € Bi,p C C,
kE=1n, p=1,m, cnpasedruso nepasercmeso

n m

H H r (Bk,pv ak,,’ﬂ) <

k=1p=1
< (2R)™™- (ﬁ ak) . (ﬁ Mk:(R)> X
k=1 P

I ()

Bnax pasencmea 6 amom nepasencmee_0ocmuzaemca mozda U MoavKo
moeda, Koeda mowku ag, u obaacmu By, k = 1,n, p = 1,m, asas-
H0MCA, COOMBEMEMEEHHO, NOMOCAMIU U KPY206bLMU 06AACTAMY KEaAIPa-
muwhoz20o duddeperyuana

n—2 n n\2m—2
Q(w)dw? = — - - - (B 4w n) n 2 dw?,
[(R% —iw?)?™ + (R% +iw?)?"]

U cap (gk,p\Bhp) =0npuscexk=1,n,p=1,m.

oxazamenasbcmeo. YUuTbiBas paBeHCTBA

‘_a’”" . ‘—a’“m“‘p’ —1, k=Tn, p=Tg

R R

)
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u x(t) = x(t71), t € RT, npuxoamum K cOOTHOMEHUIO

NI =
W) -
i ak,pﬁ
)e(11™)

n m
Orcrona u u3 ciaencrsus 3.1.2, ¢ yaerom pasercrsa [[ [] |akp| = R™™,
k=1p=1
noJiy9aeM TpebyeMoe yTBEpIKJICHHE.

Cneacrsue 3.1.10. IIycmv n,m,q € N, n >3, m = 2q, R € RT.

Tozda Oan ecaxoti (n,m)-ayuesol cucmemve movwex Ap ., = {akp},
R2 - o

lagp| = T S+tp=m+ 1, k = 1,n, p = 1,m, maxot, wmo
' 1 .

M (%An,m) = M(AﬁJn), U KaHcOol CUCmembl NONAPHO HeNepeceraro-

wuxces obracmet {Byp}, app € Brp C C, k =1,n, p=1,m, cnpase-
0AUBO HEPaGeEHCME0o

n o m nm q n
TTIT o < (o) TT{TTx (%)

k=1p=1 p=1 Lk=1

2

3Hnak pasencmea 6 amom Hepasercmee Jdocmuzaemcs moa2da U MoAbKO
moeada, kKo2da MouKu ap u obaacmu By, k= 1,n, p = 1,m, asaa-
H0MCA, COOMBEMCMEEHHO, TOMOCAMU U KPY208bLMU 00AACTNAMY KEGOPaA-
muwhoz2o dupdeperyuana
p 2 wn72(Rn+wn)2m72 p 9
Q(’LU)U)—— n . nyg n . nyg 3 AW,
[(Rz —iwz)?m 4+ (R2 4+ iw?) ’”]

u cap (Ek,p\Bk’p) =0 npu ecex k =1,n, p,s =1, m.
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oxazameavcmeo. He TpyiHo 3aMeTUTD, ITO

n m q n
Ml = TTTTx (le1*) = 11 [H x (Jaf!)

k=1p=1 p=1 Lk=1

%)]2_

Orcrona u u3 ciuencrsus 3.1.8 momydyaem Tpebyemoe yTBepzKieHue. [1pu
m = 2 u3 caeacTsus 3.1.9 nosydaeMm yTBeprKieHUE

Caencreue 3.1.11. Ilyemv n € N, n > 3, R € R*. Toeda dan

2

scarol (n,2)-aywesol cucmemv, movex A, o = {agp}, lag1| = Tara]’

T y 1 _ (1) \

k= 1,n, p = 1,m, makot, umo M(EAn,g) = M(A,3), u xadgrcdoi

cucmemsvt nonapro nenepecekamowuzcs ooaacmeti {By p}, akp € Brp C
C, k=1,n, p=1,m, cnpasediuco nepaseHcmaeo

n
117 (Bra,ara) r (Bra,ars) <

k=1
2n (1)
<R ([Tow) (TTmm ) - (TIx(lais?) ) -
k=1 k=1 k=1

3nax pasencmea 6 IMOM HEPAGEHCTMBE DOCTNULAEMCS M020a U TOALKO
moeda, xo02da app v By, K = 1,n, p = 1,m, aeasomea, coomsem-
CMBEHHO, NONOCAMU U KPY208bIMU 0bAaCMAMUY KEaIpamuyHo20 Jugdde-
DEHUUAAA

=

Q(w)dw? = — wn72(p;n ) 5 dw?”.
(wn _ (\/5 _ 1)2Rn) (wn _ (\/5_1_ 1)2Rn)

u cap (Ek,p\Bk,p) =0 npu scex k=1,n, p=1,2.

Aoxazamenavcmeo. Hepasencrso ciescrus 3.1.11 mosrydeno He-

1
nocpeicTBeHHO u3 caencTBus 3.1.9. lasmee, Tak xkak R - A%;n SABJISIETCS
CHCTEMOIl BCeX II0JIIOCOB KBaiparnanoro Juddepennunada (3.1.2), To npu

1

m = 2 noaydaem, 910 R - Agé IpeICTaBjIsieT HaboOp BCeX IOJIIOCOB KBa-
:

JApaTudHoro audQepeHimaa

wn—?(Rn + wn)Z
(an _ 6Rnwn + RQn)2

Q(w)dw? = — dw?.
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Orcrona n u3 yreepxaerns teopembl 3.1.1 o 3Hake pasencrsa B (3.1.1)
CJIJIYET, 9TO 3HAK PABEHCTBa B HepaBeHcTBe ciencrsud 3.1.11 mocrura-
eTcsl TOJIBKO TOTJIA, KOrja Ak, U By, k = 1,n, p = 1,2, asrsworcs,
COOTBETCTBEHHO, TIOJIOCAMU W KPYTOBBIMH OOJIACTSIMH KBaJPATHIHOTO
muddepennuasia

wn—Q(Rn +wn)2 9

Qw)dw* = — (w" — (v2 — 1)2R")(w" — (V2 + 1)2Rn)2 dw

Crencraue 3.1.11 cymecrsemnno o6o6mraer Teopemy 2.3.10 mpu p = (v/2—
1)R.

CdopmynupyeMm Ternepb HEKOTOpOe 0000IIeHHnEe U3BECTHON 3a1a4un
E.I. EmenbsinoBa 0 nByx okpyxKHoctsix [117]. Ilycts n,m € N, n > 3,
R € R*. Haiitu Besiuuuny

n m
max max H H (B, ak,p),

An,meA;},)rn Beb(An,m) k=1p=1

rae B(A,,,;m) — COBOKYIHOCTb BCEX OTKPBLITBIX MHOXKECTB, YIOBJIETBOPSI-
1
IOIIIX [ePBOMY YCJIOBHIO HEHAJIETAHUSI OTHOCUTENBHO Ap n, a A%)m

MHOZKECTBO BCeX (n,m)—nyqublx CucremMm An,m7 PacCroJIOZKEHHBIX Ha 1

KOHIIEHTPUIECKUX OKPY2KHOCTSX C LEHTPOM B Hyse (TO eCTb, |ayp| He
zaBucuT oT k = 1,n npu kaxiaom p = 1,m) u takux, uro M (%Amm) =

M (Ag?n) (VkazauHuble OKPY2KHOCTH, BOOOIIE I'OBOpPs, HE (DUKCUPOBA-
HBIL.)

Caneacrue 3.1.12. ITycmov n,m € N, n > 3, R € R". Tozda dan
8eaKotl (N, M)-AY1eB0T CUCTNEMBL TOYEK, DACTLONOHCEHHOT HA M KOHUEH-

mpu4veCrur OKPYHCHOCMAL C UEHMPOM 6 HYNE (mo ecmo, ‘ak,p‘ HE 3a-
m

_ _ . L
eucum om k, k = 1,n, p = 1,m, makxot, wmo M® (EAn)m) =
p=1
(1) 9
M Ay m), u npouseosvrol cucmemvt NONAPHO HENEPECEKAIOULULCA 06Aa-
emelt {Bip}, Gkp € Brp, kK = 1,n, p = 1,m, ewnoansemecs nepagen-
cmeo

n m 4 nm
T (Beparp) < (—R) (AW,

nm
k=1p=1
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BHaK PaseHcmea 6 amom Hepasencmee_Jocmuzaemca mozda U MobKo
mozda, xo2da mouku aj, u obaacmu By ,, k = 1,n, p = 1,m, asa-
10MCA, COOMBEMCMEENHO, NOAOCAMU U KPY206bLMU 0OAGCTAMU KE6aODa-
muuno2o duddepertuana

n—2 n n\2m-—2
Qw)dw? = — i w i (R —I—wﬂ) _ _ dw?,
[(R% —iw#)?™ + (R% + iw¥)2m]

u cap (Ek,p\Bk,p) =0 npu scex k=1,n, p=1,m.

CnencrBue 3.1.12 menocpencTBeHHO BbITeKaeT u3 TeopeMbl 3.1.1 u
cinepcrust 3.1.8. Cuencreue 3.1.12 06001aeT W3BECTHBIN pe3yJbTaT
E.T. Emenbsnosa [117] na ciywait m "cBoGonubix" okpy2xuocteii. ITosa-
rag B caegcreun 3.1.1m =1u M (%An,l) = M(R7'A,) = 1, nonygaem
CJIEJYTOIEe YTBEPK ICHIE.

Caencreue 3.1.13. Ilyemv n € N, n > 3, R € R*. Toeda dan
210001 n-ayuesolt cucmemovs movex A, = {ar}i_, M (%An) =1, u
1106020 Habopa nonapho wenepecekarowurca obracmet {Bi}y_,, ar €
By, k =1,n, svwnoansemca nepasencmeo

2

H’I‘(Bk,a,k) < (2R)™- Hak . Huk(R)
k=1 k=1 k=1

3nak pasencmea 3decv docmuzaemcs mozda u moavko moezda, x020a ay,
u obracmu By, k = 1,n, asasomcea, coomeememeernto, NOMOCAMU U
KPY206viMU 00AaGCTAMY K8AOPAMUYHO20 JudPepeHuuaa

Q(w)dw2 = —m d’wQ,

U capék\Bk =0, k = 1,n. (Yerosvie napamempo, u xospduyuenmo
emewenua onpedesenv, coommowenuamy (2.2.2), (2.2.13).)

Ilonarast B cnepcreum 3.1.13 R = 1 uw mcHoyb3ys HEPABEHCTBO
uk(R) <1, k =1, n, nosxydaem Takoii pe3y/bTar.

CaenctBue 3.1.14. IIycmov n € N, n > 3. Toeda daa a060% n-
ayuesotli cucmemv, movek A, = {ar}i_,, M(A,) =1, u npouseoavrozo
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rabopa nonapro Henepecexarouuxcs obracmet {Br}til_,, ar € By, k =

1,n, swnoanaemea nepagercmeo

H T’(Bk,ak> < 2" . H L,
k=1 k=1

npuUNEM, SHAK PAGEHCMEA JOCTNUZAEMCA 6 MOM U TMOALKO TOM CAYUAE,
koz2da ap u By, k = 1,n, ecmwb, coomeememseno, noawcw, u Kpy206vie
obaacmu Keadpamuurozo dugdeperyuana

,wn—2

Q(w)dw” = TH—w

dw?,

ucapBp\By =0, k =1, n.
Cnencriue 3.1.14 obobmaer temmy 3.1.2.

Caencrue 3.1.15. Ilycmov n € N, n > 3. Toeda daa a060% n-
ayuesotli cucmemv, movwek A, = {ar}p_,, M(A,) =1, u npouseoavrozo
rabopa nonapro wenepecexarouurca obaacmet {Bill_,, ar € By, k =

1,n, cnpasedauso nepasencmaso

n 4 n
HT(Bkvak) < (—) ;

n
k=1

npuvem, 3HaK pasercmea docmuzaemcs mozda U mosvko mo2da, k0206
ar u By, k = 1,n, ecmv, coomeemcmeenno, noaocv, u xpyzoevie obaa-
cmu keadpamuurozo duddepenyuana

wn—2

Q(w)dw2 = —m dw2,

U capék\Bk = 0, k= 1,_TL

Cnencreue 3.1.15 ycunuaer teopemy 2.3.8. AHAJOIHYHO TPEIBIIY-
meMy, IoJIydaeM U3 TeopeMbl 3.1.3 ciemyroniue yTBepXK IeHUs.

Caencrsue 3.1.16. IIycmv R € RT, n,m € N, n > 2. Toeda das
npoussoavoll (n, m)-ayuesoli cucmemv, movex Ay, ,, = {arp}, u ao-
6020 omxpwmozo mnoocecmsa D, A, ,, C D C C, ydosaemeopsrowsezo
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nepeomy Yycaosuro HeHANE2AHUA OTMHOCUMENDHO CUCTNEMDL An,my 6blNoN-
HAEMCA HEPABEHCINBO

< (= . 2z .
H H r (D, agp) < <nm> M <RAn’m)
k=1p=1

3nax pasencmea 3decv docmuzaemcs, 6 “ACMHOCMU, K0204 Ak p, k =
1,n, p=1,m, u D asasomca, coomeememseenHo, nosocamu u 00sedu-
HEHUEM KPY208blT 0baacmell keadpamuywHozo duddepenuuana

wn—2<Rn + wn)2m—2

Qw)dw? = ——— — - — dw?.
[(R% —iw?)?m + (R% + iwf)Qm]g

Caencreue 3.1.17. Ilycmv n € N, n > 3. Tozda dasn 6caxod n-
ayuesols cucmemve movex A, = {ap}p_, maxot, wmo M(A,) =1, u
1106020 omxpvimozo muoscecmea D, A, C D C C, ydosaiemsoparouezo
NEPEOMY YCAOBUND HEHAAE2AHUS OTMHOCUTIEALHO CUCTEMbBL Ay, 6BINOAHA-
emesa HepPaseHcmeo

ﬁr(D,ak) <2 ﬁ ey
k=1 k=1

NPUMEM, 3HAK PAGEHCTNEA JOCTNULAEMCA, 68 “acmHocmu, kozda ay, k =
1,n, u D sasasomea, coomeememeenno, nomocamu u 00seduHenuem
Kpyeoewuix obaacmeti keadpamuunozo duddepernyuana

wn72

2
7(10” P dw”.

Q(w)dw? = —

Caencreue 3.1.18. ITycmv n € N, n > 3. Tozda dasn ecsaxot n-
ayuesotli cucmemv, mowek A, = {ag}y_, maxol, wmo M(A,) =1, u
1106020 omxpvimozo muoscecmesa D, A, C D C C, ydosiemsopsaowezo
NEPEOMY YCAOBUIO HEHAAC2AHUS OMHOCUMENLHO cucmemv, A,, cnpace-

0AUB0 HEPABEHCMEBO
n 4 n
Hr(D,ak) < (—) ,
n

k=1



126  I'nasal3 Oxcmpemanvroie 3600wt 0af (N, M)-AYHESHIT CUCTIEM ...

NPUMEM, 3HAK PAGEHCTNEA JOCTNULAEMCA, 68 “acmHocmu, kozda ay, k =
1,n, u D sasasomea, coomeememeenno, nomocamu u 00sedunenuem
Kpyeoswuix obaacmeti keadpamuunozo duddeperyuana

Q(w)dw? = % dw?.

CnencrBust 3.1.17 u 3.1.18 3HaYUTEHLHO 0OOOIIAIOT U3BECTHBIE pe-
gyabrarel B.H. Iy6uauna [109,110].

B kauecTtBe npusoxkenust reopemsl 3.1.1 mosryuaeM HEKOTODBIE OIEH-
KU Jyisi cucTeM obusacreii, nexamux B kpyre Ugp = {w : |w| < R},
R eR*.

Cneacrue 3.1.19. ITycmov n,m € N, n > 3, R € R*. Tozda dan
npouseosvol (n, m)-ayuesols cucmemvs mover Ap m = {akpt, lakp| <
R, k=1,n,p=1m, umoboli cucmemv, NoNapHo HENEPECEKANOUULCA
obnacmeti {By p}, axp € Brp C Ur, k = 1,n, p = 1,m, cnpasedauso
HEPAGEHCTMEO

H H 7 (Bip, Gkp) < (%) . H g H H |ag | x
k=1

k=1p=1 k=1p=1
o a
ok k,p
X\ |
R

1 \13
o >:|

3nax paserncmea docmuzaemca moz0a U MoAvKO mo2da, K0206 Qi U

=1

obaracmu By .k = 1,n, p = 1,m, asasomeca aescawumu ¢ Ur, co-
0MBEMCMBEHHO, MONOCAMU U KPY208LLMU 00AACTNAMY KEAOPGMULHOZ0
dugppepenyuana

n—2 n n\4m—2
Quw)du? = —— TR
[(RE —qw2)m 4 (R2 + iw?)4m]

u cap (Ekyp\B;w)) =0 npuscer k=1,n,p=1,m.

Hoxaszameavcmeo. O6pasyem (n,2m)-mydesyto cucreMy A, om =
{agp}, akp = R*(@aky) Y, p+1l=2m+1, k = 1,n, p = 1,2m,

=
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cucremy obsacreit { By p}, akp € Bip, Bk,p cummerpuana obnactu By,
k+1l=2m+1,k=1,n,p=1,2m. B cuny ciencrsus 2.1.9 numeem

n 2m n 2m n %
1 I17(Bips arp) < 2R)*™ (H ) <H M(R)) x
= k=1

k=1p=1
Upop | T
Ak Ykp| k-1
)]

C nmpyroif cTopoHbI, ¢ y4eToM paBeHCTBA T(Bj 2m+1—p, Gk 2m+1—p) =

AT (%5

=1 Lk=1

R2
r(Br.p, Gk,p) - [ay 2> OTyHaeM

n 2m m -2
2nm

I 117 Bep ary) = IIHT&w%p o T ool |

k=1p=1 k=1p=1 k=1p=1

Orcroma ciiejlyer HEpaBEHCTBO

n 2m
T I Brprany) =
k=1p=1
m 2 n o m -2
2
= [T TTBeoen| w2 | T L lewsl| - <
k=1p=1 k=1p=1

<o () (Ho) -
T (|2

k=1p=1
nom 2 9 2nm n 2m
lH H 7(B,ps a:k,p)‘| < <%> (H Oék) X

k=1
1 a
“k 71)

Tora

A

). [Hn|ak,p|] -

k=1p=1
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m

_ <i>2"m kﬁlak Y .

WsBiekast KBaIpaTHBIN KOPEHb U3 00eNX YacTell HEPABEHCTBA, IIOJTy YaeM

m

I Bep axs) < (%) [Tex]) - Mr(Anm).
k=1p=1 k=1

VTBepKIeHIE O 3HAKE PABEHCTBA BHITEKAET U3 AHAJOTMIHOI'O Y TBEPIKIE-

Hus ciaenacrsud 3.1.9.
ITonaras B crnencrBum 3.1.19 m = 1, mosydaem ciiefyioliee yTBED-

JKJICHIIE.
3, R € R*. Toeda dasn

Caencreue 3.1.20. Ilyemv n € N, n >
npouseosvoll n-Ayuesol cucmemvr movex A, = {ag}y_,, |lax] < R, u
060t cucmemw, nonapno nenepecexatouuzca obaacmeti { By} _,, ar €

By C Ug, k = 1,n, svnosnsemcsa HEPABEHCTNBO
n
H (By,ar) < H Qg (An).

Pasencmeo 3decov peasusyemces moavko moada, xozda ar u By, k= 1,n
asaaromea aesrcawumu 6 Ug, coomeemcmseenno, nosocamy u Kpy2o-

VMU 0bAGCAMY, KEaIPAMUYH020 Jupdeperyuana
n—2 n n\2
Q(w)dw? = — ad (FE +w") 5 dw?.
(V2 —=1)2R"]" [w™ — (V2 + 1)2R"]

-

3, R € R*. Toeda dasn

Caencreue 3.1.21. Ilyemv n € N, n >
21000t n-ayuesoti cucmemv movek A, = {ap}p_, C Ur, M (FAn)

1 y
MO (Afi )2) U 10607 CUCTEMDL NONAPHO HENEPECEKAWMOUUTCA obaacmel
{Bi}i_1» ax € By, C Ug, k =1,n, cnpasedausco nepasercmeso

17 Bk ar) < Hak R MW (AL).
k=1
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3HaK pasencmea 6 dMoM HEPAGEHCMEE PEAUSYEemCca mo2da U MoAbKo
moeda, xozda ap u By, k = 1,n, asamomca aescawumu 6 Ug, co-
0MBEMCMBEHHO, MOMOCAMU U KPY208HLLMU 00AACTNAMY KEAOPAGMULHOZ0
dugdepenyuana

9 wn—Z(Rn +wn)2 5
Q(w)dw* = — dw?,
) (wr — (V2 — 1)2R?)” (w" — (VZ +1)2Rn)?

u cap (Ek\Bk) =0 npu scex k = 1,n.

Caencrsue 3.1.21 gaer cymecrsentoe ycusienne u 06o0Ienue reope-

n

Mbt 2.3.9 pu p; = (V2 — 1)R. Ucnonb3ys HepaBeHcTso (H ozk) <
k=1

(%)n, nomydaeM u3 3.1.21 ciaemyromuiit pe3yabTar.

Caencrsue 3.1.22. IIyemv n € N, n > 3, R € RT. Tozda das
10601 n-nyuesoti cucmemv, movex A, = {ap}y_; C Ug, M ($4,) =
M (1)(1453’)2), U 10607 CUCTEMDL NONAPHO HENEPECEKMOUUTCA obaacmeds
{Bi}i_,, ar € By C Ug, k =1,n, sunoansemeca nepasencmeo

HT(Bkaak:) < (7) 'M(l)(AS,)z)
P

3HaK pacencmea 6 MOM HEPAGEHCMEE PEauU3yemca mozda u MmoabKo
mozda, xoeda ay u By, k = 1,n, asasmomca aescauumu 6 Ug, co-
0MBEMCMBEHHO, TOMOCAMU U KPY208LMU 0OAACTNAMU KEAOPAMUNHO20
dugpdpepenyuana
n—2 n n\2
Q(w)dw? = — ad (R2 +w") 5 dw?”.
(wn _ (\/5 _ 1)2Rn) (wn _ (\/§+ 1)2Rn)

u cap (Ek\Bk) =0 npu ecex k =1,n.

B xadecTBe npuiioxkenust TeopeMsl 3.1.1 mosryuuM pe3yapTaT 06 ncka-
JKeHWN JJIsi OJHOJHMCTHBIX (byHKIWiL. PaHee pe3ysbrarsl TAKOrO THIIA
Germm mosmydensl B [110,112]. Ilycrs S* ofo3HadaeT Kiace BCEX OIHO-
JIICTHBIX U perysspubix dyuknuii f(z) B kpyre U, f(0) =1— f/(0) =0,
orobpaxkaromux U Ha 00sacTu, 3B€37000pa3Hble OTHOCUTEIHHO HAYATA
KOOD/TUHAT.
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Teopema 3.1.4. Ilyemvo n > 3, p € (0,1), R € RY, 2z, =
expi%’r(kz —1), k=1,n+ 1. Toeda, dan xasrcdot Pynxuyuu f € S* cnpa-

6E€0AUBO HEPABGEHCIMBO
n
1117 Gl <
k=1

(0 (22 () (Hwem) o ({52 ).

2de a = Larg fj(c(’““)l), ur(R) onpedenenw e (2.2.13) dasn A, =

{f(zk)}7_,. Buax pasencmea 6 nocaednem nepasencmee docmueaemes
ons pynryuu f(z) = —= uR=—2~2—.
Pyrmryuu f(z) (-2 (1—pm) 2

Zoxazameavcmeo. PaccmorpuM n-jiydeByio cucremy todek A, =
{f(z1)}}_, u natop cexropos Ay, = {w € U : |argw — 2% (k—1)| < Z},
Agy1 = Ay, k=1,n. O6mnacru f(Ay) =: By, f(zx) € B, k=1,n+1,
00pa3yoT cucTeMy HeHaJjerammnx objacreil. Torma, B CHIIy TEOPEMBI
3.1.1, mosryaaem

<o () o) (1)

Ob6nactu By, K = 1,n, cyThb OIHOCBs3HBIE O0JIACTH, I[IOITOMY

r (B, f(z1)) = [f'(21)] - [#},(0)], tie 2 = @x(() — ommosmernoe u Kou-
dopmuoe orobpaxkenne U nva Ag, k = 1,n, ¢x(0) = 2z, ¢,(0) > 0.

Nssecrro [117], aro |} (0)] = (47’) . i;i:).OTCIO,ZLa HOJTy 9aeM

[T Gl <
k=1

nan 1—pn —-n n n 1
() (i) " e ([T (L) (5
k=1 k=1
3HaK PaBEHCTBA, B 9TOM HEpPABEHCTBEe peajmsyercs, kKorjga f(z) =

nR=f(p)=—=

5.
(1- Z”)_ (1=pm)n

[N
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n

YunreiBas HepaseHcTBa | [] ozk> < (%)n, ur(R) < 1, k = 1,n

k=1
IoJIy4aeM TaKoe YTBepzKJIeHHe.

Caencteue 3.1.23. Ilpu ycarosusx meopemvr 3.1.4 cnpasedaiuso He-
PAGEHCTNBO

i< (2120) o ({2)" ),

pasencmeo 6 Komopom docmuzaemcsa Oan f(z) = W u R =
#2_
(1—pm)w

M byskmmit  f € S*,  yHOBJIETBODSIONUX  YCJIOBUIO
M({R’lf(zk)}}g:l) < 1, e R = ﬁ, MOJTyIaeM  CJIELY TOTIHH
pE3yJIbTAT.

CaencrBue 3.1.24. Ilyemv n € N, n > 3, p € (0,1), z, =
2 e

expi2®(k—1), k = T,n+1, Ry = p(1 — p")~n. Tozda dnn pymruyui
f € 8* maxux, wmo M({Ro_lf(zk)}}g:l) < 1, cnpasedauso nepasen-

cmeo
- (1+p")"
f/ Zk < )
]];[1 | ( )| (1 _ pn)n+2

NPUYEM 3HAK PABEHCMBA 6 IMOM HEPAGENCMBE JOCTNUAEMCA OAA PYH-
_2
kyuu f(z) =2(1—2")"=.
IIpuBenem ere oguH pe3ysIbTaT, BHITEKAIONIUN U3 TeopeMbl 3.1.3.

Caencrsue 3.1.25. ITycmv n,m € N, n > 3, R € RY. Toeda dan
npouzeoavhoti (n, m)-ayuesoti cucmemv. mouex Ap m = {akpt, k =1,n,
p = 1,m, maxoti, wmo Mg(A, ) = MR(AE«L )m) U 1106020 OMKEPLIMO20
mmooicecmea D, A, ,, C D C (C, YJOBAEMBOPAIOUWLEL0 NEPEOMY YCAOSUIO
HEHANE2AHUA OMHOCUNENDHO CUCTNEMDL Ay, 1y, BBINONHACNCA HEPAGEH-

cmeo

n o m D(l) a}(ﬂl))
H engD(ak paaq, H H 5
L (D, akgp)
(k,p)#(q,s) =1p=
2de D) — o6sedunenue 6cex xpyzosuix obaacmet keadpamuurozo oud-

Pepenyuana (3.1.2), Aﬁ}?n ={a (1)} — cucmema noaocos (3.1.2).
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CaencrBue 3.1.26 [36]. ITycmo n,m € N, n > 3. Tozda das
Kaorcdol (n, m)-ayuesol cucmemvs mouex Ay, = {akp}, kK = 1,n,
p = 1,m, u wobozo nabopa 63aumHO Henepeceraouurca obaacmed

{Bkp}, arp € Brp C C, k = 1,n, p = 1,m, cnpasedauso nepasen-
cmeo

n m

LTI Brpsarp) < (2R1(Anm))™™ (H ak> (H uk> M(AL,).
k=1 k=1

k=1p=1

BraK pasencmea 6 amom Hepasencmee_0oCcmuzaemca mozda U MoabKo
mozda, xo20a mouku ay, u obaacmu By ,, k = 1,n, p = 1,m, asas-
10MCA, COOMBEMCMEEHHO, NOAOCAMU U KPY206bLMU 0OAGCTAMY KEaODPa-
muwhoz2o duddeperyuana

n—2 n n\2m-—2
Q(w)de — _ w (Rl +w ) S de

n

(R —iw?)2m + (ng + w3 )2m

u capé;w,\Bk,p =0,k =1,n, p=1m. (Beauwunv. Ri(Apm) u pik
onpedenenvs 6 (2.2.7) u (2.2.14)).

oxazameavcmeo. llpu R = Ry = 1 yTBepXKJeHUS CJIEJICTBU
3.1.7 u cnencrBus 3.1.26 cosunanator. Ecnu xxe Ry = Rq(Aym) # 1, TO
n3 dbopmya (3.1.12) mpu R =1 u (2.2.7) nosmydaem

n m

1T e <2 (Tlon) (TTn) -aria -
k=1 k=1

k=1p=1
1

ak) (H Mk) -M(AL,) <

k=1

_ (2R1)nm . <

=

k
<ery (2)7 (5 g =

1 1 — —
rJie bl(w)) u B,(C’;, k=1,n, p=1,m, — NOJIOCHI U KPYTOBbIE 0DJIACTU KBa-

aparuanoro guddepennuaa (3.1.2) upu R = Ry. B aroii nenouke nepa-

1

n
n
BEHCTB UCIIOJIb30BaHbl HepaBeHCTBAa |[ ay < (%) , TIpUIeM pPaBEHCTBO
k=1 )
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2m

peanu3yeTcs TOJBKO /IS PABHOIYYEBBIX CUCTEM TOYEK U [if < (%) ,

k = 1,n. 3HaK ABEHCTBa JOCTUI'a€TCd TOI'/la M TOJIBKO TOI/Ia, KOI'la
b )

TOYKIU w,(CS;(Rl) ABJISIOTCS IIOJIIOCAMM KBaJAPATUIHOro audepeHimalia

(3.1.21). Orciona caexyer yreepxaenue ciencrsus 3.1.26.

W3 rteopemsbr 3.1.1 1y cucTreM OIHOJUCTHBIX (DYHKIHI HEIIOCPE/I-
CTBEHHO BBITEKAET CJIeIyIOlee yTBEPXKIECHUE.

Caencreue 3.1.27 Ilycmv n,m € N, n > 3, R € R, A, ,, =

{akp}, Kk =1,n, p=1,m, — (n,m)-ayuesas cucmema mouex, {Byp},
arp € Brp, Kk =1,n, p =1,m, — nabop nonapro nenepecexaouurca
odnoceasnoxr obaacmet u {fipt, k= 1,n, p=1,m, — nabop gynryud,

PELYAAPHOIT (34 UCKAIOUEHUEM, B0ZMONCHO, 00HOT, KOTMOPAA ABAAETNCH
mepomopdroti) u odnoaucmumx ¢ U = {z : |z| < 1} maxuz, wmo w =
Jrp(2), akp = frp(0), Bip = frp(U). Toeda cnpasedsuso nepasencmeo

ITIT 1@ <27 (I e [T m(R)) - Mr(An ).
k=1 k=1

k=1p=1

(NI

Pasencmeo 6 amom mepasencmee 00Cmuzaemcs mozda U moavko mo-
2da, xo2da fip(0) u frp(U) 0an ecex k = 1,n u p = 1,m asamomea,
COOMBEMCMBEHHO, NOMOCAMU U KPY20BHLMU 0OAACTNAMY KEAOPALMUYHOZ0
Jupdeperyuana

n—2 Rn+wn)2m—2
d 2 = - n v n( n n d 2-
QU™ = ~{RF —juwymm 1 (R% +iwd e

B cBoro ouepenn, ciencreue 3.1.27 MO3BOJISET MOJYYUTH PeEIICHUE
TaKOH 9KCTpeMaJIbHON 3a1a4u.

Cnencreue 3.1.28 Ilycmv n,m € N, n > 3, R € R, A, ,, =
{akp}, & = Ln, p = 1,m, — (n,m)-ayuesan cucmema movex,
MR(An,m) = anM(Agzl,?m)7 {Bk,p}7 akp € Bk,pz k= 17_77‘7 b= ]w—ma
— Habop MONapHo HENEPECERAOUUTCHA 00HOCEAZHUT obaacmets u { fi p},
k=1,n, p=1,m, — nabop dynruyut, peeysapHsis (30 UCKAIOUEHUEM,
603M0DICHO, 00MOTI, KOMOPAA AGAACTCA MEPOMOPPHOT) U 0OHONUCTAHDLT
6 U maxux, wmo w = frp(2), arp = fep(0), Brp = fip(U). Toeda
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cnpaeed/tueo HEPABEHCMEBO

[T I 0 <2 (H ak) (H uk(R)> - Mr(A1,),
k=1 k=1

k=1p=1

[N

nPUNEM 3HAK PABEHCMEA PEANUSYEMCA TM0o20a U MOoAvKo mozda, %K020a
agp U B p das scex k =1,n up =1, m asaaomea, coomseemcmeenno,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 Juddepenuuaa

wn—2(Rn + wn)2m—2

m n - - dw?.
[(RE —iwd)m + (RE +iwd)n?

Q(w)dw? = —

N3 crepcrBus 3.1.19 f71d cucTeM OrpaHUYIEHHDBIX OJHOJIUCTHBIX (DYH-
KIIUH BBITEKAET yTBEPKICHUE.

Caencreue 3.1.29 IIycmv n,m € N, n > 3, R € R, A,,, =
{arp}, lakp] < R, k = 1I,n, p = 1I,m, — (n,m)-ayuesas cucmema
movex Maxas, 4mo

M (%An,m> = H M) (AS,)Zm)v
p=1

{fep}, K =1,n, p=1,m, — nabop peeyaaprnox u odnosucmuox 6 U
dynryut maruzx, wmo fi,(U) C Ur, fup(U)Nfe.(U) = @ npu scex
(k,p) # (¢,), agp = fep(0), k,qg=1,n, p,l = 1,m. Tozda svinoanse-
MCA HEPAGEHCTNGO

n m

I 1T 1#.,01 <

k=1p=1

R nm n m m
(€]
< (E) [Tor) [IMPALL,
k=1 p=1
NPUYEM 3HAK PAGEHCMBA 6 IMOM HEPLBEHCMEE JOCTNULAEMCA NPYU TEX
a1ce YCAOBUAL, ¥mo U 6 caedcmeuu 3.1.19.

Cuestyer Takyke OTMETHTH cJieficTBUsI u3 TeopeMmbl 3.1.1 mpu R = 1.

CaenctBue 3.1.30. Ilycmv n,m € N, n > 3. Toeda dan ecaxot
(n, m)-ayuesoti cucmemv, mouek Ay m = {agpt, k =1,n, p=1,m, u
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NPOUBBOALHOT, CUCTNEMbL B3AUMHO Henepecekatowurcs obaacmel { By p},
arp € Brp CC, k=1,n, p=1,m, cnpasedauso repasencmso

n m

m n 3
[T ITrBepars) <2 [ [Tew ] - { T1me] - M(Anm).
k=1 k=1

k=1p=1

3na% PaseHcmea 6 IMOM HEPAGEHCMEE JOCMULGEMEA M020a U MOALKO
mozda, Kozda Mouky ay, u obaacmu By, k = 1,n, p = 1,m, asaawo-
MCA, COOMBEETNCMEEHHO TOMOCAMU U KPY206HLMU 0OAACTIAMY KEaOPATIU-
Y1020 Juddepenyuana

n—2 n 1 2m—2
Quuydn? = —— W DT
[(1—iw? )2 + (1 +iw?)2m]

U cap Ek,p\Bk)p =0 npu 6cex k = 1,n, p=1,m. (Yerosvie napamempoi
QU BEAUNUHDL iy, onpedeserv, coommowenuamy (2.2.2) u (2.2.14).)

CaencrBue 3.1.31 [30,36]. IIyemv n,m € N, n > 3. Tozda das
scakoti (n, m)-ayuesoti cucmemve movex A, = {agpt, k= 1,n, p =
1,m, maxoti, wmo M (%An,m) = M(A%lzn), U NPOU3BOALHOT, CUCTEMDL
nonapro nenepecexaroujurca obaacmels {Byp}, app € Bry C C, k =

1,n, p=1,m, cnpasedruso nepasercmaeo

N

n m

H H 7(Bk,p, ak,p) < 2" ﬁ o | - ﬁ we | M(Agllzn)
k=1 k=1

k=1p=1

3nax pasencmea 3decv docmuzaemcs mozda u moavko moada, xozda mo-
wku agp, u obaacmu By ,, k = 1,n, p = 1,m, asamomca, coomeem-
CMBEHHO NOAOCAMU U KPY208bMU 00AGCTAMY KEaIpaMuHo20 dugdgde-
peryuaa

wn—Q(wn + 1)2m—2

[(1—iw?)2m + (1 + iw?)2m]?

Q(w)dw? = —

dw?,

u capgk,p\B;w, =0,k=1,n,p=1,m.
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3.2 OueHkn PYHKIMOHAIOB BTOPOro THUMA JIJIS
PaBHOJIy4Y€BBIX CUCTEM

3.2.1. OueHku (pyHKINOHAJIOB BTOPOTO THUMA /[IJisi CUCTEM
HeHaJieramIlux obdJjacreii.

Teopema 3.2.1. [41] IIycm» R € RT, n,m € N, n > 2. Tozda das
1060t (n, m)-pasroayuesoti cucmemv, movex Ay m = {arp}, k = 1,n,
p = 1,m, u 06020 Habopa NPOUSEOALHBIT E3AUMHO HENEPECEKAIOULU-
xca obaacmet By, {Byp}t, 0 € By, axp € Brp, k= 1,n, p = 1,m,
CNPacedAUB0 HePaseHcmeo

5 MM

[r (Bo, 0)] " [T 7 (Bropransp) <
k,p=1

<(msn) (o)

3nax pasencmesa 6 (3.2.1) docmueaemes mozda u moavko moezda, koeda
0, {arp} u Bo, {Biyp}, k=1,n, p=1,m, asaaromeca, coomeemcmeen-
HO, NOAIOCAMU U KPY208bLMU 00AACTNAMY KEGIpaMUYH020 Juddeperyua-
G

(3.2.1)

w3

RE) Mp(Anm).

n—2 n n\2m-—1
Q(w)dw?* = — W (R + ) S dw?.  (3.2.2)
[(R% _ iw%)Qm-‘rl _ (R% + iw%)Zm+1}

Zoxazameavemeo. Kak u B npeapiaymem myHkre, K obmactu By
B Touke w = 0 IpUMEHHMO pa3fessioliee Ipeodpa3oBaHUe OTHOCH-
TesbHO ceMeiictBa dynknuit (2.2.12) u cucrems! obnacreit {PP}. K ka-

KJoll obmactu By, ,, p = 1,m, IpuMmendeM pa3ziessioniee Ipeodpa-

N R R —

30BaHUE OTHOCHUTEJILHO CHUCTEMbI (DYHKIIMIA {Qéoll,géo)}, kg = 1,n,
R R

C(() ) = Q(l ), PesympraTom pasmensroriero mpeobpasoBanus obactu By B

Touke w = () ABIAETCA CEMEHICTBO {Qék)(R)}k L0 QP (R), k=Tn.
=1

. o2 1
ITapa obacreit Ql(c—)l,p(R) u Q,(”))(R) SIBJISIIOTCSI PE3YJIBTATOM Pa3Jiesisi-
1o1ero npeobpaszosanust objaacTu By, OTHOCHTENILHO TOYKHU ay p. 1Ipo-

neypa IoJrydeHust obsacreit Q,(CSL(R) u Q(()k)(R), k=1n,p=1m,
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TaKas{ >Ke KaK u upu Jgokasarejabcrse TeopeMbl 3.1.1. OdeBugHO, 9TO
wkp € Q HpI/I Bcex k= 1,n, p=1,m, s = 1,2. C ygerom cooTHOIIC-
HUT (3.1.5), (3.1.6) mepasencrso (3.1.8) semmst 3.1.1 npu o = ”72, 0=0,
Yip =1, k=1,n, p=1,m, naeT oneHKy

n m

T B07 HHTkaaak,p X

k=1p=1

Cn n? T (k) 2\ S W arp |3

<28 m [ @] () TTTIx(|52]) terslx
k=1 k=1p=1
3
T emeatm)} = 29
k=1 Up=1s=1
=2 " R;ﬁﬁ ’ak—p% |ak,p| x
n R P
k=1p=1

3uak pasencrsa B (3.2.3) mocTuraercs TOrja U TOJLKO TOIJA, KOLJA B
(3.1.5), (3.1.6) peasnusyercs 3HaK paBeHCTBa pH Becex k = 1,n, p = 1, m.
U3 mepasencrsa (3.1.9) siemmbr 3.1.2 nosy4aeM COOTHOIIEHUST

m 2 2m+1
k s s 2 m
T(Qé )(R), 1) H H r (QEC;(R),w,i,Z))(R)) < <2m " 1> Lg2ml
p=1s=1

(3.2.4)

3HaK paBeHCTBa B (3.2.4) peausyeTcs TOrJA U TOJLKO TOIJA, KOTIa TO-

uKn 1, w,(c?;(R) u 0bJ1acTH Q(S) (1), ng) (R) sIBJISIFOTBCsI, COOTBETCTBEHHO,

MOJTIOCAaMU U KPYTOBBIMHA O6JIaCTSIMI/I KBaIPATUIHOTO JnddepeHImaia
€2m—1

(1 —¢2mt1)2

Conocrasists HepaseHcTBa (3.2.3) u (3.2.4) morydaeM CJIemyIOILyIo

OIICHKY
T B07 HHTkaaak,p X
k=1p=1

Q(Q)d¢? = s (3.2.5)
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n(2m+1)
2

n 2 nm n? n(2m+1 2
<278 (-) R Mp(Ap) 2705 ( = (3.2.6)

n 2m +1

] nm 2 z 2
() (o) #F atte

3uak pasercrsa B (3.2.6) mocTuraercs TOJLKO IIPU OJHOBPEMEHHOM pea-
JIM3aIMK PABEHCTBA BO BeeX HepaseHcTBax (3.1.5), (3.1.6), (3.2.4). Kpy-
roBeiMu obs1acTaMu KBajpaTudHoro auddepennuana (3.2.5) aBIg0TC
obJractu

3

o~
=

DPZ{CEC:

T
2m+1

(2k — 3) < arg( <

2m+1(2k_1)}’

p=T12m+1.

ITostoxkum Ap = Uﬂﬁp, p =1,2m + 1. Cekropsl ﬁp u ﬁq CUMMeTpHU-
YHBI JIPYT JIPYTY OTHOCUTEIHHO BEIIECTBEHHON OCH, eCJid P+ q = 2m + 3,

P,q = 2, a ceKTop A1 06JaJa€T CHMMETPHEl OTHOCUTEIBHO BEIIECTBEH-
noit ocu. C yuerom (3.1.17) u ycaoswuii reopembt 3.2.1 dyukimn

1

,n

2
OV Rz (LN
wp(()=R-e <11+C> , k

0
peanusyoT KoH(GOPMHOe oTobpazkerne Kpyra U Ha P,g ), Kpowme Toro, B
cilydae peaju3aluy paBeHcTBa B (3.2.6) COBEpPIIEHHO OYEBUJIHO, YTO

Ek,p mPIEO) = ﬂjk <£p+1) 5 ék"l‘l,p ﬂPIEO) = ’&J\k <£2m+2—p) ,

égﬂpéo) :@k <A >7 p

Kpome Toro, B ciy4ae peasmsari paBeHCTBa, aHAJOTUYHO PACCyXKe-
HUSIM, CJICJIAHHBIM IIPU JOKa3aTeJTbCTBE TeopeMbl 3.1.1, momydaem

e
I

3

ond
I

1,7’L, Bn+1,p = Bl,p~

7(Brp, ar,p) = 7(Brp: ak p),

7A(BOaO) :T(EOaO)v k:an p:]-vm
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Orcrona ciieyer, 9To

1
9B, (w,0) = log m +logr(Byp,0) +0(1), w— 0,

1 ~
gég(w’o) :logm +lOgT’(Bo,0) +O(1)ﬂ w — O
Toria HA MHOXKECTBE BCEX DETYJISIPHBIX TOUEK HA OB( BBITOJIHIETCS He-
paBeHCTBO

ho(U]) = géo (’LU, 0) — 3By (wa 0) 2 0.

Beuuy Toro, uro hg(w) — rapmonuuna B By u ho(0) = 0, MoxkeMm Bo-
CIIOJIL30BATLCs OOOOIEHHBIM TPUHIMIOM MAKCHUMyMa JJIsl TApMOHIYe-
cknx byuknmit. [ogyaaem Toxnectso ho(w) = 0, u caenoBaTeIbHO,
95,(w,0) = gp,(w,0). Orciona BeITeKaer, 4To cap Bo\By = 0. s
obsacreit By, k = 1,n, p = 1,m, paccyK/JeHusi aHAJOIUIHBI IPUBE-
JIeHHBIM B JI0Ka3aTeabcTBe TeopeMbl 3.1.1. TpaeKTopun KBaJapaTUuIHOrO
nudpdepenrmaia (3.2.5) upu orobpazkeHun

= R? +iw?
- RE —iw?

peobpasyIoTcsd B TPaeKTOpuu KBajparudnoro muddepennuana (3.2.2).
Taxum obpazoM, B ciydae pean3anuy 3Haka paseHcrsa B (3.2.6) mosry-
4JaeM, 9TO TOYKH Gy p, K = 1,mn, p = 1,m, m w = 0 obpasyroT cucremy

MOJTIOCOB, & COOTBETCTBEHHO, obmactu By, By, k = 1,n, p = 1,m, —
cucTeMy KpYyroBbIx obsacreil kBajparudnoro auddepennmana (3.2.2).
Teopema 3.2.1 mokazaHa.

3.2.2. OmueHkn ((YHKIMOHAJIOB BTOpPOTO THUIIA  OJd
OTKPBITBIX MHO>KECTB.

Teopema 3.2.2. Ilycmv R € RY, n,m € N, n > 2. Tozda das
npouseoavoll (n, m)-paeroaywesot cucmemvs movex A, = {akp},
k=1,n, p=1,m, u mobozo omxpvimozo mrooscecmea D, {0} |J A m C
D C C, ydosaemeopatow,ezo 6mopomy Ycao6ulo HeHANC2AHUA OMHOCU-
meavro cucmemvs Ay m, CNPABedAUSO HEPABEHCTNEO

n m

[T(D,O)](g)z H H r(D,agp) - H H expngp (0, ak p) X

k=1p=1 k=1p=1
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X H engD(ak,paaq,s) < (327)
(k,p)#(q,s)

“(smrn) ()

3HAK DPABEHCMEA 6 KOMOPOM OJOCTNURAEMCA,E  HACMHOCTU, k0204
{0} JAn.m v D ecmo, coomsememeenno, coBOKYNHOCIG 6CET NOMOCOS
u obseduHeHue 6cer Kpyz08vx obaacmel keadpamuirozo duddepenyua-
aa (3.2.24).

w3

2
-RT - MR (An,m) ’

Aoxazameavemeo. OueBnnno, aro obnacts D obnamaer DyHKIHN-
eit I'puna (Boobie roBopst 06061ennoi). PaccMoTpuM MHOXKeCTBA

Ey = C\D; U ={weC: |w|<t},

Epp(t) ={weC: |w—agy|l <t}, k=1n, p=1,m.

IIpu gocraTouno Maanix t € RT ompenenmm KomaeHCaToOp KakK yIIOPAIO-
YEHHYIO COBOKYIHOCTH HEIIEPECEKAIONINXCS HEIYCThIX 3aMKHYTBIX MHO-
KECTB

C(t, D, Apm) = {Eo, Us, E1a(t), Bro(t),.. ., Enm(®)},  (3.2.8)

C TIpeJIIUCaHHbIMI 3HaUYeHusIMH ), (%) ,1,1,...,1. EMKOCTBIO KOHJIEHCA-

topa C (t, D, Ayp,,m) HasbIBaeTCa BesmaunHa (cM. [110,112])

capC (t, D, Ap,) = inf // [(GL)? +(G,)?] dady,

rjie HUZKHsS MPaHb 6epeTcs 0 MHOXKECTBY BCEX BEIECTBEHHBIX, Hellpe-
peiBHBIX u Jmmmnnesbix B C dyskmmit G = G(z) takux, uto G = 0 B
_:%,G‘ =Lk=1np=1m.
U, Ekyp(t)

Benwmunna, obpaTHast emKocTH KoH7eHcaTopa C', HA3BIBAETCS MOIYJIEM

9TOro KOHIEeHCaTOpa

OKpecTHOCTH MHOXKecTBa Ey, G

| C |= [capC] ™" (3.2.9)

Paccmorpum kongiencaTopsl (¢ < R)

B (t, D, Apm) = (EP(R), B (4, R), ELo(t, R),..., Epm(t, R),
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Eip11(tR), Ery10(tR), ..., Eiyam(t, R)), (3.2.10)

e

EV(R) (R) (Eoﬂpz )U [ Z(R) (E(>m??(An,m))]*,
BV R) = ¢ (TP Ana)) U [ (T P (A |
Ek,p(th) (Ek,p ﬂPl ) U [ (Ek,p ﬂPl )} )

(3.2.11)
k=1011l+1 I =1n, p=1m, ¢ = Z(R) — dynkmus (2.2.12),
PY(Aym) = {PIS(AnM)}Zzl — cucreMma yIJIoB, BBejieHasd B 1. 2.2, [A]* =
{w eC: % € A} VA c C. Takum 06pasoM, IIPH Pas3e/IAoNneM IIpe-
0Opa3oBaHUN KOHIEHCATOPA C (t, D, Ay, m), emy conocrasisercst Habop

—

R
KOHJICHCATOPOB {C’l( ) (t, D, Anm)} , CAMMETPHUYHBIX OTHOCUTEIHLHO
=1

OU = {w : |w| = 1}. Kaxgomy KonieHcaropy C’l(R) (t, D, An.m),
I = 1,n, upu mocrarodno mMaanix t € RT, ¢ < R comocraBiseMm Kiacc
Vi — Bcex BelecTBEHHBIX, HENPEPbIBHBIX 1 JunmuieBbix B C dyHKIwmit

G = G(z) makux, uro G = 0 B OKPECTHOCTH MHOXKECTBA Eél)(t,R),

=2 G 1, k = 1,n, p = 1,m. Ilpumenss paszae-
O R 2 BD (@, R) p P pasA

JISTEOTIIEE npeo6pa3OBaHHe [110,112], momyuaem HepaBeHCTBO
N 1 n —
capC (t,D, Apm) = 5 Z capCliR) (t,D,Anm) - (3.2.12)
k_

Orcrona cireyer, 910

n — -1
IC(t,D, Apm)| <2 (Z ICB) (£,D, Ay ) |—1> . (3.2.13)
=1

U3 reopembr 1 [111] BoITeKaeT acCUMITOTHKA MOJLYJIst c (t,D,An m),
anasiornanast (opmyie (3.1.37)

IC(t, D, Ap) | =
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1 4 1 -
<7> log ; + M(D, Apm) +0(1),  t—0, (3214)

~ o \n?2 +4nm
riue .
M(D7 An,m) =
1 4 2 n m n2
= o\ i logr(D — logr(D
2m <n2—|—4nm) Lz_lg_:l ogr(D, arp) + - logr(D,0)+

+3°) ngp(0,akp)+ Y gplanpags)| - (3.2.15)

k=1p=1 (k,p)#(.5)

Ucnonbayst dopmyner (3.1.3), (3.1.4) u Tor dakt, uro D yuosie-
TBOPSIET BTOPOMY YCJIOBHIO HEHAJIETAHUS OTHOCHTEIBHO CUCTEMBL A,y
MOJIyIMM ACHMITOTHYIECKHE COOTHOIIEHMS JIJIsT MOJLYJIEH KOHJIEHCATOPOB

C(t,D, Ap ), l=T,n

-5
IC (4,D, A )| =

1 ®
— log = + MP (D, Ay ) +0(1), t—0, (321
27 <n—|—4m) 8% 0 (D Ann) +o(1) 0, (3:2.16)

rae

MI(D, Ay ) =

®
R2

. ilog r (Ql(,lp)(R),wl(;)(R)) o (Q}?;(R),w;;)(R))
= {Jow (15 1) o] [ (252 195 b}

U3 pasencrsa (3.2.16), upu ¢t — 0, nosxygyaem

-5
IC (t,D, A ) | =

s
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_ m(n+4m) <1 w(n + 4m)

— —1
1
MDA, )+ < )) _
log 1 log 1 o m) + 0 log 1

4 am)\’ —®m 1)’
_ 7r(n+1m) B (77(n+1m)) MZ(R)(D7An,m) Yo ( 1) .
log ¢ log 3 log 3
(3.2.18)

Henocpencreenso u3 (3.2.18) caeayer, uro

STICE (4D, Apn) | =
=1

_ mnnt4m) _ (m(n+4m) ZM (D, Ap )+ (3:2.19)
log% logt e o

1 2
t

Ucnonp3ys (3.2.19), upuxomum K CJIELYIOMIEMY AaCHMITOTUIECKOMY
IIPEJICTABIIEHHIO:

=1

n — -1
Z|CI(R) (tvaAn,m) |1] =

_ oy
— mn(n + 4m)

n o _— _ —1
" 1_7r(n+4m) ZM(R D, Ap )+ < 1 > 1 B
n 1og1 = log%

1 1 1 &< ®
mn(n + 4m) Ogt+n2; 1 (D, Apm) +0(1) -
(3.2.20)
Hepagencrsa (3.2.12) u (3.2.13) ¢ yuerom (3.2.14) u (3.2.20) npuso-

JAT K CJEYIONEMY COOTHOIICHUIO:

1 4

1 —
o 1124——4mn10g2 +M(D, Apm) +0(1) <
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n _——

log - +—ZM(R)DAnm)+o(1) t— 0.

(3.2.21)
Cokpamias ocobernnocTu u 1epexoid B (3.2.21) k upezneny mupu ¢t — 0,
cpasy ke Oyj1eM uMeTh

<—
mn(n + 4m)

M(D, Apm) < %ZM“” D, Ap.m). (3.2.22)

IMoncrasnsas B (3.2.22) seipaxenus (3.2.15) u (3.2.17), npuxo/ UM K He-
PABEHCTBY

%{mr{log ZZ (D, arp)+

k=1p=1

+ZZ”QD(ak,p>O) + Z gD(ak,paaq,s) <

k=1p=1 (k,p)#(q,s)

1 2
<—= ]
27 n? <n+4m) Z og

no (@) (R)W) () (Q(2)(R),w(2)(R)>

Lp
1 [(2) (192 18) - (12552 13) o - arel]

OKOHYATEILHO TIOJTyIaeM

X

n m
o1 TTTTr0.oe,

k=1p=1

n m
X H H exp ngp(ak,p,0) H exp gp(ak,p, @s,q) <
k=1p=1 (k,p)#(s,q)
m

< (%) TTTTx (152 12) lawsl - (%R) x

I=1p=1
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Nl=

<JT [ (28 1) TTr (@ @.ef) @) r (22 m,e®)| <
=1 p=1
2 nm 2m,+1
< (—) L9~ R . ( ) (Anm) =
n
8 " 2 n2
_ . T Mg (Anm) - 2.2
<n(2m+1)) <2m+1) BT Mg (Anm) (3:2:23)

YTBepKIeHnEe O 3HAKE PABEHCTBA ITPOBEPSETCS HEIMOCPEICTBEHHO. Teo-
peMa JJoKa3aHa.

3.2.3. HexkoTopsie CJIe/ICTBUS. ITo-Buaumomy, (n,1)-
PABHOJIYY€EBbIE CHCTEMBI B aHAJOTUIHBIX 3a/a9aX BIIEPBbIE IMOsIBUJINCH
B pabGore [111]. Hycrs D®) u A(Q) = {a(Z) CyTb, COOTBETCTBEHHO,
0o0be/IMHEeHTe BCEX KPYTOBBIX 00JIacTell M COBOKYITHOCTD BCEX HEHYJIEBBIX
TIOJTIOCOB KB IPATUIHOTO Jauddepeniimaiia

n—2 n n\2m-—1
Q(w)dw? = — wh (B A )T S dw?. (3.2.24)
[(RE —iw)2m+1l — (RE 4 qw’)2m+1]

B srom cJiy4dae yCTaHOBJICH CJ'Ie,HyIOHlI/IIU/I pe3yabTaT.

Caencrsue 3.2.1. IIycmv R € RY, n,m € N, n > 2. Tozda das
npoussoavoll (n, m)-paeroaywesot cucmems. movex A, = {akp},
k =1,n, p = 1,m, maxod, wmo Mgr(Anm) = MR(AE«L 2n) u 06020
omxpvimozo mrosicecmea D, {0} Ap.m C D C C, ydosaemsopaowezo
6IMOPOMY YCAOBUIO HEHANELAHUA OTNHOCUMEALHO CUCTEMbL Ay 1y, CIPQ-
6E0AUBGO HEPAGEHCTNEO

B 5 n m n m
(%) HHT (D, akp) HHexpngD(O agp) X
k=1p=1 k=1p=1
X H exp gp(ak p, ag,s) < [ (D@, 0) }T H H r (D(Q) ay, )
(k,p)#(q,8) k=1p=1
Bnax pasencmea 6 nem docmueaemca, xozda {0} Ak, k = 1,n,

p=1m, u D ecmb, coomsemcmeenho, COBOKYNHOCMb BCEL NOAIOCO8
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u obseduHeHue 8cer Kpyz08vx obaacmel ksadpamuyurozo duddeperyua-
G
n—2 R™ n\2m—1
Q(w)dw? = — W (R 4 ") 5 dw?”.
[(R% _ iw%)%n-‘rl _ (R% + iw%)Q’n’H—l]

Caencrsue 3.2.2. IIycmv R € RY, n,m € N, n > 2. Tozda das
npouseoavoll (n, m)-paeroaywesot cucmemss movek A, = {akp},
k=T1mn,p=1m, Mr(4,m) = MR(ASL%L) u 1106020 OMKPHIMO20
wmnoorcecmea D, {0} JAn.m C D C C, ydosaemeoparouezo 6mopomy
YCAOBUIO HEHANEC2AHUA OTVHOCUMENLHO CUCTNEMBL Ay 1y, CNPABEOAUBO He-
PaBEHCTNGEO

n n m ( )2 n m
(0,0 [T T r (Prawy) < [r(@2,0)] " T [T 7 (P®.af2)) -
k=1p=1 k=1p=1
Bnax pasencmea 6 mem docmuzaemca, xozda {0} Ak, k = 1,n,

p=1,m, u D ecmv, coomeememseenno, coBOKYNHOCMb BCET NOAOCOE
u obsedunenue 6cer Kpya08vx obaacmel keadpamuiurozo duddeperyua-
A0
-2 n n\2m—1
w2 (R" +w
Qw)dw? = ——— . ( n) " 5 dw?.
[(R% —iw?)2m+1 — (R + jw?)2m+]]

CaencrBue 3.2.3. IIycms R € RY, n,m € N, n > 2. Tozda dan
npouseosvol (n, m)-paeroaysesol cucmemvs movexk Ay, = {akp},
k=1,n, p=1,m, uamobozo omxpvmozo mnosrcecmea D, {0} | Ay m C
D c C, ydosaemeoparouezo 6mopomy yYcao8uio HenaieeGHUA OTHOCU-
meavro cucmemvs Ay m, CNPAGEAUBO HEPABEHCTNEO

n m

(D, 0)] 3" TT [ 7 (D+ ax) <

k=1p=1

2 \? 8 e e
< . “RT -Mg(A,m) -
<2m+1> (n(2m+1)) R & (An.m)
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Bnax pasencmea 6 mem docmuzaemca, xozda {0} Ak,p, k = 1,n,
p =1,m, u D ecmwv, coomeemcmeerno, cOGOKYNHOCTIL 6CET TOMOCOE
U obsedunenue 6CeT Kpyz08ux obaacmel keadpamuyrozo duddepenua-
Aa
n—2 n n\2m-—1
Q(w)dw? = — W (R 4w 5 dw?.
[(RE —iw#met — (R +iwd )2mi1]

3.3 OmueHku QYHKIMOHATIOB TPETHErO THUMA JIJIS
PaBHOJIyYEBBIX CHUCTEM TOYEK

3.3.1. Paspesnsroiee rmpeobpa3oBaHue IJisi CJIydasi HeHAJIe-
ralmmx obJacTeil 1 paBHOJIyYEBBIX CHCTEM.

Teopema 3.3.1. Ilycmv R € RT, n,m € N, n > 2. Toeda, xaxo-
6v, Obt Hu Oviau (1, m)-pasHoayyesas cucmems movwex Ay, = {akp},
k=1,n, p=1,m, u nabop s3aummo nenepecexarouurcsa ooracmet By,
{Bkp}, Boo makue, wmo 0 € By, arp, € Bgp, 00 € Bu, k = 1,n,
=1, m, cnpasediuso nepasercmaeo

3

n

[ (B0, 0) 7 (Boo, 00)] ™ [[ [ 7 (Brw: arp) <
k=1p=1

(3.3.1)

<@ (rn)

3nax pasencmsa 6 (3.3.1) docmuzaemes mozda u moavko moezda, ko2da
0, {akp}, >0 u By, {Bk’p}, By, dnsascexk =1,n up =1, m asasomes,
COOMBEMCMEEHHO, NOAOCAMU U KPY208bLMU 00AACTNAMU KEAOPAMUMHO20
dugpdepenyuana

(Rn + wn)Qm

dw?.
[(R% _ iw%)2m+2 _ (R% 4 iw%)2m+2]2

Q(w)dw? = —w" 2
(3.3.2)

Zloxazameavcmeo. Bee paccykaenusi, IpuBeIeHHbIE TIPH T0KA3a-
TenbcTBe Teopembl 3.1.1, ocrarorcs B cmite n 3xech. Ho, BBuay Ttoro,
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4TO B TeopeMe 3.1.2 paccMaTpuBalOTCsl PABHOJIYYEBBIE CUCTEMbBI TOYEK,
dopmysibl TprobpeTatoT 6oJjiee ClieluaJIn3npoBaHHblil Bu. Hampuwmep,
BhIpazkenust (2.2.12), (3.1.1), (3.1.4) GyayT uMeTh CyieLyOmnui BUI:

e s R% — (=D)kiw? 0
R R
= w) = — =, k=1,n, we P,,
(3.3.3)
2 2
P} = {w e C\{0}: —W(k —1)<argw < —ﬂk} .
n n
KosddummenTsr pasgesndaioniero npeobpa3oBaHus B TOYKAX W = dgp
OTIPEJIEIIAIOTCS U3 COOTHOIIEHNUIA:
R R 2 Akp |z o
| GFw) = GFar) I~ [2x (1 92 15) langl| o= anyl,
—=0
W — Qg p, W E Py,
(3.3.4)

—1
. - 2 Qf, n
6w - ) b | 20 (1 %2 1) gl o=l
n
—=0
W — Qg p, W € Pp_.

Kosddurmentsr pazaesnsomniero npeodpa3zoBanns B TOU9Kax w = 0 u w =
0O MOTYT OBITH OIPEJIEJIEHBI U3 CJIEYIONNX ACUMIITOTUIECKUX PABEHCTB:

|€tl?(w)—1|NRﬁ|w|%, wHO,weﬁz,k:L—n
2

(3.3.5)
| (F(w) +1|~2R% jw|™2, w — oo, w EFZ, k=1n

Yuanresasg (3.3.3) — (3.3.5), noaygaem u3 (3.1.5) — (3.1.7)

2 ak.p n
7 (Bh.ps Qk.p) < X (\ % |2) |ak,p|x

x| (@R, (R)) v (Q,@LP(R),%S‘ELP(R))F . (3.3.6)
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2
n2

f[ ((’“) ) : (3.3.7)

3\10

T(Bo;0)<2 -R-

[N

n
r(Beyoo) <27 % - R[] r (QQQ(R), —1) : (3.3.8)
k=1 _
C yuaerom coornomtennii (3.3.3) — (3.3.8), u3 Hepasencrsa (3.1.8) 1em-
™Mbl 3.1.1 ipu 0 = § = 72, Vep =1, k=1,n, p=1,m, umeem oLEHKY

n 5 n m
[ (Bo,0) - 7 (Boo, 00)] " - T] TI 7 (Brwr ars) <

x H { (2 (r),1) r (AW (R), 1) ﬁ ﬁr (Q;f;(R),w,g;(R))}ﬁ .

3uak pasencrsa B (3.3.9) mocTuraercs TOrja U TOJLKO TOTJA, KOLJA B
HepaseHcrBax (3.3.6), (3.3.7) u B (3.3.8) mpu Bcex k = L,nup=1,m
peasiuzyercs 3HaK paseHcTBa. 13 mepasencrsa (3.1.9) jemmsr 3.1.2 mo-
JIydaeM COOTHOIIEHUe

r (Q(()k)(R), 1) r (Qg’;)(R), —1) x

f[f[ (Q(S w,is,),(R)) < (miﬂf(mﬂ). (3.3.10)

3uak paseHcrsa B (3.3.10) peasmsyercsi, TOIJIa U TOJIBKO TOIJIA, KOLJA
roukn 1, —1, wgp, k = 1,n, p = 1,m, n obaacru fvl(gk)(R), ﬁgé)(R),
ﬁ,(::;(R), k=1,n p=1,m, s = 1,2, aBisioTcs COOTBETCTBEHHO OJIO-
caMU U KPYTOBBIMU OOJIACTSAMU KBaJIpATHIHOTO quddepeniimaia

2md 2
Q(C)dC2 = (<2§n+2 E 12 (3.3.11)
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W3 mepasencrs (3.3.9) u (3.3.10) cieayer orenka

[ (B0, 0) - 7 (Boos 00)] - TT [T 7 (Bops k) <

k=1p=1

2 nm 2 n(m+1) n m hp
R Nm+1 — |2 = .O.
N (N> (m+1> TTTTx (152 15) larsl = (3:3.12)

k=1p=1

- (1" (ﬁ)n(mﬂ) Mg (Anm).-

3uax paseHcTBa B (3.3.12) mocTuraercst TOJIBKO TOrJA, KOTJa 3HAK pa-
BEHCTBa peaju3yercst BO Bcex HepasencrBax (3.3.6) — (3.3.8) u (3.3.10)
OJTHOBPEMEHHO.

Kpyroseimu obsactsimu kBagparudsoro auddepenrmaia (3.3.11)
SIBJISIIOTCST Y TJIBI

D, = {c € C\{0} : ﬁ(?qaﬂ) <arg( < m@qf 1)},

(m+

qg=1,2(m+1). Iycrs ﬁq =U; ﬂﬁq, g =1,2(m +1). OueBumno, 4ro
cextopbl Aq 1 Eerg 00J1a/1aI0T CUMMeTpHell OTHOCUTEIbHO BelleCTBeH-
noit ocu. OcTajbHbIe CEKTOPBI pa3bUBAIOTCA Ha Mapbl, B3AUMHO CHMMe-
TPUYHBIE OTHOCUTEJIBHO BEIECTBEHHON OCH:

(€A, & CeNymin) g q=2,(m+1).

Kaxk cnenyer u3z (3.1.17), bysxiun

2
0 P27 (fo— .l_C g
wli ) _ Rt (Rk-1) (lm> . k=T1,n, (3.3.13)

peanm3yior KoHMOpMHOe orobparkenme kpyra U na P,?. N3 dbopmyn
(3.1.18), (3.3.13) momyuaem

Ek,? nPIEO) = wl(fO) (£P+1) ) §k+1,p mPJEO) = w;(;)) (32m+37p> s

B, P = @ (&1) . BoP" =a, (£m+2) . (3.3.14)
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p= 1,m, k= 1,n, Bn+1,p = Bl,p'

B ciayvae peasmsanuu 3aaKa paBercTsa B (3.3.12) moBTOpUM paccyxkie-
HIUSI, ICIIOJIb30BAaHHbBIE IIPH JIOKA3aTeJIbCTBE TeopeMbl 3.1.1, mpuxommm K
paBeHCTBaM

(B p, ak,p) = r<§k,pv k.p),
r(Byp,0) = T(Eo,O), 7(Boo,00) = r(goo,oo),
k=1n,p=1m

Hauree,
95 (w,00) = In|w| + In7(Bu, 00) + 0(1),

w — 00,

95, (w,00) =In|w| + In r(Bos, 00) + o(1),

w—o00, k=1,n, p=1m.

Torna heo(w) = gp_(w,00) — gp.. (w,00) > 0 Ha MHOXKeCTBE BCex pe-
IYJISpHBIX TOUeK 0Bo,. CiemoBarennio, h > 0 Bcogy B By. C apyroit
CTOPOHBI, ho(00) = 0. U 3HAUUT, hoo (W) = 0 B By OTcrona nonyuaem,
9TO cap ]E~3OO\BOO = 0. AHAJIOTMYHBIE PACCY K IEHWS CIIPABEJIUBLI Jis By
u By p, k = 1,n, p =1, m. Takum o6pa3oM, U3 yc/I0Bmil peanusanun 3Ha-
ka pasencrsa B (3.3.7) — (3.3.8) u (3.3.10), ¢ yuerom (3.3.12) — (3.3.14)
U aHAJIOTUIHO moapasaeny 3.1.1, THOJTY9aeM, ITO TOUKH G p, kE=1n,
p = 1,m, cucrema obiacreit Bo, {B;C b Boo, k =1,n, p =1, m, aBis-
FOTCS, COOTBETCTBEHHO, IMOJIOCAMU U KPYTOBBIMU 06J1aCT51MI/1 KBaJPaTU-
qHOTO JuddepeHiuaia

wn—Q(Rn + wn)2m

[(R% —iw?)2m+2 — (R3 + iw%)2m+2]2
(3.3.15)

dw?.

Q(w)dw? = —2 (g)zR"

Teopema jrokazana.

3.3.2. OrmeHKN ((DYHKIMOHAJIOB TpeThero Tuma aJjs
OTKPBITBIX MHOXKecTB. CdopMysiupyeM pe3yJibTarT aHAJOTUYHBIN
Teopeme 3.2.2.

Teopema 3.3.2. IIycmv R € R, n,m € N, n > 2. Tozda das 060t
(n, m)-pasnoryuesots cucmemv, movex Ap py = {akﬁp}, k=1n,p=
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1,m, u 06020 omxrpvimozo muodrcecmea D, {0,00} | JApm C D C C,
YOOEAEMEOPAIOULE20 MPEMBEMY YCAOSUIO HEHANC2AHUA OTVHOCUMEADHO
cucmemvl Ay, CNPAGEOAUBO HEPABEHCTNGEO

2 n m

[r(D,0)r(D, oo)]nT H H r (D, akp) X

k=1p=1

2 n m
n
X [exp 7913(0,00) H H expngp (0, ak p) X

k=1p=1
(3.3.16)
X H H expngp(oo, ak p) H exp gp(akp, ags) | <
k=1p=1 (k,p)#(g;5)

nan n(m+1)
< (Z) (ﬁ) 'MR(An,m)'

3nax  pasencmea 6 Hem  docu2aemca, 6 WaACmHOCMU, Koz20a
{0,00} UAkp, & = 1,n, p = I,m, u D ecmv, coomsemcmsenno,
COBOKYNHOCMb 6CEX NOAOCOE U 06BeduHeHUe 6CexT KpY206biL obaacmet
keadpamuunozo Jugdeperyuana
n—2 n ny\2m
w" T (R" 4+ w™")
Qw)dw? = ———— P 5 dw?.
[(Rg _ iw5)2m+2 _ (R5 + iw5)2m+2]

Aoxazameavemeo. B cuny Toro, uro D ymoBieTBOpsSieT TpeThe-
My yCJIOBHIO HeHaJeranus, obsactb D obsamaer 0600mennoit dbynkiueit
Ipuna gp(z,a) Va € D. Byuem paccMarpuBaTh MHOXKECTBA

Ey = C\D; U ={weC: |w|<t},
— 1
UEI){wEC: |w|>¥},
Epp(t) ={weC: |w—agy|l <t}, k=1n, p=1,m.
IIpu mocraTouno Manbix t € RT paccMorpuM KoHzencarop, o6pa3oBan-

HBIIl yIOPSAI0YEeHHON COBOKYIIHOCTBHIO 3aMKHYTBIX MHOXKECTB,

C(t, D, Ap) = {EO, U, UV, Era(t),.. .,En,m(t)}, (3.3.17)
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C IpeIucaHHbIMU 3HaYeHusaME 0, 2 55 Z, 1,1,...,1. EMKOCTBIO KOH/IEHCA~
Topa (3.3.17) Ha3bIBaeTCsI BEJIMINHA

capé’(t, D, A,.,) = inf // [(GL)? +(G)?] dady,

I/le HUKHsS TPAHb OepeTcs 10 MHOXKECTBY BCEX BENIECTBEHHBIX, Helpe-
peiBHBIX u Jummunesbix B C dyskmuit G = G(z) Takux, ¥to G = 0 B

OKpecTHOCTH MHOXKecTBa Fo, G| _ = 3, G’_(l)— 5, G =1, k=1,n,
Ut

t

Ek.p

p = 1,m. Mouynb kougencaropa (3.3.17) |é | onpemesium BbIpazkeHueM
-1
| C |= [capC] (3.3.18)

PaccMOTpEM KOHIEHCATOPLI IIPH JIOCTATOYHO MaJIbX ¢t € R
C(t, D, Ap ) =
- (Eél)(R), EO @, ), EQ (1, R), EY (1, R),..., EY, (1, R),) , (3.3.19)

rae

E(R) d“(ﬂﬂ UG (B NP )]
EV (. R) = (TN P (An)) U [ (T 2]

(3.3.20)
B0 R) = ¢ (T P An)) U [ (00 N P2 A)]
ED (8, R) = (Ekp ﬂPz )U[ (E’w )P )}

(= C(l) cbyHKLU/IH (2 2.2), (l)(A) — 00pa3 MHOXKecTBa A mpu oTobpa-
KEHNU (DYHKIIAI Ck ,Lk=T1,n, p=1,m. Takum obpa3oM, npu pasje-

n
0
JIAIOIIEM IIPe00PA30BAHNI OTHOCUTEIHLHO CUCTEM YIJIOB {Pl( )(An,m)}
=1

n N
U cucreMbl QYHKIUN {CI(R) }l , R € R, xounencaropy C (t, D, Ay,.m)
1
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— n
—
R
COIIOCTABJIAETCSI HAOOP KOHJIEHCATOPOB Cz( ) (t, D, An,m)} , CUMMe-

=1
TpudHbIX oTHocuTeabHO QU = {w : |w| = 1}. Kaxxgomy KosjieHCATOPY

—_—
—_—

R _
Cl( ) (t, D, An.m), | = 1,n, mpu gocraroano mansix t € R, ¢ < R, cono-
CTaBJIsAEM KJIacC V] — BCeX BEIIECTBEHHBIX, HEIPEPBIBHBIX U JIUIIIIHIIEBBIX
B C dyuknuit G = G(z) takux, uro G = 0 B OKPECTHOCTU MHOXKECTBA

EQ(t,R), G S e =z G -1, k=Tn
0 ( )7 E{l)(t,R) 2 Eél)(t,R) 2 E](cl,)p(t,R) ) s Ty
p = 1,m. YuursiBag padors [110,112] umeem HepaBeHCTBO
5 1S o
cap C (t, D, An.m) > 5 > capCy (8, D, Apm) - (3.3.21)
k=1

Orciona, B coorsercraun ¢ (3.3.18), mosyduaem cOOTHOIIEHHE

=~ 1 1 = -1
cap ’C (t, D, An’m)’ > 3 Z‘capC,iR) (t, D, An,m)‘ . (3.3.22)
k=1

B cBoio ouepenp, (3.3.22) NpUBOAUT K HEPABEHCTBY

’5(t7D,An,m)‘ <2 (i‘@ (t,D,An,m)F) h . (3323
k=1

Us reopemst 1 [111] creayer acumunroruka momyas C (t, D, Ap.m)-
Oumna 6yner ananornyna dopmyie (3.1.37):

‘é(t,D,An,m)‘ _

1 2 1 =
<7> log : + M(D, A, ) +o0(1), t—0, (3.3.24)

~or \n2+ 2nm
rae N
J/\Z(Dv An,m) =
1 2 2 TL2 n m
~ o (7712 n an) lz logr(D,0)r(D,00) + I;};logr(D,akm)—&-
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(3.3.25)
2 n m
n
+590(0,00) + DY (90, ak,) + gn(00, ar.p))
k=1p=1
+ Z 9p(ak.p, aq,s)
(k,p)#(a:s)

YuureiBas dopmydst (3.1.3), (3.1.4), Tperbe yciaoBue HeHAJEraHUS U

reopemy 1 paBorsr [111], ycTaHOBMM ACHMMIITOTHYECKHME DABEHCTBA IS
—_—

—_—

MO/LyJIeli KOHJIEHCATOPOB CI(R) (t,D,Apm), 1

= 1,n, a UMeHHO:

—

\c}’” (t. D, Ap)| =

_1 I
- 2 (TL + Qm) log t + Ml (Da An,m) + 0(1)7 t— 0, (3326)
rie -
Ml(R) (Da An m) -
L1 [ (@ @) (e, 1)
27 (n+2m> o8 ( 2") (QR%) +
2
(3.3.27)
1 2 2
m r (2. (®) -1 (A2 (), 2(R) .
) = L,n.

- 1
2
> al+17p|}

aiti,p
R

3.3.26) BBITEKAET COOTHOIIECHHE:

U3 pasencrsa (

—

‘G;R) (t, D, Ap)

4m drm— 1 -t
=—|1- lMl(R)(D,Anym)—Fo <—1) —
log 3 log ¢ log 3

‘—1
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47m 4m \ 2 ﬁ 1\ 2
=— |7 M (D, A m)+o| (log- ,
log 4 log 5 t

t—0, l=1n.

Orcroa HEMOCPEICTBEHHO TOJIY IaeM

Z‘C;R) (t,D, An,m)\ -

=1

_ 4dmnm 4mm
log %

2 n ——
) S MDD, Ay )+ (3.3.28)
=1

1\ 2
+0<(10g¥) ), t — 0.

IMocsie HEKOTOPBIX BBIYUCICHUN, CBsi3aHHBIX ¢ (3.3.28), nmpuxomum K
CJIEJTYIONIEMY COOTHOIIEHUIO:

Clogy

— —1
" -1
SjaP woan|| -
=1

I —1
log% drm 1 & TR 1\t
_ 1 N MDA, log = _
4rnm log%n; b (D Anm) +o0 (Ogt>

= drnm log t + n2 ZMI&R)(D’ Anm) +0(1), t—0. (3.3.29)
k=1

N3 (3.3.21) — (3.3.29) umeeM HEPABEHCTBO

M}iR) (D7 An,m) + 0(1)7

= 2

M(D, A, )+ 0(1) <

NE

n2

~
Il

1

II0CJIe 9ero MOzKeM 3alluCaThb

= 2 N7
M(D, Ap ) < = ZMé (D, An.m).

b
Il

1
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C yuerom (3.3.25) u (3.3.27), NpUXOAUM K HEPABEHCTBY CJICAYIOIIErO
BHIA:

1 2 2 n2 n m
5 (o) {bg(r(D,o)r(D,oo)) T .00+

2 n m
X exp 791)(0 00) H H expn (gp(0,ak,p) + gp (00, akp)) X
k=1p=1
X H exp gp(ak.p, Gqs) p < Z ;x
P n2 £= 27 (n + 2m)?
(k.p)#(a,5) k=1

) lak par+1,p|%

1 2 2m m Ak p 5 Ak+1,p 5
“Og{z () The( 5l ) x (1
p=1
xr (O (R), 1) r (W (R), -1) x

< TTr (2R (22, wff%@)} -

p=1

1 ) 2nm n.m
—— = Joe2 2 [ Z ‘ k,p
wn?(n + 2m)? 8 (n) H H (

k=1p=1

T (1) (2. )

f[ (Qm (1)(3)) r (Q;?;(R),w,f;(R))} ,

OueBuIHO, 9TO

r (ng> (R), 1) r (Qgg (R), —1) x

< [T (2l m), el ) r (92 (R), (R <
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_ 4 2m+2 B 9 2(m+1)
S\2m+2 T \m+1 :

Orciofa JIETKO TTOJTy9IaeM, 9TO

n m

(D, 0)r(D, 00)] ) TT T #(D, ar)x
k=1p=1
n2 n m
exp —-gp(0, 00) - [T [T expn (900, ary) + gp(o0, ar,)) x
k=1p=1

X H exp gp(Qk p; Gs q) <

(k,p)#(s,q)
1
(2m+2)n n m n 2
n\ 2n 4 ar 5
A Gaten) I (1% )} -
{ 4 n(m+1) P eter R
n(m+1l) n m n
n)” 4 ) (‘ak,p 2)
=\7) 70—/ X\ || ) ekl
3 (o) T (R ) o
Teopema 3.3.2 jokazaHa.
3.3.3. HekoTopsie ciaeactBus. llycTb Dgﬂn — obbeauHenne

BCEX KPYIOBBIX 00J1acTeil KBaJIpaTuIHOro auddepeHiuasia

Q(w)dw? = —

dw?,

wn72(Rn + ,wn)Qm
[(R% —iw3)2m+2 — (R% + iw?)2m+2)”
rie n,m € N, n > 2, R € RT. Ormerum, uTo ASE’?W = {al(f;}, k=1,n,
p = 1, m, oupenesennas coorHomeruaMu (2.2.8), ABJIIETCS COBOKYITHO-

CTBIO BCEX KOHEUHBIX U HEHYJIEBBIX TIOJTIOCOB 9TOT0 KBaPATUIHOTO JTud-
depenImaa.

Caencreue 3.3.1. ITycmv n,m € N, n > 2, R € RT. To-
2da dan mpoussoavrol (n,m)-pasHoayyuesoli cucmemv, movex Ay, =
{arp}, k= L,n, p = 1,m, u arwbozo omxpumoz0 mnoocecmea D,
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{0,00} JAnm C D C C, ydosaemsopsaiowezo mpemovemy Ycaosuio He-
HANE2AHUA OMHOCUMENLHO Ay ), BBINONHACTNCA HEPABEHCMBO

[r(D,O)r(D,oo)](%)2 H H r(D,ak,p) <
k=1p=1

n(m-+1)
n\" 4
< ” T N - M Anmv
(@) () ~ldnm)

3HAK PABEHCMBA 8 KOMOPOM JOCIULAEMCSH, 8 YACTMHOCTU, K0204 MOYKU
0, oo, {arp}, k = 1,n, p = 1,m, u omkpwmoe mroscecmso D aeas-

3
0MEA, COOMBEMCMBEHHO, COBOKYNHOCMbI0 6cex noatocos {0, 00} AEJ,L
U 005EIUHERUEM BCET KPY208bLT 00AaCcMEl Keadpamuurnozo duddepernyu-

D®
ana Dy .

Loxazameawvcmeo. B cuiy roro, uro gp(w,a) > 0 upu Bcex w € C,

a € D, To
[r(D,0)r( (%) HH (D, axp) <

n m 2

< [r(D,0)r(D, oo)](%)z H H (D, akp) - €Xp %gD(O, 00) X
k=1p=1

n m

< [T [T expn(9n(0,anp) + gn(o0,arp)) - [ expgnlanp aqs) <
k=1p=1 (k,p)#(q;s)

0 (rm) e

OTCIO,Z[a U BBITEKaCT UCTUHHOCTL YyTBEP2KJACHUA CJICICTBUA 3.3.1.

CuencrBue 3.3.2. [laa 410600 (n, m)-pasrosyuesots cucmemvs mo-
wek Apm = {axpt, K = 1,n, p = 1,m, ommuocumeavno komopot
omxpvimoe mmosicecmeo D, {0,00}J An.m C D C C, ydosaemesopaem
MPEMBEMY YCAOBUIO HEHANC2AHUA, SOINOAHACTCA HEPAEEHCTEO

2 n m
n
o {000,033 0.0,) )

k=1p=1
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+ Z 9D (akp; ag,s) p <
(k:p)#(g,5)

(4)" (75

(D, 0)r(D, 0] (3)"

n(m+1)
) : MR(An,m)
<

b

T(D) C”%P)

s
3

k

1

1p

BHAK PAGEHCMBA 6 KOMOPOoM JOCTUZAENCA, 6 YACMHOCMU, K020a
{0,00} JAnm u D asasomea obseduneruem, coomeemcmeento, 6cex
NOANCO8 U KPY208viT 004aCMEl KeadpamuuHozo duddepenuuana
n—2 n ny\2m
w R" +w
Q(w)dw2 == n . on ( n ) . on 2 dw2
[(R% —iw?)?m+2 — (R? 4 iw? )2m+2]

Caneacrue 3.3.3. IIycmo n,m € N, n > 2, R € RT. Toeda dan
npouseosvol (n, m)-paeroaysesol cucmemvs movex Ay m = {akp},

T — o 3
kE=1,n, p=1,m, maxod, wmo Mr(Anm) = MR(éHn), U 4106020
omxpwmozo muoorcecmsa D, {0,00} | JAnm C D C C, ydosaemesops-
10UE20 MPEMBEMY YCAOBUIO HENHAAC2AHUA OMHOCUMENLHO Ay, 1, 6UINOA-

HAEMCA HEPABGEHCINBO

n

r(D,0)r(D,00)]E)" [T [T (D2 ) <

n(m-+1)
n\"™ 4
< (2 - - . (3) 3.
= (4) <n(m—|—1)> Mr(Anim)

3nax pagencmea doCmu2aemca npu MeT HCe YCAOBUAL, YIMO U 6 CAEO-
cmeuu 3.3.1.

Caencrteue 3.3.4. ITycmv nym € N, n > 2, R € RT. Tozda dasn

npoussoavoll (n, m)-paerosyvesot cucmemv. moyvex A, = {akp},

k =1,n, p = 1,m, maxod, wmo Mgr(A, ;) = MR(AS:%), u 1106020

omxpoimozo muooicecmsa D, {0,00} | JAnm C D C C, ydosaemeopa-
H0UWE20 MPEMBEMY YCAOBUIO HEHANELAHUA OMHOCUMENLHO Ay ), 6BINOA-
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HAEMCA HEPABEHCMBO

n m

r(D,0)r(D,00) 8" T ] r(D: arp) <

k=1p=1

) ) (2)2 n m )
< [rD8 0r(D,00)] 7 ] T (0 ai?).
k=1p=1

Caencreue 3.3.5. ITycmv n,m € N, n > 2, R € RT. Tozda dan

npouseosvol (n, m)-paeroaysesol cucmemvs movexk Ay m = {akp},
— — o 3

k=1,n, p=1m, maxot, wmo Mr(Anm) = MR(é%}n), u 4106020

omxpwmozo mnoorcecmea D, {0,00} | JAnm C D C C, ydosaemesops-

10UE20 MPEMBEMY YCAOBUIO HENAACLAHUSA OMHOCUMENLHO Ay, GVINOA-

HAEMCA HEPABEHCINBO

2 n m

n

exp {?gD(O, 00) + Z Z n(g9p(0, akp) + gp (00, akp))+
k=1p=1

+ Z gD(ak7p7aq,s) <
(k,p)#(q;s)

3.3.4. HekoTopble AOMOJHUTEIbHbIE PE3YyJIbTATHI MJIA 3a-
na4d Tperbero Tuna. Ilycrs o, 3 € RY, obosnauum uepes G1, Ga, G3,
(G4 KpyroBble 06JIACTU KBAJIPATUIHOTO JUdD(DEepeHITNaIa

(8 —a)w! =2(8+ )w’ + (8- )

Q(w)dw2 = (w4 _ 1)2

dw?,

CoJIepzKaIye, COOTBETCTBEHHO, TOUKN 1, ¢, —1, —i, KOTOpbIE ABJISIOTCS
MOJII0OCaMU JTAHHOTO KBaApATUIHOrO Jud depennnaa.
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Jlutst IpOn3BOJILHOMN (1, ™)-PABHOJIYI€BOIl CHCTEMBI TOYEK Ap o Ta-
koit, uro m = 2s — 1 (s € N), pacemorpum "yupasssirornue"  dyHKImO-

HaJIbI n R
M(l)(An,m) = H H X (|ak,2p—l|%) “Jak,2p-1l,

k=1p=1

n s—1

M (A, =TT x (’ak%ﬁ) Nag.apl-

k=1p=1

Teopema 3.3.3. (Baxtun A.K., Boion B.E., Tpoxumuyx FO.IO.
[57]). Tyemv n,m,s € N, n >3, m = 2s—1, a,8 € R". Tozda das
10607 (n, m)-pasnoayuesoti cucmemv, mouekx A, m = {agp}, k= 1,n,
p = 1,m, u daa NPoudeosvH020 HABOPA B3AUMHO HENEPECEKAIOULUTCA
obaacmeti By, By p, Boo maxuzx, wmo 0 € By, app € By p,00 € Boo,
kE=1,n, p=1,m, cnpasedruso nepasercmeso

2 n s n s—1
[r(Bo, 0)r(Bog,00)] * [T I1 7 (Brzp—1samep—1) [T T1 7 (Bro2ps an2p) <
k=1p=1 k=1p=1

[0 (a, m)}ﬁ [ (An,m)]a x

> 2t n(at8)
(3.3.30)

n\ne 2
<@ Gmm
4 (n(m +1)
n(m+1)

X[Ta(Gl,l)Tﬁ(GQ,i)Ta(Gg,71)T6(G47*Z‘)} S

3HAK PABEHCMEA 6 KOTOPOM JOCTNUZAEMCH M020a U MOALKO Mo2da, Ko-
2da mouxu 0, ay.p, 00 u obaacmu By, By p, Boo, k= 1,n, p=1,m, as-
ASIOMCA, COOMEEMCMEEHHO, TOMOCAMY U KPY206bLMU 0BAACTAMYU KEA-
dpamunnozo duddepernuuana

Q(w)dw? = w" (1 +w™)™ ! x

(3.3.31)

y (ﬂ _ O[) ((1 _ iwn/2)2m+2 + (1 + Z'wn/2)2m+2) _ Q(ﬂ + O[)(l + wn)m+1 p )
[(1 — qwn/2)2m+2 _ (14 iwn/2)2m+2]2 w

u cap By \ By = 0, capgkm\Bk?p =0, capBoo \ Boo = 0, k = 1,7,
p=1m.
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oxazameavcmaeo. Jloka3zaTebCTBO MIPOBOIUM TI0 CXeMe, TTPEeJIJIO-
JKEHHOU TIpH JI0Ka3aTeibcTBe TeopeMbl 3.3.1 pu R = 1. 31eck obpaTum
0coboe BHUMAHWE TOJIBKO HA OTJIMIATEIhHbIE MOMEHTHI.

Hanee, cemeiicrBo dynkumii (i (w) sBISETCA JIOMYCTUMBIM JIJIsI
KYCOTHO-Pa3IeIAIoNIero npeodpa3oBanus obsacTeit By, OTHOCHTETHHO
cemeiicrsa yrios PY, k=1,n,p=1,m.

1
O6o3naunM  Uepe3 Q,(c %pfl CBA3HYIO KOMIIOHEHTY MHOYKECTBa,
.

—0 —0\\*
Ck (Bk’gpfl ﬂPk) U (Ck (Bk’gp,l ﬁPk)) ,  COJIEPKAIYID  TOYKY

(1) (2) _
Wgop—1» @ Hepes Qk72p71 CBA3HYIO KOMIIOHEHTY MHOXKECTBa

=0 —=0 *
Ch—1 (Bk72p71 N Pkfl) U (qu (Bk,zpq N Pkfl)) ,  COJlepKaIIyTo
TOUKY w,(f%p_l, k=1,n,p=1,s.
Anajiornyno o0O3HAYUM Yepe3 Qg’;p CBS3HYIO KOMIIOHEHTY MHOKe-

—0 —0\\*
crBa (i (Bkgp N Pk) U (Ck (Bkgp N Pk)) , COJTEPKAIILY IO TOUKY w,g%p, a
—0
qepes Q,(f%p — CBSI3HYIO KOMITOHEHTY MHOXKECTBa, (k1 (Bkvgp N Pk—l) U
—0 * JE—
(Ck_l (Bmp N Pk—l)) , COIEPXKAILYK TOYKY w,(f%p, k= 1,n, p =
1,s —1.
Takum 06pa3oM, Pe3yIbTATOM Pa3IeIsIoIIero npeodpa3oBanus 00Jia-
ctu By ap—1 OTHOCHTENBHO cemeficte obnacreit {PQ_, P} n dyn-

. . (2
Kumit {(x—1,Cx} B TOUKe ay2p—1 SABIETCS Hapa obacTeil Q;C_)l 9p—1 U

(1) T o, — T 0P — 0®@
Wop-1, kb =1n,p=1s, Qpy, ;= Q5 ;. Touno rax xe, pe-
3y/ILTATOM DPa3/IeJIAIONIero MpeodpasoBanuda obmacTn By ap, k = 1,n,
p = 1,5 — 1, OTHOCUTETLHO CeMEHCTB ObIacTeit {P,S_l, P,?} n QYHKIHIH

. (2) (1)
{Ck-1,Ck} B TOUKE ay 92, ABIsETCA Hapa obsacreil Qk*l,Zp u Qk,Qp’

T T =7 02 ._0®
k=1n,p=1s-1, Qps, =5,
_ Pesynbrarom pasaesnsitomero npeobpaszoBanus obsactu By, 0 € B% -
C, OTHOCHTEIBHO CeMeHCTB HKIIAH T . u obmacreit {P?

) Yy kESp=1 kS =1

., . B"
B Touke w = 0 sBisieTcs cemeiicTBO objacreit {Q(() )} , Tje de-
k=1
k —0
pe3 Q(() ) oGosHamm CBA3HYIO KOMIIOHEHTY MHOXKecTBa (i (BO N Pk) U

(Ck (BO ﬂ?i)) , COIEPIKAINYI0 TOUKY w = 1, k = 1,n. Amamormano,

Pe3yJIbTaTOM Pa3AeJIAIoNnIero npeodbpaszosanus obsactu By, 00 € By, C
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C, ornocurenbuo cemeiicts dyukuuit {(},_, u obmacreit {P,S}Z:l B
TOYKE W = OO SBJAETCA Habop objacreit {Qg’é)}n , TIe Qg’;) pu
KaxjgoM k = 1,2,...,n 0b03HAYAET CBA3HYIO KOMHg;éHTy MHOKECTBa
Ck (Boo ﬂﬁi) U (Ck (Boo N ?2»*, COJIEpKAIIYI0 TOUKY w = —1.

Taxk ke, Kak u coorHomenns (3.3.6) — (3.3.8), mosyyaeM HepaBeHCTBA
7(Br,2p—1, Gk,2p—1) <

(3.3.32)

1
1 1 2 2 2
<{ T(ng %p 17wl(c %p 1) T(Ql(c %p l’w/(ﬁj %p 1) ’
1 )
[ax( ]

X (lak,2p-11%) lak,2p-1] - 2x (la,2p-1]2) lak,2p-1

p=1s,
T(Bk,2p7a'k,2p) <

(3.3.33)

1
1 1 2 2 2
1 )
[ax ( ]

2x |ak,2p| 2) lak,zp\ : %X (|a1c,2p| 2) |ak2p

p:]-,s_]-v

r(Bo,0) < f[ {%T(Qg‘“, 1)}”_2 , (3.3.34)

n 2

7(Bog, 00) < H{ r(Q® —1)} " (3.3.35)

HUcnonbays yeaosue Teopemsbt 3.3.3, u3 HepaseHcTs (3.3.32) — (3.3.35)
CJIeJLyeT IENOYKa COOTHOIICHUH

n s—1
[r(Bo, 0)r(Bso, 00)] * HHT (Bk,2p—1, Qk,2p—1 HHT (Br,2p, ak,2p) <
k=1p=1 k=1p=1

’!L2O(

G MG o))
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[N

n s T(QS; w(l) ) . T(Q(Q) w(2) )
2p—17 "k, 2p—1 k,2p—1°>"k,2p—1
il

i oot [2X (larzp—11%) larzp—1] - 2x (larzp-11%) larzp—1]]

. Oy @ w? :
) {ﬁ s—1 (€ 5ps Whap) - T (5, Wi o)) } 2 -
n bl -
i1 ot [ 2X (lak,2p] 2 ) lan.2p| - 2 (lar,2p] 2 ) lak,2p]
(3.3.36)
(a+B)
n\na [ 92 A “
(2) <n) (MO (A ) (Anm)|
< T [ @ nre @@, -1)x
k=1
s (1) (1) (2) (2)
X H Tﬁ(Qka—lvwk,Zp—l)Tﬂ(Qk,Qp—l’wk’2p_1)x
p=1
s—1 :
arey(1) (1) \,.ar02) (2)
(% 2pr Wh 2)7 (Qkﬂp’wk’zp)] '
p=1
U3 crocoba mocTpoenns obacTeit Qg%p—l’ Q’(f;l)_l’ Q’(:;p ’ Qf;p !
Q(()k)’ Q¥ i coorsercryomuIX TOUYEK wg%p,l» w’(j%P*“ wl(i%p ’ wl(j—%p .
1, —1 cremyer, aro st Kazxkmoro ko, ko = 1,2,...,n, Ipu Bcex p = 1,m

00J1acTH B3aUMHO He [IEPECEKAIOTCsI, & TOUYKHU JIEYKAT Ha €IMHUIHON OKPY-
xkuocTu OU. Takum 06pa3oM, cucTeMa yKa3aHHBIX TOYEK IIPEJICTABIISIET
coboii cucremy u3 (2m+2) To4ek, JIeXKAIUX Ha eIUHUIHON OKPY2KHOCTH
OU, a objacTtu 00Opa3yioT CHCTEMY IONAPHO HEmepeceKaromuxcs obJia-

cTeil TAKHUX, ITO w,ill)) € Q,(:;, w,(f; € Q,(fl)) nl e Q(()k), -1 € Qgé), u
YIOBJIETBOPSAIOT yCI0BHIO TeopeMmbl 4.1.2 mpu Bcex k= 1,nup =1, m.

Hepasencrso (4.1.4) ajis yno6cTBa IpejcTaBuM B CJIE/LYIONIEM BUJIE:

n
H 7 (Bag—1, a2x—1) - 7%* (Bag, azr) <
k=1

(a1 +az2)n
<(3)e@hmo)

n

an agn

2 '(T(BS,i)T(Bg,—i)) 2
(3.3.37)
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BuauuT, conocrapisist HepaBeHCTBO (3.3.36) U yKa3aHHbBIE BBINIE PAc-
cyxJieHnst 06 06pasoBaHHON crucTeMe (2m + 2) TOYeK Ha OKPYKHOCTH, C
yuaerom HepasercTsa (3.3.37), a Takxke ¢ y4eroM 0OO3HAYEHUI, BBEICH-
HBIX IpU (HOPMYJIIMPOBKE TEOPEMBI, IIPUXOIAM K COOTHOIICHITIO

are(k) 1) 1 2 2
r (Q(() Q(k HT QI(CZ;D 1w l(q,%pq)r (Ql(c %p 17wl(c %p 1)

1 1 2 2
x T r @, wia,)r (@), wi,) < (3.3.38)
p=1

L (r D) -
<m‘+‘1) [P (G P (G, 1) -1 (G i)™ (G, —i)] 7

KOTOpOE, B CBOIO O4Yepe/Ib, OKOHYATEJIbHO IIPUBOJIUT K HEPABEHCTBY

n s—1
[T(BO,O)'T(BOO,OO HHT (Bk,2p—1, Gk 2p—1 HHT (Bk.2ps ak,2p) <
k=1p=1 k=1p=1
m1
no 2 n(a+p) Jé; a
<D o)~ ] ]~

< {r(Gr e (G, 1) - 12 (G, ()r?(Ga—)}

Curyuail peasmzanuu 3Haka papeHcTBa B HepasencTse (3.3.30) uccie-
JLyeTCsT CII0COO0M, KOTOPBIi ObLII IIPEJJIOKEH IIPU JOKA3ATETHCTBE TEOPE-
™Mbl 3.3.1. IlpuBesieM TOJIBKO YacTh €ro.

3uak paBencrsa B (3.3.38) peasm3yercsi B TOM U TOJIBKO B TOM CJIyUae,

Korjga Toukm 1, —1, w,(i; u w,(f; u obiactu Qék), Qg’;), (NZ,(ClZ)) u ﬁf; (

upu Beex k = 1,n, p = 1,m) sIBISIFOTCsI, COOTBETCTBEHHO, MOJIOCAME U
KPYTOBBIME O0JIACTSME KBaJIPATUIHOTO JudepeHmasia

_ 2m+2 m+1 _
Q(n)dn? = g1 (B—a)n (17227552"‘_041);72 +(B—qa) dn?.

OcymeCTBJIﬂﬂ B 9TOM KBaIPATUIHOM ;[I/I(bcbepeHunane 3aMeHy ITepeMeH-

HOU 1) = 1’—“”, MoJIydaeM, ITo o0J1acTu Bo, Boo, Bk,p u Touku 0, 00,

1+iw 2
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aj,p SABJISIIOTCSI, COOTBETCTBEHHO, KPYTOBBIMHU OOJIACTSIMU U IOJIFOCAMHU
kBajpaTnaHoro auddepennuana (3.3.31):

Q(w)dw? = w" (1 +w™)™ ! x

(8= a) ((1—dw™/2)m+2 4 (14 iw™/?)?m+2) — 2(8 + a)(1 + w™)™ !

[(1 _ Z‘wn/2)2m+2 _ (1 + iw"/2)2m+2]2

X

Teopema 3.3.3 jokaz3aHa.



I'JIABA 4

OKCTPEMAJIBHBIE 3AJTAYM CO
CBOBOJHBIMMUA IIOJIFOCAMMUI HA
OKPVY2KHOCTHA

4.1 OueHkn YHKIMOHAJIOB I€PBOr0 TUIIA JJIS N-JIyYI€BbIX
CHUCTEM TOYEK Ha OKPY>KHOCTH

4.1.1. OcHoBHBbIE yTBepXXJAeHUdA. B werBepToii TyIaBe paccMma-
TPHUBAIOTCSI HOBBIE IKCTPEMAJIbHbIE 33/laYll O HEHAJIETAIONINX O00JIaCTsIX
€O CBODOJIHBIMU IIOJIIOCAMH Ha OKPY2KHOCTHU. IlepBble 3amatu 11o100HOr0
tuna 6pum npeiozkensl [LIT. Baxrusoit B [69]. C yyerom obosnaueHnit
m. 2.1 momoxkuM, Kak obbrano, C — cTamgapTHasg OJHOTOYEYHAs KOM-
nakTndukaps kKoMmiutekcHoit miockoctn C, U = {z € C : |z| < 1},
OU = {z € C: |z] = 1}, a3, ap € RT. Ilycrs Toukn af) u obnactu BY
ABJISIIOTCS COOTBETCTBEHHO IIOJIIOCAMH U KPYTOBBIMH OOJIACTAMH KBapa-
TUYIHOrO auddepeHImaia,

(ag — ap)w* — 2(as + a)w? + (e — ay)

Q(w)dw? = (w0t —1)2 dw?,

(4.1.1)

ad = i*=1 € BY (k =1,4). Ilonoxum
I{(ar, az) = 47F02) (n(BY, o) - (B3, a3)) ™ (r(B, af) - r(BY, a})) ™ .
B upuHATBHIX Bblle 0603HAYEHUAX CIPABEJINBA TEOPEMA.

Teopema 4.1.1. (A.K. Baxrun [39]). Kakxosv, 6b0 nu Goiau mowky
a1, ag, az, ag € OU u nonapno nenepecexarowyuecs obracmu By, B,
Bs, By c C maxue, ymo 0 < arga; < argas < argas < argay < 2m U
ar € By, k =1,4, umeem mecmo nepasencmeo

<’I“(B1,a1) -T(Bg,(lg))al ) <T(Bg,a2) 'T(B4,Cl4

2
a1 — as|

)> 2 < 12(041,042).
(4.1.2)

3nax pasencmea 6 (4.1.2) docmuzaemca 6 MomM U MOABKO MOALKO 6

2
ag—a4|

mom cayuae, xoe2da 6vinoanens, pasencmsa cap B\ B = 0 u cywecmey-
em maxoe dpobHo-sunetinoe omobpasicenue S, ABAANOULEECA ABTNOMOPPU-
amom edurnunnozo kpyea U, wmo ay = S(al) u By = S(BY), k=1,4.
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HoxkazarenbcTBy TeopeMbl 4.1.1 mpecTaBuM psiJi BCIIOMOTATEIbHBIX
PEe3yIbTATOB, 8 TAKXKe OCTAHOBUMCS HA HEKOTOPBIX MOMEHTAX TPEJIBbICTO-
pHUH BOIIPOCA.

Teopema 4.1.1 6buta ycranosiena A.K. Baxrunbiv [44] upu momon-
HUTEJTHHOM TPeOOBaHUM OJHOCBA3HOCTH obmacteit By, By, Bs, By. Ilo-
CKOJIbKY JIJIS OMHOCBA3HBIX 00J1acTell rurepboImyecKoro THIa BHYTPEH-
HUl pajuyc COBIAIAET ¢ KOHPOPMHBIM, TO JJIsl 3TOTO CJIytasl Pe3yJIbTaT
Teopembl 4.1.1 momyckaer ciemyonyto nepedopMyJInpOBKY.

Caencreue 4.1.1. Kaxosv, 6vr Hu Oviau dymuxuuu fi1, fo, f3, u
f1, xondopmro u odnorucmno omobpascarowue edurnuvroi kpye U wa
nonapho menepecexarowuecs obaacmu 6 C, u maxue, wmo |fi(0)] =
|f2(0)] = |fs(0)] = |f2(0)| = 1, 0 < arg f1(0) < arg f>(0) < arg f3(0) <
arg f4(0) < 2w, cnpasedauso nepasencmeo

THOTAO NN R AOTAC)
(f1(0) = f3(0)*| | (£2(0) = £2(0))?

3HAK PAGEHCMEA 6 KOMOPOM JOCTNULAETNCA 6 TNOM U TOALKO 6 TNOM CAY-
yae, Ko2da cyuwecmsyem maxoe OpobHo-AuHelHOe omobpascenue S, A6-
asoweecs asmomopdusmom edurnuunozo xpyea U, wmo fr(0) = S(a?)

< I (o, az),

OrmeTnuM, 9TO TAKOrO BHJIA TOYKHU ag u objacTu Bg, k = 1,4, upu-

CYTCTBYIOT B KadecTBe KCTpeMasbHOro Habopa B pabore [119]. Ilycrs
TOYKHU a1, Gs, a3, a4 € OU u nomnapHo Hemepecekaouecs obsactu B,
By, Bz, By C C Bribpans! Takumu, urto 0 < arga; < argas < argaz <
argay < 2m u ay € By, k = 1,4. Torma, ncrmonssys Teopemy 4.1.1 u
OYeBU/IHbIE HEPABHCTBA ‘al — a3’ <2mn ‘ag —a4’ < 2, mojry4yaeM JIBOWHOE
HEPABEHCTBO

(r(By,a1) - r(Bs,a3))™" - (r(Bz,az) - 7(By, a4))™ <

a2

ay
r(B1,a1) - r(Bs, a3) [ r(B2,a2) - r(By, a4)
2_2|a1—a3|2 2_2’a2_a4|2
g 4a1+a2M0(011,062),

IIPU 3TOM 3HAK PABEHCTBA B IE€PBOM HEPABEHCTBE JOCTUTAETCSI B TOM U
TOJIKO B TOM CJIydae, KOrJa a1 = —a3 U Gy = —a4, & BO BTOPOM — KO-
rua umeer Mecto paBeHCTBO B (4.1.2). TlockoibKy Besikuil aBroMopdusm
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kpyra D, nepeBosiuii JBe napbl JuaMeTpaJjbHO TPOTUBOIOJIOKHBIX TO-
vek B napbl Touek {1, —1} u {4, —i}, siBiIsIeTCS BpaIleHNeM OTHOCUTETHHO
HavaJsa koopauHar O, TO MbI HOJIyYaeM yTBEPKICHHE.

Cuencrue 4.1.2 (AK. Baxrun [28,29]). Kakxosv, 6v Hu 6votau mo-
wKu ay, ag, az, ag € OU u nonapHno menepecexarouwuecs obaacmu B,
By, Bs, By C @ maxue, ymo 0 < argay < argag < argas < argay < 2m
uay € By, k =1,4, cnpasedauso nepasercmeo

(r(B1,a1) - 7(Bs,a3))* - (r(By,as) - 7(By, ag))** <4721 (ay, ay).
(4.1.3)
Bnax pasencmea 6 (4.1.8) docmuzaemca 6 Mom u MOABKO 6 MOM CAY-
wae, Ko2da evnoanenv pasencmea cap By\By = 0 u cywecmeyem maroe

spawernue S naockocmu C omnocumenvio navara xoopdunam O, wmo
ap = S(ad) u By = S(BY), k=1,4.

B caencreum 4.1.2 conepxkurest u pesysibrar I.B. Kysemusoit [153],
KOTOpas JoKa3aua HepaseHcTBo (4.1.3) mis ciydasi, KOorja a; = —ag =
1, a0 = €%, a4 = e (0 < p < 7), a obnactu By, Bs, B3 u By —
OJTHOCBSI3HBI.

Caencrsue 4.1.3. IIycmv a1, as,p, p1,p2 € RT, ag = 0, as = 00,
a; = ip1, ag = —ips. Toeda das mob0l wemeepku NONAPHO Henepece-

karowuzes obaacmel By, ay € By C C, ¢ € {0,1,2,00}, cnpasedauso
HEPABEHCTMEO

a2
o [ T (B1,a1)r (B2, a
[r (Bo,0) r (Boo,00)]™ ( | 1|U« . a( |22 2)> < I‘EO)(alvaz) =
17— a2

) . a2
() (o () ()

B,go), q € {0,1,2,00}, — Kpyeosuie obaacmu xeadpamusrozo dugdepen-
Yuara

wh 4+ 2(1 - 222)p%w? + p*
W2 (w? + p2)2

Q1(w)dw? = — dw?,

0€B), c0eB%, ipeB) —ipecB).
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3nakx pasencmea 3decv docmuzaemcs moz2da U MOAbKO moz2da, kKoeda
ag u By, ¢ € {0,1,2,00} asamomes, coomeememeenno, nomocamu
u Kpy206vLMU obiacmAMU Keadpamuunozo dudpdepenyuara Q1(w)dw?,
capB,\ B, =0, ¢ € {0,1,2,00}.

B cirenytornieit Teopeme n — HaTypaJbHOE YHCIO, 1 2> 3.

Teopema 4.1.2. Kaxosevt 6v, Hu ObLau Mouky ai,...,ds, € OU,
Gont1 ‘= A1, U NONAPHO Henepecekarowuecs obaacmu By, ..., By, C C
maxue, ymo 0 < argay < ... < argas, < 27, Aop_1 € Bop_1 u asi €

By, C{z € C:argag,—1 < argz < argasgy1}, k = 1,n, umeemn mecmo

HEPABGEHCTMBO
n(ar+az)
4 n/2
(-) (Iz?(alaa2)) / ,

N

n
11 0 (Bak—1,a26-1))*" (r(Bak, azi)) " -
k=1

(4.1.4)
3HAK PAGEHCMNEA 6 KOMOPOM JOCTNULAEMCA 6 MOM U MOADKO 6 TOM CAY-
wae, K020a 6uinoaHens. pasencmea cap By \ By = 0 u cywecmsyem spa-
wenue S naockocmu C omnocumenvio navana xoopdunam O, nepeso-
dautee mouku ap u obaacmu By, k = 1,2n, coomeemcmeento 6 noaoca

U Kpya06vie obaacmuy Keadpamuurozo Juddeperuyuana

2 p-olae— o1)w?™ — 2(ay + a)w" 4 (g —a1) | 4
Q(w)dw* = w (W — 1) dw*,
(4.1.5)

u maxoe, wmo S(ay) = 1.

B pa6ore [153] nokaszano, uro reopema 4.1.2 ocraneTcs B Cuie, €CIIH
B ec (HOPMYyIUPOBKE 3aMeHUTHL yciaosue Bo, C {z € C : argagg—1 <
arg z < arg dsp11}, k = 1,71, Ha OJHOCBA3HOCTD Beex obyacreit By. Bosee
obmmit pe3yabTaT moayder B m. 4.2.1, Teopema 4.2.2.

4.1.2. Bcnomorarenabubie pe3yabTaThl. [lycte G — OTKpBITOE
muoxkectBo B C, o € [0, 27), (7, ) — HOJIIPHBIE KOOPAMHATHL B IPOKOJIO-
roit mockoctu C\ {0} KOMIIIIEKCHOTO EPEMEHHOT0 2: 2 = T exp ip, T > 0,
© € [0,27). Hanomunm (cM., HanpuMep, [229]), 910 KpyroBas CHMMETpH-
zanus MHO)KecTBa (G ¢ IEHTPOM B Hadaje KoopauHaT O OTHOCUTEIHHO
ayda ly, = {¢ = @o} onpenensiercss Kax MHO)KecTBO G*, IOJIydYeHHOE
u3 G caegyromum obpaszom: O € G* «— O € G nyia kaxmoro p > 0 me-
peceuenne MHOXKecTBa G* ¢ okpyxHOCTBIO C) := {r = p} coctont 16O
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u3 okpyzuoctu C, npu C, C G, mmbo nycro — npu C, (|G = &, ecim
JKe He BBINOJHEH HHU OJUH M3 IIePEUUCJICHHBIX BBIIIE CJIy9aeB, TO ABJIS-
ercd Jyroi {r =p,
crBa C, () G. OrMernM ciretyroye cBOiiCTBa KPYroBOii CHMMETPU3AIIN
¢ 1eHTpoM B TouKe O OTHOCHTENBHO JIyda Iy, (CM., Hampumep, [229]):

1) kpyroBas CUMMETPU3AlUs OTKPBLITONO MHOXKECTBA SBJIAETCS
OTKPBITBIM MHOYKECTBOM;

2) kpyroBas cummMerpu3anus objactu G aBIsieTcs 00JIaCThIO, U JJIst
Kaxk10it Toukn a € G()l,, BHyTpeHHHe paamycbl obsacta G U CHM-
MeTpu30BaHHON obsiactu G* ymosiersopsitor HepaseHcTBy r(G,a) <
r(G*,a);

3) KpyroBsag CHMMETpHU3AIMsl OJHOCBs3HOH objactu G daBiseTcst
OJIHOCBSI3HO# 06/1aCTBIO, IpU 9TOM, Kak mokazan JIxk. Txenkunc [303,
304], ecim a € G()ly,, T0 pasencrso 7(G,a) = r(G*,a) BO3MOKHO B
TOM U TOJILKO B TOM CJiydae, Korja obyiactu G u G* coBIaaior.

B nokazarenscrse TeopeMbl 4.1.1 6y1eT HCIOJB30BAH BCIIOMOTATEI b=
HBIA pe3ysbTarT, 1y GOPMYJIUPOBKE KOTOPOIO BBEJEM CJIEYIONme 060-
3HAMEHUS.

[ycts ¢ € (07 g] Yepesz A(p) 0603HAUUM MHOXKECTBO, JIEMEHTa-
MU KOTOPOT'O SIBJISIFOTCSI BCEBO3MOXKHBIE YIIOPSIJIOUEHHBIE Y€TBEPKH § =
(B1, Ba, B3, B4) NOIIApHO HENEPECEKAOIIIECST OJHOCBS3HBIX o0sacreil B
C rtakux, uro 1 € By, €% € By, —1 € Bs, ¢~ € B,. Ha muoxe-
crBe A(p) pacemorpum YyHKIHOHA J, jeficTBUE KOTOPOrO HA JIEMEHT
0 = (B1, By, B3, By) € A(p) oupezessercs paBeHCTBOM

J(8) = (r(B1,1) - (B3, —1))*" - (r(Ba, ") - r(By, e ")) ™.

©p — <po’ < %}, rae d — cyMMa JJIMH JIyT MHOYKe-

B npunareix 0603HaTEHUAX UMEET MECTO JIeMMa.

Jlemma 4.1.1. Cnpasedausnl caedyrowue ymeeprcoeHus:

1) eywecmeyem eduncmeennwd sremenm §° = (BY, BY, BY, BY) €
A(p) maxoti, wmo

sup J(6) = J(8°);
SeA(p)

2) sxempemanu 6° coomseememeyem eduncmeennbidi (¢ MOMHOCTBIO
00 NOAOHCUTNEABHOZ0 NOCTNOAKHOZ0 MHONCUMENR) KEadPaMUwHbLE Oud-
pepenyuan

P(w)

(w2 — 1)2(w? — e2i?)2

Q(w)dw? = dw?, (4.1.6)
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20e P(w) — noAunom me eviue 4emseepmoti cmeneny, npu 3mom mouky
a =1, a) = €%, a) = —1, a} = e u obnacmu BY, BY, BY, BY

ABAANOMCA COOMBEMCMBEHHO TOANOCAMU U KPY208bIMU 06AaCMAMUY KGa-

4
dpamuunoezo duddeperyuana (4.1.6), a samvrarnue mroocecmea | J Bg
p=1
cosnadaem ¢ pacwupernoti Komnaexcroti naockocmovio C;
3) 0as xascdozo p = 1,2,3,4 6 Hekomopol oKpecmHOCMU MOYKY, Q.
UMEEM MECNMO PA3A0IHCEHUE

0
p

Q(w)dw? = (—(w’“‘# +.. ) dw?,

ede [ty = 3 = a1, [lo = [l4 = Q2

4) xascdan Pynkyua w = f,(¢), fp(0) = ag, DEAAUSYIOWAH OOHONU-
cmHuoe U Kongopmroe omobpasicenue edunuHoz0 kpyea U wa obaacmov
Bg , ydosaemsopaem uPPepertuarbHomy YpasHEeHUIO

dz

2
=1,2,3,4):
Z)’ (p ?’7)

Q(w)dw® = —py (

5) axempemanvnve obaacmu BY, BY, BY u BY cummempuurv. ommo-
cumenvho edunuunoti oxpyorcrnocmu OU ;

6) cmpyxmypa mpaexmopud keadpamuunozo dudpepenyuana (4.1.6)
obaadaem ueHmpasvrol cummempued.

oxazamenavcmeo. Bravuase paccCMOTPUM CJIETYIONTYIO BCIIOMOTa~
TEeBHYIO 3a7a9y: 0aA 3a0anH020 @ € (0, g] MG MHOIICECTNBE BCEX NAD
(B1, Ba) nenepecexarowuzcs o0nocessnux obaacmets By 3 1 u By 3 e2iv
maxuz, wmo C\(By |J B2) D {0,00} (6 danvretiwem Mo nasvieaem ma-
Kyto napy donycmumoi), natimu mowhyio eepruioto epars M seauum
r®1(By, 1) - 7°2(Bg, e*?) (r*(B,a) = [r(B,a)]®). Ilokaxem, npexe
Bcero, uro M < oo u

M = (BY,1) - r°2(BY, e*¥) (4.1.7)

JUIst eJIMHCTBeH O normycrumoit mapst (BY, BY). C sToit nesbio 11s1 1pou-
3BOJIbHO} jtomyctuMoit napbl (By, By) obosnaunm depes fi(z) u fa(z)
byHKIINA, pearn3yIoIe OJHOJIUCTHbIE W KOH(MOPMHBIE OTOOPAXKEHUsT
enunnyanoro kpyra U ma obmactu By u By COOTBETCTBEHHO, IIPU ITOM
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f1(0) = 1, f2(0) = €2, fr(2) #0Vz € U, k = 1,2. Ilo Teopeme Kebe
(cM., Hanpumep, [104]) ans kaxpoit Toukn w € Jf1(U) BeimosnHsieTcst
HEPABEHCTBO

1
[r(Bi, )] w—1] > T
OTKYyIa
r(By,1) < |1 —e*9|.
Amnajyrornaso,
T‘(BQ,S%AP) < |1 - 62i@|7
7 3HAYWT,

o (Bl’ 1) . Ta2(32,62i<p) < ’1 _ 627;(P|o¢1+0¢2.

TToCKOIBKY TIOCIEHEE CIPABEIJIUBO JJIsl IIPOU3BOJIBLHON JIOILyCTUMOI
napst (B, Bs), T0

M < |1 — 22T <0

IIycrs {(B}, BY)}22, — moCiaeq0BaTeIbHOCT JIONYCTUMBIX I1ap

obJracTeil, Jijist KOTOPOit
Tim r1(BY,1) 02 (By,€¥%) = M,

u ycrh npu Kaxaom n = 1,2, ... dyukuuu f7(z) u fI(z) peanusyior
OJIHOJIUCTHBIEe U KOH(OpPMHBIE oToOpakeHust kpyra U Ha obmactu BT
u BY coorsercrsenno, npu stom f1'(0) = 1, f3(0) = e*, fi(z) # 0
Vz € U, k = 1,2. Ilocinennee ycjioBue O3HAYAET, ITO KaXKJjasi U3 I10-
caesoBarenbrocTeil dynkimit { f1(2)}152, u {f(2)}22, saBasiercst HOp-
MaJIbHbIM ceMmeiicrBoM u, 1o Teopeme Montess (cum. [92]), cymecryer
BO3pACTAIOIIAs TOCIEI0BATEIbHOCTD HATYpaIbHBIX wncen {n(k)}72 | Ta-

Kasl, 9TO KaxK/as U3 Iojmocyieosareabiocreil dynxmuit { fi' (k)(z)},;“;l

n(k) 00 it -
u{fy" " (2)}?2, paBHOMepHO cxoxuTes B Kpyre U nubo K HEKOTOPOH pe
ryssipHO#t pyHKINH, 100 K 00. Ciiydail cX0IuMOCTH K 00 UCKJIIOUAETCST
tem, uro fI(0) = 1 u f2(0) = €2 ama Beex n = 1,2,..., mosTOMY
bynxman f(z) = klim fln(k)(z) u f9(z) = klim f;”(k)(z) PEryJIsipHbL 1

— 00 — 00

omuosuctabl B Kpyre U, obmactu BY = f)(U) u BY = f(U) ne nepece-
KaIoTCd U yAOBJIEeTBOPsIoT pasercTBy (4.1.7). s nasnbreiinero uccie-
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JoBaHus 3KcTpeMasbHol maphl (BY, BY) mpumenum nssecTHyo Bapua-
UOHHYIO (POPMYJLY
(w—1)(w — %)

(w —wy)(w — wa)’

w® =w+ew

(em. [92]), Tie wy,we € C\{0,1,e?%}, wy # wy. Pynkimsa we(w) pery-
nspra B C\{wy,wa}, a 0,1,e?¥ — ee HenojBUKHBIE TOYKH, U TIPU JI0-
CTATOYHO MAJIBIX KOMILIEKCHBIX £ oHa Oyner oxuosmctaoi B C\{wy, ws}
(em. [92]). Econ ke wy 1 wo SABJIAIOTCH BHYTPEHHAMHI TOYKAME MHOXKE-

crea C\ ( BY|JBY ), o orcioma Gyzer cie10BaTh, 9TO MPU JOCTATOYHO

MaJIBIX KOMILJIEKCHBIX € (hyHKIun
(f1(z) = D(f1(2) — e*%)
(f2(2) = wi)(f2(2) — w2)

o 4 g ()~ D) - )
& = RO+ R O ) ) () — )

KOH(MOPMHO U OJHOJUCTHO OTOOparkaioT Kpyr U COOTBETCTBEHHO HA
obnactu B] n B5, obpa3ylolye JOIyCTUMYIO 11apy, U
g(1 — e2¥)
(I —wi)(l—w2)J "
ge?iv (e — 1) }

(% = w)(@% — wa)

fi(z) = f(2) +efi(2)

(7Y 0] = | (/2 )] {1 t Re

(55 ©)] = |(£9) (0)] {1 4 Re
1 orcroma OyieT BBITEKATD, ITO
o (Bf, 1) .oz (B;e%ga) _ }(fla)/(o)|a1 |(f25)/(0)|a2 _
= (/D) (O™ [(f2)(0)]"*x
oif o (1 —e*?) e (e2 — 1) )
X{1+|6| {(1 + )]+O(s)}

—wy)(1 —ws) (2% —w)(e? — wo

npu € — 0, e € = |e]e?. Ucnonbsys skcTpeMasbHOe CBOHCTBO Haphl
(BY, BY), sakmouaem, uro npu Beex 0 € [0, 27) crpaBe/iiinBo PaBeHCTEO

) _ L2 2ip (210
Re {620 {( ay(1 — e*%) T (e 1) ]}<07

1—wi)(l—we) (%% —wy)(e¥ — ws)
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U 3HAYUT, ' , ,
a1 (1 — e*)(wy — e*) (wy — %)+

(4.1.8)

+ae? (e — 1) (wy — 1) (wg — 1) =0
JUIS BCEX  wi,Wsz, TPUHANJIEKAMX BHYTPEHHOCTH  MHOMKECTBA
C\ (M . Honoxkum w; = w, wy = w + h. Hamee, pasnaras

JeBylo dacTh pasencrBa (4.1.8) mo cremeHsM w, HENOCPEICTBEH-
HBEIM BBIMHCICHHEM HAXOANM, 9YTO Ko3(pdUIMEeHT TpH w? paBeHn

(a1 — ee?@)(1 — €2%) £ 0, uro meBozMOKHO. [loydennoe MPOTH-
BOpeYHe TOoKa3biBaeT, uTo MHOkecTBo C\ (B? U BS) He COIEepZKHUT
BHYTPEHHUX TOYEK.

ITycrs Teneps Touku wy = f1(21) 1 wo = f1(22) upunamiekar obia-
ctu By, 21,29 € U, 21 # z3. Paccmorpum yHKIMIO

P(2) (f(2) —1) (f(2) — )

ZZOZ
N = HE 000w (19) — wa)

= g (f{)(z)) ’
(4.1.9)

rie

(w—1)(w — %)

(w — wy)(w — wa)

ge(w) = w+ ew

_ (w — 1)(w — ¢2%)
w(Hg )

(w —wy)(w — ws)

(4.1.10)
ITpu mocrarouno masbix € Gyuknus (4.1.9) ogHoMMCTHA U pery/sgpHa B
HEKOTOPOM Kouiblle 1 < |z| < 1 (r > 0). O6o3naunm depe3 BS 06JacTsb,
[IOJIyYeHHHYIO IIPUCOEIMHEHNeM K 00pasy Kodblia r < |z| < 1 upu oro-
OpakeHnu f1 . 3aMKHYTOIi 06JIaCTH, BHYTPeHHE(l 110 OTHOIIEHNIO K 06pa-
3y OKDY?KHOCTH |z| = r upm sToM orobparkenuu. Ilpumensst K yH-
kunn fi . Bapuanuonmyto gemMy .M. Tomysuna (cMm. [92]), 3akiodaen,
9TO CYIIECTBYET OJIHOIMCTHOE KoH(popMHOe oTobpazkenue fi kpyra U Ha
obnactb Bf Takoe, uro npu Bcex z € U cupaBeyinBo aCUMIITOTHYECKOE
pPaBEHCTBO

o oy PO ) 1) (12) — )
i) = FE) ey =) (79G) — w)

—ez (1) (2) wi(wy —1)(wy — %)z

21 (D) (20)2 (w1 —wa) 2= =1
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wa(wy — 1)(wy — %) 2z

—€z {J/ 7
gg)(ﬁ (F) (22)2(wa —wn) 72— 2

+ (4.1.11)

wy (w1 — 1) (wy — %) 271

+€Z(f1)()[21(f /( )] (w17w2) 1— 27,

wa(we — 1) (wy — e2%¥) 27

[22 (f2) (22)]2(wa — wy) 1— 272

[Ipu mocrarouHo MaIBIX € DYHKIUS

1) (f2(2) = 1) (f2(2) — %)
(F22) — w1) (F3(2) — w2)

(4.1.12)
ozHoscTHO oToOpazkaeT Kpyr U Ha oHOCBA3HYIO 0bjacTh BS, npudeM
n3 coorrorennii (4.1.9), (4.1.10) u (4.1.12) ogeBugHBIM 06pa30M CIIEIY-
e, uro napa (Bf, BS) 6yaer noycrumoit (pu Masbix €). Ilostoxum, aro
k*=1upnuk=2uk*=2upu k =1. U3 (4.1.11) u (4.1.12) nmoayvaem
COOTHOIIIEHsI

+ez (12) (2) +0(2), e—0.

5(2) = g (£2(2)) = £2(2) +

1 — e2i¥
+
1—wq)(1— we)

1) (F2() = 1) (0 (21) — %)
= (e o) (2 () ()

D) O] = () O] - |1+

+0(e?)

9 8_>O7

eQigp (e2i<p _ 1)

(% —wn) (@7 —ws) |’

Mﬁywﬂzuﬁmeb+g

KOTOPBIE BJIEKYT 3a COOOH CJIEIYIONLYIO IETIOYKY PABEHCTB:
P (B 1) o (B, ) = |(75) (0)] - (5) ()] =
/ a1 /
= | @9 ©

X <1+ Ree L e + ezw(ezw — 1) +
B L R (G

as
X
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f: ) (#2() = 1) (#2) — )
S (e we) (2 () ()
TToCKOTIbKY
[0 | () )| = rer (B 1) -2 (B, ),
alf?(zl) (f2(z1) = 1) (fP (1) — €*%)
(w1 — w2) (21 () (Zl))2

f(z2) (f2(22) = 1) (f2(22) — €*%)

_al ; 3 +
(wr = ws) (22 (1)) ()
1 — % 1 1
N\ Cilang) - +
wy, — Wa we —1 w;—1
e (2 — 1 1 1
) A
wy — W wo — e='¥ wy — e='®

Ocyr1iecTBuM B ITOCJIEIHEM PaBEHCTBE 3aMeHy IepeMeHHol wi; = w + h,
wy = w u uepeiigem K npeneny npu h — 0. Torma mocsenoBarebHO
MOJTy IaeM:

d w(w — 1) (w — 2% 1 —e%w e (e — 1
dw | : )(/ 2 ) TN —1 T w(—ein ! =0,
(=) )
-1 21@ 1— 2ip 2ip (210 1
ai wlw Jw ) =g = + g andC ) + const.

w—1 w — e2iy

2
(=) <z>)
B Tepmunax kBagpaTudHbBIX AuddHepeHInagoB 3TO O3HAYAET, UTO
bynxmua w = f{(z) yJIoBieTBOpsieT ypaBHEHUO
dz? Py (w)dw?
22 ww—1)2(w — e2i¥)2’
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e P| — mosimHOM BTOpPOi cTenenu, a BOJIM3W TOUeK w = 1 n w = e2iv

NMEIOT MeCTO Pa3JIO2KCHU A

2
w(w —Piggz)jli €2i9)2 - {_ (w Ci11>2 +. ] dw’ (4.1.13)
" 2
w(w —Pi)(zv(zjui e2iv)2 {—(w_a% +.. } dw?. (4.1.14)
Anasornano, byskims w = f3(2) yIOBIETBODSET yPABHEHHIO
dz? Py (w)dw?
_a2z—2  w(w —1)2(w — e2i¥)2’
rae P, — moauHOM BTOpPOI CTemeHH, W BOIM3U TOUeK w = 1 U w =

€2 umetor mMecto pasnoxkenus (4.1.14) u (4.1.15) ¢ zamenoit Py na P;.
Taxum obpazom, obmactu BY u BY aBnsiorcs KpyroBbIMH 0GJIACTAME
KBaIpATUIHBIX [ depeHnaion

w)dw?
w(w —PiSQ(?j_ e2ip)2 (4.1.15)
Pal)du (4.1.16)

w(w —1)2(w — e2i¥)2

coorBercTBeHHO. [loKaxkeMm, uro Ha camom aene Py = P, B C. st aTo-
IO BOCIHOJIB3YEMCSI CTPYKTYPHBIMI T€OPEMAaMH JJIst KBaAPATHIHbBIX Aud-
dbepenrnmanos (cMm. [104], a rakxke Teopembr 2.1.2, 2.1.4 u 2.1.5 nau-
HO#l PaBoThI), IPUMEHEHNEe KOTOPBIX MOKA3BIBAET, UTO O0IIas IPAHUIA
I = C\(BYJ BY) obnacreit B u BY cocTonT m3 KOHETHOTO YMC/Ia aHA-
JIATUYIECKUX KPUBBIX, KOTOPBIE SIBJISIFOTCH TPAEKTOPHUSMHU 000X KBaJpa-
tnanbix guddepennnanos (4.1.15) u (4.1.16) ¢ KOHIAME B 0COOBIX TO-
ukax (Hyssx u nosocax) guddepennnanos (4.1.15) u (4.1.16), upu sToM
HyJIU 3TuX auddepenianon, mpuHaiexkaime [';, coBmaaoT MexK Iy co-
6oit. OTcro/a u U3 onpe/iesIe st Tl()a)QKTOpI/II/I KBapaTHIHOro auddepen-
w

P .
nuasa caeayeT, 9To (PYyHKIN Pf(w) SABJISIETCS TOJIOMOPMHOM B 00J1aCTH

BY, merrpepriBHa Ha ee 3aMbIKAHNH, He IMeeT HyJIeit 1 IPIHIMAET TOTbKO
BelecTBeHHbIe 3Havenns Ha I' = JBY. 3naanT, 110 TPUHATIHITY MaKCHMyMa
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P2 (w)
Py (w)

CTBEHHO paBHA HYJIIO B B(l)7 u odtromy P = ¢Py, T/ie ¢ — BenecTBEeHHbIH
[IOJIOYKUTEJIbHBIN MHOXKUTeh. CpaBHUBasi pasjioxkenus: audepeHina-
708 (4.1.15) u (4.1.16) B6m3u Tovek w = 1 u w = €%, zakmouaem,
gro ¢ = 1 w P, = P;. Takum obpaszom, BY u BY aBagroTcs KpyroBBIME

IS TAPMOHMYECKUX (DYHKIWI, MHUMAs 9acThb (PyHKIUN TOXKJIe-

obacTamu KBasipartuanoro guddepernmmana (4.1.15), BY |J BY = C. o
reopeme JIxxenkunca [104], orciona cieyer, 9To KaKOBBI Obl HU GBI
HeTlepeceKalomuecs oHOCBA3HbIe obgactu By 3 1 u By 3 €% rakue,
aro C\ (B |J B2) D {0, 00}, cripaBeinBo HepaBeHCTEO

r1(By,1) - 72 (By, €¥%) <1 (BY, 1) - 172 (BY, €¥9),

3HaK PABEHCTBA B KOTOPOM PEAJU3YeTCs B TOM U TOJBKO B TOM CJIytae,
koryia By = BY u By = BY. Tenepb, 4To0bI MOJYYUTH YTBEpIK/ICHHE
sieMMbl 4.1.1, HY>KHO PacCMOTPeTh KBaJpAaTHIHbIH JuddepeHralt

4Py (t?) dt?
(t2 _ 1)2(t2 _ eQig@)Q’

Q(t)dt? =

KOTOPBIH TpU OTOOPAYKEHUHN W = t2 TIEPEBOJINTCS B KBAAPATUIHBIHN -
depennmain (4.1.6). Torma B6m3u nosrocos t = +1 u t = +e'¥, cupase-
JUINBBI PA3JIOZKEHUST

Q(t)dt* = [—(ti‘—ll)z . ] i
: Q(t)dr> = {—(tii—iw . } i,

OTcrofa Ipy TOMOIIY BBIIEYTIOMSIHY TOM Teopembl Jlxxenkuuca [104] mo-
JIydaeM Bce yTBepKeHus JjeMMbl 4.1.1.

4.1.3. [dokasaTeJbCTBO TeopeMbl 06 OlleHKe MHBAPUAHTHO-
ro (byHKIMOHAJIA C YeThIpbMsI CBOOOIHBIMMU IIOJIOCAMM Ha OKpPY-
»KHOCTHU. IlycTh A — MHOXKECTBO, COCTOsINEe U3 BCeX YIOPsI0UeHHbIX
BOCbMepOK § = (By, Ba, B3, By, a1, as,a3,a4), tne By, Ba, B3, By — 10-
[ApHO Helepecekaumecs (BoobIne roBopsl, MHOIOCBSI3HbIE) 00/JIACTH B
C, a1, az, as, ay — TOYKY Ha eIWHHYHON OoKpyxKHocTH OU Taxme, 4TO
0 < arga; < argay < argaz < argay < 27 u a € By, k = 1,4. Mu
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paccmarpusaem MuozkecTBO A(p) (¢ € (0, §]) kax mommuokecTBo A T10-

CPEJICTBOM OTOXKJIECTBJIEHNs KazK10r0 ssieMenTa (B, Ba, Bs, By) € A(p)
(¢ € (0,%]) ¢ snmemenrom (Bi, Ba, Bg, By, 1,€",—1,—¢'?) € A. JTaiee,
Ha MHOXKecTBe A paccMoTpuM (bYHKIMOHAI .J, JeHCTBAE KOTOPOTro Ha
asement 0 = (Bj, Bs, Bs, By, a1,a2,a3,a4) € A oupejeisiercst paBeH-
CTBOM

a2

aq
r(By,a1) - r(Bs,a3) - r(Ba, ag) - (B, aq)

’al—a3|2 |a2—a4‘2

J(0) :==

ITo knaccuueckoit reopeme M.A. JlaBpenrsesa [158], KaKOBbI GBI HE
O6bun TouKEM a1,ae € C U HemepeceKaiommecst OJHOCBA3HbBIE O0JIACTH
By, B, C C rakume, uto ay € By u ay € By, cIpaBeIiBO HEPABEHCTBO
r(Bi,a1)-1(Bs,a2) < ‘al —asy ‘2. Ho mpennonoxkenue 06 0MHOCBAZHOCTH
obnacreit B; u B B 310l Teopeme MOXKHO omycTuThb. OTCIO/Ia CIIeyer,
qaro Jp :=sup J(6) < 1. ITycrs {0"}22 | — mocsre10BaTeILHOCTD S/IeMEH-

SEA

TOB MHOYXKeCTBa A, JJisi KOTOPOU nh_}rr;o J(6™) = Jo. Jis npousBosibHOIO
anementa 6 = (By, B, Bs, By, a1, a2, a3,a4) € A HEEBKJIMJIOBbI I'€O/IE3U-
YEeCKHe, COSAMHSAIONINE 41 C a3 U G2 C (4, HEPECEKAIOTCA B ¢IMHCTBEHHOI
touke b € . Torya orobpaenne t = e (w — b)(1 — bw)™, 0 < 0 < 27,
siBsisiercst aproMopdusmom kpyra D, t(ay) = t(—as), t(az) = —t(—ay),
Ipu 3TOM napamerp ¢ MOKHO BbIGpaTh Tak, 4ro t(ai) = 1, a BBIIOJIHsI,
B CJIydae HEOOXOIUMOCTH, [UKJIUYECKYIO IEPEHYMEPAIHIO TOUEK a1, U2,
as, a4 u obimacreit By, By, Bs, Bj, MOXKHO, O9€BUIHO, CUUTATH, UTO
t(az) = €', rue p € (0, Z].

Hamnee, dynknuonas J WHBaApHAHTEH OTHOCHUTEIHLHO JIPOOHO-
JIMHEHHBIX aBTOMOPMHU3MOB pacimpennoii miockoctd C, a ¢ apyroit
croponbl, u3 JiemMmbl 4.1.1 u u3 reopemnr B.H. Hdy6ununa [110] cie-
ayer, uro s moboro ¢ € (0,%] TouHas BepXHss IPaHb BeJIYHHBI
(r(B1,1) - r(Bs,—1))* - (r(Ba,€"?) - r(Byg, e~ "¥))*2 Ha MHOXKECTBE BCEX
[ONIAPHO HeTepeceKaromuxcest (BoobIe roBopsi, MHOTOCBSI3HBIX) ofacTeit
By, By, B3, B, C C makux, uro 1 € By, €'? € By, —1 € B3, —e'? € By,
KOHEYHA U JIOCTUTAETCS Ha HEKOTOPOI YeTBEPKE OJHOCBAZHBIX 00JIaCTeil.
[TosToMy MOXKHO 6€3 OrpaHWYeHHsT OONHOCTH ITIOJIATATh, ITO JJIST BCEX
n=1,2,... sgeMent 0" IPUHAJIEXKHUT TP HEKOTOPOM ¢, € (0, 5] mmo-
xkectBY A(py,). Ilepexonst, ecim HEOOXOIUMO, K IIOJIIOCIIEIOBATEIILHO-
CTH, MOXKHO TaK¥K€ CYUTATh, 9TO CYIIECTBYET IIPeIe)T nlirr;o Pn =: P, U
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wo € (0,%] (B mporusHOM ciydae poskHo 6brTh Jy = 0). amee, Tax
Ke, KaK U B JIoKa3aTeabeTse jeMMbl 4.1.1, ncnosnssys Teopemy Momnre-
Jil O HOPMAJIbHBIX ceMeiicTBax (byHKIMIl, MOKEM IIOKA3aTh, 9TO CyIIIe-
creyer anement 60 = (BY, BY, BY, BY,a%,a9,a3,aY) € A(po) Takoii, uro
J(60) = Jo. Hyst nosrydenus nomnosHuTe bHON uHpopManun 06 9KCTpe-
MastboM siemente 00 nmpumenuMm Bapuarmonnyio dopmyity Jliopera—

Muddepa [278]

w0 = w0 (w) = w+——0- e —+0(p*),  p—0,
(4.1.17)

rJe p — JOCTATOTHO MAJIBI BEIECTBEHHBIIN TTOJOKATEILHBIN TapaMeTp,
wy € C, A = A(p) — napamerp rpanuunoii sapuanuu, p°|O(p3)| —
BEJIMYMHA, PABHOMEPHO OTPAHMYEHHAA Ha KAsKJIOM KOMIIAKTHOM IIOJI-
muozkecerse obsactu C\{wo, (Wy)~1}. Kpome Toro, msa seex wy € C,
w € QU\{wp} u p > 0 BeIONHSIETCS yenoBue w0 (w) € OU. Hanee, kKak
U 1pu JlokazaTesaberse gemmbl 4.1.1, obosnatnm vepes fP(z) dbyukimio,
peam3yIoNy0 KOHMOPMHOE U OJHOJIMCTHOE oToOpaxkeHue kpyra D Ha
obmacts BY ¢ f2(0) = a?, k = 1,4. Paccmorpum BapbupoBanuble byH-
kan f£0(2) = wP o (f(2)), w nyers BL = f£(D), af = £ (0),
k = 1,4. 3aecs wy € C\ (Ui:l Bg). U3 pasencrsa (4.1.17) nosyuaem,
9TO

FY(0) = (f)(0) {1 — — 20— — 22 20 W0 4 3

npu p — 0. Ho mockoJsibKy [1i1st OHOCBA3HBIX ObJiacTeil rumrepbosmte-
CKOTO THITa BHYTPEHHUI PAJIUYC COBIAIAET ¢ KOH(OPMHBIM, U IIPU BCEX
¢ € C mmeer MecTO paBEHCTBO

|1—cp2| =1-p?Rec+ o(p?), peER, p— 0+, (4.1.18)
TO OTCIOJIA CJIEJIYET, UTO

2Aa2

0

r(BY,af) =r(By,ap) {1 — p’Re o)
k

S HO) ] o0,
(4.1.19)

wop(a
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Hombayscs Tem, 4ro a?, a3, a3, a§ € T u af +al = af + af = 0,
u3 (4.1.17) n (4.1.18) Jerko 3aKJIOUUTH, 9TO IpH p — 0 UMEIOT MECTO
DPABEHCTBA

|af — af] = |a} — a§|(1+ O(p*).  [a5 — af] = |a3 — af|(1 + O(p*)).

Bumecre ¢ (4.1.19) aro maer ciezyiomiee PaBEHCTBO Ijisl 3HAYCHUS
dbyukumonana J na snemenre 07 = (BY, By, BS, By, af,ad5, b, a), npn-
Ha/IJIEXKHOCTL KOTOPOI'O K MHOXKECTBY A IIpU MaJIbIX 3HAUYCHHAX IIapa-
MeTpa p HeINOCPEJICTBEeHHO BBITEKAeT U3 CBOicTB Bapuanun Jlropena—

[MMuddepa (4.1.17):

J(6°) = J(8°) {1 —2p* x

A a1a? asal a2 aal
xRe | — | ——t 5+ 24— 42|y
Wo | (af — wo) (a3 — wo) (a3 —wo) (a —wo)

+0(p*)}, p— 0.

ITosb3ysiCh TEM, YTO 37eMeHT §° peaan3yeT MAKCHMYM (DYHKIHOHAJIA
J Ha MHOXKecTBe A, OTCIOJA TOJyYaeM, YTO MPU JIEOOBIX JIOMYCTUMBIX
3HAYEHUAX Wy U napamerpa A(p) cupaBemyinBo HEPABEHCTBO

9Re <A(p) [( ajal N aza) N aial N azal )2]> N

wo | (af —wo)?  (a§ —wo)?  (a§ —wp)?  (af —wo

+0(p) 2 0,
13 KOTOPOTO 110 OCHOBHOI JieMMe MeTofa rpannanoil Bapuariuu [ludde-
4
pa (cm. [339]) BbiTekaer, uto muoxkectso C\ |J BY siBistercs 3aMmblKa-
k=1
HUeM 00beUHEHN KOHEYHOI'0 YHC/Ia TPACKTOPHil KBaApaTHIHOIo Jud-
depenrmaga

Q(w)dw? =
_ o aral aga) n aral n agal dw? _
@-w? " @—w? " @-w? (@ -w?] w
(4.1.20)
= —SGQiWO (a2 + 6_2“00&1) w4 — 2(0{2 + a]‘)w2 + (a2 + eziwoal) w2.

(w2 _ 1)2 (w2 _ 621‘%)2
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VYKe 0TCIO/Ia BBITEKAET, UTO it 3TOTO JuddepeHIiuaia CrpaBeimBo
paserctio Q(—w)d(—w)? = Q(w)dw?, a cTpykTypa ero TpaekTopmit
obaaaerT cuMMeTprueil OTHOCUTEILHO OKpYsKHOCTH OU ¥ NeHTpabHON
CUMMETpPHell OTHOCUTEIHLHO Hadasa Koopauaat O.

Tenepsb HOKA3aTEIHCTBO MEPBOro yTBepKieHUst Teopembl 4.1.1 3a-
BEpIIAETCS AHAJOIMYHO TOMY, KakK 9TO ObLIO ClejJaHo B pabore [28].
s 9T0r0 TMPOBOIUM CJIEAYIONIYIO KPYTOBYIO CHMMETPHU3AIIIO SKCTPE-
Manbibix obsacreit BY, BY, BY, BY ¢ nentpom B Hauase koopaunat O:
npu kKaxkjaoMm k = 1,2,3,4 obaacto Bg CUMMETPU3YETCS] OTHOCUTEJIHHO
ayaa {z = te®* D% .t > 0}; nomyuennyio TakuM 06pazoM 06IACTH
obosHaunM depe3 Bj. Ilomoxknum a] = 1, a3 = i, a5 = —1, aj = —i.
[Tocste 9T0OTO, MOJIB3Y$ICH M3BECTHBIMU CBOWCTBAMHU KPYTOBOW CUMMETPU-
3aIUH, IPUBEIEHHBIMA B MEPBOl 9acTu paboThl, 3aK/I09aeM, 9TO MpU
kaxxaoM k € {1,2,3,4} obnacte B} OIHOCBSI3HA U CIIPaBEJINBO Hepa-
serctso 7(BY,aY) < r(Bj,a}), oTKyja ToLydaeM, YTO JUIs SJeMeHTa
§* = (Bf,B;,Bj,Bj,a},a3,a3,a3;) € A (%) BemonneHa nemouxa co-
ornomenuit Jo = J(6°) < J(§*) < J(6') < Jy, vae snmement §' =
(B, B3, B3, Bi,a},a3,a},a;) € A(5) BoiOpan TaknM 0GpasoM, UTO Ha
HEM JIOCTUTAETCS MaKCUMyM (DYHKITHOHAJIA J Ha MHOXKecTBe A (%) Cie-
JIoBaTeILHO, UMeloT Mecto pasenctsa J(8°) = J(6%) = J(61) = Jy, nep-
BOe U3 KOTOpbIX Biieder, uto r(BY, a%) = r(Bj,a}), k = 1,4, a Bropoe — B
CUJIy yTBEP:KJI€HUsl [TePBOro IIyHKTa JieMMbl 4.1.1 0 eIMHCTBEHHOCTH K-
CTpeMaJI — JaeT COBIaeHue sKcTpeMadeit 0* u §1. OTciona u u3 mpuse-
JEHHOT'O B IIEPBOI YacTu HACTOsIIEeH paboTsl pesysibrara JIk. J>KeHKmH-
€a 0 eJIMHCTBEHHOCTH TIPU KPYTOBOI CHMMETPHU3AIIH OTHOCBII3HBIX 00J1a-
CTeil, a TAKKE C YIeTOM CTPYKTYPBI TPAEKTOPUii KBaApaTudaHOro gudde-
pennmada (4.1.20) BbiTekaeT 9To 1pH Kax oM k € {1,2, 3,4} cupaseym-
BBl paBencTBa B = B} na = aj. 1o o3nauaer, 9ro gy = 5, KBaApaTH-
unbtit quddepenrman (4.1.20) npuaumaer suy (4.1.1), Toukn af, a3, af,
al n obmacru BY, BY, BY, B} saBAA10TCS COOTBETCTBEHHO €T0 MOJIOCAMH I
KPYTOBBIME OOJIACTSIMU, U JIJIsT JTIOOBIX TOYEK a1, Ao, A3, A4 € T U JJI Ka-
2KJI0I YeTBEPKU [TOTIAPHO HEIIePEeCEeKAIOIINECsT MEXK Ty coboit obiiacteil By,
Bs, Bz, B, C C raxux, uto 0 < arga; < argas < argaz < argay < 2m
u a; € Bg, k = 1,4, cupasemyuso nepasercrso (4.1.2). Tlepsoe yTBep-
kKjenne TeopeMbl 4.1.1 g0Ka3aHo.

s 3aBepinienns gokasareabcTBa TeopeMbl 4.1.1 ocTaioch U3yvnTh
cyuaait pasenctsa B (4.1.2). Ilycrs 81 = (By, By, B3, By, a1,a2,a3,a4) —
3JIEMEHT MHOXKeCTBa A, Ha KOTOPOM JIOCTUTAETCsI MAKCUMyM Jy DYyHKITHI-
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oHaJuIa J, U IIyCcTh {Bk} k—1 — CHCTeMa obyacTei, TIOJyICHHAS B PE3YJIbTa-
Te 3anoaHenus cucreMsl { By }1_,, 5= (317 Bg, Bg, B4, ai,as,as, a4) To-
raa J(0) = J(5) Jo, oTKyza cienyor pasercrsa r( By, ag) = T(Bk, ak),
k=1,4. ycrs k € {1,2,3,4}. Torga upn w — aj, IMEIOT MECTO PaBEH-
crea gp, (w,a) = —log|w — ay| + logr(By, ar) + o(1) u gp, (w,a) =
—log |w — ag| + log r(Byg, ar) + o(1), 9T0 CBUAETEILCTBYET O TOM, YTO:

1) dyuxmust hy (w) := 95, (w,ar)—gp, (w, ar) — rapMoHnyIHa B 061~
ctu By;

2) B KaxKJIOii peryJisipHoil Touke z € 0By, CylecTByeT HEOTPUIATE b-

Heiit mpeges  lim h(w);
w—z,wE By

3) h(ax) = 0.

ITockombKy KazKk1ast TOUKa TPAHUILI 0bacT By, HCKI09asi, BO3MO-
JKHO, MHOYKECTBO HYJIEBOW €MKOCTH, sIBJISIETCS PETYJISIPHOM, TO U3 06006-
MIEHHOTO IIPUHIAIA MaKCHUMyMa, JJId FapMOHMYECKUX (PYHKIUIl BbITe-
kaer, uro hi(w) = 0 B obnacru By. Eciu npeanosoXKuTb, 9To eM-
Kocrs (Gopesesckoro) muoxkectsa Ej, := Bi\Bj — NOI0KATEIbHA, TO
B KaKJ0i Touke z € FEj, 3a mCKIOUeHMeM, OBITH MOXKET, HEKOTOPO-
ro MuozecTBa EY Hy/leBoii eMKOCTH, CyIeCTBYeT 1 PaBeH HyJIO Hpe/el

lim  gp, (w,ar), 1o B TO K€ Bpems gp (2, ax) > 0 — BB HOJIOXKH-
w—2z,wE By

TebHOCTH DyHKIMY ['prHA BO BHYTPEHHUX TOYKAX 00IaCTH. SHAYUT, HE-
pasencrso  lim  h(w) > 0 ciupaseymBo 115 Beex Touek z € Ey\EY,

w—2z,wE By,

U B ity 0OOOIIIEHHOIO IPUHITUIIA MAKCUMYyMa JIJIsi TADMOHUYECKNX (DYH-
KIWiT OTCIO/Ia BLITEKAET MOJIOKATEIHLHOCTh (PyHKIUKU Ny B obmactn By.

[Mosryuenroe mpoTuBopedne mokasbiBaet, ato cap B = 0. B gans-
HeliImeM, MoJIb3ysich KOH(OPMHON HHBAPHAHTHOCTBIO (PyHKIMOHAAa J
W, ecJiu Hy’KHO, IIPUMEHsIsI TOYHO TaK YK€, KaK W BBIIIe, IIOIXO/ISIINee
IPOOHO-JIMHEHOE TPE0OpPa30BaAHNE, MBI Oy/IEM CUYUTATh, UYTO IPU HEKO-
Topom ¢ € (0, 3] cpaBesuBeI paBeHcTBa a1 = 1, az = e, az = —1,
ay = —e'?.

IIpoBesieHHBIE BBINIE PACCYKAECHUS C HMCIOJB30BAHUEM JIEMMBI
4.1.1, teopembr B.H. y6ununa [110] u teopembr k. [I>KeHKWH-
ca O eJMHCTBEHHOCTH DM KPYTOBOH CHMMETDH3AIMN IOKA3BIBAIOT,

aro ¢ = 5. Takum obpasom, y Hac ecTh JiBe 3KCTpeMaam: § =

(Elv EQ; g?w §47 17 i) _17 _Z) u 60 = (B?’ Bg7 Bg7 Bga 17 Z.a _17 _Z)7 rae
BY, BY, BY, B) — xpyrosbie obsactu KsajipaTuanoro jauddepennnaa
Q(w)dw?, onpenenstempre pasercreoM (4.1.1) (ay = i*~1 € BY, k = 1,4).
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ITo teopeme B.H. ly6ununa [107] oTcroma ciemyer, 9ro Jisi KaxKI0ro
k € {1,2,3,4} cymecrByroT Takue JNefiCTBUTEIbHBIE YUCIA Sk U (f, ITO
dynkrus ['puna obractu By, ¢ mosmocoM B Touke i~ MozkeT ObITE pe/-

CTaBJIEHAa B BUJIE

95, (w, 7)) = spIm G + g, (4.1.21)

rie ; = (x(w) — BbIOpaHHAs HAJTIEXKAIIM 00PA30M OJIHO3HAUHAS BETBb
w

dynKIUII fQ%(w)dw.
0

IIpeanonoxxum, 4To 5 £ §°. 13 Toro, 9T0 3aMBIKAHUE O0bEINHCHIS
obmacreit BY, BY, B} u BY coBnajaer ¢ pacIupeHHON KOMILIEKCHOf
IJIOCKOCTBIO U U3 CTPYKTYPHBIX TEOPEM /IS KBAJAPATHIHBIX Juddepen-
muanos (cMm., HampuMmep, [104]) caenyer, uro Hafimercst TpaekTopHs Y
kBajparndHoro juddepennunana (4.1.1) u vomep k € {1,2,3,4} Takue,
9TO:

1) v He UMeeT OOMUX TOYEK HU ¢ ofHON U3 obiacreit BY, BY, BY u
BY; ~

2) muokecTBO 7| By — He mycro.

He ymenbmas obmpocTn, 6ymeM st ONPEIEJIeHHOCTH CIATATh, UTO
k = 1. Torga pasencrso (4.1.21) nokassiBaer, 4To GyHKIH ¢ B, (w, 1) no-

crostHHa Ha MHOXKecTBe v (| B1. U3 onpenenenns obnactu B BBITEKaeT,
YTO KaxkJiasl ee 'PaHUYHAS TOYKa sIBJISI€TCs pery/isipHoii. [losromy, eciin
MHOXKecTBO 7y (| By uMeer npejieibHble TOYKN Ha OB1, TO 95, (w,1) =0

Ha () B, Y4TO IPOTHUBOPEUUT IOJOKUTEIHLHOCTU (DYHKIUK 95, (w, 1)

BHYTpHU 0bJsiacTu El.

Torga, cHOBa UCIIO/IB3Ys CTPYKTYPHBIE TEOPEMBI JIJIsI KBAIPATHIHBIX
muddepennuaios, genaeM 3aKk/IoueHne, 9TO UMEET MECTO OJIUH U3 CJie-
JIYIONUX JIBYX CJy4aeB: Jmbo By = Bg, k = 1,4, tubo Haiimercss Ta-
Koii Homep k € {1,2,3,4}, uro Bce Hynu KBaaparnaHoro guddepenima-
ga (4.1.1) npunajexkar obgactu By,. IIpeamookuM, 9TO BBIIOJIHSIETCS
Bropoit u3 Hux. Torma, yaursiBas BuI KBaIpaTuIHOro auddepeHnuaa
(4.1.1) upuxomum K BBIBOJY, 9TO B CJIy4ae (] 7 (i OH UMEET YeThIPe
MIPOCTBIX HYJIsI B 00JIACTH Ek, KOTODBIE SIBJIAIOTCH TOYKAMU BETBJICHUST

w

nepBoro nopsaka Ayst dyHknun [ Q%(w)dw (B 3TOM JIETKO yOeamTest
0

IIPU TTOMOIIA PAa3JIoKeHns 370k dbyHknuu B psj [lonzo ¢ menTpom B
HyJIsX KBaapaTuaHoro auddepennuaia (4.1.1)), 4ro nuporusopedur Bo-
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3MOKHOCTH BBIJICJICHUs €€ OJHO3HA4YHOI BeTBU B objactu By,.

Eciu xe a1 = aa, To muddepennuan (4.1.1) umeer nsa Hyss BTO-
poro mopsinka B Toukax w = 0 mw w = oo0. B srom ciyuae mocsos-
HBIM MTOBTOPEHHEM paccykiaeHnii paborsr [108] ycranasnmusaercst Hapy-
[IeHre IPUHIMIIA MAKCAUMyMa JijIsd FapMOHUYECKHX (YyHKImil. Takum
00pa3oM, MOKa3aHO, UTO €CJH IS TOINAPHO HeIePeCceKaloIXcs obJra-
creit By, By, B3, By C C u Touek ay, ag, as, ay € OU Takux, 4ro
0 < arga; < argay < argaz < argay < 27 u ar € By, k = 1,4,
uMeeT MecTo ciydail pasencrBa B (4.1.2), TO BBIIOJIHEHBI PaBEHCTBA
cap ka\Bk = 0, k = 1,4, u cymecTByeT Takoe IpOOHO-JIHHEHHOE OTO-
Opazkenne S, aBgIomeecsa aBToMopdu3MoM euHIIHOrO Kpyra D), uro
upu k = 1,4 ar = S(a}) u By = S(BY), rae al u BY ssasiores coo-
TBETCTBEHHO IOJIFOCAMU ¥ KPYTOBBIME O0JIACTIMY KBaJIPATUIHOTO JH-
dbepennmamna (4.1.1).

W3 npoBeeHHOrO BBIIIE aHAIU3A CJIELYyeT U 0OpaTHOEe: eC/IH JJIs 110~
[ApHO HelepeceKalomuxcs obacreil By, By, By, By C C u Touex aq, as,
az, ay € OU raxux, uro 0 < arga; < argas < argaz < argay < 27 n
ay € By, cupaBenyusbl pasenctBa cap Bi\Bx = 0 u cymecrByer takoe
JPOOHO-JTMHEiHOe oToOpazkeHne S, ABJIAIOMeEecs aBTOMOP(MHU3IMOM €11~
uuanoro kpyra D, uro ay = S(al) n By, = S(BY), k =1,4, To B (4.1.1)
MMeeT MeCTO cjiy4ail paBeHcTBa. Teopema 4.1.1 jgokaszana.

4.1.4. [doka3aTeJbCTBO TeopeMbl 00 oreHKe (hpyHKIIMOHAJIA
MepBOro THUIIA JJs 2n-JIyY€BbIX CUCTEM TOYEK HA OKPYKHOCTH.

[Iycts n — mHaTypasbHOe Yucao, n > 3, ai,..., 0, — TOIYKH HA €INHU-
qnoit OKpy:kHOCTH OU, Q9,41 := a1, 0 < arga; < -+ < argag, < 2m,
By,..., By, — nonapHo Hemnepecekawoiuecs objactu B C Takue, 4ro

agk—1 € Bop—1 ¥ agx € Bap C L(agk—1,a2141) := {z € C: argag,—1 <

argz < argasgy1}, k= 1,n. llonoxum oy 1= —(argasg,1 — argas,—1),
n

k = 1,n, opt1 := o1. OueBunno, yro Y, o = 2. Iycrs (p(w) —
k=1

=

OJIHO3HAYHAsT BETBb (DYHKIAN (efi‘“g a%*lw)‘%’v, BblJIe/IsieMasl YCJIOBU-
eMm (i (agr—1) = —t.

Hammu pmasbHeiimue paccyzKJieHdsi OCHOBAHBI Ha ITPUMEHEHUH
KYCOYHO-PA3/IEJISIIONIEr0 Ipeodpa30oBaHusi, MPEJIOKEHHOTO B paboTax
[108-110]. dus kaxnoro k € {1,...,n} dbyuxuus (, orobpazkaer yro

L(agk—1, aor+1) Ha noaymsockocrs Im ¢ > 0.
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Onpenemmm obnactu GY, | = 1,4, k = 1,n, crenyomum obpa-
soM. Obmacts G}, siBisiercss 06pazoM 06jacTH Bog 1pH oToGparkeHun
Ce; G3 — obmactb, cummerpuuHas 06jactH (), OTHOCHTEILHO MHH-
Moit ocn. G ABIAIOTCS OOBEMHEHHEM CBSI3HOH KOMIIOHEHTBI MHOZKe-
ctBa Bopi1 () L(agk_1,a2¢11) Tpu 0TOGparkeHUH (j, C €ro CHMMETDH-
YHBIM OTPaKeHHeM OTHOCUTEJbHO MHUMON OCH. AHAJIOrUYHO CTPOUTCS
obaactb G

Hycts ¢, = Cgx(azy), ¢; — o6pa3 TOUKH ), NPH OTPasKeHHH OTHO-
CHTEJIBHO MHHMOI ocH, ¢; = i, ¢4 = —i, k = 1,n. U3 onpenenenns
obtacreit G}c, Gi, G% u Gi M TOYEK C}, ci, ci u cﬁ BBITEKAET, ITO JIJIs
Bcex k = 1,...,n 3T 00JIaCTH TIOMAPHO HE TEPECEKAIOTCS U cfc € GL,
I = 1,4. Ilpumensia cnencreue 4.1.2, nna Becex k = 1,...,n mosydaem
HEpPABEHCTBO

(r(Ghoc) (G c)™ - (r(GRo ) - (G k)™ < 4“1+“2Mo<<?1,a2).)
4.1.22

Hanee, yaureiBass Buj oToOparkeHusi ( OyZeM HMEThb CJIEIyIOIIHe
ACHMIITOTHIECKUE PABEHCTBA:

G (w) — Celazn_1)| = (U—lk) = age_1|(1 + o(1)
IIpA W — a2k—1;
|Ck(w) - Ck(a2k+1)’ = (Uik) |w — a2k+1‘(1 +0(1))

IpU W — Aop+1. VI3 9THX paBeHcTB, npuMmenss teopemy B.H. Jlybununa
[108], monygyaem HepaBeHCTBA

1
7(Bak—1,a2k-1) < [Uk cog-1 (G, &) - T(Gi_l,ci_l)] o k=1,...,n,
(4.1.23)
rie G3 := G2, ¢2 :== ¢2 = i. C jpyroii CTOPOHBI, U3 ONpE/ICICHUsT BHY-

TPEHHEr'o paJnyca BBITEKalOT paBEHCTBa
1
T(GIIWC}C) = ’C,’e(agk)| T(ng, agk) = O'_k T(ng, agk)7 k = 1, ey n.

Hockonsky r(GL, ct) = r(G3, c}) nus seex k = 1,...,n, TO UMEIOT MECTO
COOTHONICHUSI:

=

r(Bag, as) = ok [T(G,lc, c,lc) 'T(Gi, ci)] , k=1,...,n. (4.1.24)
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Ucnonbays (4.1.22) — (4.1.24) u nepasenctso Komm o cpegaem apu-
dMernyecKoM U cpelHeM TeOMETPUYECKOM, TI0JIYyYaeM HEMO9YKy COOTHO-
IIeHi

@ a1tas

n (5] n 2 n
HT(B2k71,a2k71) : H?"(Bmc,azk) < HUk X
k=1 k=1

k=1

-

[(T(Gllw cllf) : T(Gi, Cz))al (’I‘(Gi, ci) . T(Gé, Ci))a2:| 2 <

n
X
k=

agtag
n

n
< H o (4t [ (g, a0)) ® <
k=1

n n(ag+az)

N
|

Q

ol

n 2 (1 +az)
. (2o‘1+“212(a1,a2)) 2 = (-) X
n

" 4 n(o1+oaz) n
« <4a1+a2]£(a17a2)) 2 (_) ([2(0&1,&2)) 2 )

B KOTOPOI BCE HEPABEHCTBA MIPEBPAIAIOTCSA B PABEHCTBA TOTIA W TOJBKO
rorya, Korja Juist Kaxkiaoro k € {1,...,n} BBIIOJHSAIOTCH Clleiyonue
YCJIOBHS: o

1) obnactu G, Gi, G3, G} u TouKM ci, i, Ci, C} ABISIOTCS COO-
TBETCTBEHHO KPYTOBBLIMU OOJIACTSIME U TIOJIOCAME KBaPATHIHOrO Jiud-
depenimana (4.1.1);

2) cap GE\G}. = cap G2\G2 = cap G3\G3 = cap GL\G2 = 0;

3) O = 2

n

Bemmosnasis, eciu Heobxommmo, moBopor miaockoctu C orHOCHTETBHO
Hadasia koopAauHaT O, MOXKHO 663 yMEHbBIIEeHUsT OOIIHOCTH CUUTATD, ITO
a1 = 1. B cuy onpenenenust obacreii G}e, G% G;Z’.7 Gi U TOYEK c,lﬁ, ci,
C}, Cj, BBIOJIHEHNe yc/IoBNil a) 1 B) o3HAuaeT, uTo aj = exp [i(k — 1)Z],
k=1.2n,u G(w) = (-1)" 1 (Vw,)", k =T1n, rae yw, — oguosna-
qHast BeTBb (DYHKIME \/w, BbleseMas yenosueM /1, = 1, a Bormodtie-
e yesosnii 2) n 3) — uro cap By\Bi = 0, k = 1, 2n. Jlanee, ocymecTs-
Jgs B KBaaparuanoM guddepennuaie (4.1.1) mocieaoBaTesbHO 3aMEHbI
JIOKAJIBHBIX apaMeTpoB w = ( u { = w? , MbI TIOJIy9aeM KBaIPATHIHEII
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nudpdepenrman (4.1.7), npu 5T0M TOUYKN a) U obaacTu By, SIBIISIIOTCSL CO-
OTBETCTBEHHO €ro MoJocaMu U Kpyroseivu obstactsmu (k= 1,2n). Do
3aBepIaeT J0Ka3aTeIbCTBO TeopeMbl 4.1.2.

Curenyromuit BCioMorareabHbIil pe3yabrar 6611 moxyden A.JI. Tap-
rouckuM B [221].

Jlemma 4.1.2. Cnpasedaugvl coommoueHus

(0) _ ./al‘w/a —./al}%(\/zjiil)
T(Bo ,O) p Y
v + v V)

r(B(O) OO) :l\/a’\/@—\/a’%(i%_l)
T eyt VER)
) =gV lva = vV
T<B£o>7(_1)k 1Zp>:2p (\/a_2+\/a_1)%(\/%+1) . k=1,2,
Iio)(oq,ozg) = (7‘ (B((JO), O) r (ng), oo))a1 X

r (Bio), ip) r (Béo), —ip) i
X =
4p?

- a1 —/C& 2 - « « 2
= aag? |yar — vaa| VIV ar - aTEY

B((IO), q € {0,1,2,00} — xpyeosvie obaacmu keadpamuunozo dugpeper-
YUAAG
w* 4+ 2(1 - 222)p%w? + p*

2
w2 (w? + p2)? dw”.

Q1 (w)dw? = —

Benuauny I io)(a, 1), mo-sBuaumomy, Brepsbie Beraucaunn B.H. ly6u-
uuH [108], sarem — I'B. Kysbmuna [153] u E.I. Emenssinos [119].

4.2 Ouenkn PYHKIMOHAJIOB MEPBOTO TUIIA CO CBODOIHBIMU
MOJTIOCAMU HA OKPY2?KHOCTHU [IJIsi OTKPBITHIX MHOXKECTB U
HeHaJIeramommx oodJiacrei
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4.2.1. OcHoBHbIe yTBepxkaeHus. Ilycte Dy ectb o0beuHeHE
BCEX KPYTOBBIX obsacTeil KBagpaTudHoro auddepeHimaa

(1 + Va)w? +1 - /@) (1 - Va)w? + 1+ /a)

2 _ 2
Qi (w)dw” = — (wh — 1)2 dw®,
acRt, a<l
Teopema 4.2.1. IIycmb ap = expi@, k =1,4. Tozda dnrsa sca-

koeo o € RY, a < 1 u 06020 omxpvimozo mmoscecmea B, ydosaemeo-
DANOULE20 YCAOBUAM:

1. {ar}t_, Cc BCC,
2. [B(a1)NB(ap)U[B(as) N Blag)] = @, dan ecexp =2,3,4, ¢ =
1,2,4; cnpasedaueo nepaseHcmso
r(B,a1)r(B,as) - [r(B,a2)r(B,a4) exp2 gp(as,as)]” <
(4.2.1)
< r(Dy,a1)r(Dy,a3) - [r(Dyg,a2)r(Dy, aq)]”,

2de 3nax pasecmea docmuzaemcs mozda u Moavko moezda, xkoeda B = Dy

u cap B\B = 0.

Teopema 4.2.1 sBIgeTCA yCUIEHAEM OJTHOTO BEChMa BayKHOTO Pe3yJIb-
tara u3 [153]. 3uech B oupesieseHo caeayonmmM o6pa3oM:

G B(ax), B(az)B(as) = 2,

B = k=1
3
U Blax), B(a2) = B(aa),
k=1
~ 4
rie {B(ak)} — cucTeMa HeHaJIeralommx o0JacTell, IoIydeHHas B

k=1
pesysibTare BBIIOJHEHHs! ONEPAIUH 3AIOJHEHHUsT HECYIECTBEHHBIX I'pa-
HUYIHBIX KOMIIOHEHT (CM. TJIaBy 2) CHCTEMbBI HEHAJIETAIomumX obsacTei
4
{B(ay)},—, OTHOCHTEJBHO CHCTEMBI TOUYeK {aj}i_, B Ciydae, KoOrja

- 3
B(az)(B(as) = @. Ecim xe B(az) = B(as), TO {B(ak)}k:1 — cm-

cTeMa HeHaJIeraronux obIacTell, Moy YeHHas! B PE3y/IbTaTe BbIOJHEHS
3
orepanun 3amosHenus cucreMsl { B(ay)})_; OTHOCHTEIBHO CHCTEMBI TO-

uek {ar}i_;.
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Caencreue 4.2.1. Ilpu ycaosuar meopemuv, 4.2.1 cnpasedaiuso He-
paseHcmso
r(B,a1)r(B,as) - [r(B,a2)r(B,a4)]" <

< (D4, a1)r(Dy, a3) - [r(Da, a2)r(Dy, ag)]” .
3HaK PABEHCMEA 6 IMOM HEPABEHCMBe JOCUZAEMCA M020a U MOABKO

mozda, xoeda B = Dy u cap B\B = 0.

Caencrsue 4.2.2. IIyemv a > 3, o, 3 € RT. Toeda npu ycarosuaz
meopemvl 4.2.1 8bINOAHAENCA HEPABEHCTNEO

[r(B, a1)r(B,as)]” - [r(B,az2)r(B,a4)]’ <

< [r(Da,a1)7(Da, a3)]* - [r(Da, a2)r(Da, as)]”

3Hakx paseHcmea 6 IMom HEPAGEHCTMBE JOCTNULAEMCS M020a U TOALKO
moada, koeda B = Dy u cap B\B = 0.

Ucnonways Teopemy 4.2.1, caeacrue 4.2.2 n pazjesnsioniee mpeoopa-
soanne ( [108-110]) momyuaem ciemyromuii pe3ynbTar.

Teopema 4.2.2. IIyemo n € N, n > 3, a € (0,1). Jas moboti 2n-
ayuesoti cucmemvr movex As, = {ar}it,, pacnosooicennoti na U, u
21060 cucmemv, nonapo nenepeceraousuca ooaacmeti { By Yo, ay, €
By, C C, k =1,2n, cnpasediuso nepasencmso

1 7(Bak—1, a2k —1)r*(Bak, asi) <
k=1

n

SIE]

n 1+«
< lH ag ({a2p1}2—1)] [r(Da, 1)r(Da, =1) - [r(Da, i)r(Da, —i)]"]
k=1
3nax pasencmea 6 IMom Hepasencmee Jdocmu2aemcs moz0a U MoAvKO
mozda, xo020a ay, u By, k = 1,2n, asisomes, coomeememeenHo, noo-
CaAMU U KPY208bIMU 00AGCTMAMU K6adpamuuHozo duddepenyuana

no (@ —Dw?™ —2(1 + a)w" + (o — 1)

Q(w)dw? = w (w2 —1)? dw?.  (4.2.2)
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Teopema 4.2.2 ycunuBaer un 0b6obmiaer Teopemy 2.3.11.

IMontocer u kpyroeoie obuactu guddepeniuana (4.2.2) oboznaunm
ag, Bg, k=1,2n.

CaenctBue 4.2.3. IIpu ycrosuar meopemot 4.2.2 6oinOSHAECMCA He-
paseHcmso

n n
[ r(Bar—1: az—1)r*(Baw, asi) < T r(B—1, a3—1)r® (B, ady)-
k=1 k=1

3nak pasencmsa docmuzaemces moz2da u moavko moezda, kozda ay u By,
k =1,2n, A64410McCA, COOMBEMCMBEHHO, NOACAMU U KPY208DMU 00AG-
CcmAMY K8adpamuuHo20 duddepenyuana

Q(w)dw2 = "2 (o = D _(52(711 i— T));UTL tl-l dw?.

CnencrBue 4.2.3 06061aeT Teopemy 2.3.11.

4.2.2. [doka3aTeJabCTBO TeopeMbI 00 oIlleHKe (byHKIIHOHAJIA
IIEPBOTO THUIIA C YEeThIPbM#A (PUKCHPOBAHHBIMU IOJIIOCAMH Ha
okpyxHocTtu. 13 ycioBusi 2 teopembl 4.2.1 nonydaem, 9To 061acTh
B obnanaer obobmennoit dynkuueii I'puna gp(w,a). Hanbueitmue pac-
CY?KJIEHUS TPOBOJISITCS B COOTBETCTBUU C PE3Y/IBTATAMI U METOJIAMU Pa-
6ot [108-112]). Pacemorpum muoxectsa Ey = C\B, E(ax,t) = {w €
C: |lw—ar| <t}, k=1,4,t € RT. lna nocrarouno maspix t € RT
IIOCTPOUM OOOOINEHHBINT KOHJIEHCATOPD

C (t,B,{ar}y—1) = {Eo, E(a1,t), E(as,t), E(as, t), E(as,t)}

¢ mpeamucanabivu 3uaderusMu (0, 1,1/, 1, /o). EMrocrpio koHmenca-
topa C (t, B, {ax}}_,) HasbBaeTCs BeJMInHa

cap C (t, B, {ax}1—,) = inf // [(G2)? + (Gy)?] dady,

rJle HIKHdAs PaHb 0epercs 110 BCEM BEIECTBEHHBIM, HEIPEPLIBHBIM U
sunmunesbiM Ha C dynkiuam G = G(z) takum, aro G(z) = 0 B HeKO-
TOpoit okpecTHOCTH MHOXKecTBa Fy, G(z) = 1 na muoxecrsax E(aj,t) u



194 I'nasad Ixcmpemanvroie 360041 €O c60600HBLMU NOAOCAMU ...

E(as,t), n Hakoren, G(z) = /a na E(as,t)|J E(aq,t). Moxyns KoHzeH-

caropa ’C (t, B, {ak}izl)’ OIIPEJIEJISIETCST PABEHCTBOM

€ (1, B Aatiny)| = [can © (8B far}is)] ™

4
Pacemorpum obnactu {Ag},_,, rae

A ={weC: |w|>1, Imw > 0},
Ao ={weC: |w| > 1, Imw < 0},
As={weC: |w| <1, Imw > 0},
Ay={weC: |w <1, Imw < 0}

O6osnaunm Ey(t) := E(ag,t). PaccMoTpuM KOHIEHCATODI

Oy (1B {atin) = Ci(t) = (B, BV (), BV (1), ESV (1)),
Ca (1, B Aartin) = Co(t) == (EP EP (), B (1), B 1))
Gy (1B, arkia) 3= Co(0) o= (Eé?’%Ef’)(t), BN (0).
Cu (1, B {arkin) = Cat) == (B, B (1), B Eff” n),

rae

m/\
z
\
=
—
D)
=
S
~
(@
=
—
5
D
=
£
~—
d
I
-
W~

EM (1) = x (Es<t> N Ux (B0
B ( ﬂAk)UX(E2 ﬂAk) =1,3.
EPM (1) ( ﬂAk> Ux (E4 ﬂAk) k=24

3aech x(G) obosnauaer o6pas muozkecrsa G npu 0To6parkeHuH PyHKIHU-
eit ZKykosckoro y(w) = 3(w+ w™t), a x(G) — MHOXKecTBO, CHUMMeTpH-
anoe X(G) OTHOCHTEJBLHO BelnecTBeHHOM ocu. Kaxkmomy KonzencaTropy

Cy (t, B, {ax}}_,) mOCTABUM B COOTBETCTBHE KJIACC V(( )), 1 =T1,4, — Bcex



4.2 Ouenru PyHKUUOHAN08 NEPBO2O MUNG CO CEODOOHBIMU ... 195

BEIeCTBEHHBIX, HenpepbIBHbIX n junmunebbix B C byukmmit G = G(z)

takux, 9T0 G(z) = 0 B HEKOTOPOI OKPECTHOCTH E(gl), G(z)=1,z¢€ Egl),

s=1,3. G(z) =+/a, z € Egl), s = 2,4, 1 = 1,4. OueBumHO, ITO

cap C) (t, B, {ar}i—y) = inf // [(GL)* +(G)?] dady.

o)
Vi

a)

IIpoussemem paszpesnsiomee IpeobpasoBaHue OTKPBITOIO MHOMKECTBA,
B orHOCHTENBHO CHCTEMBI OGJacTed {Ak}izl n dysxmun x(w). Io-
BuguMoMy, pyHKIWMs X(w) BIepBble ObLIA HMCIIOJIB30BAHA B MOJOOHBIX
3asavax B paborax [138,139]. Ilpu pasesnsironiem npeobpa3oBaHu B CO-
orBercTBun ¢ paboramu [108-110, 138, 139] moaygyaeM HepaBeHCTBO IpH
JOCTaTOHO Manbx ¢ € R

4
1
cap C (t,B, {ak}izl) > 3 g cap Cg (t,B, {ak}izl) .
k=1

st Moy meit STUX KOHIEHCATOPOB CIIPABETUBO COOTHOIIIECHUE
4 —1
|C (t,B,{ar}i_y) | <2 (Z |C (t, B, {ar}i_1) |—1) . (4.23)

=1

ILJIH (byHKI_[I/II/I X(Z) BBIIIOJIHAIOTCA aCUMIITOTUYECKUE paBeHCTBa
1
|x(w) = x(£1)] ~ §|z —(£D)?, w — *1, (4.2.4)

Ix(w) — x(£0)| ~ |z — ()], w— +i. (4.2.5)
Hasee, u3 Teopemsr 1 [111] moaygaem
» 1
C (t, B, {ar}y—y) | = 5 log -+ M(B, {ar}i_)) +o(1),  (4.2.6)

rie
w=2+20)" =21 +a) ",

M(B, {ak}izl) = %mx

x {logr(B, 1)T(Bv _1)Ta(Bv i)’l"a(B, _i) + QQQB(ia _Z)} .
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C yuerom dopmya (4.2.4), (4.2.5) u teopemsr 1 [111], momyuaem ana-
JIOTUYHBIE aCUMOTOTHYIECKHUE PeJICTaBieHust 1ist KoHieHcaTopos C(t),

=14,
x> 1
Ci(t) = 5 ~log  + My +o(1),
e
11 - .
%(§+§+a) =1+a) ",

’I“(Bk,l) ) ’I“(Bk,—l) %.ra B
D 0 ] (B0

B =x (BﬂAk) Ux (BﬂAk),

r(Bg,b) — BHyTpeHHUII pajyc CBsI3HONH KOMIOHEHTHI By (b) B TOuKe b.

11
My=—— ]
F U ra2 8

HpOI/I3Be,ZLeM HEKOTOPbI€ BbIYNCJICHUA

ICe(t)] " =
1 1 177t 27 (1 1
[ hol] P )
2 1+« t log ¢ log 7
om(1 4+ 27(1 4 a))? 1
_enlia) Plea (1)
log ¢ (log ;) log” ¢

Yol =
k=1

:87T(1+oz) [27T(1+04)]224:Mk+0< 1 ):
log2%

log 1 (log 1)2 —
4
8 (1 + 1+
= 7Tl( 10[) —71-2(1 ?)ZM +0< 1)]7
0g 3 083 =1 S
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log & log 1 lr(1
_ ey | lgy  prl+o) ZMk +o
8r(l+a) 8n(l+a) log 1 =

log 1 1 1
= — _ —X
8r(l1+a) 16 27(l+ «a)?

4 1
x log H {T(Bk’ L (Be, _1)] r*(By,0) + o(1).

Orciona, ¢ yaerom (4.2.3), cieiyer HEPABEHCTBO

M(B,{ar}t_1) +o(1) <

1 1 1
s !
8 27(1+ «a)? ogH

k=1

Beimostasis HeoOxouMble Tpeodbpa30BaHus MOJIyIaeM HEPaBEHCTBO

1 1
20 +a)

x log {r(B,1)r(B,—1)r*(B,i)r*(B, —i) + 2agp (i, —i)} <

gH( ) (B0 (B D (B 1),

Torma cpaBeIUBO CJIEAYIONIEE COOTHOIICHUE:

1671' 1+a

r(B,1)r*(B,i)r(B, —1)r*(B, —i) exp 2agp (i, —i) <

{H?Aa Bk, Bk, ) (Bk,—l)} .

B pabore [109] mokazaHno, 9TO BBIIOIHSIETCS OIEHKA

r(Go,0)r(Gy, 1)r(Ga,—1) <

\/_)2

< U(y) = 240402 )~

_1)}47"0‘(Bk,0)+0(1).

(2+47) 2@V 4 €(0,4),
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Ha KJacce BCeX TPOEK IIPOM3BOJILHBLIX, IONAPHO HelepeceKaroluXcs
obsacreit Go, G1, G2, 0 € Gy, 1 € G1, —1 € G5. Takum o6pasom 1pu
a € (0,1) cupaBeyIMBO HEPABEHCTBO

N

r(B,1)r*(B,i)r(B,—-1)r*(B, —i) exp 2agp (i, —i) < 2[V(4a)]? .
(4.2.7)

[Tpuaem, obsactu By B cilydae paBEHCTBA JIOJKHBI COBIAIATH C KPYTo-
BBIMI OOJTACTSIME KBaIPATUIHOTO auddepeHIuaia

(4—y)w?+~
Qlu)dw® = == 55— e dw?, 7= 4o,

u cap Bp\Bi = 0, k = T,4. OcymecTBsisi 3aMeHy IepeMeHHOH B 9TOM
KBaJIpaTuIHOM Jauddepeniualie mo dopmysie

1 Jr1
w72 i z

MTOJTy9aeM CJIEIYIONINi KBapaTuIHbIi auddepenimalt:

(1—a)w*+2(1+ a)w? + (1 - «a)
(w172

Q(w)dw? = — dw?.
Takum 06pa3omM, MBI MOTyHIaeM, YTO PABEHCTBO B HEPABEHCTBE TEOPEMBI
4.2.1 MOXKeT OCyIIeCTBUTLCA TOJHKO TOrIa, Korma B = Dy.

4.2.3. JokazaTesbCcTBO Teopembl 4.2.2. PaccMorpuMm cucteMy
rouek A, = {agx—1}}_, G2nt1 = a1, ABIAIOILYIO HOJCHUCTEMON CH-
creMbl ToueK Ag, = {ap}7_,, 3a0aHHOll B yc/oBUAX TeopeMbl. s n-
JTy4eBoil cucremsl Touek A,, paccmorpum Habop obuacreit { Py (An)}_;,
rne P.(A,) = {w € C : argagy_1 < argw < argasgi1}, k = 1,n,
u cemetictBo dyukmmit {z,(w)}_, roe z = (efiarg“%—lw)%k, o =
Larg %, k = 1,n. 3mech BeTBb cremennoit GbyHKIHm t = 2, 3a1ae-
TCsI CIIELYIONMM 0bpazoM: t = r%e’*? mpu z = re'?, 0 < ¢ < 27. Takum
obpazom, byukims z = zi(w), k = 1,n, peaansyer oJHOJIUCTHOE U KOH-
dopmuoe orobpazkenue obnacru Py (A,) HA BEPXHIOW HOJIYILIOCKOCTD.

IIycrn Q,(cl), k =1, n, obo3HavaeT 00beMHEHNE CBA3HOM KOMIIOHEHTHI
MHOKECTBa 2k (ng_l ﬂ?k(An)), comepzKaIeil TOUKy w,(cl) = zi(azk—1),
C ee CUMMETPUIHBIM OTOOPAarKEHNEM OTHOCHTEJHHO BEIECTBEHHONH OCH.
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3 — .
B cBoio ouepens, Q;C ), k = 1,n, obosHavgaer 0ObeIUHEHNE CBA3HON KOM-
- . 3
[IOHEHTHI MHOXKECTBA, 2k (ngﬂ ﬂPk(An)), cojiepIKaIiei TOIKy w® =
2k (a2k+1), € €6 CUMMETPUYHBIM OTOOPAKEHMEM OTHOCUTEIHHO BEIle-
CTBEHHOIT OCH.

Samerum, 9TO Qg) u Q,(f’) SABJISIIOTCS, BOOOIIE I'OBOPSI, MHOI'OCBS-
3HBIMU, HETIEPECEKATONTNMUCST ODJIACTIMHA, w,(cs) € Q;cs), k=1,n,s=1,3.
Hasee mycrb Q](f), k = 1,n, apagerca obbLEeIUHEHIEM CBA3HON KOM-
IIOHEHTHI MHOXKECTBa 2 (ng ﬂ?k(An)), colepxKalieii TOUKy w](f) =
zi(agk), ¢ ee CUMMETPHYHBIM OTOOPa’KEHHEM OTHOCUTEJILHO BEIIECTBEH-

Ho#t ocu. Ecim Boy (0P, # @, To Q,(f) — obutactb (BoOOIIE TOBO-
psi, MHOTOCBsI3HAsI), COJEpXKaIlasi TOYKH w,(f) u w,(f) = w,(f). Ecin :xe

By, (OP,, = &, TO OTKPBITOE MHOKECTBO fo) COCTOUT U3 JIBYX Helepe-
ceKaromuxcs obJracrei G,(f) = 2z (Bax (N Pr) u G,(f) = 2z (Bar ) Pr),
TO €CTb Q,(f) = fo)UG,(f) u w,(:) € Q,(f), s = 2,4, u Kpome TOro,
{Q,(Cl) ﬂQ,(f)} U {Q,(CB) ﬂQ,(f)} = @. Ilpu kaxgom k = 1,n obosnadum
A = Q,(Cl) U Q,(f) U Q,(f). OueBngHO, 9TO w,(f) €Ay, s=14.

Takum obpazom, mpu pasiessoneM Ipeodbpasopanun obJacreit By,
k = 1,2n, orHocurensHo HaGopa obnacreit {Py(A,)},_; u cemeiicrsa
dbyukumit {2z (w)}}_,, moxydaeMm HaGOP OTKPBITBIX MHOXKeCTB {Ag}r_ .
IIpu jiocraTouno Majbix ¢ € RT nocrpouM Konjiencarop

Cy ({Br}i%) = (Eo, Ev(t), Ex(t)),

_ 2n n n
riae EO = (C\ U Bk, El(t) = U E(agk,l,t), EQ(t) = U E(QQk,t)
k=1 k=1 k=1

C IpeIUCAHHBIME, COOTBeTCTBeHHO, 3HadenuaMu {0, 1, /a}. EmxocTs
9TOro KOHJEHCATOPa PaBHa, 110 OIPEJICICHUIO, BeInInHe

cap Ci ((Bu}) =it [ [ [(Ga)? +(G)?] dedy,

rJie TOYHAS HUZKHAS TPAHb GEPETCS MO KIIACCY BCEX BEIECTBEHHDIX, JIU-
nnmnesbix Ha C OyHKIWA, PABHBIX HYJIIO B HEKOTOPOH OKPECTHOCTH MHO-
xkectBa Eg, m coorBercrBenno, 1 u /o — Ha MHOXKecTBax F1(t) u Eo(t).

Moysib KOHIEHCATOPA
[MeHIEeM

Cy ({Bk}iil)‘ U €ro eMKOCTb CBSI33HBI COOTHO-

‘Ct ({Bk}iL)‘ = [cap G, ({Br}3my)] (4.2.8)
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[lpu xaxkmom k = 1,n obpasyem xoumencaropbl Ci(Ay)
(B B @, EP®) me EBY = Tan BPe) =

E(w,(cl),t)UE(w,(f),t), Eék)(t) = E(w,(f),t)UE(w,(f),t) C TpencaH-
HBIMH, COOTBeTCTBeHHO, 3Hadenusyu (0, 1, v/a). EMkocTs KOHIEHCATOpA
Ci(Ay) oupenensiercs aHAJOTMYHO HPEIbIIYIIEMY IPU ITOMOITH KJacca
Vi — BCeX BeIeCTBeHHBIX W JUMMHIEBbX B C byHKIHil, paBHBIX
HYJIO B HEKOTOPOI OKPECTHOCTU MHOXKeCTBa Eék), U COOTBETCTBEHHO,
1 w /o — ma MHOXKecTBaxX E%k)(t) u Eék) (t), k = 1,n. Konnencaropy
Cy({ By} ,) conocraBum ceMeficTBO KOH/IEHCATOPOB

) = M ({BL)) = (Bok), B (0, B (1)), k=Tom,
(4.2.9)

rae Eo(k) ectb obbemmmenme obpasa muoxkectsa (Eg () Py(A,)) mpu
orobpaxkeHUn 2j(W) W €ro CHMMETPHYHOTO OTPa’KEHHsS OTHOCHTEIIb-

HO B€ i E® - 00 6

niecTBeHHON ocu, a Fg (1) — obbenunenue obpa3a MHOXKECTBA
E;(t)(Px(An), s =1,2, k = 1,n, upu orobpaxkennn zi(w), k = 1,n, n
€r0 CUMMETPHUYHOrO OTParKEHUsI OTHOCUTE/IHLHO BEIIECTBEHHON OCH.

k
AHaJIOrMYHO TpeNbIIyIeMy, KazKIOMy KOHJIECHCATOPY Ct( ) IPEIIIN-

can mabop wmces: (0,1, /a). [Ipu pasmensrormem mpeobpasoBaHuy MOITY-
qaeM

1 1
cap Cy ({Br}i) = 5 anp C’t(k) =3 anp Ci(Ag). (4.2.10)
k=1 k=1

Orciona u u3 (4.2.8) HEIOCPEICTBEHHO CJIe/lyeT

(B <2 (i\d’”\_l)_ =2 (i\c&pﬂ*t(m)\_l)
k=1 k=1

(4.2.11)
KosddurmenTsr pasmensroniero mpeodpa3oBaHus OMPEIETUM, COIVIACHO
paboram [108] — [110], u3 ciiefyonmx acCHMITOTHYECKUX IPE/ICTaBICHII:

-1

1 _
|Zk(w) - Zk(02k71)| = a_k|w —asg—1]|+o(1), w— agk_1, w € Py,

1 _
|z (w) — 2k (aze41)| = a—klw — agpt1| +0(1), w— asks1, wE€ P,
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1
|z (w) — 2z (aze)| = a—k|w —agi| +o(l), w— ag, we P (4.2.12)

Ncnonbayst pesysbrarsl pador [108-110], npuxoauM K CJieyonemy
ACUMIITOTHIECKOMY DABEHCTBY:

v

1
o 1ogZ+L({Bk}i11)+o(1), t—0, (4.2.13)

‘Ct ({Br}ixs) ‘ =

rae » = [n(1+ «a)] 71,

5 -
L({B}iL) = o llog H 7(Bak—1, azk—1)r"(Bak, azi) | -
k=1

[Mpunumast Bo BHMMaHue cooTHOmenus (4.2.12), mojiydaemM BbIpayKeHuUs,
anasornauere (4.2.13), qis kouaencaropos Cr(Ay), k=1,n, —

1
’Ct(Ak)‘ = log S+ Leto(l), t—0, (4.2.14)

rie s, = [2(1 + a)] 7L,

P r (Qg),wg)) r (fo),w,(:’))
Ly = o log (L) . (L) X
Qg (693
2) (2)1¢ 2) —@) 1°
(o0 )] [0 ) o
X (L) . (L) - exp 2aga, (wk Wy )
A (677
C yuerom (4.2.14) HETPYHO BUAETH, ITO
-1
s -
27[2(1 27[2(1 1 -t
R () BB (L)
log 3 log 3 log ¢
2

) 27r[21£)'1g-£a)} ) (%[2}2;@])2%”((@) ) E0.
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Orcroma cpasy xKe cjejiyer

1

é‘ct(Ak)‘ =
:27r[2(1+1a)]n_( 2(1 + )] ) ZLk—l—o((log )_2>, t— 0.

log 3 log & n

n 1 -1
(Z’Ct(Ak)‘_> =
k=1
st nllo;a ZL’““(“) )

logi
27 L t— 0.
27[2(1 + a)]n Z kto -

Hanee, o1€BUIHO, UTO

ITocrenmee cooTHOIIENNE, C YIETOM (4.2.11) n (4.2.13), mo3BoJIsIeT 3aITi-
CaTh HEPABEHCTBO:

_ 98T (B, to1) <
2r[n(1 + «)] k=1 h
log 1
272(1 + a)n ZL’““’

Orciona, mocyae COKpaIleHns OCO6eHHOCTeI/I U Tepexoia K Ipejery Ipu
t — 0, mory9aeM COOTHOIIEHUS

L ({Bi}it) < ni iLk. (4.2.15)

k=1

Nsyunm (4.2.15) Gosee neranbho. Uenonbays coorHomenust (4.2.13)
— (4.2.15), HpuUXOAUM K CJIEAYIONIEMY BbIDAYKEHUIO:

1 n
— <1 Bow_ (B <
27[n(1 + ]2 {OgHr( 2k—1, A2k—1)r" ( 2kaa2k)}

k=1
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2 1 - 2(1+a) (1 (1) (3)  (3)
<m'm{mgﬂ% (O l) () ¢

a (QI(€2)7WI(€2)> (922)7 <2>> exp 2aga, (w]g), (2))}.

Temepnb, mocite BLITOIHEHNST HEOOXOUMBIX TPEOOPA30OBAHNI, HECIOKHO
nepeiiTu K TaKOMY YTBEPKJIEHIIO

n
H 7(Bak—1, a2—1)7"(Bak, a2x) <
k=1

< (i[l ak> - {f[ ( (”) r (Qf’%w,@) X (4.2.16)

« (QISQ),w,(Cz)) -7 (Q,(f),w,(cz)) -exp2aga, (w,(C ),w,(f))}

Vcxong u3 KOHKDPETHOro Buja oTobpazkeHuil z = zi(w), HETPYIHO
ybemurbest, uro zp(ask—1) = 1, zk(asky1) = —1, w(2) = zp(agk) =
expidg, 0 < Axy < m, k = 1,n. g rex 3uadennit k, k € {1,2,...,n},
IS KOTOPBIX A # 7, IPOBeJieM oToOpaskeHue Ha MHOKecTBa Ay HpH

el _ z—z
nomomu kougopmuoro asromopdusma C Buga t = ==, r1e £ — ToUKa
repecevdeHnst BemeCTBeHHOH OCH ¥ HEEeBKJIMOBON Ie0Je3MIeCcKO, CoeIr-

2
HSATOIIEH TOIKHU w,i ) u wy, w® . ITpu Takom oTobpazkennn Touknm 1, —1, w( )

peobpas3yroTcst, COOTBETCTBEHHO, B ToUKH 1, —1, 7. O6pa3 Bcero MHOXKe-
crBa Ay oboznaunm Ay. asee, 6y1yT BBINOTHSITHCS COOTHOIIEHMS:

r(of1)r (9, -1) x
X7 (Q,(f),z,u,(C )) (Q(z) ,(C )> - exp 2aga, (w,(f),w,gz)> =

47" (921)7 1) r (Q,(f’), —1)

4

(0 ) r (0. 5P)

e =7

X

(e

X

exp 2ga, (w,(f),w,(f)) 22a}sin2a Ap| =
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—r (9 1) 7 (2, -1) x (4.2.17)
X {r (Q,(f), z) T (Q,(f)
<r (Q,(cl), 1) r (Q,(f’), —1) {r (Q,(f), z) r (Qf), —i) -exp 294, (1, —z)} : <

< T(D4, 1)7“(D4, —1) [’I“(D4, i)T(D4, —Z.)}a .

[0
, —z') -exp 294, (1, —z)} -sin?* A, <

31ech HUCIOJIB30BaHA MHBAPUAHTHOCTH OTHOCUTEIHHO KOH(MOPMHBIX aB-
TOMOP(MU3MOB TJIOCKOCTH KOMIIJIEKCHBIX unces pyHKInn ['puna u QyH-
KITHOHAJIA

r(B1,a1)r(Bz, az)
lar — ag|?

)

a Taxxke teopema 4.2.1. I3 coornomennit (4.2.16) u (4.2.17) menocpes-
CTBEHHO CJIEJ(YeT, ITO

n
1 7(Bax—1, azk—1)r(Bak, asi) <
k=1

n 1+«
< (H ak> [r(Da, 1)r(Dy, i)r(Dy, —1)r*(Dy, —i)] % .
k=1

Ha ocnosannu Teopemsbr 4.2.1 mojryqaem, 9TO 3HAK PABEHCTBA B 3TOM
HEPABEHCTBE peajim3yercsl TOrJAa U TOJBKO Torja, Korjaa Ax = Dy, k =
1, n. Orciona HeTpysHO Takzxke nostyduTh, uto agx(A,) = 2, k=1,n, n
9TO PABEHCTBO B IOC/IE/IHEM HEPABEHCTEE PEAIM3yeTcs TOrJa U TOJIBbKO
Torna, Korna ay u By, k = 1,7, sSIBISIOTCS, COOTBETCTBEHHO, ITOJIIOCAME
¥ KPYTOBBIME 00JIACTSIMU KBaJIPATUIHOrO Aud pepeHnmaia

oo (1 —a)w?™ +2(1 +a)w" + (1 — )

2
= w2 dw”.

Q(w)dw? = —w

Teopema 4.2.2 TOJTHOCTHIO TOKA3AHA.



I'JIABA 5

9QKCTPEMAJIBHBIE 3AJTAYN J1JIA
(n,m)-JIYHEBBIX CUCTEM TOYEK ITPU
MAJIBIX SHAYEHUMNAX m

5.1 OrmeHku (pyHKIIMOHAJIOB IIEPBOTO TUMA IJIS N-JIy Y€BbIX
CHCTEM TOYEK

5.1.1. 3kcrpeMmajibHble 3aJa4yd I[IEePBOTO0 THUIIA JA N-
JIy9eBbIX cucTeM To4deK. Hamomumm, 9To B myHKTE 2.2 MBI YCJIOBU-
Juck (n, 1)-jryueBble CHCTEMBI HA3BIBATH N-JIy9eBbIMHU U JJIsd HUX ObLIA
onpeienienst Bemantnt O (A, ), ar(Ay), k = 1, n. Hapsany ¢ dbynkimona-
aom Mp(A,), pPACCMOTPEHHBIM B 11.2.2, IJTsl MHOXKECTBA BCEX N-JIyUeBBIX
cucreM BBesieM Takoil "yupasssionuit" dyHKImoHA:

£l{a)) = £(A) =[] x (’_+
k=1

ag

_> k- (5.1.1)

YcTaHOBIIEH CIIEYIOMIMI Pe3yIbTaT.

Teopema 5.1.1. Iycmv n € N, n > 3. Toeda dasn 110607 n-ay4e80ot
cucmemve movex Ap, = {ar}i_, u 4106010 cucmemv, 63aUMHO Henepece-

karowuzea obaacmet {Br}l_,, ar € By C C, k = 1,n, cnpasedauso
HEPAGEHCTMEO

11 7Bk,ar) <27 L(An) - [] e,
k=1 k=1

3HAK PABEHCNEA 8 KOMOPOM DPEGAUSYEMCA M020a U MOoAbKO Mmo2da, Ko2da
arp u By, k = 1,n, asasromcs, coomeememseenHo, NosOCGMU U KPY2o-
8LMU 0baacmamy Keadpamuurozo duddeperyuana

wn72

Q(w)dw2 = *m

dw?,

20e R" = L(An) u capEC\Bk =0,k=1n.

Aoxazameavemeo. st 3amaHHONl N-7Ty9eBON CHCTEMBI TOYEK

A = {ar}i—; pacemorpum { Py (An)}i_y, {zr(w)}i_y, ar(An), 0x(Ay),
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k = 1,n, — 00beKThI, BBeIeHHBIE B II. 2.2. O6beauHeHne CBA3HON KOM-
- . 1
IIOHEHTHI MHOYXKECTBA, Zj (Pk N Bk), cofeprKaIieil TOUKy g,g ) = zi(ag), ¢
€e CHMMEeTPHUYIHBLIM OTPAasKeHHEM OTHOCHTEILHO MHUMOI OCH 0OO3HAYNM
1 — 2 —
G,(c ), k =1,n. B cBow ouepe/ib, G,(C ), k =1,n, byner obosHataTh 00be-
JWHEHNE CBA3HON KOMIIOHEHTELI MHOXKECTBA, 2, (P;~C N Bk+1), cojiepIKaIien

(2)

TOYIKY gk = Zk (ak+1), C €ee CUMMETPUYIHBbIM OTpazKE€eHUEeM OTHOCUTEJIb-

. 2
HO MHUMOI ocu, B,y = B, gﬁl) = zp(ant1) := zn(a1). Aragormuso

(4.2.12) 3anumem
1 I S—
|26 (w) — 2z (ar)| = a—klakl ok w = ag| +o(1),

w — ap, wE Py,

(5.1.2)
1 i S—
|z (w) — 21 (ak+1)| = a—k|ak+1|‘**’ |w — ag41] + o(1),

w—>ak+17weﬁk7k:17n'

Kak u npexze, B coorsercrsuu ¢ reopemoii 1.9 [110] u dbopmynamu
(5.1.2) nMeroT MECTO HepaBeHCTBA

r(62al?) (e al”) ]

(B, ar) < N - , k=1,n. (5.1.3)
an_1 1 on
g — 1| k| k ! 'a_kla’k| k
C yuerom (5.1.3), mosydyaeM OIEHKY
1B ar) <
k=1
n (2 OANE
5 (Gk 1 9k— 1)T<Gk ) G )
< |ew—r0n - farl*- T = (5.14)
k=1 lag|* -1 "k

1
2

e 1 ([ ()
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1 2
Cieyer oTMETHTD, 9TO 0OJIACTH ch ) u ch ) 1e [IePeCceKaroTCsl IPU
Bcex k = 1,n. Kpome Toro, Kax HETPYIHO 3aMETUTh,

. 1 1
9;(61) = zp(ag) = —i (e ag) °r = —ilay|°x

() ;

. 1 N
gy = zZi(ag4) = —1 (e‘lekakﬂ) k= g|agyr| o (5.1.5)

)

1 2 =+ o
|9t — 97| = lax|™* + laga|**, k=T

ITpeo6pasyst Hepasencrso (5.1.4) ¢ yaerom (5.1.5), npuxomum K cie-
JIYIOIIUM BBIDAZKEHUSM:
n
H (B ak)
k=1

n n G}gl’gli) (Gl(f)hgk)) 3

N 1 )
jaxl % ol [
<[l I] el I] 0 @2 =
kel k=1 |GkGrg1|%F k=1 ’9k — 9 |
n n 1
ag 2ay
= Lo [ o )
ag
k=1 kel

1
(64l 0 l?) )

n
x H 22 =
k=1 — Y |

1
20, Q41
+|
ag

’gk
i 2 o [ 20 0
=on |2 ) x| : :
k=1 k=1 Ak+1 k=1 ‘gl(cl) - 91(62)’
Orcrona u u3 coornomenus (5.1.1) BHITEKaET, ITO
1B ar) <
k=1
(5.1.6)

. w (G0, g 1 (62 4P)]°
<2L(An) [T | I] ( ]g(l )_9(2)| ) '
k k

k=1 k=1
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Hanee, u3 coornomenuit (5.1.6) ciaenyer, aro

2"[:(14”) ﬁ ak]
k=1

n

H T(Bk, ak) <

1
k=1

(5.1.7)

r(G0.a0) r (62.67)]
2)|2 ’
9"

n
<II
k=1
B cuity nssecrroro HepaercTsa M.A. Jlaspentbesa [110,158] moty-

JaeM
1 1 g2 2
<

‘g](cl) _gl(f)’2 X 4

npuueM 3HaK paseHcTBa B (5.1.8) jgocruraercst TOrJa M TOJNBKO TOIVIA,
KorJia

|9y —

k=T1n, (5.1.8)

G =t\G. G =560,
1) _ @)y

)
=g 9, —49

G(p)_{zz‘ Ifz)’q}’ pERT, S="
z— g

Conocrapistst (5.1.7) u (5.1.8), IPUXOUM K BBIBOLY, UTO

Qn,C(An) H ak]
k=1

Pasencrso B (5.1.9) nocruraercst Torga U TOJIBKO TOJA, KOLJA B HEpa-
BercrBax (5.1.3) u (5.1.8) 0JJHOBpeMEHHO peasn3yeTcsi 3HAK PABEHCTBA
pu Bcex k = 1,n. B cuny memmbr 3.1.3 mostydaeM, 9TO Jijisl peaTu3aliin
3Haka paseHcTBa B (5.1.9) HeoOxoquMO, 9TOOBI

n

I1 7B ax) < 1. (5.1.9)

1
k=1

B c{w: 0y <argw < Ok11}, k=1,n.

W3 mocsieiaero mostydaeM, 9To TOYKH w = 0 M w = 0O HE SIBJISIOTCS
. — ~(2

BHYTpeHHUMU 115 obsiacreit By, k = 1, n. Takum obpazom, obractb G](C ),

k = 1,n, aBasieTcs, B TOYHOCTH, BEPXHEl MOIYIJIOCKOCTHIO Im 2z > 0,
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GV k=T, 1, — mmxseii, 1 HOGXOIUM | (
k — L, 74 ) 1) O BBIIIOJIHAETCS YCJIOBUE |G

2 .

( )\, k = 1,n. Kpome Toro, n3 ycaoBuii peaJin3aliui 3HaKa PAaBEHCTBA B
(5.1.3) [110] mosyuaemM CHUMMETPHYHOCTD By, OTHOCUTEJIBHO JIyda arg w =
0k, k = 1,n. Orcroma, Kpome TOrO, CJIEIAYET, 9TO (v, = %, k =1,n. Takum
0bpasom, paBeHCTBO B HepaBeHcTBe (5.1.9) MOXKeT ObITh TOLJA U TOJBKO

Torga, Korma By, ag, k = 1,n, aBISIOTCS, COOTBETCTBEHHO, KPYTOBBIMU
00JTACTSIME ¥ TIOJIIOCAMU KBIPATHIHOTO Auddepeniimasia

wn—2

2
—(w” e dw”.

Q(w)dw? = —
Jlamee 1y1st cHCTEMBI B3aUMHO HEIEPECEKAIOINXCS 00IaCTel BBIOTHSIO-
rca paBencrsa 1(By, ar) = r(Bg,ax), k = 1,n. B aToM ciaydae, Kak u B
rjase 3, BO3HUKAET HEPABEHCTBO

hi(w) = g5, (w,ax) — g, (w,a,) 20, k=1n,

B KOTOPOM BO BCEX PEryJSPHLIX TOYKAX IPAHUIBLI B BBIIOJHAETCI pa-
BEHCTBO, UTO, B CHJIy IMPHUHIUIIA MAKCUMYyMa JJIs FapMOHHYECKUX (pyH-
KIuit, obecrieunsaer paseHctso hy(w) = 0, w € By, k = 1,n. [ocie-
JIHEE COOTHOIIEHUE TTPUBOUT HAC K BBIBOJLY O TOM, YTO Cap (Ek\Bk) =0,
k = 1,n, ecn mmeer Mecto 3HaK pasenctsa B (5.1.9). Teopema 5.1.1 j0-
Ka3aHa.

5.1.2. Omuenkn QYHKIINOHAIOB MMEePBOrO0 TWUHOA JJIsI 7N-
JIy4€eBBIX CHCTEM TOYEK M OTKPBITBIX MHOXKeCTB. Teopemy 5.1.1
MOKHO 3HAYUTEIHLHO 0000MUTh. A MMEHHO: JJjIsi OTKPBITBIX MHOXKECTB,
VIOBJIETBOPSIIONINX IIEPBOMY YCJIOBUIO HEHAJIETAHUS, YIAETC JIOKA3aTh
CAEAYIOIINNA pe3yabTarT.

Teopema 5.1.2. [Tycmv n € N, n > 2. Toada dasa 6caxoti n-ay4esot
cucmemv, mowex A, = {ap}}_; u am0boz0 omrpeimozo mrodHCECTNEAQ
D, A, C D C C, ydosremsopaiouse2o nepeomy Ycio6ui0 Henaie2anus
OMHOCUMEABHO CUCTEMBL Ay, CNPABEOAUBO HEPABEHCTNEO

H r(D,ay) - Hexpgp(amal) <2t H ag - L(Ay).
k=1 p#l k=1

3HaK pasencmea 6 IMoM HEPABEHCTGEE OCTNULAEMCA, 6 YACTVHOCTU, KO-
2da {ar}, k = 1,n, u muoocecmeo D ssastomesn, coomsememeenho,
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NOAOCAMU U 00BEQUHEHUEM BCET KPY208bLT 00AaCMEl KEadPAMULHO20
dupdepenyuana

n—2

Qu)dv® =~ e

dw?,

2de R™ = L(A,).

Jloxazameabvcmeo. IIpexkie Bcero OTMeTUM, UTO U3 YCJIOBHUS HeHa-
JIETAHUS CJIEIYET, ITO MHOXKecTBO D obazaeT 0600mennoit (pyukimeit
I'puna gp(w,a). Paccmorpum muokectsa & = C\D; & (ax) = {w :
lw—ag| <t}, k=1,n, t € RT. lna gocrarouno manbix t € RT pac-

emorpuM Kougerncarop C(t, D, A,) = {&o,E1(t)}, tme &1 (t) = CJ Ei(ag).
k=1

EMKOCTBIO KOHJIEHCATOPA, KAK MBI y2Ké OTMEYAJH BBIIIE, HA3BIBACTCS Be-
mmauna (en. [111,112]) cap C(t, D, Ay,) = inf [[ [(G})? + (G,)?] dxdy,
rJie TOYHAs HUXKHsIs IPAHb 0EPeTCs 10 KJACCY BCEX BEIIECTBEHHBIX,
HenpepeIBHBIX U smmmmnesbix Ha C dynxmuit G = G(z), obpamaro-
IUMCA B HyJb B HEKOTOPOH OKDECTHOCTH MHOXKECTBa &£ W DABHBIM
1 ma & (t). Jna npousBosbHOro KoHgeHcatopa C IoaraeM 110 OIpe-
genennio |C| = [cap C]™'. Benmauna |C| maseiBaercst mMozyneM Kom-
nmencaropa C. PaccMorpumM pasgensiomee mpeoOpa3oBaHUe KOHJIECHCA-
topa C(t, D, A,) orHOocHTembHO ceMelicTBa dyukmuit {z,(w)}}7_, u cu-
crempr obnacreit P(Ay), e z = zp(w) = —i(e”Pw)or, k = T)n,
P(A,) = {Py(A,)}p—; (cm. 1. 2.2). BeesieM B paccMOTpEHHE CJIELYIO-
IIUe KOHJIEHCATOPBL:

cult,D) = {e eP )}, k=Tn

rze Eék) ecTh obbemmHenne obpasa muozkectBa & ()| Pr(A,) mpu orto-
OpazkeHnn z = zj(w) ¢ €ro CHMMETPHIHBIM OTPAYKEHUEM OTHOCHTEIBHO
MHUMOIT ocH, a Sl(k) (t) — obbeumenne obpasa muozxkectsa £ (t) () Px(Ay)
npu orobparkeHun To# ke dyHKIme# z = zi(w) ¢ ero cummerpu-
YHBIM OTPasKeHNEeM OTHOCUTENHLHO MHUMOM ocu. IIpu pasensitomnem mpe-
00pa30BaHUI OTHOCHTEIBHO ceMeiicTBa {2y (w)}}_, 1 cucreMsl obIacTeit
{Pp(Ay)},_, xounencaropy C(t,D,A,) coorsercrByeT HAGOP KOHICH-
caropos {Cy(t,D,)},_,, CHMMETPUYHBIX OTHOCHTEJHHO MHUMOIl OCH.
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Ucnonbayst pesynbrarsl pador [109,111,112] noxyvaem HEPABEHCTBO

capC(t,D, A,) =2 % anp Ci(t, D),

k=1
U3 KOTOPOTo HEMEIJIECHHO CJIEYyeT

|C(t,D, An)| <2 <Z|Ck(t,D)\‘1> .
k=1

Hasee, u3 Teopemspr 1 [111] momywaem

|C(t,D, A,)| = !

log — + M(D A + o0 1 —
21N gt ( ) n) ( )7 t 07
rae

M(D,A,) =

n
2mn? ; (

k

Dvak) + ZgD(akvap)

k#p
s kougencaropos Cy (¢, D) cupaBejiuBo acCUMIITOTHYECKOE IIPE/I-
CTaBJICHHE

k 29k

T 1 1
E R A

OTIpeIe/IEHBI TIPU JTIOKA3ATETHCTBE TEOPEMBI
5.1.1, k=1,n, s = 1,2. B atom caydae nMmeeT MECTO COOTHOIIICHIE

11
|C’k(t,D)|:%510g¥+Mk(D)+o(1), t—0,
rae
11 a® Dy ? 2
Mk(D)_—— log T( k 7gk: )T( )
21w 4

obJractu chs) U TOYKH g,(:)

Cy(t,D)| "
B log 1 ! 47 1\ ! B
—( g ) 1+10g%Mk(D)+O (logz> =
2 —2
:4_71_(4_71) M (D) + 0 (1ogl) Lt
log ¢ log ¢

211
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Kak merpynno 3amMeTuTh,

Skt D) =
k=1

4n ~ 1\ 2
= M 1 " 1) t O
log (log ) kZl “ ((Ogt> ) B

s TOCJIeTHETO aCUMITOTUYICCKOI'0O PaBCHCTBA HEMEJJIEHHO IIOJIyYaeM,

9gTo . 1
(Zw,mrl) =

k=1

logt -
yro F > My(D)+o(1), t—0.

Hakowner, Bce mpeabIIyIme pacCcyzKJIeHHs JIAI0OT HEPABEHCTBO

1 1
—log -+ M(D, A, 1) <
——log; + M(D, Au) +o(1)

1 1 2 &
<—1log=+ =Y My(D 1), ¢ .
2mn Ogt+n2k§::1 k(D) +o(1) —0

ITocse cokpamenus: ocobeHHOCTEH U IPeebHOr0O nepexoqa upu t — 0
IIPUXO/IUM K HEPABEHCTBY

2 n
An) < 5 ) Mi(D
k=1

9TO JaeT COOTHOIIICHHNE

1
2mn?2

Zlogr (D, ag +ZgD ag,ap)| <
k#p
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\

n 1) 2
2 1 H (G} ’gk)) (Gé)vgi))
= .
R vl |ak|“’“ '|ak+1|a’“

[IpeobpaszoBbiBast moC/IeIHEE BHIPDAXKEHNUE, [TPUXOIUM K HEPABEHCTBY

H T(D,ak) H engD(aka a’p) <

k=1 k#p

1
n 2
a
< | I Oék | k| [I | r k 7gk (G](g)ag](f))] =

k=1 =1 Jag - ak+1\2“k

n

n
= HakH a’kl k +|ak+1
k=1

k=1 |ag - ak+1\"‘“k

1
n 1 1 2 2 2
£ [ )
10 22
k=1 k 9k |
S,ZLQCB UCIIOJIb30OBaHbI paBE€HCTBA!

2 . a
g = zelar) = —ilarl ™%, g = ze(ant) = dlag |,

1 1
‘91&1) —91(62)} = lar]*¥ +lapaf*x, k=1,n.

C yuerom HECJIOXKHBIX ITPeobpa30BaHUil MPUXOIUM K TAKOMY BBIDaXKe-
HUIO:

I I (2

1) 2 —
ITo mocTpoenuio obaacTu G,(c u G,(C ) e repecekaroTcs npu Beex k = 1,n,
mo3Tomy, B cuity pedyiabrara M.A. JIaBpeHTheBa, BBITOJHIETCS HEPABEH-
CTBO

Q41 el

n 1 1 2 2
“ (1) (2)
9" — 9|

n 1) (2 (2

][ k»gf)(Gk 79k)<17 k=T
(2))2

k=1 I~ — i ‘

M.

OxoHYATETLHO moryvaemM Tpe6yeMoe HEPpaBEHCTBO

H (D, ag) HexpgD ag, ap) < 2" Hak L(A
k=1

k#p
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YTBepKIeHNe O 3HAKE PABEHCTBA ITPOBEPSIETCS HEIOCPEICTBEHHO. Teo-
pema 5.1.2 nokaszaHa.

5.1.3. HekoTopsie caencrBusi. Psij ciaencrsuit u3 Teopem 5.1.1
u 5.1.2 mpeacTaB/IAIOT 3HAYATETbHBIN HHTEPEC.

Caencrsue 5.1.1. IIyemvn € N, n > 3, R € RT. Tozda dasa ecaxoti
n-aywesol cucmemovs movex A, = {ap}i_,, L(An) = R", u aobol cu-
cmembl nonapro nenepecexarousurcs obaacmet {By}r_,, ar € By C C,
CNPABEIAUBO HEPABEHCMNEO

n

H ’I"(Bk, (Zk) S (2R)n . H af,
k=1

k=1

npuveM 3HAK PAGEHCMEG 6 IMOM HEPABEHCMEE JOCTNUZAEMCA M020a U
moavko mozda, xozda ar u By, k = 1,n, asasomes, coomsememeenno,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 Juddepeniuuaa

wn—2

Q(w)dw?* = T — R

dw?,

wcap Bp\By =0, k =T, n.

Caencrsue 5.1.2. IIyemvn € N, n > 3, R € RT. Tozda drs ecaxoti
n-ayueeol cucmemv, movex A, = {ap}p_,, L(A,) = R", u aobotl cu-
cmemovl Nonapro renepecexarouurca obaacmet {By}i_,, ar € By C C,
CNPABEIAUBO HEPABEHCTNEO

HT(Bk,Gk) < (—) ;
n
k=1

nPUYEM 3HAK PABEHCMEA 6 IMOM HEPAGEHCMEE JOCTU2GEMCsA Mo20a U
moavko mozda, xozda ar u By, k = 1,n, asaaomea, coomeememeenno,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 duddepenyuana

,wn—2

R (O

dw?,

wcap Bp\Br =0, k =1, n.



5.1 Ouenru GYHKUUOHAN08 NEPBO20 MUNG AL N-AYHEEVIT ... 215

Cirencrsue 5.1.2 BeiTekaeT u3 cjeqncrsus 5.1.1 BBy 04€BUIHOIO He-
n
n
pasencrBa []| ai < (%) , B KOTOPOM 3HaK PABEHCTBA JOCTUTAETCS TOTIA
k=1

¥ TOJBKO TOTra, KOTMIA (v = %7 k=1,n.

[Tonaras B caemcrBuun 5.1.1 R = 1 npuxonum K CJeAyIOnieMy pe3yiib-
TaTy.

CuencrBue 5.1.3 [34]. ITycmv n € N, n > 3. Toeda das ecaxol
n-ayuesol cucmemos movek A, = {ap}y_, maxod, wmo L(A,) =1, u
410001 cucmemvt nonapro nenepecexarowjurca obaacmets {Brll_,, ai €
By, € C, cnpasedaueo nepasencmeo

H r(Bk,ak) < 2. H .,
k=1 k=1

NPUNEM 3HAK PAGEHCMBA 6 IMOM HEPAGEHCMEE JOCTNUAEMCA M020a U
moavko mozada, koz2da ay, u By, k = 1,n, asasromea, coomsemcmeenno,
NOAIOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 JuPdepeHuuala

,wn—2

dw?,

u cap ék\Bk = O7 k= I,_TL
ITonarass R = 1 B caepcrBun 5.1.2 mOIyduM CJI€ Iy IONIHI PE3YJIbTAT.

Caencrue 5.1.4. I[lyemv n € N, n > 3. Toeda dasn ecaxotl n-
Ayuesoli cucmemovs movex A, = {ap}p_, maxod, wmo L(A,) =1, u
410601 cucmemvs nonapro nenepecexarowurca obaacmets {Br}l_,, ax €
By, C C, cnpasediueo nepasencmeo

I | (B, ar) < (é) ,
n
k=1

npuvem 3HAK PAGEHCMEG 6 IMOM HEPABEHCMEE JOCTNUZAEMCA M020a U
moavko mozda, xozda ap u By, k = 1,n, asasomes, coomsememeenno,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 Juddepenuuaa

-2
wn
dw?

Q(w)dw® = T —1)2 )
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wcap Bp\By =0, k =1, n.

Caencrust 5.1.3 u 5.1.4 cymecrBenno obobrmar jtemmy 3.1.2 u Te-
opemy 2.3.8 coorBercrBeHHO. OTMeTnM, 4To ciejcTBue 5.1.3, BOOGIIE
roBODsI, cuibHee ciejcTBud 3.1.14, nosydenroro u3 treopeMsr 3.1.1, xoTs
o bopMe OHM U OJIUBKU.

SanurieM COOTHOIIIEHUSI

k=1 Cht1 k=1
“1 a a : a
E |Zok k41 | 2ok
115 (o[ + ]2 )H'“k':
Pt} k+1 k paie}
n 1 1 n
1 (ar|za% R |z Qg1 |7og
=I5 (% o + 15 \ ol ) el <
k=1 k1 k=1
n 1 1 n
1 Ak |« R |a; Ak+1 | ag o
<IL3 |[7" #1517 | ) -
k=1 k k1 k=1
n ag | ag | 3
g1 o
=TT |« (% ([ x| = Mr(Ay).
R
k=1
N xak cmeayer m3 mocaeaHero, nmpu R = 1 MHOXeCTBO CHCTEM

Ay = {A, : L(A,) =1} cymiecTBeHHO IMpe MHOXKeCTBa cucreM Ay =
{4, : M(A,) = 1}. Takum obpazom, Ag C Ay C Aj, tae Ag — MHOXKe-
CTBO BCeX HAGOPOB pasnuaHblx Towek A, = {ar}7_;, |ax] =1, k =1, n.

Caeactsue 5.1.5. [lyemvn € N, n > 3, R € RT. Tozda dan scaxoti
n-ayueeol cucmemvt movex A, = {ag}y_,, L(A,) = R", u w060t cu-
cmemovl nonapro renepecexarouurca obaacmet {By}i_,, ar € By C C,
CNPasedsUBo HEPABEHCTMBEO

n n
H r(Bg,ar) < H Bk,ak
k=1 k=1

npuvem 3HAK PAGEHCMEA 6 3m0M HEpaseHcmee JOCMU2aemcs mozoa u
moavko moeda, Koeda ay = ay, By = BY, cap B\By, = 0, k = 1,n, 2de
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al u BY, k =1,n, — coomsemcmeento, noamocu, u Kpyzo06vie 06AaCMU
xeadpamuunozo Jugdeperyuana
n—2
w
Q(w)dw? = — ———— duw?.
(wn _ Rn)?

IMonaras B reopeme 5.1.2 L(A,,) = R™, npuxoamum K 0600IIEHNIO CJ1eT-
crBus 5.1.1.

Caencreue 5.1.6 [41]. Ilyemv n € N, n > 3 uw R € R*. Tozda
ons ecakol n-ayuesol cucmemvr movwex A, = {ap}p_, maxod, wmo
L(A,) = R", u mobozo omxpwimozo mmosicecmea D, A, C D C C,
Y006.4€MEOPAIOULE20 NEPEOMY YCAOEUIO HEHANE2AHUA OTHOCUMEADHO CU-

cmemvt Ay, cnpasediuso mepasencmaeo

H (D, ay) H exp gp(ak, ap) < (2R)" - H Xk
bt k=1

k#p

NPUNEM BHAK PABEHCTNEA 8 IMOM HEPAGEHCMEE DOCTNUAEMCA, 6 YACTHO-
emu, mozda, xo2da ap, k = 1,n, u D aeastomecs, coomeememeenno,
noatocamy, U o0bseduneruem KpPY208uLr 06Aacmel kKeadpamuurozo Jug-
pepenyuana

wn—2

2
—(w” ) dw®.

Q(w)dw? = —

Caencrsue 5.1.7. IIyemv n € N, n > 3 u R € R*. Tozda
oan ecarxol n-ayvwesol cucmemnvs movex A, = {ap}p_, maxod, wmo
L(A,) = R", u mo6oz0 omxpwimozo mmosicecmea D, A, C D C C,
Y00BAEMBOPAIOULE20 NEPBOMY YCAOBUI) HEHAAELAHUA OMMHOCUMENDHO CU-
cmemvt Ay, CNPasedsuso nepasercmeo

ﬁ r(D,ax) [ expgp(ar, ap) < (ﬂy ;

n

NPUYEM 3HAK DABEHCTMBG 8 IMOM HEPABEHCEE JOCTNULGEMCA, 6 LACTIVHO-
cmu, moeda, kozda ai, k = 1,n, u D asasomea, coomeemecmeenio,
noaocamy, u obseduneruem KpY206ulr 06aacmel keadpamuunozo Jug-
depenyuana

wn—2

2
—(w” ~ e dw”.

Q(w)dw? = —
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IIpu R = 1 caexactBus 5.1.6 u 5.1.7 3HAYUTETHHO ODOOIIAIOT, COO-
TBETCTBEHHO, cJiejcTBus H5.1.3 u 5.1.4.

Cnencreue 5.1.8. ITycmv n € N, n > 3. Toeda daa secaxot n-
ayuesols cucmemvr movex A, = {ap}p_, maxot, wmo L(A,) = 1, u
1106020 omxpwimozo muoscecmesa D, A, C D C C, ydosaemsoparouezo
NEPEOMY YCAOBUIO HENAAE2AHUA OMHOCUMEALHO cucmemv, A,, cnpage-

onuso HEPABGEHCIMBO

n
17D ax) [T expap(ar, ap) <27 I e,

k=1 k+#p k=1

NPUYEM 3HAK DABEHCTMBEG 6 IMOM HEPABEHCMEE JOCTNULGEMCA, 6 YLACTIHO~
cmu, moeda, koz2da ay, k = 1,n, u D Aeaatomea, coomeemcmeenio,
noatocamu, u 06sedunHeruem KpY208vx 0baacmel Kkeadpamuyrozo udg-
Pepenyuana

wn72

2
Qw1

Q(w)dw? = —

Caencrue 5.1.9. IIyemv n € N, n > 3. Toeda dasn ecaxotl n-
ayuesoli cucmemovs movex A, = {ap}p_, maxod, wmo L(A,) =1, u
1106020 omxpvimozo mmoscecmesa D, A, C D C C, ydosiemsopsaowezo
NEPEOMY YCAOBUIN) HEHANEC2AHUSA OMHOCUMEALHO cucmemvt Ay, cnpase-

0260 HEPaseHCmMae0o

NPUYEM 3HAK PABEHCTNBA 8 IMOM HEPABEHCMEE JOCTNULAEMCA, 8 YACTIHO-
cmu, moada, xoz2da ar, k = 1,n, u D seadtomcs, coomeememeenno,
nostocamy, U 0bseduHeruem KpY20evir 0baacmel keadpamuunozo Jug-
depenyuana

wn—2

2
—(w” EENE dw”.

Q(w)dw? = —

Caencrue 5.1.10. IIycmv n € N, n > 3. Tozda dasn ecaxot n-
ayuesoli cucmemos movex A, = {ap}p_, maxot, wmo L(A,) =1, u
A106020 omxpwvimozo mmoocecmsa D, A, C D C C, ydosaemeopsarowezo
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nepeomy Ycaosuro HeEHaAEC2AHUA OMMHOCUMEADHO CUCTNEMDL An, cnpaese-
0260 HEPABEHCIMBO

ﬁ r(D,a) <2 ﬁ g,
k=1 k=1

NPUNEM BHAK PABEHCTNEA 8 IMOM HEPAGEHCMEE DOCTNULAEMCA, 6 YACTNHO-
emu, moada, xo2da ar, k = 1,n, u D aeastomes, coomeememeenno,
noatocamu, U o0bseduneruem KpPY208uLr 06aacmel keadpamuurozo dug-
pepenyuana

wn72

2
w1

Q(w)dw? = —

Caencreue 5.1.11. Ilycmv n € N, n > 3. Tozda dasn ecaxoti n-
ayuesoli cucmemovs movex A, = {ap}p_, maxot, wmo L(A,) =1, u
1106020 omxpvimozo muosicecmesa D, A, C D C C, ydosiemsopsrowezo
NEPBOMY YCAOBUIO HEHAAC2AHUS OMHOCUMENDHO cucmemv, A, cnpase-

d/LUGO HEPABEHCMEO
n 4 n
H T(Dvak) < (_> ;
n
k=1

NPUYEM 3HAK DABEHCTMBG 8 IMOM HEPABEHCEE JOCTNULGEMCA, 6 YLACTIVHO~
cmu, moeda, kozda ai, k = 1,n, u D asasmomea, coomeemecmeenio,
noaocamu, u o0bseduHeruem KpY20eulr 006aacmell keadpamuunozo Jug-
Peperyuana

wn72

2
w1

Q(w)dw?* = —

CaencrBue 5.1.12. IIyemv n € N, n > 3 u R € RT. Tozda
oan ecarxol n-ayvwesol cucmemvs movex A, = {ap}p_, maxod, wmo
L(A,) = R", u mo6oz0 omxpwimozo mmosicecmea D, A, C D C C,
YJoBAEMBOPAIOWEL20 NEPEOMY YCAOBUIO HEHANE2AHUSA OMHOCUTMEALHO ClU-
cmemovt Ay, CNPaBedAUBO HEPABEHCTMEO

" r (B9, a?
H engD(akaap) < H %7

k#p k=1
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20e ag U B,g, k = 1,n, — coomsemcmeerto, nosOCH, U KPY208vie 0040~
cmu keadpamuyuHozo duddepenuuana
—2
,wn
Q(w)dw? = —————— duw?.
(wn _ Rn)2

HaKOHeLL, u3 TeopeMbl 5.1.1 moxkHO IIOJIYIUThb peHieHne 3KCTPpeMaJlb-
HOM 3aJa491 O HEeHaJIeralolnux 00J1aCTIX B KJIACCUYECKON IIOCTAHOBKE.

CaencrBue 5.1.13. IIyemv n € N, n > 3 u R € R*. Tozda
ons ecakol n-ayuesol cucmemvr movwex A, = {ap}p_, maxod, wmo
L(A;) = R", u m060l cucmemv: 83aUMHO HENEPECEKANOULUTCA OOHO-
ceaznmx obaacmeti {By}_,, ar, € By C C, cnpasedauco nepasencmeo

[In© < @R [T o
k=1 k=1

edew = fr(2), k =1,n — dynxyuu, xondopmmo u odmosucmmno omobpa-
orcarowgue edunuunnd kpye U na obaacmu By, npuvem fi(0) = ay. Snax
PABEHCNBG 8 IMOM HEPABEHCNGE PEAAUSYEMCA M020a U MOALKO Mo20a,
koeda a) u BY, k = 1,n, Acasomea, coomeememeenio, nomocamu u
KPY206uiMU 00AaCTAMY K8aOPAMUYH020 duddepenyuana

wn—2

2
—(w" ~ e dw”.

Q(w)dw? =
B kauecTBe mpusoxkenus TeopeMbr H.1.1 MOKHO OJIYIUTh HEKOTOPBIE

pe3yIbTaThl 00 NCKAYKEHUH IIPU OTHOJIMCTHOM OTODParYKEHUN, YCUIUBAIO-
mue TeopeMy 3.1.4.

Teopema 5.1.3. [52]. ITyemv n € N, n > 2, p € (0,1), 2z, =

pexp (z%’r(k— 1)), k = I,n+1. Toeda dan aw0boli gynxyuu f € S*
CNPABEIAUBO HEPABEHCTNEO

lill|f/(zk)’ < (%)" (P%) o . ]ﬁak'ﬁ({f(zk)};;—ﬂ,

2de ay, = %arg % Pasencmeo 6 amom nepasencmee docmuzaemcs

ona Ppynryuu ,
flz)=z(1—=2")""n.
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oxazameasvcmaeo. Paccymorpum N-JIy9IEeBYIO cucTe-
n
my touek A, = {f(zx)},_, u Habop cekropoB A =

{wEU: ‘argw——(k—l)‘ }, k= 1,n, Apyr = A;. Obna-

ctu f(Ag) = By, f(zx) € B, k = 1,n, 0o0pa3yior cucreMy B3aUMHO
HeHaJreraonux obsacreit. B cuty Teopemsr 5.1.1 mosryyaem HepaBeHCTBO

kﬁ1 (B, f(2x)) <Hak> A).

ITycrs 2z = g (§) 0BGo3HATAET OTHOIUCTHOE U KOH(MDOPMHOE OTOOpaArKEHHEe
U na Ag, ¢r(0) = zx, k = 1,n. Torga MoXKeM 3a11CaTh PABEHCTBO

(B, f( = [f'(z)| - |¢%(0)

U3 KOTOPOI'O CJIE/LYET, ITO

11500 \2n.<nak>.ﬂx(‘ﬂ
k=1 k=1 f

(Z+1)

2;k> | f(z1)]-

HaJstee, cnpaBeiinBo COOTHOIIEHNE (CM. [106,109,117])

4p 1—0p

, k=1
n 1+ p"

}(pk | n.

)

U 3naywnr,

no e L §
H‘f(Zk)’<(§> -<p1+2n) '(Eak>'£(An).

Ciry4ail paBeHCTBa IIpOBEpPsieTCsl HerocpecTBeHHo. Teopema 5.1.3 joka-
3aHa.
Amnasornusble oneHKH mostydeHbl B paborax [108-111].

5.1.4. 3agauu nepBoro Tuma s (n,2)-Jy4eBbIX CUCTEM TO-
gek. Teopema 5.1.4. B 1978 roay B pabore [106] mosyueH pesysib-
TaT, U3 KOTOPOrO, B YACTHOCTH, CJEIyeT PEIICHHe 3aJa49H [ePBOro TH-
na (C TOJHBIM ONMCAHWEM MHOXKECTBa SKCTpeMasieit) /uist pyHKImoHA-

n 2
H H T(Bk,pvak,p)a rae An,2 = {ak,p}v k = ]-vna p = ]-727
k=1p=1



222 Tnasad Fxcmpemanvrvie 3a0a4u 0as (1, M)-AYHESHT CUCTNEM ...

— (n,2)-1ydueBast cucTeMa TOYeK Takas, 4To |ag1| = p, ax1Gre = R>
npu p, R € RT, p < R, a cucrema ToONapHO HelepeceKaromuxcs (MHO-
FOCBSI3HBIX) ObJacTell, ymosiaerBopsiomas ycaosuaM: By 1 C Ug, By o,
kE = 1,n, — cuvmmerpnara obmacti Bj 1 OTHOCHTETHHO OKPY?KHOCTH
OUg. B 1987 rony E.I. EmenbsinoBeiM B pabore [117] 6puia paccmo-
TpeHa, B CJIydae OJHOCBA3HBIX ObJiacTeit, O6ojee oOIIas 3ajatia IEepPBO-
ro Tumna Jyisi Takoro ke (yHKImoHAJA U (N, 2)-Jy4eBOil CHCTEMBI TO-
Y€K, PACHOJIOXKEHHBIX Ha JIBYX KOHIIEHTPUYECKUX OKPYXKHOCTSX, ITPHU-
gem ycnosue By C Ug, k = 1,n, Gbuto cuaro. B sroit pabore 6oLt
MPEJJIOXKEH OPUTHHAJBHBI METOJT MCCJIEJOBAHUSI, U JIJIs CJIydasi OJTHO-
CBA3HBIX OOJIacTell MojydeH ucdepubiBaomuil pesyiasrar. B 1997 romy
B.H. Iy6ununeiv B pabore [111] monydeno HectannaprHoe 0600ImeHne
TOrO Pe3yJIbTATA Ha CIyJail ClIeIUaIbHBIX CUCTEM OTKPBITHIX MHOYKECTB.
A K. BaxTuHbIM B JiUCCEPTAIMN HA COUCKAHUE YUIEHO CTEeHU JOKTOPa
buznKO-MaTEeMaTHIECKUX HAYK ObLI MPEJJIOXKEH METOJI MCCJIeI0BAHNUSI,
Gasupyromuiicss Ha KyCOTHO-pasesstioneM npeobpasosarnu [108-110],
[O3BOJISIIONIUT 3HAYUTEIBHO YCHIUTD pe3ysbrar pabors [117]. Tlomywe-
HBI HEKOTOPbIE CJIEJICTBUS ITUX PE3YJILTATOB.

s npoussosbHoOl (n,2)-mydeBoit cucreMbl Touek A, o = {akp},
k=1,n, p= 1,2 paccmorpum cienyiomnmue "yrnpasisiorniue" byHKIHO-

HaJIbI
n 2 a 1
k,p 20,
4n2) = T (|22 ) ool

a
k=1p=1 k+1lp
n a o
k _Ykp 20
’CP H (‘ ) |ak~,p‘7 p=12.
el Ak+1,p

ITycrs z = 2z (w) u Py(Ap,2) — Te XKe, 9TO ¥ IIPH MOCTPOCHUN DYHKITUN
(2.2.12) B 1. 2.2. Torma /it IPON3BOIBHOMN (N, 2)-JTy4eBO CHCTEMBI TO-
qeK OyJieM IoJIaraTh

1 2
w;ﬁ; = zi(a,p), w;(”), = 2 (ak+1,p)s

wf(?a;? :Z"(a‘l,:n)v k= 1,n,p=1,2.

Takum obpasoM, kaxkuoil obmactu Pjy(Ap2) mocpencrsoM dyHKIME

= 0@ ) @

zi(w) comocraBisiercst uerBepka To4Yek ()i ki Wkl Wh2 Wh ot
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k = 1,n, u B cBOIO OYepe.p, 00O 3a/aHHON cucreme A, o OJHO3HA-

YHO COTIOCTABJISIETCsT HADOP {Qk}Zzl. ITocTpoum KoHMOPMHBIN aBTOMOP-

dusm A (z) wiockocru C,, pu KOTOpOM HAGOP TOUEK ) MPEoOpPazyIo-
1 1 1 1

test B Habop rouek QY = {—ip;* ipst, —ip, “* L ip, “* L}, 0 < pp < 1,
k = 1,n. Orobpasum, cHadaja, mwiockoctb C, mnpu momory QyHKIIN

t1 = Ti(z) = 1££, npu srom orobpazkenun U, k = 1,n, npeoGpasye-

Tcs B HAbOp TOYEK euHIIHO okpyxkuocTtu U, mpuaem Im T (w,(clz)q) <0,

2 —_—
ImT) (wli;) > 0,p =1,2, k = 1,n. Janee upumensieM mnpeobpa3oBa-
e u3 1. 3.1.3: ¢y = Th(w) = ew%, 0 <6 < 27, e b, — To-
— Uk
1
KA I1ePECETCHNUs HEEBK/INAOBBIX [e0IE3MIECKUX COeMUHSIONIX 17 (w,S i)
2 1 2
cTy (w,g%) nTy (w,i%) cTy (w,(ci) B pesysibraTe TAKOro mpeobpasoBaHust
TOYKH UCXOJHOTO Habopa {1 MpeobpasyloTcss B BEPIIUHBI MPIMOYTOJb-
HHKA, CTOPOHBI KOTOPOTO MAPAJIETbHBI KOOPJMHATHBIM OCIM, MPUYEM

Im7T5 (Tﬂw,&;)) <0, ImT; (Tl(w,(j;)> >0,p=1,2, k=1,n. Teneps,

nonoxus ¢ = T~ 1oTyoT), momydaem nuckombrit asromMopdmsm ¢ = g (2).

Taxnum obpaszom, ¢ Kaxka0it A, o COMOCTABIISIETCST €IMHCTBEHHBIN HAOOD
0 n

{Qk }k:r Hanee, 0bo3HAIIM

2

i 2
o n 1 _ pak
:| s to = to(Amg) = H —kl
k=114 p.*

1—+tg
1++4o

RO = RO(A, ) = [

Teopema 5.1.4. (AK. Baxrtuu [42]). IIyemo n € N, n > 2. To-
2da dan m060t (n, 2)-ayuesoti cucmemv, movex Ap o = {ag,p}, k=1,n,
p = 1,2, maxod, wmo L(An2) = 1, u m060l cucmemvr nonapro Hene-
pecexarowuzca obaracmeti {Byp}, arp € By, C C, k =1,n, p = 1,2,
CNPacedsuBo HepaseHcmeo

n 2

n 2 2n
2n 1- (RO)n
[T II By ary) <22 k];[f%k ' (m :

k=1p=1

PABEHCMBO 68 IMOM HEPABEHCNBE JOCMUAEMCA MO204 U MOALKO M020a,
xoeda {agp} v Brp, k= 1,n, p = 1,2, asaaomeca, coomeemcmserno,
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NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 Juddepenuuaa

w w2 _ wn—Q(wn + 1)2 w2
Q( )d (wn _ (RO)n)Q(l _ (RO)nwn)2 dw?,

u cap(ékm\Bk,p) =0, k=1,n,p=12.

Zloxaszamenvbecmeo. B OCHOBe JOKA3aTENbCTBA JIEXKUT METOJ,
KycouHo—pasessoniero npeobpasosanus [108-110]. Kak u npu moka-
sarenperse Teopembt 5.1.1, pacemorpum {Py(An2)}i_y, {zk(w)}ig,
ak(An2), O(An2), k=1,n, 061>eKT1>I7 BBeJIeHHbIe B TyaBe 2 (1. 2.2).
Tquo TaK Ke IIOCTPOUM 00JIaCTH G\ e 1 p A G,(i;), corocTaBsgeMbre 00J1a-

ctu By, mpu pasgensiomeM IpeoOpa3soBaHUE OTHOCHTENILHO CeMeicTB
{Pe}tp_y 1 {zi(w)}} ;. OTMeTHM, YTO IO HOCTPOEHHIO w,gf; € G,(:;,,
k=1,n, p,s = 1,2. Tak xe, kak u (5.1.3), yunrsmas (5.1.2), nouy-

JaeM HEpaBEHCTBO

1
1 1 2 2 2
r (GI(C;)NWI(C [))) (Gé)l p? l(c )1,p)

-1 b

T(Bkﬁp,ak’p) < (5110)

1 _
K

aik|ak,p 'ak 1| k,p|uk !

k= 1,n, p=1,2. Hanee, no anasoruu ¢ (5.1.4), ycranapiusaem coo-
THOIIIEHIE

n 2
H H T(Bkm’ akvp) <

k=1p=1

N

2 (1

. (@) (G,pv »)
< H H k10| g p| -

k=1p=1 |ak,p|“k

:<H>HH e

k=1p=1 |a'k,p|2 ap Tag_q

TTTT [ (6 w48) (61202

k=1p=1
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1 2 1 1 -
O — 0P| = lakl® + laga|7F, k= Tn.
IIpomonzkast paccyKiaeHus, HO,ILO6HBI€ MIPOBeJIEHHBIM B 1. 5.1.1, mosyva-
€M OIEHKY
n 2 n a 1
k,p 2a
r Bk_ Qg <22n Qe ‘ g p| X
[T TT i <2 (TLew) T (|22 )
k=1p=1 k=1 k=1p=1

1

o 2 (6 u) r (620)]

|w(1) _w(2)|2 ’
k.p k.p

OrMerumM, 4TO 006JIACTH GS%, G,(fi, G,(Cl;, GS; B3aUMHO He IepeceKa-
torca. Kpome Toro, 0603HaImM E,(CS; =\ (GS;), rie A\p(z) — ykaszas-

HBII BBIIIIE aBTOMOP(MHU3M IIJIOCKOCTH KOMILIEKCHBIX uucen C,, k = 1,n,
p,s = 1,2. YunreBasg ycnosue L(A, 2) = 1 1 kOHGOPMHYIO HHBAPUAH-
THOCTH (DYHKIIHOHAJIA

1 2 1 2 2
(ot ) (680 83) - (62 k) (64
1 (2) (1) 2)|2 ’
|wl(ci Wi 1 “"m - Wl(c,2|

Jr =

MIPUXOJIUM K CJIeIYIONeMy HePaBeHCTBY:

n 2

H H 7(Bh,p, ak,p) < 22" (ﬁ >

k=1p=1

) . oax 2
(B0l ) (B2

4p;ZTk

(5.1.11)

X

n
<11
k=1
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Tenepp fy1st TOro, 4TOOBI IOJIYYUTH OIEHKY CBEPXY (DYHKIMOHAJIA,
crosiimero B GUrypHbIX cKobkax npasoit gactu (5.1.11), chopmyaupyem
CJIeIyIOINI BCIIOMOraTeIbHBII Pe3y/IbTar.

JIemMma 5.1.1. Ilpu k = 1,n cnpasediuco nepasercmeo

1 1 1 JE
r (E;(cli —ipy ") r <Effvip§ ’“) r (E;(f% —ipy “k> r (E;(f% ipy, %>
: <

=z — 3
4p.* 4p, °F
2\ 4
1—p*
< | "
L+ pp*

Pasencmeo 6 amom nepasencmee docmu2aemcs mozoa U moavko moeada,
(s
xo020a E,(C’;, s,p = 1,2, npu xastcdom k asasomes xpyzo6vimu 0046CMA-
MU Keadpamuurozo dupdeperyuana
22
(I —w?) 2

(w? + p2)%(1 + prw?)?

Qr(w)dw? =

U KPOME Mo20, cap E,gg[))\E,(:; =0,s,p=1,2,k=1,n.

B omHOCBSA3HOM ciIydae 3Ta jeMMa IojydeHa B pabore [117]. st
[IPOM3BOJILHBIX MHOIOCBA3HBIX 00J1acTeil 9TOT pe3ysbraT Jqoka3ad B [111].
JloKazaTeabCTBO yTBEPK/IEHUS JIEMMBI O CJIydUae Pean3aluy 3HAKA Pa-
BEHCTBA [10JIyYaeTCsl aHAJIOMMYHO HPEBIIAYIIEMY (CM., HAIIPUMED, JI0Ka-
3arenbcrBa TeopeM 3.1.1, 4.1.1). Ha ocroanun jemmer 5.1.1 u HepaseH-
crea (5.1.11) npuxoauM K COOTHOIIECHUIO

n 2 n 2 n 1_ ,0% 2
I Brprany) <22 ([T ew | - TI [ —"2= | =
k=1p=1 k=1 k=1 \ 1+ p.*

(5.1.12)
__o2n = ’ 1- (RO)TL o
- ;ga’“ ' LHRO)”] ’

KOTOpOe maeT paBeHCTBO TeopeMbl 5.1.4. B ciyuae peammsarmum 3na-
ka paBeHcrsa B (5.1.12) Heobxomumo, 4ro0bl PABEHCTBO JIOCTUTAJIOCH B
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(5.1.10) npu Becex k = 1,n, p = 1,2 u BLINOJHAJICH 3HAK PABEHCTBA B
HepaseHcTse JemMbl 5.1.1 juis Beex k = 1, n. COBOKYITHOCTB 3TUX YCJIO-
BHII ¢ y4eTOM JIeMMBI 3.1.3 TI03BOJISIET MOy YU T IIOCPECTBOM aHAJIOTH-
YHBIX [IPEJBIIYIIM PACCMOTPEHHsIM (CM. JoKa3aTeabcTBa TeopeM 3.1.1,
4.1.1), 4ro cupaBeJIMBO yTBEPKIeHUe TeopeMbl 5.1.4 0 3HaKe paBeHCTBA
B (5.1.12). Teopema 5.1.4 moaHOCTBHIO JOKA3aHA.

5.1.5. HekoTopbie ciaeacTBusi. Hekoropbie cieacTBust n3 Teope-
MbI 5.1.4 BBITEKAIOT HENIOCPEICTBEHHO.

CaencrBue 5.1.14. IIyemv n > 3, n € N, p € (0,1). Tozda das
scaroti (n,2)-ayuesot cucmemvl Ap 2 = {agpt, k =1,n, p=1,2, ma-
koti, wmo L(An2) = 1, RO(A,2) = p, u a0boii cucmemv nonapho
nenepecexatowguzca oonacmet {Byp}, axp € By, k= 1,n, p = 1,2,
CNPABEIAUBO HEPABEHCTNEO

n 2

n 2 2n
1— "
H H 7 (Brps Gkp) < 22" . k[[lak . (ﬁ) ’

k=1p=1

Pasencmaso 6 amom nepagencmaee docmuzaemces moz0a u moavko mozoa,
xoeda axp U Brp, kK = 1,n, p = 1,2, asasomes, coomeemcmeenio,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 JuPPepeHuuala
-2 2
w’!l (w’ﬂ + 1) 9

2 _ _
Q(w)dw = (W — p)2(1 — prwn)? dw*,

u cap (Ek,p\Bhp) =0,k=1,n,p=1,2.

Crencrsue 5.1.14 jaer pelreHue BIIOJIHE OIIPeIe/IEHHON SKCTPEMAJIb-
HOH 3aJ1a4u.

oxazameavemeo. B cuty 3a1aHabIX yCIOBHUI, UCHOIB3Ys TeOpe-
My 5.1.4; MOXKeM HOTYyYINTH HEPABEHCTBO

1 (RO)" ™"

n 2 n 2
[T Bepann) <2 [Tew | - |

k=1p=1

Ha MHOXKecTBe cucrteM A, o takux, uro L(A,2) = 1, R(O)(An,g) = p,
p € RT. U3 sT0ro0 cooTHONICHNS CIEAyeT NCKOMOE HEPaBEeHCTBO. Y TBEp-
JKJIEHUE O 3HaKe paBeHCTBa ciemyer u3 TeopeMsl 5.1.4. Creacraue 5.1.14
JTOKa3aHoO.
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Caneacrsue 5.1.15. [Iyemvn >3, n €N, R, p € RT, p < R. Tozda
ons 1060t (n,2)-ayuesoti cucmemv, mouex Apo = {ag,pt, k = 1,n,
p = 1,2, maxot, wmo L(A, ) = R*", R (% “Apg2) = %, u mobot
cucmemst nonapro Henepecexarowurca obaacmet {By p}t, arp € Bip,
k=1,n, p=1,2, cnpasedauso nepasencmso

n 2

n 2 n __ on\ 2N
[T IIr Bup ary) < 2R)* - kl;[lak . <§"7+Z"> '

k=1p=1

Pasencmaso 6 amom nepagencmaee docmuzaemcs moz0a u moavko mozda,
xoeda axp U Brp, kK = 1,n, p = 1,2, asasomes, coomeemcmeenio,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 JuddepeHuuaa

wn—2(wn + Rn)Q 9

2 _
Q(w)dw - (wn _ pn)Q(RQn _ pnwn)Q w,

u cap (Ek,p\Bkyp) =0,k=1n,p=12.

oxazameavcmaeo. Paccmorpum cucremy TodeK F% - Ay 2, Auist KO-
TOPO# BBITIOTHSIIOTCS yCa0BUus L (% . An72) =1, R® (% . An,2) = %. B
cuity caencTBud 5.1.14 mMeeT MeCcTO HEpABEHCTBO
n 2 n 2 1_ (ﬁ)n 2n
H H r (Bllé,pﬂ a;c,p) < 22” : H (077 N % )
k=1p=1 k=1 L+ (E)

rae By, . ay, » — 00pasbl By, 1 ay,, npu 0T0Opazkennn w' = % cw, k=

1,n, p = 1,2. OueBngno, uro r (B,’cyp,a;mp> = +7 (Bup, ak,p). Orcrona
CJIEJTyeT, 9TO

n 2 n 2
H H " (Brps anp) < (2R)*" - (H ak)
k=1

k=1p=1

R" — ,On 2n
R"™ + p

Ciry4ail paBeHCTBa UCCJIELYETCs aHAJIOMMYHO npenpayiieMy. Ciencrsue
5.1.15 mokaszano.

Kpome Toro, remepp MOXKHO TOJIyIUTH CYIIECTBEHHOE 000ODIIEHUE
usBecraoro pesysubrara E.I. Emenbanosa [117]. HefictBurenbHo, 1moJo-

s [L1(An2)]™ =1 A, [L2(An)]™ =t B2 [L(An2)]" = B2, A, R € RY.
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Jlnst npoussosbHOiL (n, 2)-syuesoit cucrembl A, o = {arp}, k = 1,n,
p = 1,2, u coorsercrByfomux 3HadeHmit \, = (L,(A,2))" mycTb
Ap2(A) = {akp(N)} obosHataeT (n,2)-IyueByio CHCTEMY TOUEK TaKyIo,
910

akp(A) = Ap - |Z:’p|, k=T,n,p=1,2,
P

2
e A = A, Ao = RT. Wcnonwbsyst nammbie panee 0003HAUEHUSI, MOYKEM

1 1= ppk
tO (E 'An,Q) = H - 32 9

3alcaThb

CaencrBue 5.1.16. IIycmvn >3, n € N, \,R € R*, A < R. To-
2da dasn moboti (n, 2)-ayuesoti cucmemv, movex Ap o = {ag,}, k=1,n,
p = 1,2, maxot, wmo L(An2) = R?", L1(Anz2) = A\, to (% 'An)g) =
to (%AH}Q()\)), U 060U CUCTIEMDL NONAPHO HENEPECEKANULULCA 00~
cmeti {Byp}, akp € Brp C C, k = 1,n, p = 1,2, cnpasedauso ne-
PABEHCME0

ﬁ f[ 7 (Brp, akp) < (2R)*" - (i[l ak>2 : [to (%An,g(x)ﬂ%.

k=1p=1
Pasencmeo 6 amom HepaseHcmMee docmuezaemca moada U Mmoavko moa@a,

Ko2da app, u By, k= 1,n, p = 1,2, asaaromea, coomsemcmeenno,
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 JuPdepeHuuaia

wn—2<wn + Rn)2

2
(wn _ /\n)Q(R2n _ )\nwn)Z dw ’

Q(w)dw? = —

u cap Ek‘,p\Bk,p =0.

oxazameavcmeo. Paccmorpum cucteMy TOUEK

1 1
ne = R An2= {dkp} = {E'akm}7 k=1,np=1,2
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1
) |ak,p -

"R = L(Ap2) R =1

OueBuIHO, 9TO

L(A,) = ﬁﬁx(

k=1p=1

_1
2(2
) |ak,p

O6pa3 obnactu By, npu orobpaxkenun w' = Rw obozuasmm By, 2 k=

ak+1 D

T (]

a
k=1p=1 k+1,p

1,n, p=1,2. U3 Teopemsr 5.1.4 momydaem

n 2
H H r (B,;,p, a' <22 (H Ozk>
k=1p=1

Ucnionba3yst 0b03HAMEHNSI, MOYXKEM 3AIMCATH

- [ <A;,2>]“r".

+ [RO(47,,)]"

1
n

1—+t (A;L,Q)

RO A/ _
(4n.2) 1+1to (47, 5)

n,2

Orcrona cireyer, 9To

/ 1 (R° (Aiﬂ))n
to ( n,2) - 1+ (RO (A/nz))n.

C apyroii CTOPOHBI, IO OIIPEIEJIEHUIO BEJIMIUHBI 1, CIIPABEJJIMBO PaBEH-

CTBO
to (A:L,Q) = [H &1 " .

k=1 1+ (p})
b=t ) =t (o () = [ 1

W3 ycaoBuit cnencrsus 5.1.16 BbiTekaer
Hamnee, orMeTnM, YTO BBITOTHSIIOTCS PABEHCTBA

‘3|N §|N

Q|M
3=

°|t\.7

>

r (B,’Cyp,a;_’p) =R! 1(Brp,akp), k=1,n,p=12.
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B urTore mpuxoguMm K HEPABEHCTBY

n 2 n 2
H H 7(Bips a,p) = R*" H H r (Bllc,zﬂa;aP) <
k=1p=1 k=1p=1
— EAm
< (2R)2n (H ak) . H (R)L =
k=1 k1 14 ()"

VrBepK/IeHre 0 3HaKe PaBeHCTBa cJejryer u3 TeopeMbl 5.1.4. CiencrBue
JOKa3aHO.

CaenctBue 5.1.17. Ilyemvn >3, n € N, \,R € R*, A < R. To-
2da dasn m060t (n, 2)-ayuesoti cucmemv, movex Ap o = {ag,p}, k=1,n,
p = 1,2, maxot, wmo L(An2) = R?", L1(Anz2) = N\, to (% 'An)g) =
to (%An,g()\)), U 10600 CUCTIEMDL MONAPHO HENEPECEKANULULCA 00~
emeti {Byp}, arp € Brp C C, k = T,n, p = 1,2, eunoansemca ne-
PABEHCME0

n 2 2n 2n
4R R™ — \"

IT I 7 (Brw ary) < <—> ' [ﬁ} :

Pl n R™ + )\

Pasencmeo 6 amom nepasencmee docmuzaemcs mozda u moavko mozada,
Koz2da app, U By, k= 1,n, p = 1,2, asaatomea, coomsemcmeeno,
NOMOCAMU U KPY206bLMU 00AACTAMY KEAIpaAMUYHO20 duddepenyuana

wn72(wn +Rn)2
(wn _ )\n)2(R2n _ Anwn)Q

Q(w)dw* = —

dw?,

u cap Ek,p\Bkyp =0.

Cnencrue 5.1.17 cymiecrBenno ycuiausaer teopemy 2.3.10.
Aoxazameavemeo. B cuny ciencrBus 5.1.16 crpaBeyinBo Hepa-
BEHCTBO

[T TTr Beprans) < 2 (;_[1 ak>2 - [to (%An,g(A))rn _

k=1p=1
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2 2

n A\ ag

1— (&)2%

:(2R)2n Hak (R)i

k=1 1+ (%) B

Jajiee, 1jis TPOJOKEHUS JOKA3ATENHLCTBA HAM IPHUIETCS CyIle-
CTBEHHBIM 00Pa30M HCIIOJIL30BATH CJIEIYIONIYIO JIEMMY.

8=

JIemma 5.1.2. [117]. Qynkyus y = In :171_”’ BUINYKAL B6EPT NO
+p
z € (0,1) npu xasrcdom durcuposarmnom p € (0,1).

8-

B [117] mokazarenncTBO 3TOM JIeMMbI He IPUBEIEHO, IOITOMY JJIst
MIOJTHOTHI U3JIOYKEHUS MBI A€M CBOW BapPHAHT TOIO JOKA3ATEIHCTBA.
Aoxazameavcmeo aemmuvr 5.1.2. JlocraTouHo MOKa3aTh, YTO

1 1 1 1 1
1 sIn- 20% 2Inz 14 p2
y;’z:—pll—m T pl<2—x ol <o

pn Beex @, p € (0,1). Honoxum pr =z =1-46,0 € (0,1), z € (0,1).
CJiesiaeM 3aMeHy [IEpPeMEHHOf z = p¥, U Tellepb JOCTATOYHO MOKA3ATh,
9TO . ) ,
ngo 22 (_ln;.1+z><
1—2 14z 1—2 14z

upu z € (0,1). Hanee, obosHaunm z = 1 — §, nosydaem

Ini 2 ~In(1-6) 1-6

z J—

1—2 1+2 5 115
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111 [1\° 1 1\ 1
n+l 2 n 2 n—1 2 n—2
1 n—1 1 1 n 00
—| = e M+ =1— 10", I =0.
(B) 5 (a) )oreemro e b
n=2
Dror crenennoit psay cxomurces npu mobom § € (0,1). Herpynuo Buets,
qTo
I, = ! ”+1 ! +1 ! +...+
T\2 2 2n-1 3 n=2 007
+1 1 +1 1 1 S
ko 2n—hktl n 2 n+l~
1 1 1 n 1 . +1 o
“on g \2n1 0 202 2) n+1
11 53— L1 1,1 1 I
2 T n 1-% a4+l 20 2 2n n+1
_1.1 1 111 11 1
2 2n-1 n+l n n+l 2 n 21
B 1 . 1 /1 1 50
Cnn+1) 27 \2 n
npu n > 2. Orciofa ciiefyer, 9To
nt 2
e S

0< :
1—2z 14z
npu Beex z € (0,1). Tasee, aHAJOTUIHO, UCCIIEIyEM BEJINIUHY
Inl 1422 =1 1. &6\
Z . =11 — o 1—=0 =

npeamnoJiaragd, 9To
1+22 1-0+302 1-30

1
-1 -15 2 1-1%5

1+2z
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1 N 0 &0\
_1—55(1—1_ 5>_1—§+Z<§> .

I
2 k=2
Torma (3mecy p £ 1)
]n% 1—|—z2_
l—z 14z
=1 =1 § o= OF
-(Zr) (D) - -
<k_0k‘+1 p:22p 2k:0k+1
= 1 1 =1
_ . 6k+p —5n =
| o
k=0 | k4+p=n n=
EEL S ) IS N N PPN S
= ol Fert 2w pn—p+1 mn = n:17n .

IMocnenuuii crenennoit psij cxomurest upu 6 € [0,1). Pacemorpum (mpu

p#1)
"1 1 1
I [Zﬁ'm o =
p=0
1 +1 1 +1 1 N +1 1 -
T n+1 22 n—1 22 p—2 2% p_k+1 7
+1 1 1 1+1 1
gn—2 3 " 9n—1 2 " 9n  9n
1 1 z":l 1 B
n+1 2n p:22" n—p+1
_2n—n—1+i1 1 _
2n(n+1) p:22p n—p+1
n—1 "1 1
= — >0, > 2, =0.
2n(n+1)+pz::22p n—p+1 " n

Urak, npu Bcex n > 2 umeeeM 7y, > 0, u cieoBarenbHO, T—= -

2
11+Tzz > 1 opum Bcex 0 < 2z < 1. I 3HAYUT, MOXKHO 3aKJIOYUTH, 9TO
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1 2
L li) < 1 npu Beex z € (0,1). Torga cupaBeyinBo HepaBeH-

1—=z 142
Ini Int 2
Iz 2z g B 14z >0
1—2z 14z 1—2z 14z

CTBO

st Beex z € (0,1). Orciona ciieyer BBIIYKJIOCTh BBepX (DYHKIUM y =
1

In z1=
1+

pi s x, p € (0,1). Jlemma mokazana.
pI

Kak cienyer u3 mokasaresnbcrsa, gemma 5.1.2 Bepua upu p € (0,1)
n x € (0,00). YauTsIBasi Bce IPUBEIECHHOE BBIIIE, HOJIyYaeM

no 2 n 1_ (1)% ’
I IIrBrprary) < @R | [[an —2E=| <
k=1p=1 k=1 1+ (%) e
2n N n2n 2n n __ \n 2n
< (2R)*"- (2) : ilj)n = (@) {u} .
n 1+ (%) n R+ ™

VTBepxKeHe 0 3HAKE paBeHCTBa cieiyer u3 ciaeiacrsus 5.1.16. Coen-
CTBHE JO0Ka3aHO.

Dyuknuonad to(Ay 2), OIPEIETCHHBI Ha MHOXKeCTBE (7, 2)-JIy4eBbIX
CHCTEM TOYEK, MOKHO PACHPOCTPAHUTDH Ha IIPUHAJJIEIKAIIE €THHIIHO-
My Kpyry n-jydesble cucreMbl Touek A, = {ax}}?_; C U o cuexyiorue-
My IIPaBHILY:

tO(An) = 1to (A\n,2) )

tie Ano = {akph, ap1 == ag, a2 = (@)~ ', k = 1,n. Ouesnsmo,
aro ecim A, C Ugr, R € RT, 10 to(A4,) = to (%An). Amnajyiornuno
[IPeIbLILYIIEMY, JJis JII000i n-tyudeBoii cucrembl Touek A, = {ar} C Ur

u 0 < A < R noJsiozkum
ag "
A, (N = {—)\} .
|a] k=1

W13 onpenenenus: Boirekaer, 910 A, (A) C Ur npu Beex A € (0, R). Te-
nepb MOKHO CPOPMYJIMPOBATDH PE3YJIBTAT, ABJAIONINNCS CIEJACTBUEM U3
TeopeMbl 5.1.1 u nemmer 5.1.2.
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CaencrBue 5.1.18. IIyemv n > 3, n € N, R € RT, A\ <
R. Tozda 0an mo60G n-aywesoli cucmemv, mouex A, = {ar}i_q,
ydosaemsopsroweti yeaosusam A, C Ugr, L(A,) = A", to (%An) =
to (%An()\)), U NPOU3BONLHOT CUCTNEMBL TLONAPHO HENEPECEKAIOUUTCA
obnacmeti {Bi}y_,, ax € By C Ug, k = 1,n, cnpasedauso nepasen-

cmeo
n n n
4\ R™ — \™
r(Bg,ap) < | — ) | =———| .
k=1
3nakx pasencmea 30ect doCMu2aEMCA mo20a u MoAvko mozda, %020a ay,

u By, k = 1,n, asaaomes, coomeememeenno, npunadaeocauyumu Ug
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 Juddepenuuana

wn—2(wn + Rn)

_ dw?
(wn _ An)Q(RQn _ Anwn)2 w-,

Q(w)dw? =

u cap gk\Bk =0.

Cirencrsue 5.1.18 cymecTBeHHO ycuimBaer Teopemy 2.3.9.
Aoxazameavemeo. Cuauana paccMorpuM ciydait R = 1, To ecTb
ay € B C Uy, k = 1,n. U3 paBencrsa (5.1.6) nojsydaem HepaBeHCTBO

v (60,60)r (62,62

LBeeo < et (Hak> ! ol

k=1

OueBugHO, YTO gk G(S c Uy, G ﬂG(2) =2, k=1,n,s=1,2.
[Ipu kaxmom k = 1,n paccMorpum KOHCbOpMHbII/I aBTOMopcbnsM w =
Tk (z) MWIOCKOCTH KOMILJIEKCHBIX YUCEJI, IPU KOTOPOM MHHUMAasi OCb U €U~
HUYHBII KPYT TPeoOdpa3yroTcst Ha cebs, TpuIeM

1
T (9;(5)> =(=1)"-i(Ap)®, A €RY,

T (G,@) =0, k=Tn s=12

CymecTBoBaHUE TAKUX aBTOMOP(MU3MOB OYEBUTHO.
Hasee, B cymy ycyoBuii ciencrBud 5.1.18, maBapuanTHOCTH DYHKIN-
OHAJIA |a1 - (LQ’ r(B1,a1) r(Ba, as) u kinaccudeckoit Teopembl I1IT. Ky-
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dapesa (cum. Hanp. [156,162]) nmeem HepaBeHCTBO

1
1 1 2
n n n T (Q,(:), —i)\,:’“> r <Q§§2),i)\,:k>
[T 000 < @ (I ) | 1T <
k=1 k=1

2
Pt 4x;

2114+ Aew k=1

(H ) A e [T an- (o(An))" =

3
Il
S
X

3
Q
B
N

n
"L e
k=1

2\" /(1= Am\" 4N 1 —Am\"
<o (2) (A =2) = (2. =4
e (2) (%) - (5 5v)
Ecmu R # 1, 10 momaraem A}, = £A, u {B}r_,, B, = Tr(Bx),
1
R

Tr(2) := %2, 1 OJIy9IaeM COOTHOIIEHUE

n A\
4 X 1—-(5%

[[rea <t 2 2w
n R 1+ ( )

KOTOpOE PaBHOCHJIBHO MCKOMOMY HepaBeHcTBy. Cirydail paBeHCTBa HC-
CJIeyeTcs aHAJOTMIHO npenblayniemy. CieacTBre J0Ka3aHO.

Cnencreue 5.1.19. IIycmv n >3, n € N, R,A € RY, % € (0,1].
Tozda dasn moboti (n,2)-ayuesol cucmems. mouex Ay o = {ak o} k=
1,n, p= 1,2, maxoti, wmo L(An2) = R?", L1(An2) = A" Jto (FAn2) =
to (%An,g ()\)), U NPOUZEOALHOT, CUCTNEMBL B3AUMHO HENEPECEKAIOULULCA
obaacmeti { By p}, axp € By, C C, k = 1,n, p = 1,2, cnpasedauso
HePasercmeo

n 2 n _ \n 2n

3nak pasencmea 3decv docmuzaemca moz0a U moabvko mozo0a, x020a Gy, p
u Brp, k= 1,n, p=1,2, asaaromca, cOOMEEMCMEEHHO NOAOCAMU U
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KPYy206viMu 00AaCMAMY K6aOPAMUYHO20 Juddepenuuana

wn—Q(wn + Rn)Q

— 2
(wn _ /\n)Z(R2n _ Anwn)Z dw ’

Q(w)dw? =

u cap Byp\Brp=0,k=T,n,p=1,2.

Cnencrsre 5.1.19 ycunuBaer Teopemy 2.3.10 3a cuer yIVIOBBIX Ha-
pamMeTpoB mpu 3HadeHHAX A, 0 < A < %R. Amnayornanbiit pesynabrar
CIIpaBEeIUB JIJIsT HeHaJeraomnx obaacteit B kpyre Ug.

Cnencreue 5.1.20. ITyemv n >3, n € N, R,A € RY, & € (0,1].
Tozda dasn A1060T N-Ayueeoti cucmemv, mouex A, = {ak}k:p A, C
Ugr, L(A,) = A", L (%An) =tp (%An()\)), U NPOU3COALHOT CUCTEMDL
s3aumHo Henepecekarowuzca obaacmed {By},_,, ax € By C Ug, k =
1,1, 6LINOARACMCA HEPAGEHCME0

n n )\n n
1;[ Bk,ak) 2)\ H (677 [7gn T )\n:| .

3nak pasencmea 3decv docmuzaemcs mozda u Mmoavko moeda, k0204 ay,
u By, k = 1,n, asaaomecs, coomeemcemeenno, npunadaeocauyumu Ug
NOAOCAMU U KPY208bLMU 00AACTNAMY KEAOPAMUYHO20 JuddepenHuuaa

B ,wn—2(,wn +Rn)2
(wn _ /\n)Q(RQn _ Anwn)Z

dw?,

Q(w)dw? =

u cap Ek\Bk =0,k=1,n.

JlaHHbIT pe3yabTaT yermamBaeT TeopeMy 2.3.9 3a cUeT yIJIOBBIX MMapa-
MEeTPOB IIpA A € (0, %]

5.1.6. 3agauu nepsBoro Tumna Jjs (n,2)-J1y4eBbIX CUCTEM TO-
YeK M OTKPBITHIX MHOXKECTB. [IpH BBEICHHBIX BBIIIE OOGO3HAYCHUAX
CIIpaBeJIIuBa

Teopema 5.1.5. (Baxtun A.K., Boion B.E. [56]). ITycmv n > 2. To-
2da, dns m0606 (n,2)-aywe6oti cucmemv, movex Ay, o = {akp}t, k =1,n,
p = 1, 2, maxod, wmo L(A,2) =1, u daa npoussosviozo omrpouimozo
muoorcecmea D C C, ydosaemeoparousezo nepeoe ycaosue HeHAAC2AHUA
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ommocumenvho 3adanmoli An,g, UMEEM MECTO HEPABEHCIMNBO

n 2

H H r(D,akp) <

k=1p=1

(5.1.13)

2

n 2 [y =
1—p.*F
< 92n <l l Ozk) I | 7762 | I GXP{—QD(alc,paaq,s)}7
k=1

k=1 1+ pe* | (kp)2(a,5)

3HAK PABEHCTNEA 6 KOMOPOM JOCTNULAEMCA, K020a TMOWKU ) », k = 1,n,
p = 1,2, u mHoocecmeo D a8aA10MCA, COOMEEMCMEEHHO, NOAOCAMY U
obsedurenuem ecex Kpyzo6umr obaacmel Keadpamuunozo duddepenyua-
A0

wn72(wn + 1)2

(e (RO))2(1 — (o7

Quw)du? = -

oxazameavcmeo. 13 yciioBuil, HAJOXKEHHBIX HA MHOYXKECTBO D,
cemyer, aro dbyHKmA ¢p(z,w) oUpemeseHa TMpW Beex z, w € D m
Komeuna Tpu Beex z # w. lyers By = C\ D, E(ayp,e) = {w €
C: |lw—agy < e}, e € RY, k =1,n, p= 1,2 [na gocraro-
YHO MaJblX € pacemorpuM Kougencarop Cl(e, D, Ay 2) = {EO,El (5)},

n 2
Ei(e) = kU1 U1 E(ak,p,€), 1 €ro eMKOCTb
Zip=

2 2
capCl(e, D, Ay 2) := inf// ((%) + (%) ) dxdy,

IJle TOYHAsI HUKHSIA I'DaHb OEpeTcs 110 BCEM BEIIECTBEHHBIM HEIIPEPhIB-
ubiM, JanmmnesbiM Ha C dyaxnusam ¢ = 1(z) takum, 9ro 1[1’ = 0,
Eo

’ — 1.
El(E)

C yuerom Teopembr 1 paborsr [111] MoxkeM 3ammcaTh acCHMITOTHYE-
CKO€ PaBEHCTBO

1 1
|C(e, D, Ay 2)| = T log =+ M(D,A,2)+0(1), —0, (51.14)
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rae sesmanna M (D, A,, o) — npuBeAeHHbIH MOY/Ib MHOXKecTBa D OTHO-
CUTEJIBHO CUCTEMBI TOUeK A, o:

n 2

1
M(D, Ay ) = ZZIOgT(Dvak,p) + Z gD (akp; aq,s)

8mn?
k=1p=1 (k,p)#(q,5)

(5.1.15)

Paccmorpum  pazmensiomiee  mpeoOpa3oBaHWe — KOHJEHCATODA

C(e,D, A, 2) orHocurespHO cucrembl bymkmuit {zx(w)}p_, u cu-
cremsr obmacreit { P}y _,. Iycrs

Cile, D, Anp) = { B, EP (o)},

rie E( ) k = 1,n, — obbenunenne obpasa MHOMKECTBa Fg ﬂﬁk pu
OTO6pa)KeHI/II/I zi(w) ¢ CUMMETPUYHBIM €My MHOYKECTBOM OTHOCHTEJIBHO
MHUMOH OCH, a E§k)(5), k = 1,n, — obbenumenne ob6pa3a MHOXKECTBA
Ei1() () Pr Tpu TOM ¥Ke OTOOPAasKeHHH C CHMMETPHYHBIM €My MHOMKe-
CTBOM OTHOCHTEJEHO MHUMON ocH. TOrja BBITOJHSAETCS OCHOBHOE Hepa-
BEHCTBO METOJa KyCOUYHO—PA3IE/ISIONIEro MpeobpasoBaHust

capCl(e, D, Ay 2) = Z cap Ci(e, D, Ay, 2). (5.1.16)

l\DI»—t

Orcroa HEOCPEJICTBEHHO IOJIyYaeM HEPABEHCTBO, UIPAOIIee KJIoJe-
BYIO POJIb JJTsl JAJTBHEUNTNX OTEHOK

n

-1
|C(e, D, An2)| <2 <Z|Ck(s,D,An72)|1> . (5.1.17)
k=1
IIycTb Qél])a, 922;7 k=1,n,p=1,2, — Te e, 9TO U B JIOKA3ATCIb-
crBe TeopeMsl 5.1.4, JJIs KOTOPBIX UMeT MecTo HepaseHcTBa (5.1.10) u
(5.1.11). AnasiorngHo C€1OCOOY MOJIYyUEHHs] ACUMITOTHIECKUX DABEHCTB
(5.4.1) u (5.4.2), IpUXOAUM K COOTHOIIECHUSIM

1.1
|Cr(e, D, Ap2)| = gloggthk(D,AM)Jro(l), e—0, (5.1.18)
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k = 1,n, rae Besmuaunbt My (D, A, ) npu kaxkjaom k = 1,2, ...,n onpe-
JIEJISIIOTCS CJIEIYTOIIUM BBIPAYKEHUEM:
2 (Ql(cl) w(U) (Q(Q) (2))
p’ “k,p k,p? Wi
M(D, Ap2) = Z - . (5.1.19)

1
o g | 75 alaks1p]

B cBomo ouepenp, u3 (5.4.6) caeayer

n 2 n

_ 8 8
> |Cr(e. D, Ay )| = = log T - (1—7:) My(D, Ap2)+
k=1 og € 8%/ =

1 -2
+o <<—1> > , €—0.
log;

Yike oTclo/ia HoJTydaeM BBIpasKeHUe, Jafollee aCHMITOTHKY IPaBOit
qactu HepaseHcTBa (5.1.17), —

<i|ck(s,D,An72)]1> -

k=1

e (e o () )] -

1 1 1
—log— |1 My (D, A, =
8mn Oge ( +nlo < Z kel 2)+0<1ogl>>
k=1 €
_ 1 Y (D, A 1 0
=% E n2)+o(l), e—0.
k=

Jaee, 3 HepaBeHCTBa (5.1.17) ¢ yaerom (5.4.1) u (5.1.20) caexyer

—10g +M(D Ap2)+o(l) <

4mn

12
log g +§ ; Mk(D, An,g)—‘rO(l)

4mn
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CoxkparraeM 0COOEHHOCTH B TIOCJIE/IHEM HEPABEHCTBE M YCTPEMJIIEM € K
HYJIIO, TIOJIy4aeM B Pe3yJIbTaTe HEPABEHCTBO JIjIs TPUBEJIEHHBIX MOTYJIei

M(D, Ay) < ZMk (D, A,2). (5.1.21)
k=1

Broipaxkenus (5.4.2), (5.1.19) u (5.1.21) upuBoggT K HEPABEHCTBY

n 2
ZZIOgT(Dvak’p) + Z 9D (k p; Ag,s) <

k=1p=1 (k.p)#(q,)
N 1 () 2 (2
1 2 r (Q 2%k, ) 2 (Q ,p’wk,p>
I PR < RO =
k=1 \p=1 lak,p p=1 o lakyrpl o

O nocsenHero HEpaBeHCTBa HETPY/IHO MEPEHTH K CJIE Y IONEMY:

n 2
H H T<D7a’k7p) H €xp gD(a'k,paa(Ls) <
k=1p=1 (k.p)#(q,s)
@ r® @) 12
H H ( ,p’7k7p) . T( kp» Tk, p)
——1 L )
k=1p=1 5, ak Jag,p|>w (,—k'\akﬂ,p k

Orcrosa, ¢ y4eToM paccyKJAeHuil, IIPOBEIEHHBIX IIPY J0KA3aTeIbCTBE
TeopeMbl 5.1.4, mosyvyaeM HEpaBEeHCTBO

n 2
H H r D akvl’ H CngD(ak,pyaq,s) <

k=1p=1 (k:p)#(a,s)
e (o) T (22 ) o
k=1 k=1p=1 a’”lp

, IDEUIeY) (2 3
J T (Q,(Cp,w},(C p) r (Q,(~C ;,wk;)

(2)2 ’
k=1 \p=1 |Wk,p - k,p‘
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Haistee, yanreias yciaosue TeopeMsl L(A, 2) = 1, IpUXoauM K Hepa-
BEHCTBY

n 2
H H T(Dv ak,p) H exp gD(a'kﬁD? aq,s) <
k=1p=1 (k,p)#(a,s)
1
n 2, (CONENCOAN (2 (2 2
< 2% H a . H ﬁ " (Q’“’P’wk@) " (kap’wkm>
= k O _ @] :
k=1 k=1 \p=1 Wi.p C"lc,p|

Ucnonbsys dopmyy (5.1.11), MmoxkeM ¢iiesiaTh BBIBOJL, UTO

n 2

H H (D, ar.p) H exp gp(ak.p, aq,s) <

k=1p=1 (k,p)#(q,s)

n 2
< 2% (H ak> X (5.1.22)
k=1
1 1
n T (Eﬁf’ —ipy ") r (E;(ff,ipz? ’”)
<11

= X
k=1 4p.*
1 1 3
r (Elgl%, —ipk“’“> r (El(f%,zpk’“>
X 5 .

~ar

4p,

Hakonern, yunrsiBas jgemmy 5.1.1 u nepasercrso (5.1.22), nosydaem

COOTHOIIIEHHUE
n 2
H H T(Dva"w?) <
k=1p=1
n 2 n 1_ p% 2
e (f1o) () T1 ot oecnonn
k=1 k=114 p.* (k,p)#(a,s)

VrBepKieHue o 3HaKke paseHcTBa B HepaBeHcrse (5.1.13) mposepsiercs
HernocpeACTBeHHo. TeopeMa IIOJHOCTRIO JI0KA3aHa.
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5.2 Ba;(aqn BTOPOro Tuiia AJid N-JIydeBbIX CHUCTEM TOYEK

5.2.1. PaBHoOJy4YeBbI€ CUCTEMBI TOYEK U OIeHKU (PYHKIHAO-
HaJIOB BTOpOTO TUMa. PaccMorpuMm Tenepsb 3aady 006 oreHke (pyHKITI-
oHaJIA

Jn(v) = r7(By,0) H r(Bg,ag),
k=1

rie A, = {ap}p_; — n-paBHOTyYeBas cucTeMa TOUeK, a {Bj}j_
cECTeMa TIOIAPHO HellepeceKaromxest obsacreit, ay € B C C, k =
~ € RT. B maHHOM ciiy9ae cIIpaBejiuB CIeIyIONil pesy IbTaT.

7n’

Teopema 5.2.1. IIycmvn € N, n >3, v € RY, v < n?. Tozda das
210001 n-pasHoayesots cucmemv, movex A, = {ar}p_, u npoussosvHol
cucmemol 83auMHo nenepecekaouuxrca obaacmets {By}l_y, ar € By C
C, k=0,n, ap = 0 cnpasediuso Hepasencmeo

"(Bo, 0 H (Brax) < 17(BY”,0) H (B, a{),
20e {a,(go)} U B,(CO), k = 0,n, — nomocvt u coomeemcmeyowue IMum

NoACAM KpYy206bie 0baacmu keadpamuyrozo duddepenyuana

_ +Rn7
d 2 ( W)w d 2
Q(w) w w?(wn Rn)
N 1—% " 1+2
o= | Ie((a )] (e
Ak+1 k=1

3nax pasencmea 6 sMomM HEPAGEHCMEE DOCTNULAEMCA M0200 U TMOALKO
0 0 — ~

mozada, xoz2da ap = a,(c), B, = B,(C ), k = 0,n, u cap(Bx\Bg) = 0,

k=0,n.

Zoxazameavcmeo. st jaHHON n-1y4eBoii cucreMbl ToYeK A, =
{ar}7_, paccMoTpuM Bce Te Ke OOBEKTBHI, UTO U IPH JOKA3ATEILCTBE
reopembl 5.1.1 u ucnonszyem dbopmyinl (5.1.2) u (5.1.3). Jobasum coo-
rBercTByONLyio (cM. [108-110]) dopmyity i pasmessiomniero npeobpa-
30BaHust 0b6acTH By OTHOCHTEIBHO IPOU3BOJILHON 7-JTyI€BOH CHCTEMBI
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rouex Ay, {Pu(An)}bi_y, {ze(w)}?_;, {ax(An)}i_; (oM. m 2.1.1). Oue-

BUJTHO, UTO

1 —
|Zk;(’w)|:|w|'lk’ w—>07w€Pk7k:1’n_
Torna
0 2
7(Bo, 0) H[ (G,ﬁ),oﬂ ,
k=1
riue G,(CO) —  Oo0beaUuHEeHUE CBA3HOW  KOMIIOHEHTHI  MHOXKECTBA,

2k (Bo N Pk(An)), colepxKaleli Hadajgo KOODIUHAT, C €ro CUMMe-
TPUYIHBIM OTParKeHHeM OTHOCHTEIbHO MHUMOI ocu. Orciona n u3 (5.1.3)
HOJIy9aeM

r7(By,0) H r(Bg, ak) <
k=1

P (6,02)) r (6. 40)]

<II[(e0)] 7 I -

paiet T |ak‘ak—1 . |ak|(vk
(ﬁ ) - |a| X
— ag | - H S o]
k=1 k=1 |ak|l("‘1k+”k 0

N

[ ) )] -
(1) e
k

S (o)t =l P

X

2

AN

o

Y

w\

e

n 1)
HQQ ||9 D 1 ) lag| =

k=1 |ak|§<q+"‘k—1

u e N ks
Q| “k (Qf X ag| “k ag oy
= (H%) H l — 11 : T aw] p %

lar]®r + |agy1|o lak - apy1|?n
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N i (6,0)r (6, 6) r (62, 0) 1"
X a? 2—a?2 =
e e A I S M

(TLew) 1T [ (22

1
n—g Zn‘, a? n ok (G/EEO)’O> r (Gl(ql)vgl(q )) <G§c2)vgl(c2)) i

(2)|ai7 ) |g(1) _ gl(€2)|2*aw

1 1—%&% n
Zag, ol
ak)] . II ‘ak|1+4(ak+ak—1) %

k=1

k=1 |g(1) k

IIpn kaxoM k = 1,n HECI0KHO yKa3aTh KOH(MOPMHBIH aBTOMOPhU3M
¢ = Ti(z) nnockocrn kommiekcHbx uncen C raxoit, uro T (0) = 0,

Ty (g](:)> = (71)8 'iv Q;Q) = Ty (Gg)>7 k = ]-7_”3 s = 1723 q =
0,1,2. lnBapnanTHOCTH OTHOCHTENIBHO KOH(MOPMHBIX aBTOMOPMOU3MOB
C ¢dynximonasa

rt (Bla al) -T2 (B2a (12) ST (B-?)a a3)
a1 — ao|ortaz—as . |q. — ge|r—a2tas . |go — geo|—@1taztasz’
lay — ag] lay — az| lag — as|

J3(aq, a9, 03) =
ar € R, ap € B, CC, BiNBy, =9, k=123, p=1,2,3, k #p,

[I0-BUIMMOMY, BllepBble yKa3ana B pabore [141]. C ygyerom s10ii unBapu-
AHTHOCTH, ITOJIy49aeM

7(Bo,0 H (Bk, ar) <
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n 1 \1l-37ak
rie E(V)(An) =11 [X( ak 2%)} 2 k. [ |ak|l+%'\/(ak+ak,1).
k

Ak+41

=1
st paBHOTyUeBbIX cucreM Todek u3 (5.2.1) u [109] (Teopema 4),
CJIe/lyeT COOTHOIIEHIE

r7(Bo,0) [[ r(Br ax) <

w3

e

Q41

n 1_% n I+
1
i
k=1

a Dy, s = 0,2, — Kpyroeble 00J1aCTH KBaJIpaTUIHOrO jauddepeHimasia

LO(A,) = [ﬁ y (’ a

I ke ) S e
QU = Vg e (5.2.3)
KiroueBasi onenka (5.2.2) nosiydena OGJiaronapsi UHBAPUAHTHOCTU
yKas3aHHOrO Bele GyHKIMOHATA J3(a, (g, (i3) M MCIIOIB30BAHUIO UJIEH
u pesynbTaToB padorsl [109]. B ciaydae peasmsanuu 3HAKa PABEHCTBA B
(5.2.2), amasornuno upenpiaymemy (cm.reoepemy 3.1.1, 5.1.1), merpy-
JIHO TI0Ka3aTh, 4To |ax| = R, k = 1,n. Bosee Toro, npeobpazosanue

n
_ i (w\2
(=—i ( R) SIBJISIETCST HAKPBIBAIOIINM TIpeobpazoBanueM. [Toatomy, me-

w

n
R) ? | mojiyvuaeM KBaJIpaTh-

nasi B (5.2.3) 3ameny nepementoii ( = —i (
qublil auddepennmat
(n? — y)u" + Ry

2=— w? 2.
Q(w)dw* = W (wr = B dw*, (5.2.4)

1
1

|t n ey
- [H |ak|1+l] |
k=1
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HemnocpencrBennoit mpoBepKoit MOXKHO IMOKA3aTb, YTO BEJIUINHA
n
0 0 (0 (0 0
TV(B((] ),0) II r(B,(C ),afc )) rae a;, ’, (0) B( )k =0,n, — N0mocH 1 KpyTo-
k=1

Bble obstactu (5.2.4), paBHa npasoii yactu HepaseHcTsBa (5.2.2). B ciyuae
IKCTPEMAJIBHON KOHMUTYPaluK, KaK U PaHee, I0JIy9aeM PaBEHCTBO

7(Bo, 0 H (Bk, ar) =" (Bo,0 BIE (B, ax).
k=1 k=1

OTCIO,ZL& Cpa3dy 3aKJ/Iro9aeM, 9TO

r(Bg,ar) = r(ék, ar), k=0,n, ap =0.

[Tocteinee mpuBOAMT HAC K BBIBOIY O TOM, UITO Cap (Ek\Bk) =0, k=

0,n. Teopema mokazana.
Caencreue 5.2.1. [Iyemvn € N, n > 3, v € R, v < n?. Tozda dns
npouseoasnot n-pasnoayuesots cucmemv, mouex A, = {a};_, u npou-

360v10T cucmemvr nonapro nenepecexarowuzca obaacmets {By}_o.
ap € B, CC, k=0,n, ag = 0, sunoaniemcs nepasencmao

n
"(Bo, 0) [ ] r(Bx,ax) <
k=1

S <%>n' a (%j;)i+% ' <Z+ﬁ>2ﬁ.ﬁ(v)(An).

3HAK PaBEHCMBaA 6 IMOM HepaseHcmee JoCmuzaemcs moz2da u moavKo
moeada, Koeda ay u By, k = 0,n, asasomeca, coomsemcmeento, noao-
CaMU U KPY208bLMU 00AGCMAMU K6adpamuuro20 duddeperyuaa

2 (n? — y)w" JFRn’Yd 2

dw? = —
n n 1_% n 1+% ﬁ
Q. 1
r=S (I ()2 )| [T ,
k=1 Ah+1 k=1
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Hoxazameanvcmeo. 13 teopemser 4 paborsr [109] u croiicTs pase-
(0)

JIAOIIero Hp€O6pa3OBaHHH CJIElyeT, 9TO B CJIy4dae, KOTda ar = G, H1

0 .
By = B,g ), 0 < v < n?, k =0, n, BEIIOJHIETCS COOTHOIICHUE

(e ) 1 (o) -

k=1

z N4l

() e )

n 'y)"+% 1‘*‘%

n2

C ygerom Toro, uro R"t7 = L(V(A,,), uz Teopembr 5.2.1 BbITeKaeT He-
00XO/IMOe YTBEPKIEHNE.

2

[Ipu v = n*® u3 Teopemsr 5.2.1 OyIeM UMETh CJIEIYIONHII PE3YIbTAT.

CaenctBue 5.2.2. Ilycmv n > 3, n € N. Tozda das mobot n-

pasroayuesoti cucmemvs mouex A, = {ap},_; u npoussosvrot cucme-

o n —~

MbL NonapHo wenepecexarouuxrca obnacmets {By},_, ar € By C C,
k=0,n, ap =0, cnpasediuco nepasercmeo

*(Bo,0 H (Bg,ar) <n™"- HX(‘ ok

a
k=1 k+1

n -1 n
Z) ) H |ak|n+1.
k=1

3HaK pasercmea peasusyemcs 30ech nNpu Mexr Hce YCAOBUSL, 4MO U 6
meopeme 5.2.1.

Jjtst coydasi HEHAJIETAIONUX 00JIacTell OIeHKa CjiecTBus 5.2.2 ycu-
JuBaer oauH pesyiabrar [111].

5.2.2. OmeHku @YHKIMOHAJIOB BTOPOro THUIIA  [JIsd
OTKPBITBIX MHOXKECTB. Pe3ymbrar TeopeMbl 5.2.1 MOXKHO 3Ha-
9UTEeHFHO ODOOIIUTH 3a CYeT PACIIUPEHUS CUCTEM HEHAJIETAIOIMINX
obsracTeil 0 KJIAcCa BCEX OTKPBITHIX MHOYXKECTB, Y/IOBJIETBOPSIOIINX
BTOPOMY VCJIOBUIO HeHaJjieranus. JIokakem cjieayronuit pe3yabTar.

Teopema 5.2.2. IIyemvn > 2, n € N, v € Rt v < n?. Tozda
dns 1060l n-pasnoryuesoti cucmemvr movex A, = {ar}7_, u moboeo
omxpwumozo mnooicecmea B, {0} |J A, € B C C, ydosaemeopsrowsezo



250  Inasad Fxcmpemanvrvie 3a0a4u 0as (1, M)-AYHESHT CUCTIEM ...

6MMOPOMY YCAOBUN HEHAAEC2AHUA OTMHOCUIMEADHO CUCTMEMDL An, cnpaese-
0260 HEPABEHCIMBO

T’Y(B7O) H T(B,ak) : H eXpQﬁgB(07ak) : H engB(a']map) <
k=1 k=1 k#p

< (B(()O),O) H . <B,(€O),a,(€0)) ’
k=1

0 0 = (0
20e {a,(C )} U B,i ), k = 0,n, aé) = 0, asaaomca, coomeemcmeerHo,
NOAOCAMU U COOMBEMCMEYOUUMU UM KPY208bLMU 00AGCTNAMUYU KEAIPa-
muwhoz2o duddeperuuana
(n® —y)w" + R™y

2 _ 2
Q(w)dw* = W w" — ) dw?,

2de R™7 = L) (A,,).

Zoxazameavecmeo. Ormernm, 9To 0bs1acTb B obiragaer QyHKITIeH
'puna (0606mennoit, Boobiie rogops ). [lo anajgoruu ¢ 10Ka3aTeIHCTBOM
TeopeMbI 3.2.2 IJI J0CTaTOYHO MaJbX ¢t € RT paceMorpmm MHOXKECTBa,

Ey =C\B; U ={weC: |w| <t}
Ep(t) ={w e C: |w—ag| <t}, k=1,n.
ITo anasoruu ¢ (3.2.8) GyeM paccMaTpUBaTL KOHIEHCATOP

C(t,B,A,) = {Ey, Uy, Ex(t),...,En(1)},

¢ mpeanucanEbiMu 3HaveHusMu 0, ,/7,1,1, ..., 1. EMKocThIo KOH IeHCa-
——

n pas
ropa C(t, B, A,,) HasbiBaercs BeauduHa (cM. [112,229])

cap C(t, B, Ap,) = inf // [(GL)? +(G,)?] dady,

rJie HIDKHSIS IPaHb OEPEeTCsl 0 MHOXKECTBY BCEX BEIEeCTBEHHBIX, HEIIPe-
poiBHBbIX 1 jmnmunesbix B C dynknuit G(z) Takux, uro G = 0 B okpe-

CTHOCTH MHOXKecTBa, Fj, G‘U =7 G‘ ( ): 1, k = 1, n. Moxyns Kon-
t Ei(t
nencaropa |C (¢, B, A,,)| onpenensercsa coornomennem (3.2.9). 13 Teope-

mbl 1 [111] onpenenum acumnroruxy mounyss C(t, B, A,), aHAIOIUIHYIO
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dbopwmyse (3.2.14), a umenHo:

|C(t, B, An)| =

(5.2.5)

1 1 1
log¥+M(B,An)+o(1), t—0,

- %'y—i—n
rae

2r \v+n

k=1

+ Z 2798 (ak,0) + Z 9B(ap, ak)
k=1

k#p

2 n
1 (L> l’ylogr(B,O) + Zlogr(B,ak)—i— (5.2.6)

Paccmorpum  pazmensiomee  mpeoOpa3oBaHme — KOHJEHCATODA

C(t,B,A;) OTHOCHTEJLHO CeMelCTBa yIJIOB {P,EO)(AH)} u ce-

meitersa dyrkmmit {2, (w)}i_,, te zg(w) = (—1)kiw?, ko=
OnpeiesinM KOHIEHCATOPHI (IPH MAJIBIX t)

—(k
Ck(t) = (E(gk)» U)E )7 E§k)aE§k)) ;

rie

(2 (NP}

(+ mOR)

L (B0 NBY))
B = 2 (B PL) U { (B PL) }+ :

k=T1,n, E,.1(t)=FE(), {A}t ={weC: —we A}.

1,n.

C kaxzpiv korzercaropoMm Ci(t) conocrasum kiace Vi — Bcex Be-
[IECTBEHHBIX, HelpepbIBHbIX U junmmiesbix B C dyukiuit G(z) takux,
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_ (k) _
aro G = 0 B OKpecTHOCTH MHOXKecCTBa Fj ~, _(k) V7, G = 1,

k =1,n, p=1,2. Ilpu pasmensiomem npeo6pa3OBaH1/H/I KOHJICHCATOPY
C(t, B, A,) coorsercrsyer Habop KougeHcaropos {Cy(t)}7_,, upudiem B
cuity pabor [108-112] cupase/iinBo HepaBeHCTBO

capC(t, B, Ay) anp Ci(t (5.2.7)
Henocpeacrsenno uz (5.2.7) mojydaeM COOTHOIIEHUE

|C(t, B, Ay) (Z |C(t) ) . (5.2.8)

Ananormanste (5.2.5) u (5.2.6) cupaBe/IUBBI U ACHMITOTHYIECKHE
npencrasiernst (em. [111])

1Cr(t)] =
(5.2.9)
1 1 1
—1 M, 1 t—0
=532 7+2 og 5 + My, + o(1), — 0,
rJe
My =
(5.2.10)
2 2 B(S) b(S))
1 n 2 k) ( k >
_Lt(_n_ ) 1 (B( : ) 1 :
2m <2’y—|—2n> <n> vlogr {5y, 0 Z T m
2k (ag) =: b,(gl), zk(ags1) =: b,(f), kE=1,n, any1 = a1,
B(s) — obbeauHeHne CBA3HON KOMIIOHEHTHI MHOXKECTBA Zj (B ﬂP )>,

(s)

conepxaeii b,”, ¢ ee CHMMETPUIHBIM OTPazKeHHEM OTHOCHTEILHO MHH-
o 1 n_ 2 n_ T

MOt ocw, )\](c) = a2 71, )\,(c) = Zlagq |27, k = 1, n. Boraumcanm
ACUMIOTOTHUKY TIpaBoil dactu mepaseHcrsa (5.2.8). g sToro, mosaras,

910 t — 07 3anumeM CJaeayrolnee COOTHOMIEHUE:

Ce()] " =
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-1
27 (2 + 2 1 2m(2y + 2 1 1
m(2y +2n) <1+ m(2y + ”)-Mk +0( 1)) -

n log 1 n log +

2
2m(2 2 1 2m(2 2 1 1
m(2y+2n) __ m(2y + 2n) VARSI S
n log & n

Orcroma mostydaeM, 9To

Y ICkH)T =
=1

1 dr(v+n)]? 1 & 1
= dn(y +n) 1_[%(’7 n)} - Mk+0< 21>.
log ¢ n log” 3 1= log” 3
Torna
" -1
<Z|Ck-(t)|1> =
1=1
log dr(y+n) 1 & 1\
h 7(y+n
4 (v +n) n? log%lzz1 k+0(1 1)]

log% 1
=—t 4+ = M 1).
47r('y+n)+n2§ k+oll)

U3 (5.2.5) — (5.2.8) BBITEKAET COOTHOIIEHHE

1 1
o 0T )logt+M(BA) o(1) <

2 1 1 2 <&
< -+ =5, 1
T y+n gt+nzz k+o(l)

ITociennee o3mavaeT, ITO
2 n
) < Fz:Mk. (5.2.11)
=1

Ucnonbayst (5.2.5) — (5.2.11), mpuxoAuM K COOTHOIIEHUIO

1 1 ”
— - ——— |logr"(B,0) r(B,ak)
2r (v +n)? kl;[l
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xHexp2\/_gB ag,0 Hexpr(ak,ap) <

k#p

e 1 (B0 ¢ (B)
< 2~—-(—) ~7210gHr72 (Bé),O) 5 — .
n* 2 A2/ (y+n) k=1 (2)" |ak apa|2 71
Orciona OymeM UMeTh COOTHOIIEHNE

n

r(B,0) [T r(B, a Hexp2ng ar, 0) [T exv gn(ar. ap) <
k_

= k#p
< L (o000 o () (812.07) |

w? |’

( ) [H |a Z:+1|2] .

C 3TOro MOMEHTa OCTAETCsI TOJBKO MOBTOPUThH PACCYZKJIEHUs, TPOBOIH-
Mble pu nostydeHnn HepaseHcTs (5.2.1) u (5.2.2). OKoHYATEIBHO HOJTY-
qaeM

N

n

(B,0) [ r(B, ax HGXPQ\/_QB ax,0) [ ] expgs(ar, a,) <
e

= k#p

" 1-23 " 1+2
)| i
k=1

s« [1 (D0.0) r(Dy. —i) (Da.)] T =7 (B )f[ (B,a2)

VAN
7N
S|
N———
3
bl
==
>
R
S
> |
+ |=
'
—

rie kpyrosble obmactu Dy, p = 0,2, B,io), k = 0,n, ¥ mOIIOCH a,io),

k = 0,n, onpenesnens pu ycraHoBieHnu cootHormennii (5.2.1) u (5.2.2).
Takum 00pa30M, paBEHCTBO B HEPABEHCTBE TeopeMbl 5.2.2 JocTurae-
n
0
TCsI, HAIIPUMED, JyIsi OTKPBITOro Muoxkectsa B(0) = U B,(C ) i cuerensr
k=1
AY = {a(o)}" (J{0}. Teopema noxazama
O R § . P Pt :
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Caencreue 5.2.3. Ilyemv n > 2, n € N. Toeda dan w0601
n-pasroayuesol cucmemv, mouex A, = {ap}i_, u npoussoavrozo
omxpumozo muooicecmea B, {0} J A, C B C C, ydosaemeoparouiezo
6MOPOMY YCAOBUIO HEHANC2AHUA, GHINOANACTC HEPAEEHCMEO

n n n -1 n
" (Bo, 0) H (Byag) <n™"- Hx(\ - ) (1T laxl

a
k=1 k+1 k=1

n+1

n

Bnax pasencmea docmuzaemes das BO) = | B,(CO) uAY = {a,(co)}zzl,
YyKa3anrolr 6 meopeme 5.2.2. =

Cuencreue 5.2.3 s Kjacca OTKPBITBLIX MHOXKECTB, YIOBJIETBOPSIO-
X BTOPOMY YCJIOBHIO HEHAJETaHMsl, yCUJIUBAET OIEHKY, IOJIyYeHHYIO
B [111].

3ameuanmne 5.2.1. Merox noxkazareabcrBa TeopeMbl 5.2.2 moryckKa-
€T PAacCMOTPEHHe Caydasg 1 = 1 U Ipu 9TOM IOJIy9aeM HEKOTOpoe 0606-
menne reopembl M.A. Jlaspentbesa [158].

Meton mokazarenbcTBa TeopeMbl 5.2.1 1 5.2.2 MMO3BOJISIET TaKXKe T10-
JIYYUTh Pe3yJIbTaT, ycuauBaionmii reopemy 4 [111].

5.2.3. 3kcrpeMajibHbIe 3a/a4d BTOPOro TUIA AJS IPOU-
3BOJIBHBIX N-JIy4€BBIX CUCTeM TO4eK. B pabore [110] B cimcke He-
PeIIeHHbIX 3a4a49 10, HOMepoM 9.2 paccMOTpeHa ClIeyIomasd 3a ada.:

ITokazaTh, 9TO MAKCHMyM IPOH3BEICHULA

n
“(Bo, ao) H (Bk, ax),

rine By, Bi, ..., By, n > 2, — monapHO HelepeceKaronmecss obJiacT B
C, a0 =0, lag] = 1, k = T,n u a < n, gocruraercs st HEKOTOPOit
KoHbuUryparun u3 obsacreit By u Todek ag, obagaroeil n-KpaTHon
CUMMeTpUen.

ITpu o = 1 9ra 3a1a9a MOIHOCTHIO pemtena B pabore [109] (cm. Takxke
[110-112]). 13 meToma 3Toit paboOTHI CJIELYET, YTO ITOT JKE PE3YJIBTAT
crpaseymB u npn 0 < o < 1.

Nnen u meronsr paborsl [109] jgomosHnM TakuM 00pasoM, YTOGBL
MOJIYIUTh HOBOE MPOJBUYKEHUE B U3YUEHUM BBIMIEYTIOMSHYTON 3a1a4u.
CrpaBeyiuBo CJIe/IyIoliee yTBepKIeHue.
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Teopema 5.2.3. (A.K. Baxtun [40]). /las npouseoavrozo v € RT
cywecmeyem maxoe no(y) € N, wmo npu kasrcdom n = ng(y) évinoara-
emes HEPaserncmeo

T’*(Bo,o)ﬁr(Bk,ak)é ( 0 O)H ( ) (5.2.12)
k=1 Pl

Ons w060t cucmemv, movex A, = {ap}i_y, laxl =1, k = I,n, a1 =
1, u 060t cucmemss nonapro nenepecexarouurca obaacmet {By}i_q,
0 € By, a, € By, k =1,n. 3uax pasencmea 6 (5.2.12) docmueaemes
mozda u moavko moezda, Ko2da ay = ak) B = B(O) k=0,n, ag =0,
2de ay, (0) B}go) ABAANOMCA, COOMBEMCMBERHO, NONMOCAMU U KPY20EHLMU
06/Lacmﬂmu xeadpamuurozo Juddeperyuana

2 _ _(n*—yw n+’7 w2,

u cap (By\By) = 0, k = 0, n.

OueBuHO, 9TO TEopeMa 5.2.3 CyIEeCTBEHHO JIOTIOTHSIET PE3YJILTAT Pa-
Gorer [109].

Zoxazameavcmeo. Hua v € (0,1] reopema 5.2.3 cupaseijiusa B
cuny paborer [109]. Pacemorpum ciyuait v > 1. Ilpumensisi, Kak u B
[109], pasmensromnee 1npeobpasoBanne K cemeiicTBy obusacreit {Bj}}_
OTHOCHTEJIBHO cHCTeMBbI yrioB {Py(A,)}}_,, ompenensemoit crcTeMoi

o e
touek A, = {a}}_; u cucrembl bynKumit zp = —i (e MEInZ) Ok =
1, n, mosryyaeM HEPABEHCTBO

Jy =17(Bo,0) [ [ r(Br.ax) <
k=1

=

[Ham( ©,0) (B,gw,_i)r(B,@,i)] <

< l]‘[ oy (Do,o)rwl,—i)r(pz,i)] :
k=1
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e Dy, k=0,1,2, — Kpyrobie 00/1aCTH KB IPATUIHOTO JAuddepentim-
ana (5.2.3). Janee,

1
2

J, <y % H otk +6 -t?“ (2= 1)) 2T (9 gy )T (20
k=1

rae ty = /Yag, k = 1,n. B mocneaueit ornenke ucnoibzyem pesyiib-
TaT, noJSydeHHbIH B padore [109] mpu jgokasarenbcTBEe TEOpEMbI 4, UTO
MIPUBOJIUT HAC K CJIEJIYIONIEMY HEPABEHCTBY:

r7* (Bo,0) 1 (By, —i) 1 (Ba, i) <

<2746 . 57" (2= 5) 3297 (2 4 5)3(2+0)

rie By, k = 0,2, — mpon3BoIbHbIE B3aMMHO HellePeCceKaIOMNecs 00IaCTH,
0 € By, —i € By, i € By, 0 € (0,2]. CupaBeyiuBa CJeyomas Ienodka
HEPaBEHCTB:

n n n 17%
7 (Bo,0) [] r(Br,ax) < [] Ir(Bo, 0)r (B, ax)] lHr(Bk,ak)] <
k=1 k=1

k=1

1-2X

X
< lH |ak|2] : lz" [Tow 0] < [2" Hak] <
k=1 k=1 k=1
1—2

_ n—1 1—-X
< [2”&0 <2 OZO) ‘| _ [2”&0(2 N ao)n—l(n _ 1)—(n—1)} " ,

-
n 1-2

n—1

T7ie g = MAX (v, TIPHIEM 2—ap <2— %, ay = % C npyroit cTOpPOHHI,
u3 pe3ynbTaToB paboTel [109] m CBOWCTB pasmessiomero mpeobpasosBa-
HU, TIOJIyYaeM

n

Tn() =17 (Do,0) [ r (D di) =
=1

=

=)
w3

4
2/7\

n

2346

v~
N
\

)

Il
Y
S|
~~_
3
(V]
S
[N
—
'f [}
3

(2

W=
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(n2—y)mta \n+.7
4v\ VA 2V
:(é>”. )" (1=
ol 9
A N
rine Dy, dp, k = 0,n, dg = 0, — COOTBETCTBEHHO KPYI'OBBIE 0GJIACTH W

MOJTFOCHI KBaJIpaTuvdHOro auddepeHmaia

2 _ noy
Q(w)dw? = % dw?.

OHGHI/IIVI Telepb BEeJIUNINHY

77(Bo,0) IT r(Bk,ax)

<

—=|[==

T’Y(Do,O) T(Dk,dk)

ES
Il
A

[2 .gn—1, 040(2 _ Ozo)nil(’n _ 1)7(7171)] 1-z

1

<
1—v(1—= ~y1-2 2 X 1A 27
(@)D @ @) ) ()

4 2
rJIe
o (YE (g (1Y
”(E) (-2 i E)
1yt
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IPUYEM JUIS N TOCTATOTHO GOJIBIIX MOXKHO cunTarh, uro O(1) < 10e.
OueBuIHO, 9TO

2
n\" Y\t 1+ v
< ) . n X

ow = (5 [P

9 1-x n n—l—'y"T_l
X | —= . .
Nal n—1

Hamee, BBememM obo3HadeHure:

n

77(Bo,0) [] r(Bk, ax)

Jn('y) = ! )
(Do, 0) [ r(Dy,dy)

=
Il

—s

k

1

U C y4eTOM BCeX IPeJbIAYIIUX PacCyzKJIeHUN MOXKeM 3allliCaTh:

Jn(y) < 106(4)w (1-%)71_1

npu Jo6oM dbukcuposanHoM Yy € RT u Gosbmux n (Hampumep, n >
10v). Orcrona caenyer, aro pu n — oo J,(y) — 0. Takum o6paszom,
cymiecTByeT Takoe ng(7y), aro J, () < 1 upu Beex n > ng(y) u upm Beex
Qo Takmx, 910 2 — g < 2 — % Or1o o3Hauaer, 9To 1UpU N = no(Yy) U

2> a2 % JIJIsI TIPOU3BOJILHBIX CUCTEM IOTIAPHO HEIePEeCeKAIONUXC s

obuacreii n J06BIX HAGOPOB PA3JIMYHBIX TOYEK ag, |ag| = 1, k = 1,n,
ar € By, 0 € By, nMeeT MeCTO CTPOroe HEPABEHCTBO:

7(Bo,0 H (Br,ax) < 17(Do,0) [ [ (D, d).
k1 k=1

Hakomerr, ocraercst mosryanTh oueHKy mpn 2 — g > 2 — % B srom

cJIydae BBIIOJHAETCH YCJIOBHUE (g < KOTOPO€ PaBHOCUJIBHO yCJIOBUIO

f ’
yad < 1. Beugy Toro, 4to ag = ag, k = 1,n, mociejHee HEPABEHCTBO
BJI€YET COOTHOIIEHNE 'ya% < 1, k = 1, n, kxoTopoe obecrieanBaeT yCIOBUSI
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JIJIsl IpUMeHeHMsI MeTofia 13 paboTsl [109], mpu mokazaTeabeTBe TeOpeMbI
4. TaxuMm 06pa30M, UCIOJIL3Ys BOTHYTOCTh (PyHKITUH

y(x) = log 2x2+6xw2+2(2 _ x)—%(z_g;f (2 + x)%(Q""I)Z

pu .’I} 1 U3 NPUBEJACHHBIX B Ha4daJie IIyHKTa OII€HOK, IIOJIy9aeM Hepa-
BEHCTBO

BO; H Bkvak DO» H Dkvdk

npu dukcuposanubix v € RY n € N, n > n(y). Boupoc jocruzumo-
CTH 3HaKa PABEHCTBA PACCMATPUBAETCA CTAHIAPTHBIM IryTeM. Teopema
JIOKa3aHa.

MoxKHO JIOKa3aTh U 3HAYUTEIHHO 60Jlee CUILHBINA Pe3yJIbTaT.

Teopema 5.2.4. Jlaa mobvx 3,7 € RY cywecmeyem nomep
n(v, 8) € N maxot, wmo npu xascdom n = n(v, ), n € N cnpasedauso
HEPABEHCTNBO

n
7(Bo, 0 H r(Br,ar) <17 (B, 0) [T (BY.af”).
k=1

ede A, = {ap}}_, — mobas n-aywesas cucmema movex Mmaxas, “mo
LO(A,) =1, LO(A,) < B u A, C Us, {Bp}_, — npouseoavnasn
CUCTNEME MONAPHO Henepecexawurcs obaacmed, ar € By, k = 0,n,
ap =0, a B,go), afco), k=0,n, aéo) =0, — xpyeosvie 06AGCMU U NOAIOCH
xeadpamuunozo Juddeperyuana

w w2:—( —Yuw" +7v 2
Qw)d w?(w” — 1)2 dw

oxazameavcmeo. PaccmoTpuM BeTnanny

n 1 1,17(1% n
LA H { (‘ 2%)} o H |ag |+ Ev(@ntan) =
k=1 k=1

v

k41

n |ak|i(ak+ak—l)

II o
k=1 a |3 “
X k41

= ‘C(An) ’
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Hanee, 3amerum, 4ro 1pu orpannyenuu |ax| < 3, 3 € RT orciona
BBITEKACT COOTHOIIIEHUE

~
ﬂ% kz;l o
LO(A,) < L(A, <
n 1 2 %%k
H a, | 2%
F=1 [X ( s )]
E(An) . ﬂ’Y — 6’Y+1'
C ,prFOfI CTOPOHBI, UMeeT MeCTO IEII0OYKa HEepaBeHCTB
n n n 17%
X
7(Bo,0 H (B, ax) = [ ((Bo,0)r(Bi,ax)) - | T r(Br ax) <
k=1 k=1 k=1
n % n 1_% n ) n 1_%
20
[Tlesl| 2" Lew| = ILlasl™ - |2" JL e <
k=1 k=1 k=1 k=1
2 _«a n—1 1_%
AR P (et ,
n—1
e g = Mmax ap 1 2 — oy < 2 — % AHaJIOrUYHO JI0Ka3aTeIbCTBY

IPXN

TeopeMbl 5.2.3 II0JIydaeM, 9TO IIPU JIOCTATOYHO OOJBINUX 7 BEJIMUHHA
J(7) < 1. CueroBarenbHO, OCTAETCA PACCMOTPETb TOJILKO CJydail n >
n(vy,B)u2—ay > 2— \% Ho B aTOM Citydae 10Ka3aTeIbCTBO TPOBOINTCS

aHAJIOTUYIHO TOMY, KaK 3TO ¢JIejIaHo B TeopeMe 5.2.3. Teopema jokazana.
5.3 IKcTpeMaJibHbIE 3aJa4Yl TPETHEro THUIIA

5.3.1. Omuenka (pyHKIIMOHAJIOB TPEThHEro TUIMA JJis HeHaJle-
raomux obJsiacreii. B aTom pazmesre 00bEeKTOM HAIIETO MCCJIETOBAHNA
OyzmeT oreHka (PyHKIIMOHATIA

J = [r(D,0)r(D ﬁ (D, ax,)

HA HEKOTOPBIX KJIaccaX OTKPBIThIX MHOXKecTB D, {0,00} U A, C D C C,
roe A, = {ap}}_, — paBHOyrojbHas cucrema Touek, n € Nyn > 2 u
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v € R — cduxcuposannnie uncia. B ciydae, korna D ecTb 06beiunenne
HeHaJlerafomux obgacreit By, B, Boo, ar € By C C, k= 1,n, 0 € By,
00 € By, chopmymupyeM ciemayoomuii pe3yabTart.

Teopema 5.3.1. ITycmvn € N, n > 3, v € RT. Tozda dasn npou-
3604bH0T PABHOY20ALHOT N-AYyvesol cucmemvs movek A, = {ap}i_;

n

4
- ) lak| = 1, u ar060G cucmemv, nonapro e-

Ak41

n
maxot, wmo [] X(
k=1

nepecexarouuxca obaacmeti By, By, By, ar € By C C, k = 1,n,
0 € By CC, € By CC, cnpasedauso nepasencmeo

[r(Bo, 0)r (B, 50)] H (Bi, ax) < [r(Do, 0)r(Dog, 00)] H (D, d),

3NAK PAGEHCINGA 6 ITOM HEPABEHCMEE JOCUZAEMCA M020d U MONBKO
Koeda, Ko20a ay = dy, By = Dy,k = 1,n, 2de di, u Dy, k = 1,n, ecmo,
COOMBEMCMBENHHO, TOAOCHL U KPY206ble 06AGCTIU K6aIPaMUHHO020 UG-
depenyuana

2n n
2 qwT A+ (n? — 2y)w™ + v 2
Q(w)dw* = T dw

npuvem cap(By, \ By) =0, k =1, n.

oxazameavcmeo. PaccyxaeHnst aHaJOTUIHBI IPUBEIEHHBIM B II.
5.1.1 u B . 5.2.1. Ucnonesyst bopmyasr (5.1.3), (5.1.4) u yunrsiBas pas-
HOYTOJIbHOCTH CHCTEMBI TOYEK A,,, MOJydaeM COOTHOIICHUST

2
’IL2

r(By,0) [ﬁ (Géo),())] - , 7(Boo, 00) < lﬁ r (GE:O),OO)] ,
el k=1
r (Gl(f)l’gl(vz)l) r (Gl(c )’gl(fl)) :
(2)” |ax|n—2

3mech G,(io), G,(f), G,c , g,(f), g, ompemerensl B mm. 5.1.1, 5.2.1,

T(Bk, ak) <

, k=1n.

a G,(coo) ob03HaUaeT OObLEIMHEHNE CBSI3HON KOMIIOHEHTHI MHOYKECTBA
2k (BDO N Pk(An)), cojiepzKaIieit z = 00, C €e CUMMETPUIHBIM OTPayKe-
HUEM OTHOCHUTEJHbHO MHHMOW och, k = 1,n. OTcioma HemocpeacTBeHHO
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CJIEJTyeT METMOYKa HEPABEHCTB, BO MHOTOM aHAJOTHUIHAS PACCMOTPEHHBIM
paHee cIydasM, a IMEHHO,

[r(Bo, 0)r(Boo, 00)]” [ [ (B ax) <
k=1

H [7” (GI(cO)a()) , (G](COO),OO):| 2 ' r (G;l)’ ) (G,(g),gk )) 2 )

2 n2
k=1 (%) (lakllars1]) 2

(3) T
= — .H—ﬂakx
n)o oy (lawllaksa])

ATI- (G,S%g_’(“l)) r (6797 [ (G1.0) r (600) | 1 =

k=1 5)2

o

97 = 7| = lanl? + laksa %, k=T

Ha ocuoBanum teopemsr 4.1.1., caegactBust 4.1.3 1 UHBApUAHTHOCTH
dyHKIMOHATA

(r(Bl, a1)r(Bs, as) > K (T(BQ, az)r(Bay, a4)>

la1 — as]? |laz — aa]?
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IIPUXOAUM K HEPABEHCTBY

Py < (— 1) k=Tn,

riae BejauduHa I 2 (a1, a2) ompenenena B nyukre 4.1.1. 3HaK paBeHCTBa B

~(0) ~(oco
39TOM HEPABEHCTBE JOCTUTAETCsl TONIA U TOJILKO TOTIA, KOLAa G,(c ), G,(C ),

~(2) A0 2
G,(C ), ch) u 0, oo, g,(C ), g,(c) SIBJIAIOTCS, COOTBETCTBEHHO, KPYTOBBIMU
00JIACTSIMY U TIOJIFOCAME KBAJIPATAIHOTO JaudpdepeHiiuaia

w4+(2—4v)p2w 0t 2,

w)dw? = —

u cap(é,gq)\G,(cq)) =0,k=1,n,q€{0,1,2,00}, p € RT. Takum o6pazom,
OKOHYATEJIBHO ICXOHOEe HEPABEHCTBO HPHOOPETAET BHLT:

n
2

" [0 (Y
[r(Bo, 0)r(Boo, 20)] Hr By, ar) < (E) .{]4 (ﬁ _

= [1(Do, 0)r(Doo, 0)]" H (D, di).-

Orcrona cireytor Bce yrBepKaeans teopembr 4.1.1.

Ucnonwszys memmy 4.1.2 n caeacrsue 4.1.3, MOXXHO BBIYUCIUTH IPa-
BYIO JaCTb OIIEHKH, MOJIYyIeHHOI B Teopeme 5.3.1.

CaenctBue 5.3.1. IIpu ycaosuar meopemot 5.3.1 evinosnsemes mne-
pasenHcmso

[r(Bo, 0)r(Boo, 00)] [ (B ax) <

k=1
. (é)" (4
L

Pasencmeo 3decv docmuzaemcs npu 8vNONHEHUU yc,/weuzi meopemavt

5.3.1.

5

17 (33)
RGO

ol N
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5.3.2. OTKpI)ITI)Ie MHO2KeCTBa 1 3aJla9M TpeTbero Tuiia.

Teopema 5.3.2. Ilyemv n € N, v € R*. Toeda dasa npou-
3604bH0U N-pasHoayywesol cucmemv mouex A, = {ap}p_, maxod,

o i

{0,00} U A, € D C C, ydosaemsopsrowezo mpemvemy ycaosuto Hena-
AC2ANUA, CNPAGEOAUBO HEPAGEHCIEO

n
lak| = 1, u wobozo omxpoimozo mmosicecmea D
ari1 ) )

[r(D,0)r H (D, ag) - {exp 27y gp (0, 00)x
k=1

X Hexp2ﬁ<gD<0’ak) +9D(oo7ak)) : HexpgD(ak’a;D) <
k=1 kp

<[r (0.0} (D, o0)] ﬁ (D,d0).

0 o (0)
Pasencmeo 3decv docmueaemes oan DO = U D’ u Ay’ =
{ (O)} 2de {D,(CO)} —  Kpyeoswie obaacmu, a Aﬁ{” =
k=1 k=0

{a,(co)} UJ{0,00} — noarcw xsadpamuunozo duddepenyuana

w4 (nf 29wy 2
w?(w™ — 1)2

Q(w)dw?* =

npuvem 0 € D(O), o0 € DfLOJZl, afco) € D(O).

Zoxazameavemeo. B cuity Toro, uro obnacts D yaoBjieTBOpsieT
TpeThe yCJIOBUE HeHaJieranus, oHa objajgaer dynkiueil ['puna (0606-
IIEHHO, BooOIIEe ToBopst) gp(z,a) Ya € D. ITo aHasornu ¢ joka3arTeiib-
CTBOM TeopeMbl 3.3.2 1JIs JocTaTo9Ho Masbx ¢ € RT BHauase obpasyem
MHOKECTBa

=C\D; U ={weC: |w| <t}
1
At:{we(C: |w|>—},

t
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Ep(t) ={w e C: |w—ag| <t}, k=1,n.
Hasnee, anamornano (3.3.17) — paccMarpuBaeM KOHJIEHCATOP
C(t,D,Ay) = {Eo, Uy, Ay, Ex(1),...,En(t)},

c npepnucanubiMu 3HadenuaMu 0, /7, /7, 1, 1,. .., 1. EMkocTbio KoH/1en-
N——

n pa3

caropa C(t, D, A,,) HasbiBaeM BesmuuHy (cM. [112,229])

capC(t,D, A,) = inf // [(GL)? +(G)?] dady,

IJIe HUKHSSI TPaHb GEPeTCs 10 MHOYKECTBY BCEX BEIECTBEHHBIX, HEIPe-
peiBHBIX n Jsmnmmnesbix B C dyskmuit G = G(z) Takux, uro G = 0

- By (t)
k = 1,n. Moxynes konuencaropa |C(t, D, A,)| onpenensiercst Bbipazke-
HUEeM

)

B OKPECTHOCTH MHOXKecTBa F, G‘f = V7 G’ = G
U: Ay

|C(t, D, An)| = [cap C(t, D, A,)] "

ITo reopeme 1 [111], anasoruano (3.3.24) ompeenseM aCHMITOTHKY
Moyt Kougencaropa C(t, D, A,,)

11 1
D, A,)| = — log = + M (D, A 1 3.1
|C(t, D, Ay)| e (D, An) +0(1),  t—0, (53.1)
rie
M(D, A,) =
LI o (D0)+§n:10 (D, ax) + 2990, 00)+
= 53 746 . o T
27 (27 1 n)? ylogril/, g ) Ak YgpY, 0

k=1
(5.3.2)

n
+> 27 (90(0,a) + gp(00,ax)) + > gnlap, ax)
k=1 k#p
PaCCMOTpI/IM pasaesdronree Hp€06pa3OBaHHe KOHJIeHCaTOpa

C(t,D,A,) OTHOCHTEIBHO CeME}CTBa YyIJIOB {P,EO)(An)} u ce-

meficrBa dyukuuit {zx(w)}i_,, tie zx(w) = (=DFiwz, k = T,n.
PaccMOTPIM KOHIEHCATOPHI IIPH TOCTATOYHO MaJbx ¢ € RT

—(k
Cilt, D, An) = (B, TS, AP, EP B,
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rjae

Eék) = Zk (Ek+1(t) ﬂﬁz

k=1,n, E,11(t)=E(t), {Ay={weC: —we A}.

C kaxapiM kongencaropom Cy(t, D, A,) conocraBum kiace Vi —
BCEX BEINECTBEHHBIX, HENPEPLIBHLIX 1 jumnuiesbix B C dyukmuit G =
G(z) rakux, uro G = 0 B OKPECTHOCTU MHOYKECTBA Eék), G‘ﬁ(k): Vs

t
G A0 V7, G = 1, k=1,n,p=1,2. Ilpu pasnessiomem npeodbpa-

t P
soBanuu Komgencaropy C(t, D, A,) coorBercrByer HabOp KOHJIEHCATO-
pos {Cy(t,D,Ay)}}_,, upudem B cuiy nosydennbix B.H. ayGunumbiv
pesyabraros [108-110], cipaBeyinBO HEPABEHCTBO

1 n
capC(t, D, A,) > 3 E cap Cy(t, D, A,). (5.3.3)
k=1

Orcroza HEIOCPEACTBEHHO CJIE/LyeT COOTHOIIEHHE

|C(t,D, A,)| <2 (zn: |Ck(t,D,An)|_1> . (5.3.4)

=1

Anasnormuno (5.3.1) u (5.3.2) nosryyaeM acHMITOTHYIECKHE [IPEJICTABIIE-
uug (cm. [111])

1 1
t,D,A,)| = —
Cult, D, A)| = 5= ——

1
10g¥+Mk(D,An)+0(1), t—0, (5.3.5)

rIae
Mk(Da An) =
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_ 1 2\, D o), (p®
=5 oz () e (r (267.0)r (Pilhnoc) ) +
(5.3.6)
r (D,(;), ag)) T (D,(f), a}?)
tlog ——=—= fron :
Flal 271 - Flagsa |27
ae(ar) = all), zi(apsr) = ), ansr = a1, k=1T)n,

Dl(f), k=1,n,s=1,2, — obbeInHeHNe CBI3HON KOMIIOHEHTHI MHOMKE-

—(0) . (s)
crBa 2 (D ﬂ P, ), conepxaeit a, ', C ee CAMMEeTPUIHBIM OTPaKeHUeM

OTHOCHUTEIbHO MHAMOI OCH.
Boraucium acuMnToruky npapoii yactu HepasencTBa (5.3.3). st
sToro B coorsercTBuu ¢ (5.3.5) 3ammmem (mpu ¢ — 0)

|Cw(t, D, A,)| 7! =
1 4 1 !
—dr — (1+—7T1Mk(D,An)+o(—1)> =
log ¢ log ¢ log ¢

2
4 4 1
=———|—=| ‘Mp(D,A4,)+o0 .
log % <log2 % ) log2 %

Orcioma mostygaeM, 9To

n

> [Ck(t, D, Ay)[ T =

k=1

drn (M)QZ”:M(DAHO 1
log% R log2% ’

:@7

Torna

(Seenar) -

log L 4 ” 1
E Ogt (1_ 7T1 ZMk(D,An>+O<1

47n nlog e
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1

1 1<
= o log s+ — I;Mk(D,An) +o(1).

N3 coornomennit (5.3.1), (5.3.4), (5.3.7) BeITeKaer

1
— .log- + M(D,A 1) <
Grn 1087 TM(D:An) Fo(l)

1 1 2
< —log~ +=5N"M(D, A, 1).
s 8T 1 22 MDA o)

Ho mmocjieIHee O3Ha4da€eT, 9TO

9 n
k=1

YuaursBas (5.3.2), (5.3.6), nomydaem

[bg[ (D, "L r(D:ax)
k=1

x exp 279p(0,00) [ [ exp2v/7 (90(0, ax) + gp(ar, o)) [ | expgn(ar, ap) | <
k=1 k#p

4y 7 (D,(f ), a}ﬁ) r (D,(f),a,(f))

1 - k k nZ
< L (087.0) (08,

9TO JIaeT HEPaBEHCTBO

[( H Dak

k=1

)

(2)" lax ap |31

x exp 279p(0,00) [ [ exp2v/7 (90(0, ax) + gp(ax, 50)) [ ] exp gp(ax, ap) <
k=1 k#p

) [
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=

n 477 2
. (H [ (06,0) £ (D%00)] * r (D) # (D,g2>,a,g2>)> |
k=1

Ananornuno JI0Ka3aTeJIbCTBY T€OpEMbI 5.22muc ydaeTroMm ycjioBud J10-
Ka3yeMOI>i TeopeMbl OKOHYIATEJ/JIbHO IIOJIyY9aeM

[r(D,0)r(D, o0)]” H r(D, ay)x
k=1

x exp 2vgp(0,00) [ exp2v7 (90(0, ax) + gp(ax,0)) [ | exp gp(ax, ap)
k=1 k#p

~ n
< [r (D(()O),O> r (Dgo_e_l, oo)} H r (D,(CO),a,(CO)) ,
rae D,io), k = 0,n+ 1, — xkpyrosseie objactu, a {aéo)}zzl UJ{0, 00} —
MTOJTIOCHI KBaIpaTUIHOTO Auddepeninaia

w4 (0 - 29)et g
w?(w™ — 1)2

Q(w)dw? =

[IpuvueMm paBeHCTBO B HEPABEHCTBE M3 TEOPEMBI H.3.2 JOCTUTAETCH, Ha-
n+1
I D© = |y D
puUMep, JJIsi OTKPBITOI'O MHOYKECTBA = U D;’ u cucremsr To4YeK
k=0

0 0
AY = {a,g )}Zzl ({0, 0o}. Teopema nokazama.

i1t gacTHOrO Ccilydasi HEHAJIEralomux obJIacTell HEKOTOpBIE IIOJIO-
GHble 3a/ad PACCMOTpPEHEL B pabore [220].

5.4 HeKOTOpI)Ie AOIIOJTHUTEeJIbHbIE€ pe3yJbTaTbl AJIA 3aJdaY
BTOPOro Tuiia

Isist 3a/1a9 BTOPOTO THUIA CO CBOOOIHBIMU IOJIIOCAMU HA 7-JIy I€BBIX
cucTeMax TOYeK IoJydeHbl ciemnyiomue pesyiabrarsl (A.K. Baxrum,

IT1. Baxtuna [55]).

Teopema 5.4.1. Ilycmov danwor wucaan € Ny n > 2 uy, 0 < v <
0,4375. Toeda dan 060l n-ayyesol cucmemo, movex A, = {ap}ji_, u

<
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A106020 Habopa 83aumHo Henepecekarouwurcs obaacmel By, ap € By C
C, k =1,n, cnpasedauso nepasencmeo

o 2
4”+n'ynn” (”—\/7> VAl
5 .
(P A

BHGK paseHcmea 6 3MOM HEPABEHCIMEBE dOCmU?aemC.ﬂ, %Oeda ar U Bk,

k= 1,n, Aeaatomcs, cOOMBEMCMEEHHO, NOAOCAMU U KPY208bMU 00AG-
CcmAMYU K8adpamuyHo20 duddepenyuana

7 (Bo,0 H (Br,ar) < L7 (4,) -

(n* = y)w" +R”7d 2
w2(wn7Rn)

Q(w)dw? = —

2de R" = L1 (A,,).

Aoxazameavemeo. CosepiiinM pasessioniee Ipeodpa3oBaHue 3a-
nmaHHbIX obsacreit. i 3amaBaemoil yciaoBusimu Teopembl 5.4.1 n-
JIy4€BO#l CHCTEMBI TIOJIOKUAM

Ey, := Ex(An) := {w € C\{0} : ), < argw < fp41(An)}.

1
Pacemorpny dyrximio ¢ = mp(w) = —i (e P w)*, k = T,n. Ipn
KakJI0oM k = 1,n 3adukcupyemM Ty BeTBb MHOTO3HAYHON aHAJTUTUIECKOMN
dyukuuu 7 (w), KOTOpasi OCYMIECTBIISET OJHOJUCTHOE U KOH(MDOPMHOE
orobpaxkenune Ej, na npasyio nosymiockocts Re ¢ > 0.

IIycrn chl), k = 1,n, obosHaIaeT 06IACTH ILIOCKOCTH (, MOJY-
YEHHYIO B PE3yJIbTaTe OObEIMHEHMs! CBA3HON KOMIIOHEHTHI MHOMKECTBA
7u(Br ( Ex), comepxameit Touky 7x(ax), CO CBOUM CHMMETPHYHBIM
OTpazKeHNeM OTHOCHUTEIbLHO MHUMOM ocu. B cBoto ouepeb, yepes Q;f),
k =1, n, obosnataem obmacts mrockoct Ce, MOy IeHHYIO B pe3y/IbTaTe
00bEIMHEHNS CBA3HON KOMIOHEHTHI MHOKecTBa Ty (Bri1 () Ex), comep-
JKameil TouKy 7k (ag), CO CBOUM CHMMMETPUYHBIM OTPA’KEHHEM OTHOCHU-
TeJIbHO MHUMOIT ocu, By, 11 := By, m,(an41) := 7, (a1). Kpome Toro, Q,(CO)
Oyaer oboznadarh obsacTh maockocTH Ce , HOIyueHHYIO B pe3ysbTaTe
OObe TMHeHNs CBA3HON KOMIOHeHTHI MHOYKecTBa Tk (Bo () E},), conepixa-
meit Touky ¢ = 0, CO CBOMM CHMMETPHYIHBIM OTPAXKEHUEM OTHOCHTEIBHO

(1 @

munmoit ocu. Iomoxum my(ay) = wy ', Tr(ag+1) = wp

Tn(Ang1) = w,& ),

- 17”’
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W3 omnpenenienust MyHKINN 7T, BHITEKAET, UTO
.
e (w) = wi) ~ —Jar] 7w - ail,
(675
w—ay, w€ By,
1
| (w) — W;(CQ)| ~ — |ag41]°x b lw — a1,
Qg

W — Ak+1, 'U)EE_k7

1
|7 (w)] ~ [w] =,
w—0, we€ Ey,

Torna, Kak u Mpu JOKA3ATETHCTBE MPEILLIYIIIX TEOPEM, [TOJIYIaeM

T(Q](c),w,(cl)) T(Qé),w,(f)) :

r(Brar) S | ell I
a|ak|“k oo la =
k=1,n, Qéz) :Qf), w(()Q) *wff),
r (Bo,0) < [Hﬂi (QEJ”,O)]
k=1

k:l
1
n 2
< el Q(O r W Q(z), (2)] X
L (00 [T (o)  (047.7)
Ao T e [T
k=1 k=1 [|flkak+1|ﬁ} I 1 |akapq1|®x

1

2



5.4 Hexomopoie donosnumenvrbie pe3ysomamaol ... 273

Bripakenme, crosimee B CcKODKax — mocienHeil  (opmyIibl,
HpeILCTaBJIHeT coboif ~ mpomsBesieHWE ~ 3HAYEHWN  QYHKIMOHAJA

(Q(O) 0)r (Qg),w](cl)) (fo),w](f)) Ha TPONKax HEeHAJEraomux obJa-
creit (Q;CO),Q,(:),Q,?)) TLIOCKOCTH (.

ITepeiiem fanee K mHBApHAHTHOI popMe 3TOro (PYHKINOHAIA, ITO
JlaeM CyIIecTBeHHbIe mpenMynectsa. C ydIeToM HCCaeqoBaHuil paboThI
[141] nomygaaem

.B()7 ﬁ Bk,ak (H ak> . H ﬂx
k=1

k=1 |akak 11 =

e (QECO), 0) -7 (Q,(C ),w,(cl)) r (Qf),w,(f)) :

X
A e e

1
2

o) (R e
k=1

(5.4.1)
n yop
-2 3 a? n n N
) B )
k=1 k=1 k1
% H ‘ak‘l"r%'}’(ak‘f'ak—l)x
k=1
1
n el (Q,io),O) -7 (Q,(;),w,gl)> -7 (Q,(f),w,(c )> :
X .
1 2) a2 (1 2)12_~a?
k=1 |W1g)'wli)"y ’“|ng)_°"1(¢)|2 Tk
1) _ a 2 _ ar
311ech UCIOIB30BaHBl COOTHOMIEHUST |wy | = |ak| %, |wp | = |ak+1]°F,

ap

(1) (2) o
i, " —wp [ = la]*x + |arr
DyHKIMOHAT, CTOSIIMA B (DUIYPHBIX CKOOKax Bbiparxkenus (5.4.1),
WHBaPUAHTEH HpI/I JIFOOBIX KOH(l)OpMHbIX aBromopduzmax C. Torma, 06o-
3HAYUB Yepe3 G s) obpas obractu {1, (s) [IpU JPOOHO-TMHEHHOM OTOOparke-

mnn@)ﬂ(“U_—zT((Uzaiﬁmzaszﬁs:mLz
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nmojgay4daeM, 9TO

n
" (Bo,0) [ r Bk ax) <
k=1

- (o) 20

T () o (609 o (6.

B pesynbraTe NpoBeIeHHBIX BBIYHCICHHN MCXOTHAS 3a7a4a CBEICHA,
K OIEHKE CBepxy (DyHKIMOHAA 5 (Bo,0)r(B1,i)r(By, —i) Ha Kiacce
TPOEK IOIAapHO HemepeceKaromuxcst obacreit { By, By, B—2} takux, aro
0€ By,i€ By, —i€ By, B, CC,k=0,1,2.

ITpu nokasarenbcTBe Teopemsl 4 B pabote [109], ¢ yaeTom pesymbra-
ToB [141], nokazaHo, aro

(5.4.2)

7 (Bo, 0)r (B, i)r(Ba, —i) < U(8) =

=270 57 (2 - ) D (24 ) TREROT

3 € [0,2]. Herpy/Ho Takske ToKa3aTh, uto dynxnus In 32¥(3) Bemykia

BBepx Ha orpeske (0,+/1,75), a dyuxims ¥(3) — Ha orpeske (0,+/0,8).
TaxuMm 06pa30M, OTCIONA BHITEKAET HEPABEHCTBO

T

tk = ﬁak, 0 < tk < v 1,75 (544)

rie
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Torna npu /7 < \/gﬁ HepaseHcTBa (5.4.3) u (5.4.4) BBINOIHSIOTCS JJTsT
BCeX ayg, k = 1,n, u orcioma cieayer, aro 0 < v < 0,4375.

Vcnonp3yst CBOMCTBA PA3IENIAIONIEro TPeoOPA30BAHNS U PE3yIbTATHI
paborst [109] mosyuaem, 4ro 3HaK paBeHcTBa B HepasencTse (5.4.2) mo-
CTHTaeTCsI, KOTJIa TOUKH aj, 1 00JacT By, k = 1, n, sIBIISIIOTCSI, COOTBET-
CTBEHHO, IIOJIIOCAMH ¥ KPYTOBBIMU O0JIACTSIMU KBaJApaTHIHOro audde-
PeHImaIa

(n? — a)w™ + R"«

2
w2(Rn _ wn)Z dw ’

Q(w)dw? =

rme R" = £0)(A,,). Teopema 5.4.1 goxasana.

Teopema 5.4.2. ITycmo danwve wucaan € Nyn > 2wy, 0<v<0,2.
Tozda das npoussosvHoti n-aysesol cucmemv, movex A, = {ar}i_, ma-
Kkoti, wmo L (A,) = 1, u 1106020 nabopa nonapHo HenepeceraouuTcs
obaacmeti By, a € B, C C, k =1, n, cnpasedauso nepacencmeo

” ) 2 (e 7\
BO; H Bkvak (H Jk) . (n2 — n+ X n+ﬁ .

Pt )

3nak pasencmea 8 amom Hepasencmee docmuzaemcs, ko2da ap u By,
k= 1,n, A6aat0mcs, cOOMBEMCMEERHO, NOAOCAMU U KPY208bLMU 00AG-
CMAMYU K68a0paMU4H020 duddepenyuaa

2 (M —yw n+7 W

Hoxaszameavcmeo. 113 nepasencrs (5.4.1) — (5.4.4) nokasaressb-
cTBa TeopeMbl H.4.1 ciexyeT COOTHOIIEHNE

< (ﬁ ozk) -£(4,) {\p (?)] : : (5.4.5)
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rie

tr =v7vok, 0<t; <4/0,8. (5.4.6)

n
Orcrona, ¢ yaeToM paBeHCTBa Y, ay = 2, mosrydaeM, 9to (5.4.5) u (5.4.6)
k=1

BBITIOJIHAIOTCA TP Y < OT = 0,2. OcTajbHble YTBEPXKICHUA TEOPEMbI
5.4.2 BBITEKAIOT M3 CBONCTB pasJlelIsonero npeobpasosanus. Teopema
5.4.2 mokazama.

Teopema 5 4.3. Ilyemv n € N, n > 3. Toeda dan awbozo v € R,

7
0 < v < 1671 U 8CAKOU N-AYue60l cucmemsv, movex A, = {ak}kzl

maxoti, wmo L) (A,) =1 u oy < 1/%, kE =1,n, u mobozo nabopa

83aUMHO Henepecexarouurcs obaacmet By, ar € By C C, cnpasedauso
HEPABEHCMEBO

"(Bo, 0) [ [ r(Bk,ax) < r7(Do,0 H (Dy, al),
k=1 k=1

ede a? u Dy, k =1,n, — coomeemecmeento, noaocv. u kpyzosvie 06.aa-
cmu xKeadpamushozo duddepenuuana

wdw? = — (n® —Yw" +~v 2
Qw)d w?(w” — 1)2 dw

ﬂonaaameﬂbcmeo. N3 ycioBuit Teopembl ciemyet, uro 0 < 7 <

T L75= —n u . /yar < 1,75, k= 1,n. Torna cupaseinso Hepa-
BeHcTBO (5. 4 3) OueBUIHO TaK¥Ke, 9TO UMEET MECTO PABEHCTBO

{(CONEo)

Orcroma mosydaem yTBepKaeHnst TeopeMbl. Teopema 5.4.3 mokasaHa.

<

7(Dy, 0 H Dk,ak =7
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